PROPER AFFINE ACTIONS AND GEODESIC FLOWS

OF HYPERBOLIC SURFACES
W. GOLDMAN, F. LABOURIE, AND G. MARGULIS

ABSTRACT. Let Ty C O(2,1) be a Schottky group, and let ¥ =
H2/Ty be the corresponding hyperbolic surface. Let C(X) de-
note the space of geodesic currents on ¥. The cohomology group
HY(T,V) parametrizes equivalence classes of affine deformations
T, of Ty acting on an irreducible representation V of O(2,1). We
define a continuous biaffine map

C(X) x H'(Ty,V) L R

which is linear on the vector space H!(Tg,V). An affine deforma-
tion T, acts properly if and only if (g, [u]) # 0 for all u € C(X).
Consequently the set of proper affine actions whose linear part is
a Schottky group identifies with a bundle of open convex cones in
H(Ty,V) over the Teichmiiller space of X.
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INTRODUCTION

It is well known that every discrete group of Euclidean isometries of
R” contains a free abelian subgroup of finite index. In [31], Milnor asked
if every discrete subgroup of affine transformations of R™ must contain
a polycyclic subgroup of finite index. Furthermore he showed that
this question is equivalent to whether a discrete subgroup of Aff(R™)
which acts properly must be amenable. By Tits [36], this is equivalent
to the existence of a proper affine action of a nonabelian free group.
Margulis subsequently showed [28, 29] that proper affine actions of
nonabelian free groups do indeed exist. The present paper completes
the classification of proper affine actions on R? for a large class of
discrete groups.

If I C Aff(R™) is a discrete subgroup which acts properly on R™, then
a subgroup of finite index will act freely. In this case the quotient R™ /T’
is a complete affine manifold M with fundamental group m (M) =
I'. When n = 3, Fried-Goldman [19] classified all the amenable such
I' (including the case when M is compact). Furthermore the linear
holonomy homomorphism

m (M) 5 GL(R?)

embeds 7 (M) onto a discrete subgroup I'y C GL(R?), which is conju-
gate to a subgroup of 0(2,1)° (Fried-Goldman [19]). Mess [30] proved
the hyperbolic surface

¥ =T,\0(2,1)°

is noncompact. Goldman-Margulis [22] and Labourie [27] gave alter-
nate proofs of Mess’s theorem, using ideas which evolved to the present
work. Labourie’s result applies to affine deformations of Fuchsian ac-
tions in all dimensions.

Thus the classification of proper 3-dimensional affine actions reduces
to affine deformations of free discrete subgroups 'y C O(2,1)°. An
affine deformation of I'y is a group I' of affine transformations whose
linear part equals I'y, that is, a subgroup I' C Isom®(E?') such that the
restriction of I to I' is an isomorphism I' — T',.

Equivalence classes of affine deformations of I'y C O(2,1)° are para-
metrized by the cohomology group H'(T'y,V), where V is the linear
holonomy representation. Given a cocycle u € Z'(T'y,V), we denote
the corresponding affine deformation by I',. Drumm [12; 13, 15, 11]
showed that Mess’s necessary condition of non-compactness is suffi-
cient: every noncocompact discrete subgroup of O(2,1)° admits proper
affine deformations. In particular he found an open subset of H!(T'y, V)
parametrizing proper affine deformations [17].
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This paper gives a criterion for the properness of an affine deforma-
tion T, in terms of the parameter [u] € H*(Ty, V).

With no extra work, we take V to be representation of I'y obtained
by composition of the discrete embedding I'y C SL(2,R) with any irre-
ducible representation of SL(2, R). Such an action is called Fuchsian in
Labourie [27]. Proper actions occur only when V has dimension 4k + 3
(see Abels [1], Abels-Margulis-Soifer [2, 3] and Labourie [27]). In those
dimensions, examples of proper affine deformations of Fuchsian actions
can be constructed using methods of Abels-Margulis-Soifer [2, 3.

Theorem. Suppose that I'y contains no parabolic elements. Then the
equivalence classes of proper affine deformations of I' form an open
convez cone in H (T, V).

The main technique in this paper involves a generalization of the in-
variant constructed by Margulis [28, 29] and extended to higher dimen-
sions by Labourie [27]. For an affine deformation I',, a class function
Iy =% R exists which satisfies the following properties:

o o (7") = |n]ag(v) (when r is odd);

e op(7) =0 <= v fixes a point in E.

e The function aj, depends linearly on [uf;
e The map

H'(Ty,V) — R
[u] — ap)

is injective ([18]).

e Suppose dimV = 3. If Iy, acts properly, then |y ()| is the
Lorentzian length of the unique closed geodesic in E/I'y, corre-
sponding to 7.

e (Opposite Sign Lemma) Suppose I acts properly. Either ay(y) >
0 for all v € Ty or ag(y) < 0 for all v € T.

This paper provides a more conceptual proof of the Opposite Sign
Lemma by extending Margulis’s invariant to a continuous function
U on a connected space C(2) of probability measures. If

ap () <0 < ap(r2),

then an element p € C(X) “between” 7 and 7y exists, satisfying
Wy(p) = 0.

Associated to the linear group €1y is a complete hyperbolic surface
¥ = Iy\H% A geodesic current [6] is a Borel probability measure on
the unit tangent bundle U of ¥ invariant under the geodesic flow
¢. We modify oy, by dividing it by the length of the corresponding
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closed geodesic in the hyperbolic surface. This modification extends
to a continuous function ¥y, on the compact space C(X) of geodesic
currents on X.

Here is a brief description of the construction, which first appeared in
Labourie [27]. For brevity we only describe this for the case dimV = 3.
Corresponding to the affine deformation Iy is a flat affine bundle E
over UY, whose associated flat vector bundle has a parallel Lorentzian
structure B. Let & be the vector field on UY generating the geodesic
flow. For any section s of E, its covariant derivative V¢(s) is a section
of the flat vector bundle V associated to E. Let v denote the section
of V which associates to a point x € UX the unit-spacelike vector
corresponding to the geodesic associated to z. Let u € C(X) be a
geodesic current. Then Wy, (u) is defined by:

/UZ B(Ve(s), v) dp.

Nontrivial elements v € I'y correspond to periodic orbits ¢, for ¢.
The period of ¢, equals the length ¢(v) of the corresponding closed
geodesic in ¥. Denote the subset of C(X) consisting of measures sup-
ported on periodic orbits by Cper(2). Denote by ., the geodesic current
corresponding to ¢,. Because a(y") = |n|a(y) and £(y") = |n|¢(y), the
ratio a(7y)/4(y) depends only on fi..

Theorem. Let ', denote an affine deformation of T'y.

e The function
Coer(X) — R
a(v)

,U >
T )
extends to a continuous function
c(n) 2 R,
o Iy acts properly if and only if Viy(p) # 0 for all € C(X).

Since C(X) is connected, either Wy (1) > 0 for all 4 € C(X) or ¥y (p) <
0 for all p € C(X). Compactness of C(X) implies that Margulis’s in-
variant grows linearly with the length of ~:

Corollary. For any u € Z'(T'y,V), there exists C' > 0 such that

aw (7)] < CUv)
for all vy € T',,.
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Margulis [28, 29] originally used the invariant « to detect properness:
if I" acts properly, then all the () are all positive, or all of them are
negative. (Since conjugation by a homothety scales the invariant:

Qg = Ay

uniform positivity and uniform negativity are equivalent.) Goldman [20,
22] conjectured this necessary condition is sufficient: that is, properness
is equivalent to the positivity (or negativity) of Margulis’s invariant.
Jones [23] proved this when ¥ is a three-holed sphere. In this case
the cone corresponding to proper actions is defined by the inequalities
corresponding to the three boundary components 71, s, v3 C 03:

{[u] eH"(To,V) | ajy(yi) >0 for i =1,2,3}
U {[u] € H'(To,V) | ey (7:) < 0 for i = 1,2,3}

However, when ¥ is a one-holed torus, Charette [9] recently showed that
the positivity of o, requires infinitely many inequalities, suggesting the
original conjecture is generally false.

We thank Virginie Charette, David Fried, Todd Drumm, and Jonathan
Rosenberg for helpful conversations. We are grateful to the hospitality
of the Centre International de Recherches Mathématiques in Luminy
where this paper was initiated. We are also grateful to Gena Naskov
for several corrections.

NOTATION AND TERMINOLOGY

Denote the tangent bundle of a smooth manifold M by T'M. For a
given Riemannian metric on M, the unit tangent bundle UM consists
of unit vectors in TM. For any subset S C M, denote the induced
bundle over S by US. Denote the (real) hyperbolic plane by H?.

Let V be a vector bundle over a manifold M. Denote by R°(V) the
vector space of sections of V. Let V be a connection on V. If s € R%(V)
is a section and X is a vector field on M, then

Vx(s) € RYV).

denotes covariant derivative of s with respect to X.

An affine bundle E over M is a bundle of affine spaces over M. The
vector bundle V associated to E is the vector bundle whose fiber V,
over x € M is the vector bundle associated to the fiber E,. Denote the
affine space of sections of £ by S(E). If sy, 59 € S(E) are two sections
of E, the difference s; — sg is the section of V, whose value at x € M
is the translation s;(x) — so(x) of E,.
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Denote the convex set of Borel probability measures on a topological
space X by P(X). Denote the cohomology class of a cocycle z by
[z]. A flow is an action of the additive group R of real numbers. The
transformations in a flow ¢ are denoted ¢,, for ¢t € R.

1. AFFINE GEOMETRY

This section collects general properties on affine spaces, affine trans-
formations affine deformations of linear group actions. We are primar-
ily interested in affine deformations of linear actions factoring through
the irreducible 2r + 1-dimensional real representation V, of

Gop = PSL(2,R),
where r is a positive integer.
1.1. Affine spaces and their automorphisms. Let V be a real vec-
tor space. Denote its group of linear automorphisms by GL(V).
An affine space E (modelled on V) is a space equipped with a simply
transitive action of V. Call V the vector space underlying E, and refer

to its elements as translations. Translation 7, by a vector v € V is
denoted by addition:

E-2F
X H—— T+ V.

Let z,y € E. Denote the unique vector v € V such that 7,(z) = y by
subtraction:

vV=y— .
Let E be an affine space with associated vector space V. Choosing
an arbitrary point O € E (the origin) identifies E with V via the map

V —E
vi—s O 4+ v.

An affine automorphism of E is the composition of a linear mapping
(using the above identification of E with V) and a translation, that is,

ELE
O+v— O+L(g)(v)+u(g)
which we simply write as
v — L(g)(v) + u(g).

The affine automorphisms of E form a group Aff(E), and (L, u) defines
an isomorphism of Aff(E) with the semidirect product V x GL(V). The
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linear mapping L(g) € GL(V) is the linear part of the affine transfor-
mation g, and

AfF(E) & GL(V)
is a homomorphism. The vector u(g) € V is the translational part of g.
The mapping
Aff(E) = V
satisfies a cocycle identity:
(1.1) u(v172) = u(y1) + L{m)u(2)
for 71,72 € Aff(E).

1.2. Affine deformations of linear actions. Let I'; C GL(V) be a
group of linear automorphisms of a vector space V. Denote the corre-
sponding I'p-module by V as well.
An affine deformation of 'y is a representation
Iy - Aff(E)

such that IL o p is the inclusion I'y < GL(V). We confuse p with its
image I" := p(I'g), which we also refer to as an affine deformation of
[y. Note that p embeds I'y as the subgroup I' of GL(V). In terms of
the semidirect product decomposition

AfF(E) 22 V % GL(V)

an affine deformation is the graph p = p, (with image denoted I' =T,)
of a cocycle

[y —V
that is, a map satisfying the cocycle identity (1.1). Write
7= p(0) = (u(10),7%) € V x I'o
for the corresponding affine transformation:
x> %z + u(70).

Cocycles form a vector space Z(I'y,V). Cocycles ui,uy € Z1(T'y, V)
are cohomologous if their difference u; — us is a coboundary, a cocycle
of the form

T, 2o, v
Y — Vo — Wo.

Cohomology classes of cocycles form a vector space H'(T'y, V). Affine
deformations p,,, py, are conjugate by translation by vy if and only if

U; — Ug = 5V0.
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Thus H*(T'y,V) parametrizes translational conjugacy classes of affine
deformations of I'y C GL(V)

An important affine deformation of I'y is the trivial affine deforma-
tion: When u = 0, the affine deformation I', equals Iy itself.

1.3. Margulis’s invariant of affine deformations. Consider the
case that Go = PSL(2,R) and L is an irreducible representation of Go.
For every positive integer r, let IL,. denote the irreducible representation
of Gy on the 2r-symmetric power V, of the standard representation of
SL(2,R) on R%. The dimension of V, equals 2r+1. The central element
—I € SL(2,R) acts by (=1)* = 1, so this representation of SL(2,R))
defines a representation of PSL(2,R) = SL(2,R)/{+£I}.

Furthermore the Gy-invariant nondegenerate skew-symmetric bilin-
ear form on R? induces a nondegenerate symmetric bilinear form B on
V,., which we normalize in the following paragraph.

An element v € Gy is hyperbolic if it corresponds to an element 7y
of SL(2, R) with distinct real eigenvalues. Necessarily these eigenvalues
are reciprocals A\, \™!, which we can uniquely specify by requiring |\| <
1. Furthermore we choose eigenvectors v, v_ € R? such that:

o Y(vi) = Avy;

o Y(v_)=A"lv;

e The ordered basis {v_, v} is positively oriented.
Then the action L, has eigenvalues \*/, for

j=-r1—r---—=101,....,7—1,7,
where the symmetric product
VoV eV,
is an eigenvector with eigenvalue A*. In particular v fixes the vector
X(7) == vV,
where the scalar c is chosen so that
B('(7),x"(+)) = 1.

Call x°(7y) the neutral vector of 7.
The subspaces
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are ~y-invariant and V enjoys a 7-invariant B-orthogonal direct sum
decomposition

V= V(7)) & RX() & V(y).

For any norm || || on V, there exists C, k > 0 such that
" W)l < Ce™™||vlffor v € V*(7)
(1.2) Iy W)l < Ce™|vllfor v € V(7).

Furthermore
x’(y") = |n|x°(7)
if n € Z,n+# 0, and

o JVE(Y) >0
V(V)_{Vﬂfy) ifn<0

For example, consider the hyperbolic one-parameter subgroup Ay com-
prising a(t) where

vy — ey
a(t) : i)
v — e Py

In that case the action on V; corresponds to the one-parameter group
of isometries of R%! defined by

cosh(t) 0 sinh(t)
a(t) — 0 1 0
sinh(¢) 0 cosh(t)
with neutral vector
0
Vo = 1
0
Next suppose that g € Aff(E) is an affine transformation whose linear
part 7 = LL(y) is hyperbolic. Then there exists a unique affine line
[ =1, C F which is g-invariant. The line [ is parallel to the neutral
vector x’(7). The restriction of g to [, is a translation by

B(gl’ -, XO(,}/)) X0(7>

where x°(7y) is chosen so that B(x°(y),x%(y)) = 1.

Suppose that I'y C G be a Schottky group, that is, a nonabelian
discrete subgroup containing only hyperbolic elements. Such a discrete
subgroup is a free group of rank at least two. The adjoint representation
of Gy defines an isomorphism of Gy with the identity component O(2,1)°
of the orthogonal group of the 3-dimensional Lorentzian vector space
R2!,
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Let u € Z1(T,V) be a cocycle defining an affine deformation p, of
Lo. In [28, 29], Margulis constructed the invariant

Iy %R
v — B(u(v),x’(7)).

This well-defined class function on I'y satisfies

(") = [nfau(y)

(when 7 is odd) and depends only the cohomology class [u] € H'(Tg, V).
Furthermore ay(y) = 0 if and only if p,(7) fixes a point in E. Two
affine deformations of a given I'y are conjugate if and only if they have
the same Margulis invariant (Drumm-Goldman [18]). An affine defor-
mation v, of Iy is radiant if it satisfies any of the following equivalent
conditions:

e [, fixes a point;

e [', is conjugate to I['y;

e The cohomology class [u] € H' (T, V) is zero;
e The Margulis invariant «, is identically zero.

For further discussion see [9, 10, 17, 20, 22, 27].)
The centralizer of T'y in the general linear group GL(R?) consists of
homotheties

h
V5 \v

where A # 0. The homothety h) conjugates an affine deformation
(po,u) to (po, Au). Thus conjugacy classes of non-radiant affine defor-
mations are parametrized by the projective space P(H'(Ty,V)). Our
main result is that conjugacy classes of proper actions comprise a con-
vex domain in P(H' (T, V)).

2. FLAT BUNDLES ASSOCIATED TO AFFINE DEFORMATIONS

We define two fiber bundles over UX. The first bundle V is a vec-
tor bundle associated to the original group I'y. The second bundle E
is an affine bundle associated to the affine deformation I". The vector
bundle underlying [E is V. The vector bundle V has a flat linear connec-
tion and the affine bundle E has a flat affine connection, each denoted
V. (For the theory of connections on affine bundles, see Kobayashi-
Nomizu [25].) The vector field = tangent to the flow ® defined above
identifies with the unique vector field on the total space of E which is

V-horizontal and covers the vector field ¢ defining the geodesic flow on
Ux.
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2.1. Semidirect products and homogeneous affine bundles. Con-
sider a Lie group Gg, a vector space V, and a linear representation

Go L GL(V). Let G be the corresponding semidirect product V x Gy.
Multiplication in G is defined by

(2.1) (vi,91) - (va,92) = (vi+L(g1)va, g192)-

Projection G LN Go defines a trivial bundle with fiber V over Gg. It
is equivariant with respect to the action of G on the total space by
left-multiplication and the action of GG on the base obtained from left-
multiplication on Gy and the homomorphism L. Since LL is a homo-
morphism, (2.1) implies equivariance of II.

Consider II as a (trivial) affine bundle by disregarding the origin
in V. This affine structure is G-invariant: For (2.1) implies that the
action of v = (v, ¢1) on the total space covers the action of g; on the
base. On the fibers the action is affine with linear part g, = L(y)
and translational part v; = u(7y;). Denote this G-homogeneous affine
bundle over Gy by E.

Consider II also as a (trivial) vector bundle. By (2.1), this structure
is Ggo-invariant. Via L, this Go—pomogeneous vector bundle becomes a
G-homogeneous vector bundle V. .

This G-homogeneous vector bundle underlies E: Let (vh, — vy, 1) be
the translation taking (vo, ga) to (vh, g2). Then (2.1) implies that vy, =
(vi,91) acts on (vh — va, go) by L:

((Vl +g1(v5)) — (vi + 91(V2)),g192) = (L(gl)(Vé - V2),9192)-

In our examples, L preserves a a bilinear form B on V. The Gg-

invariant bilinear form V x V = R defines a bilinear pairing VxV R
of vector bundles.

2.2. Homogeneous connections. The G-homogeneous affine bundle
E and the G-homogeneous vector bundle V admit flat connections (each
denoted @) as follows. To specify V, it suffices to define the covariant
derivative of a section § over a smooth path g(¢) in the base. For either
E =G or V=G, a section is determined by a smooth path v(t) € V:

R-5VxGy=G
t— (v(t),9(1))
Define
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If now 3§ is a section of E or V, and X is a tangent vector field, define

Vx(3) = T 3(o(1)

where ¢(t) is any smooth path with

g'(t) = X(g(t)).
The resulting covariant differentiation operators define connections on
V and E which are invariant under the respective G-actions.

2.3. Flatness. For each v € V,
Go -V xGy=G
gr— (v, 9)
defines a section whose image is the coset {v} x Gy C G. Clearly these
sections are parallel with respect to V. Since the sections §, foliate G,
the connections are flat. ~
If IL preserves a bilinear form B on V, the bilinear pairing B on V is

parallel with respect to V.

3. SECTIONS AND SUBBUNDLES

Now we describe the sections and subbundles of the homogeneous
bundles over Gy = PSL(2,R) associated to the irreducible 2r + 1-
dimensional representation V,.

3.1. The flow on the affine bundle. Right-multiplication by a(t)
on G defines a flow ®; on E. Since A, C Go, this flow covers the flow
¢y on Gy defined by right-multiplication by a(t) on Gg. That is, the
diagram

E 2 E

T
UH? —— UH?
bt

commutes. The vector field ® on E generating this flow covers the
vector field ¢ generating ¢.

Furthermore §,(ga(—t)) = §(v)a(—t) implies 5, o ¢, = D, 0 3y,

whence = is the V-horizontal lift of €.

The flow ®, commutes with the action of G. Thus ®; is a flow on
the flat G-homogeneous affine bundle E covering .

Right-multiplication by a(t) on G also defines a flow on the flat G-
homogeneous vector bundle V covering gz;t. Identifying V as the vector
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bundle underlying E, the R-action is just the linearization D®, of the
action &;:
i'/ D&)t
UH? ——
bt

\Y

H2
3.2. The neutral section. The G-action and the flow D®, on V pre-
serve a section v € V defined as follows. The one-parameter subgroup

Ay fixes the neutral vector vo € V. Let v denote the section of V defined
by:

UH2%G01>V><]G0%§/
g9 — (L(g)vo, 9)-
In terms of the group operation on G, this section is given by right-

multiplication by vo € V' C G acting on g € Gy C G. Since L is a
homomorphism,

v(hg) = hi’(g),
so 7 defines a G-invariant section of V.

Although 7 is not parallel in every direction, it is parallel along the
flow ®;:

Lemma 3.1. @5(17) = 0.

Proof. Let g € Gg. Then

Vo) = | Hale) = | oal-tw=0

since a(—t)vg = vq is constant. O

The section 7 is the diffuse analogue of the neutral eigenvector x°()
of a hyperbolic element v € O(2,1)° discussed in §1.3. Another ap-
proach to the flat connection V and the neutral section v is given in
Labourie [27].

3.3. Stable and unstable subbundles. Let V° C V denote the line
of vectors fixed by Ag, that is the line spanned by vy. The eigenvalues
of a(t) acting on V are the 2r + 1 distinct positive real numbers

ror—2 2—r _—r
eel L e e

and the eigenspace decomposition of V' is invariant under a(t). Let V*
denote the sum of eigenspaces for eigenvalues > 1 and V~ denote the
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sum of eigenspaces for eigenvalues < 1. The corresponding decompo-
sition

V=V aV oVt
is a(t)-invariant and defines a (left)G-invariant decomposition of the
vector bundle V into subspaces which are invariant under D®,.

4. HYPERBOLIC GEOMETRY
Let R?! be the 3-dimensional real vector space with inner product
B(u,v) := ujvq + ugve — ugvs

and Gg = 0(2,1)° the identity component of its group of isometries. G
consists of linear isometries of R?! which preserve both an orientation
of R*! and a time-orientation (or future) of R%! that is, a connected
component of the open light-cone

{v e R*'| B(v,v) < 0}.
Then
Go = 0(2,1)® = PSL(2,R) = Isom"(H?)

where H? denotes the real hyperbolic plane. The representation R?! is
isomorphic to the irreducible representation V, defined in §1.3.

4.1. The hyperboloid model. We define H? as follows. We work in
the irreducible representation R*! = V; (isomorphic to the adjoint rep-
resentation of Gy). Let B denote the invariant bilinear form (isomorphic
to the Killing form). The two-sheeted hyperboloid

{veR*|B(v,v) = -1}

has two connected components. If v; lies in this hyperboloid, then its
connected component equals

(4.1) {veR*" | B(v,v) = —1,B(v,v;) < 0}.
For clarity, we fix a timelike vector vy, for example
0
vi = |0 € R¥,
1

and define H? as the connected component (4.1).

The Lorentzian metric defined by B restricts to a Riemannian metric
of constant curvature —1 on H2. The identity component Gg of O(2,1)°
is the group Isom®(IE>!) of orientation-preserving isometries of H2. The
stabilizer of vy
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is the maximal compact subgroup of Gg. Evaluation at v,
GO/KO — R2’1
gKo — gvi

identifies H* with the homogeneous space Gg/Ko.
The action of Gy canonically lifts to a simply transitive (left-) action
on the unit tangent bundle UH2. The unit spacelike vector

0
(4.2) v = |1]| e R*!
0

defines a unit tangent vector to H? at v;, which we denote:
(vi,vi) € UH%

Evaluation at (vq,v;)
Gy —— UH?
9o = go(v1,V1)

Go-equivariantly identifies Gy with the unit tangent bundle UH?. Here
Go acts on itself by left-multiplication. The action on UH? is the action
induced by isometries of H2. Under this identification, K, corresponds
to the fiber of UH? above v;.

4.2. The geodesic flow. The Cartan subgroup

AQ = PO(l, 1)
is the one-parameter subgroup comprising
1 0 0

a(t) = |0 cosh(t) sinh(t)
0 sinh(¢) cosh(t)

for t € R. Under this identification,
a(t)v1 S H

describes the geodesic through v, tangent to v;.

Right-multiplication by a(t) on Gq identifies with the geodesic flow
¢ on UH?. First note that ¢; on UH? commutes with the action of
Go on UH?, which corresponds to the action on Gy on itself by left-
multiplications. The R-action on Gy corresponding to ¢; commutes
with left-multiplications on Ggy. Thus this R-action on Gy must be
right-multiplication by a one-parameter subgroup. At the basepoint
(vi,Vv1), the geodesic flow corresponds to by right-multiplication by
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Ap. Hence this one-parameter subgroup must be Ag. Therefore right-
multiplication by Ay on Gy induces the geodesic flow ¢, on UH?2. .
Denote the vector field corresponding to the geodesic flow by &:

o)=L Gya).

Tt
4.3. The convex core. Since ['y is a Schottky group, the complete
hyperbolic surface is convexr cocompact. That is, there exists a compact
geodesically convex subsurface core(X) such that the inclusion

core(¥) C X

is a homotopy equivalence. core(X) is called the convex core of ¥, and
is bounded by closed geodesics 0;(X) for ¢ = 1,..., k. Equivalently the
discrete subgroup I'y is finitely geneerated and contains only hyperbolic
elements.

Another criterion for convex cocompactness involves the ends e;(X)
of ¥. Each component e;(3) of the closure of ¥\ core(X) is diffeomor-
phic to a product

ei(8) = 0;(Z) x [0, 00).
The corresponding end of UY is diffeomorphic to the product
ei(UX) 2 0;(X) x S x [0, 00).
The corresponding Cartesian projections
€i(X) — 9;(%)
and the identity map on core(X) extend to a deformation retraction

Teore (%)

X core(X).

We use the following standard compactness results (see Kapovich [24],
§4.17 (pp.98-102) or Canary-Epstein-Green [8] for discussion and proof):

Lemma 4.1. Let ¥ = H?/T'y be the hyperbolic surface where Ty is
convex cocompact and let R > 0. Then

Kr:={y € X|d(y,core(X)) < R}

1s a compact geodesically convex subsurface, upon which the restriction
of Heore(s) 98 a homotopy equivalence.

Lemma 4.2. Let ¥ be as above, UY its unit tangent bundle and ¢, the
geodesic flow on UX.. Then the space of ¢p-invariant Borel probability
measures on UY is a convexr compact space C(X) with respect to the
weak x-topology.
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Proof. The subbundle Ucore(X) comprising unit vectors over points in
core(X) is compact.

Any geodesic which exits core(X) into an end e;(3) remains in the
same end e;(X). Therefore every recurrent geodesic ray eventually lies
in core(X). By the Poincaré recurrence theorem, every ¢-invariant
probability measure on U is supported over core(X). Indeed, the
union of all recurrent orbits of ¢ is a closed ¢-invariant subset U2 C
U which we now show is compact.

On the unit tangent bundle UH?, every ¢ orbit tends to a unique
ideal point on S! = OH?; let

UH* L SL
denote the corresponding map. Then the ¢-orbit of # € UH? defines
a geodesic which is recurrent in the forward direction if and only if
n(z) € A, where A C SL is the limit set of T'y. The geodesic is recurrent
in the backward direction if n(—Z) € A. Then every recurrent orbit
of the geodesic flow lies in the compact set U2 consisting of vectors
x € Ucore(X) with
n(z),n(—z) € A.

Since UyecX is compact, P(UcX) is a compact convex set, and the

closed subset of ¢-invariant probability measures on U,.X is also a

compact convex set. Since every ¢-invariant probability measure on
UY is supported on U,.X, the assertion follows. O

4.4. Bundles over UX. Let I' C G be an affine deformation of a
discrete subgroup I'y C Go. Since I' is a discrete subgroup of G, the
quotient E := E/T is an affine bundle over U = UH?/T and inherits
a flat connection V from the flat connection V on E. Furthermore the
flow (IDt on E descends to a flow ® on E which is the horizontal lift of
the flow ¢ on UX.
The vector bundle V underlying E is the quotient
V:=V/I =V/T,

and inherits a flat linear connection V from the flat linear connection
V on V. The flow D&, on V covering ¢t, the neutral section 7, and
the stable-unstable splitting all descend to a flow D®, a section v and
a splitting
(4.3) V=V eV eV
of the flat vector bundle V over UX. In particular

(Hcore(E))*Vcore(E) =V

since Ileore(s) is @ homotopy equivalence.
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We choose a Fuclidean metric g on V with the following properties:

e The neutral section v is bounded with respect to g;

e The flat linear connection V is bounded with respect to g;

e The flow D¢ exponentially expands the subbundle V' and ex-
ponentially contracts V.

One may construct such a metric by choosing any Euclidean inner
product on the vector space V and extending it to a Euclidean metric
on the vector bundle .

VG = GO x V
which is invariant under left-multiplications in Go. This Euclidean
metric satisfies the following hyperbolicity condition: Constants C| k >
0 exist so that

| D(¢e)v|| < Ce*||v|| ast — —o0,
for ve V*, and

| D(p)v|| < Ce ™ ||| ast — 4o0.
for v.€ V~, which follow immediately from (1.2).

4.5. Proper ['-actions and proper R-actions. Let X be a locally
compact Hausdorff space with homeomorphism group Homeo(X). Sup-
pose that H is a closed subgroup of of Homeo(X) with respect to the
compact-open topology. Recall that H acts properly if the mapping

HxX —XxX

(9, %) — (g2, @)
is a proper mapping. That is, for every pair of compact subsets K1, Ky C
X, the set
{9 e H|gK,N K, # 0}

is compact. The usual notion of a properly discontinuous action is a
proper action where H is given the discrete topology. In this case, the
quotient X/H is a Hausdorff space. If H acts freely, then the quotient
mapping X — X/H is a covering space. For background on proper
actions, see Bourbaki [7], Koszul [26] and Palais [32].

The question of properness of the I'-action is equivalent to that of
properness of an action of R.

Proposition 4.3. An affine deformation I' acts properly on E if and
only if Ay acts properly by right-multiplication on G/T .

The following lemma is a key tool in our argument. (A related
statement is proved in Benoist [5], Lemma 3.1.1. For a proof in a
different context see Rieffel [33, 34].)
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Lemma 4.4. Let X be a locally compact Hausdorff space. Let A and
B be commuting groups of homeomorphisms of X, each of which acts
properly on X. Then the following conditions are equivalent:

(1) A acts properly on X/B;

(2) B acts properly on X/A;

(3) A x B acts properly on X.

Proof. We prove (3) = (1). Suppose A x B acts properly on X but
A does not act properly on X/B. Then a B-invariant subset H C X
exists such that:

e H/B C X/B is compact;

e The subset

Appi={a € A|a(H/B) N (H/B) # 0}
is not compact.
We claim a compact subset K C X exists satisfying B - K = H.
Denote the quotient mapping by
x % x/B.

For each x € TI;'(H/B), choose a precompact open neighborhood
U(z) € X. The images I15(U(x)) define an open covering of H/B.
Choose a finite subset xy,...,x; such that the open sets I1g(U(x;))
cover H/B. Then the union

K = U U(z;)

is a compact subset of X such that IIz(K’) D H/B. Taking K =
K' N1l (H/B) proves the claim.
Since A acts properly on X, the subset

(Ax B)g :={(a,b) € Ax B|aK NbK # 0}

is compact. But Ay p is the image of the compact set (A x B) g under

Cartesian projection A x B — A and is compact, a contradiction.
We prove that (1) = (3). Suppose that A acts properly on X/B

and K C X is compact. Then Cartesian projection A x B — A maps

(44) (A X B)K — A(B~K)/B-

A acts properly on X/B implies Ap.x)/p is a compact subset of A.
But (4.4) is a proper map, so (A X B)g is compact, as desired.
Thus (3) <= (1). The proof (3) <= (2) is similar.
L]
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Proof of Proposition 4.3. Apply Lemma 4.4 with X = G and A to be
the action of Ay = R by right-multiplication and B to be the action
of I' by left-multiplication. The lemma implies that I" acts properly on
E = G/Gy if and only if Gy acts properly on I'\G.

Apply the Cartan decomposition Gg = KgAgKy. Since Ky is compact,
the action of Gy on F is proper if and only if its restriction to Aq is
proper. [l

5. LABOURIE’S DIFFUSION OF MARGULIS’S INVARIANT

In [27], Labourie defined a function U L, R, corresponding to the
invariant oy, defined by Margulis [28, 29]. Margulis’s invariant a = «,
is an R-valued class function on I'y whose value on v € I'y equals

B(pu(’)/)O - 07 XO(V))

where x°(y) € V is the neutral vector of 7 (see §1.3 and the references
listed there).

Now the origin O € E will be replaced by a section s of E, the vector
x%(v) € V will be replaced by the neutral section v of V, and the linear
action of I'y will be replaced by the geodesic flow ¢, on UX..

Let s be a section of E. Its covariant derivative with respect to & is
a section V.V¢(s) € R%(V). Pairing with v € R%(V) via

VxV3R
produces a function U Tos, R,
F, s :=B(Ve(s),v).
(Compare Labourie [27].)

5.1. The invariant is well-defined. Henceforth choose a Riemann-
ian metric g on V such that B and v are bounded with respect to g.
Let S(E) denote the space of continuous sections s of E, differentiable
along &, such that Ve(s) is bounded with respect to g. In particular
F, s is bounded and measurable.

Lemma 5.1. Let s € S(E) and p be a ¢-invariant Borel probability
measure on UX. Then
Fusdp
Us
is independent of s.

Proof. Let s1,s5 € S(E) be sections. Then s = s; — s5 is a section of V
and

Ve(s1) = Ve(s2) = Ve(s).
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Therefore

| o= [ Fodn= [ BVels), 01
= [ B, v)du—/ B(s, Ve(v))dp.
Ux

Us
The first term vanishes since p is ¢-invariant:

d *
s gB(S; V)d/L = LE %((bt) (B(S, I/))d,u
d *
== UE(@) (B(s,v))dp
Tt s B(s, v)d((¢)«p) = 0.
The second term vanishes since V¢(v) = 0 (Lemma 3.1). O

Thus
Wy (1) = / Fysdu
Ux

Uy
is a well-defined function C(X) —L R whose continuity follows from
the definition of the weak topology on P(UY).
5.2. Periodic orbits. Suppose that
t — Toga(t)

defines a periodic orbit of the geodesic flow ¢;. Suppose that v is the
corresponding element of I'g. Then

Ioga(t +T) = Tyyga(t) = Toga(t)

where T' = /() is the period of the orbit.
The following notation is useful. If xy € U¥ and T > 0, let gzﬁ“i%‘)’T]
denote the map

o)

[0, 7] Us
(5.1) t — ¢y(x).

Let T' = {(~y) denote the period of the periodic orbit corresponding to
7 and pio,r) denote Lebesgue measure on [0, 7]. Then

1
(5.2) o 1= (@)« (o)

defines the geodesic current associated to the periodic orbit .
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Proposition 5.2 (Labourie [27], Proposition 4.2). Let v € I'y be hy-
perbolic and let p, € Cper(X) be the corresponding geodesic current.
Then

(5.3) o) =) [ R,

Proof. Let o € UX is a point on the periodic orbit, and consider the
map (5.1) and the geodesic current (5.2).

Choose a section s € S(E). The pullback of s to the covering space
UH? ~ G is the graph of a map

'ZJ:G()—>V

satisfying
voy=p(y)v.
Then
1 [T
5.4 [ B =7 [ Buatortooi,
Us. 0

which we evaluate by passing to the covering space UH? =~ Gq.
Lift the basepoint zy to Zo € UH2. Then gzﬁFOOT] lifts to the map

(Z)fOO,T] 2
0,7] —= UH

t— Q;t(fi'o)
Let g € Gy correspond via € to o. Then the periodic orbit lifts to the
trajectory

R— GO
t — ga(—t).

Since the periodic orbit corresponds to the deck transformation « (which
acts by left-multiplication on Gy),

vg = ga(=T)
which implies
(5.5) v=ga(-T)g™".
Evaluate V¢s and v along the trajectory
$iFo —— ga(—t)
by lifting to the covering space and computing in G. Lift s to
Go >V xGy=0
g+— (v(9),9)
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where v : Gy — V satisfies
v(vg) = p(7)v(9).
Then
N ~ D _
(Ved) (éxt0) = 7¥(ga(~1)).

In semidirect product coordinates, the lift & is defined by the map

Gy LV
g — L(g)vo.

Lemma 5.3. 7(ga(—t)) =x°(y) for all t € R.
Proof.

We evaluate the integrand in (5.4):

Fy s(dr0) = B(Ves, V)(cbtafo)
= B(V¢3(ga(—t)), v(ga(—t))

and

as claimed. ]
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5.3. Nonproper deformations. Now we prove that 0 ¢ W,,(C(X))
implies I', acts properly.

Proposition 5.4. Suppose that ® defines a non-proper action. Then
there exists a ¢-invariant Borel probability measure pn on UX such that

Y (p) = 0.

Proof. By Proposition 4.3, we may assume that ® defines a non-proper
action on [E. There exist compact subsets K, Ko C [E for which the
set of t € R such that

(K1) N Ky # 0
is noncompact. Thus there exists an unbounded sequence t¢,, € R, and
sequences P, € K and @),, € K such that

(I)tnpn = Qn
Passing to subsequences, we may assume that ¢,, /" +o0o and
(5.6) lim P, = Py, lim Q, = Qu.
for some P, Qs € E. Forn =1,..., 00, the images

Pn=1(P), ¢n = IL(Qn)
are points in UY such that
(5.7) lim py = poo,  lim gy = goo
and ¢, (pn) = ¢n- Choose R > 0 such that
d(poo, Ucore(X)) < R,
d(goo, Ucore(¥)) < R.

Passing to a subsequence we may assume that all p,,, ¢, lie in the com-
pact set UKR. Since Kp is geodesically convex, the curves

{e(pn) |0 <t <tn}

also lie in UK g(Lemma 4.1).
Choose a section s € S(E). Forn=1,..., 0o, write
(r

P, =s(p,) +anv +p! +p,
(5.8) Qn = 5(¢n) +buv +q, +q,
where a,,,b, € R, p,,q, € V7, and p},q, € V*. Since
Doy(v)=v

and @, (P,) = Q,, taking V°-components in (5.8) yields:

(5.9) /0 tn(FM o &) (p)dt = by — an.
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Since s is continuous, (5.7) implies s(p,) — $(Poo) and $(g,) — $(¢oo)-
By (5.6),

lim (b, — an) = boo — Goo-

Thus (5.9) implies
tn

lim (Fus 0 @) (pn) dt = boo — Goo

n—oo 0
S0
I
(5.10) lim —/ (Fuso¢d)(pn)dt = 0
n—oo n 0

(because t,, /" +00).
Define approximating probability measures

M € P(UICR>
by pushing forward Lebesgue measure on the orbit through p, and
dividing by t,:
1
Hn 2= r (QSforttn])*U[O,tn]
Pn

[O?tn]
weakly convergent subsequence jui,, in P(UKg). Thus

where is defined in (5.1). Compactness of UKk guarantees a

n—oo n

.1t
Vi) = lim = [ (P 60)pa)dt =0
0

by (5.10).
loo 1 ¢-invariant: For any f € L>®°(UKg) and A € R,

/fdun - /(f o ¢x)dpin

for n sufficiently large. Passing to the limit,

[ ans - /(focmduoo' —0

2\
< 3 Ml

6. PROPERNESS

Now we prove that Wy, (1) # 0 for a proper deformation I'y. The
proof uses a lemma ensuring that the section s can be chosen only
to vary in the neutral direction v. The proof uses the hyperbolicity
of the geodesic flow. The uniform positivity or negativity of ¥y, im-
plies Margulis’s “Opposite Sign Lemma’ (Margulis’ [28, 29], Abels [1],
Drumm [14, 16]) as a corollary.
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Lemma 6.1. There ezists a section s € S(E) such that V¢(s) € V°.

Proof. Let s € S(E). Decompose V¢(s) by the splitting (4.3) into
components:

Ves =V s+ Vis+ V{s.
where Vf(s) € V*. Since D® exponentially contracts V™ as t — 400
ID®y(v)[| < Ce™™|v]
for ve V7. Then

‘/OT D®, (Vg(S(Cb—t(P))))dtH < /OT ||D<I>t(vg_(8(¢_t(p))))||dt

1— e—kT B
At

SO

/ " D (V7 (9))dt = 1m [ DoV (s))at

T—o0 0

and the convergence is uniform on compact subsets. Similarly

/00 qb*_tvg(s)dt
0

converges uniformly on compact subsets. Thus

s—/ D@fvg(s)dt—/ D",V (s)dt
0 0

is a section in S(E) whose covariant derivative with respect to £ lies in
VO, as claimed. O

Proposition 6.2. Suppose that ® defines a proper action. Then
Wiy (p) #0
for all p e C(X).

Proof. Let p € C(X) and p € supp(p) C UyecX. Applying Lemma 6.1,
choose a section s with V¢(s) € V°. Then

61 or(s() = storl) + (| TFM(@(p))dt),,

Since ® is proper, for every pair of compact subsets K, Ky € E, the
set of t € R for which

Oy (K1) N Ky #0
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is compact. Take K; = s(supp(p)). Thus ®;s(p) — oo uniformly
for p € supp(u), as t — oo. Compactness of supp(u) implies that
s(¢wp) — s(p) is bounded. Thus (6.1) implies

T
/ F, s(¢ep) dt — o0
0

uniformly in p € supp(u), as T — oo. Furthermore, connectedness of
a-limit sets and boundedness of F, ; implies that

/ F,s(¢ep) dt = +o0.
0
Thus

T
(6.2) lim /d,u/ F, s(¢p) dt = +o0.
0

T—00

Fubini’s theorem implies

63 [auw) [ Ftomar = [ ([ Fuctomintn)

Invariance of p implies

(6.4) / Fus(op)dp(p) = / Fysdp.
Thus (6.3) and (6.4) imply

[ s OTFUS it = [ T( / Fuvswtp)du)dt
(6.5) _ Fodp)dt = T | F,.du.
[ ([ r)ae =7 |

Suppose that [ F,dp = 0. Taking the limit in (6.5) as T — oo
contradicts (6.2). Thus [ F, cdp # 0, as desired. O

Corollary 6.3 (Margulis [28, 29]). Suppose that v1,7v2 € Lo satisfy

a(n) <0 <a(y)
Then I' does not act properly.

Proof. Proposition 5.2 implies that

W) () < 0 < Wpy(pty,)

Convexity of C(X) implies a continuous path u; € C(X) exists, with
t € [1, 2], for which

H1 = :LL’ylv
H2 = My
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The function

c(x) 2 R

is continuous. The intermediate value theorem implies W, (p) = 0
for some 1 < t < 2. Proposition 6.2 implies that I' does not act
properly. [l
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