DYNAMICS OF THE AUTOMORPHISM GROUP OF THE
GL(2,R)-CHARACTERS OF A ONCE-PUNCUTRED TORUS

WILLIAM GOLDMAN AND GEORGE STANTCHEV

ABSTRACT. Let 7w be a free group of rank 2. Its outer automorphism group Out(m)
acts on the space of equivalence classes of representations p € Hom(w, SL(2,C)). Let
SL_(2,R) denote the subset of GL(2,R) consisting of matrices of determinant —1 and
let ISL(2,R) denote the subgroup SL(2,R) IIiSL_(2,R) C SL(2,C). The representa-
tion space Hom(m, ISL(2,R)) has four connected components, three of which consist of
representations that send at least one generator of 7w to i SL_(2,R). We investigate the
dynamics of the Out(r)-action on these components.

The group Out(w) is commensurable with the group T' of automorphisms of the
polynomial

w(z,y,2) = =22 —y? + 2% + xyz — 2

We show that for —14 < ¢ < 2, the action of T is ergodic on £~ !(c). For ¢ < —14, the
group I' acts properly and freely on an open subset QM C x~!(c) and acts ergodically
on the complement of Q. We construct an algorithm which determines, in polynomial
time, if a point (z,y, z) € R? is ['-equivalent to a point in QM or in its complement.

Conjugacy classes of ISL(2, R)-representations identify with R? via the appropriate
restriction of the character map

x : Hom(rw,SL(2,C)) — C?

&(p) tr(p(X))
pr— (n(p)| = | tr(p(Y))
¢(p) tr(p(XY))
where X and Y are the generators of m. Corresponding to the Fricke spaces of the
once-punctures Klein bottle and the once-punctured Mobius band are I'-invariant open
subsets QF and QM respectively. We give an explicit parametrization of Q¥ and QM
as subsets of R® and we show that Q™ N x~1(c) # @ if and only if ¢ < —14, while
QK Nk~1(c) # @ if and only if ¢ > 6.
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1. INTRODUCTION

Let 7 be a free group of rank 2. Its outer automorphism group Out(7) acts on the space
of equivalence classes of representations p € Hom(m, SL(2,C)). Let SL_(2,R) denote the
subset of GL(2,R) consisting of matrices of determinant —1, and let

SLi(2,R) = {A € GL(2,R) | det(A) = +1}
The group SL.(2,R) is isomorphic to
ISL(2,R) = SL(2,R) I1i SL_(2, R)

and in this context we identify the two as subgroups of SL(2,C). The representation
space R = Hom(m, ISL(2,R)) has four connected components indexed by the elements of
H'(7,Zy) = 7y x Zy. The three non-zero elements of Zy x Z; correspond to the com-
ponents of R consisting of representations that send at least one generator of 7 to
iSL_(2,R). We investigate the dynamics of the Out(7)-action on these components.
The action of Out(m) on the component of SL(2,RR)-representations has been recently
studied by Goldman [§]

By a theorem of Fricke [4], the moduli space of SL(2,C)-representations naturally
identifies with affine 3-space C? via the character map

x : Hom(w,SL(2,C)) — C*

£(p) tr(p(X))
pr—|n(p)| = | tr(p(Y))
C(p) tr(p(XY))

where X and Y are the generators of w. Let [X,Y] be the commutator of X and Y.

In terms of the coordinate functions &, n and (, the trace tr([X,Y]) is given by the
polynomial
R(En, Q) = +n* + = &n¢ -2
which is preserved under the action of Out(r). Moreover, the action of Out(r) on C? is
commensurable with the action of the group I' of polynomial automorphisms of C? which
preserve k (Horowitz [9]). Note that I' is a finite extension of the modular group and is
isomorphic to
PGL(2,Z2) x (Z/2 & Z/2)

Let Ry be the component of Hom(w, ISL(2,R)) consisting of representations that
send both X and Y to i SL_(2,R). The restriction xi; of the character map to Ry ; is a
surjection onto Xy ; =R x iR x R. The latter is isomorphic to R3 and the restriction of
k to X1 induces a polynomial

ki (z,y, 2) = k(iz, iy, 2) = —2* —y* + 22 + ayz — 2

where x, y and z are the standard coordinate functions on R3. If u € Xi1 is such that
k(u) # 2, the fiber x1;'(u) is an SL (2, R)-conjugacy class of irreducible representations
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in Ry;. In this context, X;; identifies with a component of the SL,(2,RR)-character
variety of .

Theorem A. Let k11(z,y,2) = —2* —y* + 22 + xyz — 2 and let c € R. Let T be the
automorphism group of ki1. Then

> For —14 < ¢ < 2, the group T acts ergodically on k1 (c).
> For c < —14, the group T acts properly and freely on an open subset QM C ri!(c)
and acts ergodically on the complement of QM.

Since 7 is a free group, representations in Hom(w,SLi(2,R)), or equivalently in
Hom(7,ISL(2,R)), can be realized as lifts of representations in Hom(w, PGL(2,R)) and
thus can be interpreted geometrically via the identification of PGL(2,R) with the full
isometry group of hyperbolic 2-space H?. More precisely, let S be a surface with fun-
damental group m;(S). Let G be a semisimple Lie group. Then Hom(7(S5),G) is an
analytic variety upon which G acts by conjugation. Let Hom(7(5),G)/G be the orbit
space. The G-orbits parametrize equivalence classes of flat principal GG-bundles over S.
If X is a space upon which G acts, Hom(m(S),G)/G is the deformation space of flat
(G, X)-bundles over S. In this context, Hom(m, PGL(2,R))/PGL(2,R) identifies with
the deformation space of flat H2-bundles over a surface S whose fundamental group is
free of rank 2.

When p € Hom(7, PGL(2,R)) is a discrete embedding, the holonomy group p(7) acts
properly discontinuously on the fiber H?. The quotient H?/p(7) is homotopy-equivalent
to S and affords a hyperbolic structure induced by that of H?. If the quotient is also
diffeomorphic to S we call p a discrete S-embedding. The set Q° of conjugacy classes
of discrete S-embeddings is open in Hom(w, PGL(2,R))/PGL(2,R) and parametrizes
complete hyperbolic structures on S marked with respect to a fixed set of generators of
7. We call Q° the Fricke space of S. In a certain sense (0° is a generalization of the
Teichmiiller space of an orientable closed surface.

Discrete embeddings inside R; ; give rise to non-orientable surfaces and since 7 is free
of rank 2 the only possibilities are the once-punctured' Mébius band M (equivalently,
the twice-punctured projective plane), and the once-punctured Klein bottle K. Their
respective Fricke spaces QM and QX can be parametrized as subsets of R3.

Theorem B. Let I' be the group of automorphisms of the polynomial
ki (z,y,2) = —2? —y? + 2% — xyz — 2
(1) Let Q) be the region in R® defined by the inequalities
Y+ 2> 2

z < =2

1By “punctured” in this context we mean a surface with the interiors of one or more disjoint disks
removed, i.e. a surface with boundary
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Then the Fricke space of the once-punctured Mobius band M identifies with
o= T[T
vel/T'ym
where 'y C T s the stabilizer of Qé\/[, and T'/T'y; denotes the coset space of T'y;.
(2) Let QI be the region in R? defined by the inequality
2y —ayz+4<0
Then the Fricke space of the once-punctured Klein bottle K identifies with
o= JT »f
~v€el Tk

where T C T is the stabilizer of QL , and T )Tk denotes the coset space of T'x.

Remark. The subgroups I'y; and ' correspond to the mapping class groups of M and
K respectively.

The level sets x7'(c) intersect QM if and only if ¢ < —14, and they intersect Q¥ if
and only if ¢ > 6. Assume ¢ < —14, and let QM = x'(c) N QM. This is precisely the
region mentioned in the second part of Theorem A. In other words, on the Fricke space
of the once-punctured Mobius band M the action of I' is wandering; on the outside, the
action is ergodic along the level sets x7;'(c) for each ¢ < 2. Similar statements hold for
the Fricke spaces of M sitting inside the other SL (2, R)-moduli-space components that
correspond to non-zero classes in Zy X Zso.

Conjecture. Let QF be the Fricke space of the once-punctured Klein bottle. Let QX =
—1 K
Ky (€) N Q2
> The action of I' on QF is wandering.
> For each ¢ > 2, the action of T' on the set K1} (c) — QX is ergodic.
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2. BACKGROUND AND MOTIVATION

In this part we provide some relevant background material and interpret it in our con-
text. We also introduce new notation and terminology that will be used in the subsequent
exposition.

2.1. Algebraic Generalities. If A B are groups, then Hom(A, B) denotes the set of
homomorphisms (representations) A — B. Let Aut(A) denote the group of all auto-
morphisms of A. There is an action of the group Aut(A) x Aut(B) on Hom(A, B) defined
by
(Aut(A) x Aut(B)) x Hom(A, B) — Hom(A, B)

((,8),¢) = Bogoa™
In particular, the action of B on itself by conjugation embeds B in its automorphism
group and thus induces an action:

B x Hom(A, B) — Hom(A, B)
(bv ¢) =1 O ¢

where ¢, : h — bhb~! is the inner automorphism of B defined by conjugation by b €
B. The orbit space, Hom(A, B)/B is the set of conjugacy classes of representations in
Hom(A, B) and the action (2.1) descends to an action of Aut(A) on Hom(A, B)/B. Let
Inn(A) denote the (normal) subgroup of Aut(A) consisting of inner automorphisms. Since

Inn(A) preserves the conjugacy class of a representation, it acts trivially on Hom(A, B)/B
and thus the action of Aut(A) factors through the action of the outer automorphism group

Out(A) := Aut(A)/Inn(A)

(2.1)

2.2. Geometric Motivation. When A is a discrete group and B a Lie group, the
representation space Hom(A, B) can have special geometric significance. In particular,
it can be interpreted as the moduli space of flat bundles over manifolds. Consider, for
example, a manifold M with fundamental group = = 7, (M, z) and a Lie group G which
acts on a space X. Then the space of flat (G, X)-bundles over M can be identified with
Hom(m,G)/G. In the case when M is a closed surface, and G is the group of orientation
preserving isometries of the hyperbolic plane, the subset of Hom(w, G)/G consisting of
equivalence classes of discrete embeddings of 7, identifies with the Teichmiiller space T of
M. Moreover, Out(r) is isomorphic to the mapping class group mo Diff (M) of M whose
action on ¥ is well known to be properly discontinuous.

2.3. The Structure of Hom(w, G). Whenever 7 is a finitely generated group, the space
Hom(7, G) inherits a natural (Hausdorff) topology from that of G. Namely, if {~1,...,v,}
is a set of generators of 7 then the evaluation map

Hom(w,G) — G"
pr—(p(1);-- s p(7m))
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is an embedding which induces a topology on Hom(w,G) that is independent on the
choice of generators. Furthermore, if G is an algebraic group, then there is an induced
algebraic structure on Hom(7, G), and we refer to the resulting object as the variety of
representations.

However, the topology of the space Hom (7, G)/G inherited from Hom(7w,G) could be
rather pathological (e.g. may not be even Hausdorff). When G is a reductive linear
algebraic group, i.e a subgroup of GL(n,R), however, one can consider the algebraic-
geometric quotient Hom(m, G)//G, which is defined as the variety whose coordinate ring
is precisely the ring of G-invariant functions on Hom(w, G). Equivalently, it is the space
of semi-stable orbits. In this case, the orbit of a representation p is semi-stable if p is a
completely reducible representation. We call Hom(w, G) /G the character variety of 7.

2.4. Obstruction Classes and Components

of Hom(7,G). Let S be a connected surface and let 7 denote its fundamental group.
Let G be a real algebraic Lie group. An element p in the space Hom(w, G) determines
a flat prinipal G-bundle over S. This bundle gives rise to the obstruction classes in
H4(S,m,—1(G)) and thus induces an obstruction class map

oq : Hom(m,G) — H(S, m,-1(G))

In particular, let G be the identity component for G and G/Gy = m(G) be the group
of components of G. Then 0,(p) € H'(S, my(G)), which via the Hurewicz isomorphism is
Hom(m, G/Gy). Thus, 01(p) is just the composite

™4 G — G/G,.

The map o; is continuous, hence, constant on each connected component. For example
if G = PGL(2,R) ~ SO(2,1), then my(G) = Zy and 0,(p) € H'(S,Z,). In that case the
action of PGL(2,R) on hyperbolic 2-space H? gives rise to an associated circle bundle
(with fiber OH? = RP'), whose first Stiefel-Whitney class corresponds to o1(p) (see
Steenrod [19], §38; Goldman [5], §2). If n > 0 then 7 is a free group of rank r = 1 —x(9),
where x(S) is the Euler characteristic of S. Thus H'(S,Z,) ~ Z}, which is a free Z-
module. In this case Hom(w,G) = G" and the fibers of oy identify with the connected
components of Hom(w, G). In this context we shall refer to o; as the first Stiefel- Whitney
class map.

2.5. SL(2,C)-character Varieties. The example in the last paragraph is of particular
geometric interest. Consider a finitely generated group 7 and the representation space
Hom (7, SL(2,C)). Since SL(2, C) acts as a group of symmetries of hyperbolic 3-space H?,
the orbit space Hom(m, SL(2,C))/SL(2,C) contains a subset that parametrizes equiva-
lence classes of hyperbolic structures on 3-manifolds with fundamental group isomorphic
to .

The character variety

X = Hom(w, SL(2,C))// SL(2,C)
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admits an embedding of X as an algebraic subset of affine space. In particular, traces of
a finite generating set of 7. define coordinates on (X) (Procesi [17]). We consider the
case when 7 is free of rank 2:

Theorem 2.1 (Fricke-Klein). Let X, and Y be the generators of m and let G = SL(2,C).
Then the character map:

x : Hom(w, G) /G — C?

£(p) tr(p(X))
[p] — |n(p)| = | tr(p(Y))
C(p) tr(p(XY))

is an isomorphism. (Compare the discussion in Goldman [5], 4.1, [6],884-5 and [7].) Thus
the traces of X,Y, XY parametrize Hom(w, G)//G as the affine space C3. In particular,
if w(X,Y) is any word in X andY, then tr(p(w(X,Y))) is expressed as a polynomial f,
m &,1,¢.

Let 3 be a copy of the hyperbolic plane H? sitting inside H3. The stabilizer of H
in SL(2,C) is isomorphic to PGL(2,R) and in this way PGL(2,R) identifies with the
full group of isometries of H2. Naturally, we are interested in the orbits of the action
of PGL(2,R) by conjugation on Hom(7, PGL(2,R)). However, in order to use the trace
parametrization of the orbit space provided by the theorem of Fricke-Klein, we need to
work with the relevant representation space, which in this case is Hom(7w, SL1(2,R)).
The subgroup

SLi(2,R) :={A € GL(2,R) | det(A4) = £1}
of GL(2,R) is a double cover of PGL(2,R). Since 7 is a free group, any representation
p € Hom(m, PGL(2,R)) lifts to a representation in Hom(mw, SL4(2,R)). Thus a conju-

gacy class of representations in Hom(7, PGL(2,R)) corresponds to a conjugacy class of
representations in Hom(7, SL4(2,R)) together with a choice of a lift.

2.6. SL1(2,R)-character Varieties. Let SL_(2,R) denote the subset of GL(2,R) con-
sisting of matrices of determinant —1. The group SL. (2, R) is isomorphic to

ISL(2,R) = SL(2,R) 11 i SL_(2, R)

and in this context we identify the two as subgroups of G = SL(2,C). In view of the
discussion in section 2.4, the representation space

R = Hom(r, SL. (2, R)) & Hom(r, ISL(2, R)) = ISL(2, R) x ISL(2, R)

has four connected components indexed by the elements of Zy X Z,. Let Gy = SL(2,R)
and G; = iSL_(2,R). Then the correspondence defined by the Stiefel-Whitney class
map is

Rj7k:GjXka—>(j7k)EZQXZ2
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where j,k € {0,1}. The following Proposition shows that the the restriction of the
character map x to R can be used to parametrize conjugacy classes of ISL(2,R) repre-
sentations (compare Xia [22], pp. 10-13).

Proposition 2.2. Let ;i be the restriction of x to R;,. Assume (j,k) # (0,0). Then

(1) xjk is surjective
(2) The image of xji is

R x iR x iR if (j,k) = (0,1
xj,k = X(Rj,k) = IR xR xR Zf (], k?) = (1,0)
iR x iR xR if (j,k) 1,1

(3) Let p e R. Then

2 —y* =22 +ayz—2 if p€ R,y
(2.2) kox(p) =< —2?+y>—224zyz—2 if peRyy
—? -y + 22 tayz—2 if peERy,

(4) Let u € X, ;, be such that k(u) # 2. Then ISL(2,R) acts transitively on Xj_kl (u).
Proof. We refer the proof to Xia [22], Proposition 12 and 13. O

By a result of Culler and Shalen, a representation in p € R is reducible if and only
if k(x(p)) = 2. Thus Proposition 2.2 implies that if u € X, is not in k~!(2), then the
fiber Xj_kl (u) is an ISL(2, R)-conjugacy class of irreducible representations in R; ;. In that
sense X; j, identifies with a component of the ISL(2, R)-character variety of .

Let kjj be the restriction of k to X, ;. Since X, is naturally isomorphic to R? we will
in fact consider the fibers of ki, as subsets of R®. Furthermore, whenever it is clear from
the context, we will drop the subscript and use  to denote the relevant polynomial as
prescribed in (2.2).

2.7. Surfaces Whose Fundamental Group is Free of Rank 2. Let S be a surface
whose fundamental group 7 is free of rank 2. Then S is precisely one of the following: a
punctured?® torus S 1, a pair of pants Sp 3, a punctured Klein bottle Sil, or a punctured

Mobius band 5872. These are all connected surfaces with Euler characteristic —1.

Remark. The notation used for referencing these surfaces is based on the genus and the
number of boundary components of each surface. Thus S,,, (respectively ng) denotes an
orientable (respectively non-orientable) surface of genus g and n boundary components.
For non-orientable surfaces, however, the notion of genus is not very consistently used
throughout the literature. Some authors define genus as the number of copies of the
projective plane in the cross-cap decomposition of the surface. In that context, the genus
of the Klein bottle would be 2, and the genus of the Mobius band would be 1.

%In this context a “punctured surface” shall mean a surface with a topological disk removed
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We adhere to the definition that is consistent with the formula for the Euler charac-
teristic of a non-orientable surface S

X(5) =1 =061(S) —n
where 3;(5) is the first Betti number and n is the number of boundary components. We

take (1(S) as a definition for the genus of a non-orientable surface S (see Moise [14],
§ 22).

Next, we show how the geometry of each surface is related to the presentation of .

Definition. An E-piece is a right-angled hyperbolic hexagon whose boundary is a piecewise-
geodesic closed curve without self-intersections. FEach edge of an FE-piece is given the
ortentation of the underlying geodesic segment.

Each surface of Euler characteristic —1 can be realized by pasting two E-pieces subject
to a certain gluing scheme. Figure 1 illustrates this idea for the non-orientable cases. Let

(a) Punctured Klein-bottle (b) Punctured Mébius Band

Figure 1: Constructing non-orientable surfaces from E-pieces

p € Hom(m, PGL(2,R)) be a discrete S-embedding. The union of two E-pieces E’ and E”
is a fundamental region for p(w) acting on H? with quotient S. From the gluing diagrams
we obtain a geometric presentation of 7 in each case of a surface of Euler characteristic
—1. For example, suppose S = Sil is the punctured Klein-bottle. Then, S = E’ + E”
modulo the gluing pattern shown on Fig. 1(a). In the quotient, 5’3" = 3, and v/ *x~" =
become the two generators of 7, and the boundary geodesic that represents the puncture

Wy

is 0 = ¢y * ¢ x ) * * c§ x . Here the “¢” operator indicates the obvious left-to-right
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curve concatenation with respect to a suitable parametrization on each geodesic segment.
Thus, for a fixed base point x5, we obtain a presentation of m = m1(.S, z¢) as follows:

(2.3) m={(0,7,6 | 73%y =)

Similarly, from the diagram in Fig. 1(b) we obtain the following presentation of the
fundamental group ™ = 7T1(S&2, xg) of the punctured Mébius band:

(2.4) m={(B,7,01,02 | 01 = 37,02 = By ")

where again § = ' % 3" and v = 7/ % 4" are the two generators of m, while 6; = ¢} * ¢}
and 9y = c, * i * ¢} * ¢ represent the two boundary components of 5872.

2.8. Mapping Class Group, and the Structure of Out(7). For a compact connected
surface S, the Mapping Class Group of S is defined as the group mo(Homeo(S,0S)) of
isotopy classes of homeomorphisms on S. There is a well-defined homomorphism:

(2.5) N : mo(Homeo(M)) — Out(mr) = Aut(r)/ Inn(r).

If S is a closed surface then by Dehn (unpublished) and Nielsen [16], N is an isomorphism.
When 0S # (), then each component 9;S determines a conjugacy class C; of elements of
m1(S) and the image of N consists of elements of Out(7) represented by automorphisms
which preserve each C;. Another theorem of Nielsen [15], implies that when S is a
punctured torus, N is also an isomorphism.

The action of Out(w) on homology H;(S;Z) = Z? defines a homomorphism
(2.6) h : Out(r) — GL(2,Z).
which, again by Nielsen [15], is an isomorphism (see also Magnus-Karrass-Solitar [13],

§ 3.5, Corollary N4). Thus for a free group 7 of rank 2, Out(r) is isomorphic to GL(2, Z).

2.9. The modular group. In general the group Aut(7) acts on the SL(2,C) character
variety X by:

¢ ([p]) = [pod™']
Let v € m and let ¢, denote conjugation by 7. Since
PO Ly =lp(x)°P

the subgroup Inn(rw) acts trivially. Thus Out(7) acts on C* and since an automorphism
¢ of m is determined by

(¢(X>v ¢(Y)) = (wl(X7 Y)? wQ(X7 Y))?

for some words w;, w, in the generators, the action of ¢ on C? is given by a triple of
polynomials

(fwl (57 777 <)7 fw2 (57 77’ C)? fw1w2 (67 T]? C))
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Hence Out(7) acts on C? by polynomial automorphisms. Nielsen’s theorem (see Magnus-
Karras-Solitar [13], Theorem 3.9) implies that any such automorphism preserves x :
C3? — C, that is

K ((fun (6,1, 0), fun (6,1, Q) funwa (€1, €))) = K(€,m, C).

Horowitz[9] determined the group Aut(C?, ) of polynomial mappings C* — C3 pre-
serving k. Let G3 be the symmetric group consisting of permutations of the coordinates
&,n, (. Horowitz proved that the automorphism group of (C3 k) is generated by the
linear automorphism group

Aut(C?, k) NGL(3,C) = (Zy © 7o) x G

and the quadratic reflection:

§ §
n—1 n |,
¢ §n—¢

This group is commensurable with Out (7). The factor Z,@Zs corresponds to sign change
automorphisms of R. In particular, the three non-trivial elements (0, 1), (1,0), (1,1) act
on representations by oy, 0¢1, 011 respectively:

ooy 4 X pX)
01 p - Y s —p(Y)

0 X — —p(X)
Y — p(Y)

X — —p(X)
O11-p:
Y — —p(Y)
The corresponding action on characters is:

(001)* :

(010)* :

:—f:
— |-n

¢

Note that the sign change automorphisms are not induced by automorphisms of 7.
Thus the group Aut(C3, k) is isomorphic to a semidirect product

PGL(2,Z) x (Z/2® 7,/2)

(011)* :
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See Goldman [8], §1.3 and Appendix, for a detailed discussion.

The action of Aut(C3 k) on C? restricts to an action on the ISL(2, R)-character va-
riety. However the subgroup &3 does not preserve the individual components X; ;. For
example, the automorphism induced by transposition of x and y maps characters in X o
to characters in X 1, and stabilizes X; ;. For each component X, there is a subgroup of
finite index of Aut(C?, k) that preserves X; ;. We call this subgroup the modular group
of X, and denote it by I'j.

For instance, I'1; is generated by the quadratic reflections

X Yyz —x X i i i
Q: |y| — Yy ;o Qyi |yl — |rz—y|, Q.: |y| — y ,
ya ya y4 ya ya —xy—z

the sign-change automorphisms o, and the transposition

Z Y
loy: (Y| — |2
z z

where z,y,z € R. Since I'g; = I'ig = I'y1, whenever it is clear from the context, we
will drop the subscript and use I' to denote the relevant modular group for the given
component.

2.10. Goldman’s Result on the Real SL(2)-Characters of the Punctured Torus.
Recently, Goldman [8] studied the action of the modular group on the SL(2, R) component
of X. In this case the modular group I' is isomorphic to

PGL(2,Z) x (Z/2 ® Z/2)
We summarize Goldman'’s results in the theorem below.

Theorem 2.3 (Goldman). Let k(&,1,() = &2 +n*+ % —&n¢ — 2 and let c € R.
> For ¢ < —2, the group T acts properly and freely on k= (c) NR3;
> For —2 < ¢ < 2, there is a compact connected component K, of k= 1(c) NR3 and
[ acts properly and freely on the complement k™ (c) NR3 — K;
> For 18 > ¢ > 2, the group T' acts ergodically on k~(c) NR3;
> Forc > 18, the group T acts properly and freely on an open subset Q. C k™ (c)NR?
and acts ergodically on the complement of €.
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3. FRICKE SPACES WITHIN THE CHARACTER VARIETY

We now focus on the components X, ; of the ISL(2, R)-character variety of m that
correspond to non-zero Steifel-Whitney classes in Zy X Zs. Our goal is to identify the
regions in X that parametrize the Fricke spaces of the two non-orientable surfaces whose

fundamental group is isomorphic to 7, namely Sfland Sg’z(see section 2.7). For short,
we call these surfaces the PK-bottle and the PM-band respectively.

3.1. The Fricke Space of the Punctured Klein-Bottle. We first derive a presen-
tation of the fundamental group of the PK-bottle Sfl from a presentation of (S5 3)
via the Higman-Neumann-Neumann (HNN) extension construction. Let §, o/, and o’ be
the homotopy classes in 71 (Sp3) of the boundary loops of Sy 3. Then 7 (S 3) admits the
following (redundant) presentation:

7r1(5'073> — <(5’ Oé/,O// | 5a/a// _ I>

The PK-bottle S§,1 is obtained from the pair of pants Sy3 via identifying the bound-
ary components o/ and o by a (orientation reversing) diffeomorphism ¢ (see Fig 3.1).
Let H = (a/) be the cyclic subgroup of m(Sp3) generated by o’. Then the induced
homomorphism ¢, sends o to o” and thus its restriction to H is a monomorphism:

Gulr + H — m1(So3)
The corresponding HNN-extension of (S 3) is given by:
(3.1) m1(S03) ¥ H = (6,a/, ", B | 6d/a” = I, ¢.(d/) := " = Ba/B71)
This defines a presentation of 7r1(5§’1) which reduces to the more familiar:
(3.2) m(Sih) = (0, 0,0 | aBafs™ =57")

Both 7 (Sp3) and ﬂl(Sf’l) are free of rank two. In particular, m(Sp3) is freely generated
by o and o, while 7T1(S§1’1) is freely generated by o and (. The quotient map

m1(So,3) — m1(So3) *¢ H
defines a monomorphism of the fundamental groups:
o 771<SO,3) — 771(551)
o — «
o — Baf!
§— fa g

Let p € Rp1 and let X € Gy, Y € G; denote the images under p of a and [ respectively.
Then the images under po ¢, of o and o’ will be X and Y XY ~! respectively. Thus the
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Figure 2: Sil as a quotient space of Sy 3

induced map ¢* of representation spaces is:

" Ro1 = Gy x G — Gy x Gy = Ry
(X,Y)— (X, YXY )

A representation of m(Sy3) defined by (X, Z) € Gy x Gy = R pulls back to a repre-
sentation of Wl(SfJ) in Ry ; if and only if Z is in the centralizer of X in GGy, that is, there
exists Y € Gy, such that Z = Y XY ~!. The map ¢* descends to a map (denoted again,
by abuse of notation, as ¢*) between the corresponding components of the character
varieties:

¢ X1 2R x iR x iR — R* 22 Xy

§ §
n| — §
¢ —n? = P+ EnC + 2
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Setting ¢ = =, n = 1y, and ( = iz with z,y,2 € R establishes an isomorphism
R x iR x iR = R? such that the map ¢* can be expressed as follows:

¢* . :X;O,l = ]Rg — Rg —t :X:O,O

x x
y — €T
2 Y2+ 22 —ayz + 2

A representation p € Ry gives rise to a hyperbolile structure on int(Sp3) if and only if
p(a), p(a’) and p(d) are hyperbolic with non-intersecting axes that span an ultra-ideal
triangle in H?. This condition is equivalent to x([p]) € (—o0, —2)? U (2, +00)?3, such that
odd number of components of x([p]) are negative, or equivalently

(3.3) |z| > 2

(3.4) Y2y +2< -2

But characters in X ; that lie in the fibers of ¢* correspond to discrete embeddings of
Wl(Sf’l) in Ry 1 with quotient a PK-Bottle, and thus to marked hyperbolic structures on

mt(Sh). Note that inequality 3.4 already implies that |z| > 2. We have thus proved the
first part of the following

Proposition 3.1. Let x,y,z € R be the coordinate functions on Xo;.
(1) The region QI C R® parametrized by the inequality
VP2 —ayz+4<0
corresponds to discrete geometric K-embeddings inside R 1.
(2) Let 'k be the image of the mapping class group Map(Sf}l)) in I under the Nielsen

homomorphism and let TX = T'/Tx be the coset space of I in T'. The space of
all discrete K-embeddings identifies with

Qf = T »af

K
yely

Proof. To prove part (2) we must show that if for some € ' the intersection QF N~vyQEF
is nonempty, then v € Map(Sfl).Suppose that [p] € QF NyQLE. The automorphism v of
the character space C? is induced by an automorphism 7 of 7T1(S§,1) such that

[po o3l =7olpl
for some py € Q. Thus py o7 is also a discrete geometric K-embedding with respect
to the original peripheral structure. This means that 7 preserves the conjugacy class of
each boundary component, and in particular that it represents an equivalence class in
the mapping class group of 5872. 0
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Once we have computed the Fricke space of the PK-bottle inside X, it is easy to
obtain the Fricke spaces sitting in the other two non-zero components of the ISL(2,R)-
character variety. We show how to do this for X ;. The class of the automorphism

w:ozl—>ozﬁ_1

of 7 induces the transposition

xT z
txz : yy — Y
V4 T

on the character variety X. In particular ¢, interchanges X, and X;; and consequently
the image of Qf in Xy, will be given by

(3.5) 2+ Y —ayz+4<0

This corresponds to a change of marking, with respect to which the new presesntation of
Wl(SfJ) becomes

(7, 8,6 | 187y =0"")

3.2. The Fricke Space of the Punctured Mobius Band. We now determine the
characters of the discrete geometric embeddings inside the (1, 1)-component of Hom(7, ISL(2, R)).
To this end, consider the inclusion of the fundamental group of the quadruply punctured

sphere 7 (Sp4) into Wl(SgQ) induced by the (double) covering map

q: 50,4 — 88,2
Suppose 7r1(5872) is given the presentation discussed in section (2.7), namely:

(3.6) = {(B,7,01,02 | 61 = 37,05 = By )

The orientable double cover of 5872, which we denote for the moment by 5872, is a con-
nected surface of genus 0 with 4 boundary components and thus homeomorphic to S 4.
The two sheets of the covering map, denoted L and L’, are represented schematically in
Fig. 3.2. To obtain the covering surface, L and L’ are glued via identifying the two pairs
of edges, respectively marked with a}, and @} (these are respectively the lifts of a}, and a’
from Fig. 1(b)). After this identification, the geodesic segments d and d concatenate to
form a boundary loop, denoted by d. Similarly, the geodesic segmentigl/’ and d’ concate-

nate to form a boundary loop, denoted by &;. Thus the boundary of 58’2 consists of four

components, namely d;, 51, b5, and Sé Their corresponding elements in the fundamental

group of 58,2, denoted again by 01, 5’1, 05, and 5;, are in fact the lifts of 41, d, € Wl(SgQ).

More precisely, fix a base point o € ng2 and let xy be the lift of zg to L. Consider

—_—

the fundamental group 7 of ng with base point Zy. Let Zj, be the lift of x5 to L'. In
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L

Figure 3: The Two Sheets of Sy 4 as a Double Cover of 5&2

—_—

5512 there are two homotopy classes of paths with initial point Z, and end point Z{; one
class projects to the generator 3 € m, the other one projects to 3~!. Let § and 3 be
representatives of each class respectively. Similarly, let 4 and 4’ be representatives of the
two homotopy classes of paths that project to v and ! respectively (see Fig. (3.2)).

With this notation, the homotopy classes of the boundary components of 5872 can be
written as follows:

=[BT =[]

0y = [F%77] 0y = 7 * (5) 7]
where ’+” denotes path concatenation. From these equations, the images of 05, Si, 52, and
9% under the induced covering projection map ¢, can be easily computed:

Qx - 771(*93,2) - Wl(ng)

§1 By
0o Byt
5 7B

But 4y, 51, b5, and 5§ satisfy the relation
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and thus if we set

we obtain a presentation of 7T1(Sg72) such that

m(sgg) =71 (So4) = (A,B,C,D | ABCD = 1I)

The induced map ¢, is then uniquely determined by the images of the three generators
A, B, and C

A Oy
(3.7) ¢: |B| — | 718
C 5—17—1

The image of ¢, in 771(5872) is the index-2 subgroup consisting of words of even length,

and generated by 3v, 7713, and 371471, The elements of 7T1(S§72) whose traces generate

the coordinate ring of the character variety of ngz, are (see for instance Magnus [12])
A, B,C,D,AB, BC,CA

From (3.7) we compute the images under g. of the last four elements:

D pry!

| AB 32

¢ | go| — -
CA B~y 718y

Thus the induced map ¢* on representation spaces:
q HOHI(WI(S&Q), G) — Hom(m1(S04), G)
pr— P0G«

can be expressed in terms of the images X = p(f) and Y = p(7) of the generators 3 and
~ as follows

q: Hom(ﬁl(S&Q), G) — Hom(m1(S04), G)

i XY ]
Y-lX

X ly-!

[X] — | xyt

X2

Y—2

XY XY |
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Consequently, the induced map on the SL(2, C)-character varieties, denoted again by ¢*,
is defined in terms of trace coordinates as follows:

q: Hom(m(Sg’z), G)//G — Hom(m(S04),G)//G

S
¢ fﬁg—C
3.8
(3:8) C*s |n|l— | &n—C | €eC
¢ £ —2
7 —2
[ 5(&,m, ().

where

§ = tr(X), n=tr(Y), ¢ =tr(XY)
Recall that the (1, 1)-component X; ; of the ISL(2, R)-character variety of 58’2 is isomor-
phic to iR x iR x R, and therefore identifies with R? by setting
§ =1z, n =1y, (=2
with z,y,2 € R. The restriction of ¢* to Xy can be expressed in terms of the z,y, 2
coordinates in the following way:

q* : :X:Ll ~RS R7
_ . -
-y — 2
(3.9) . N
y| — -y — 2
z —22 -2
—y? -2
| ki, iy, 2) ]

The coordinate ring of the SL(2, C)-character variety of Sy 4 is generated by the traces

a=tr(A), b =tr(B), c=tr(C), d = tr(D)

tap = tr(AB), tgc = tr(BC), tca = tr(CA)
subject to the relation (see for instance Magnus ([12])):

the +the +tea + tatpcteoa
= (ab+ cd)tap + (ad + be)tpe + (ac + bd)tca
—(a® + V* + & + d* + abed — 4).
Thus the map
X, , = Hom(m (Sp4), SL(2,C))// SL(2,C) — CT

defined by (a,b,c,d,tap,tpc,tca) embeds X onto a hypersurface in C’. The set of
real points of DC%M parametrizes equivalence classes of representations in SL(2,R). The
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following Proposition (compare Keen [11], Theorem 2) provides necessary and sufficient
conditions for

(a7 bv C, d7 tA37 7(;BC) S R6
to represent an equivalence class of discrete geometric @-embeddings of m1(S54) into
SL(2,R).

Proposition 3.2. Givena < =2, b< =2, ¢ < =2, d < =2, typ < —2, and tgc < —2,
there exist elements A*, B*,C*, D* € SL(2,R) such that
a=tr(A"), b=tr(B"), c=tr(C"), d =tr(D")
tasps = tr(A*BY), tp«cx = tr(B*C")
and such that F' = (A*, B*) and F' = (C*, D*) are Fuchsian groups of signature (0;3).

Moreover, the group H = F xz F', which is the amalgamated product of F' and F’ over
the cyclic subgroups

7 = (A*B*) C F, 7Z=(C*D*) C F',
is Fuchsian and represents a marked surface of signature (0;4). Every such marked

surface is so representable.

But a Fuchsian group H, whose quotient H?/H is a marked hyperbolic surface S,
gives rise to a discrete geometric embedding p € Hom(m(S),SL(2,R)) determined (up
to conjugation) by the correspondence between the generators of m(Sp4) and those of
H. Thus we have the following

Corollary 3.3. Given a,b,c,d,tsg,tgc € R, such that
(3.10) a<—2,b< -2 c<-2,d< =2, tap< -2, tge < —2,
there exists a hypebolic surface So4 of signature (0;4) with marking A = {A, B,C, D}
and a discrete Q-geometric embedding p € Hom(w,SL(2,R)), such that
a = tr(p(4)), b= tr(p(B)), ¢ = tr(p(C)), d = tr(p(D))
tap = tr(p(AB)), tpc = tr(p(BC))
All such discrete QQ-geometric embeddings are obtained this way.

It follows from Corollary 3.3 that a real point on the character variety DC(SM, that is,.

a point p = (a,b,c,d,tap,tpc,tca) € RT whose coordinates satisfy the Fricke relation,
corresponds to a discrete geometric ()-embedding if and only if its coordinates satisfy
inequalities (3.10).

This conclusion together with the observation that some of the expressions that define
the image of ¢* in (3.9) satisfy the given inequalities trivially, prove the first part of the
following

Proposition 3.4. Let x,y,z € R be the coordinate functions on Xy;.
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(1) The region QY of R® parametrized by the inequalities:
Yy +z>2
z < =2
corresponds to discrete geometric M-embeddings inside R ;.
(2) Let 'y be the image of the mapping class group Map(SgQ)) in I under the Nielsen

homomorphism and let T}T =T /Ty be the coset space of Ty in T. The space of
all discrete M -embeddings identifies with

oM =T »
veryt

The proof of the second part of the Proposition is analogous to the proof of Proposi-
tion 3.1
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4. CLASSIFICATION OF CHARACTERS AND THE T-REDUCTION ALGORITHM
The next two sections discuss the I'-action on the components
Xo1 UX10U Xy

of the ISL(2, R)-character variety of m. We shall mainly work in X, but the results
carry over verbatim to Xy, and X .
Denote by “~” the equivalence relation induced by the I'-action on characters: For
u,v € DCM
u ~ v <= Jvy € I' such that yu = v

Since k is I-invariant, u ~ v implies k(u) = £(v). In this section we show that when
¢ < —14 there exist essentially two types of equivalence classes of characters upon each
of which I' acts in a substantially different manner.

Theorem 4.1. Suppose that u € Xy, satisfies k(u) < —14. Then Ju' = (', y,2') ~u
such that either:

M: o' € Q) in which case v’ (and therefore u) is a character of a Fuchsian rep-

resentation whose quotient is homeomorphic to a a once-punctured Mobius band;
or
E: 2/ € (—2,2) in which case u' is the character of a representation mapping the

peripheral element 3y~! € 7 to an elliptic element of SL(2,R).

4.1. Notation. For any (x,y,z) € R?, let

Zi=—xy—z
Since the quadratic reflection
x x
Q. |yl — y
z —xy — 2

preserves every x 1(c) for ¢ € R, it interchanges z and z. Fix z,y € R. Then z and z
are the two (necessarily real) roots of the quadratic polynomial

(4.1) 24 (ry)z—2*—y*—2—c
since
z2+zZ=—xy
(4.2) 22
2Z2=—-x"—y " —2—c.

Thus @), is the deck transformation of the double covering
I: k() — (s (c))
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obtained by restriction of the projection Il(x,y, z) = (z,y) to the xy-plane.
Denote by €. the region

{(z,y,2) e s (e) | 2 € (-2,2)}

4.2. The level sets of x and the Fricke space of 58,2. Next we find a necessary
condition for Q}’and x~1(c) to have a non-empty intersection.

Lemma 4.2. Suppose u = (z,y,2) € QY Nk~ (c). Then c < —14
Proof. Since u € Q). by defintion z < —2, and z < —2. Therefore z + z < —4 and
2z > 4. Then (4.2) imply that
xy >4
(4.3)
P ryP<—c—6

Since any z,y € R satisfy 22 + y? > 2xy,

c=—6—(—c—6)<—6— (2> +9°) < —6—22y < —14.

Corollary 4.3. QY N k=Y(c) # @ if and only if c < —14.

Remark. The sign change transformations

X —XT T xz
(4.4) oozt Y| == |y | Oyt |y [y
z —Z z —Z

preserve k and commute with (),. Since

2(022(u)) = 2(0y(v)) = —2(u)
it suffices to consider u € Xy ; such that x(u) < —14, z < —2 and z > 2.

The proof of Theorem 4.1 proceeds in two steps: first we construct a function 7 that
is non-decreasing along certain subsets of the orbit of each character in Q). Then,
(always assuming ¢ < —14 and u ¢ Q) U €.), we find a finite sequence of characters
uy = u,uy,...uy, and a constant T > 0 such that 7(u;) > 7(u;40) + T, and either
uy € 984, or uy € E,.
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4.3. The Quadratic Reflections. Recall that, apart from ()., two other quadratic
reflections act on characters as automorphisms of x:

T Yz —x T T
Q:: |ly| — Y and Qy: |y| — |vz—y
z z z z

They are induced, respectively by the following automorphisms of = (cf. Goldman [8])
X — (XY)Y2X(Y X
G: Y — (XYX OV I(XY~lX))
XY — (XY?)(XY)(Y 72X
and
X — (XY)X(YIX)
g Y — (XY)XTYIXT(yIX)
XY +— (XY)!
On the other hand @), is induced by the automorphism

which interchanges the two boundary components of S%,. Therefore its coset in Out(r)
lies in the image of the mapping class group under the Nielsen homomorphism (2.5). In
contrast ¢, and g, do not represent elements of the mapping class group of 5372.

Clearly @), preserves @, and @, preserves Q). Indeed, for each u € Q)

2(Q.(u)) = —ylyz —x) — 2= —2(y* + 1) + 2y > 6
since (4.3) implies zy > 4 and z < —2. Similarly,
Z(Qy(u)) > 6

and therefore Q,(u), Q,(u) ¢ QI UE..

4.4. The orbit as a binary tree. Consider the subgroup A C I' generated by @, @, @-.
Since A = Zg * Zg * Zs, it can be naturally associated with a trivalent tree, T)(V, F),
defined as follows. Each node v € V represents a group element, that is, a reduced word
on the generators. Nodes corresponding to words w; and wsy respectively, are linked by

an edge e € F if there is a generator A such that w; = Aws.
For any u € Q) the tree Ty (V, F) imparts a binary forest structure on the orbit A - u

Definition. Let u € Q). Define a binary tree By(u) inductively as follows

> u is the root of By (u)
> Q. (u) and Qy(u) are, respectively, the left and the right descendent of u.
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> Suppose v is an arbitrary node and let v be its parent. Let A € A be the generator

such that v = \v. Then the descendents of v are A\yv, and Ayv, where A, Ao # .

For every u € Q) there is a “dual” tree Bx(Q.(u)) rooted at Q.(u). Since g, Qy, Q.
freely generate A, the orbit A - u is the disjoint union of two binary trees

By (u) I Bx(Q=(w))

u Q= (u)

Figure 4: The binary trees rooted at u and @, (u)

4.5. The T-function.

Proposition 4.4. For every u € Q) the function
T . xl,l — R

a
Y — —2Z
z

does not decrease along the depth levels of By(u). More precisely, if v is a node of By(u),

and vy, v, are its left and right descendents respectively, then
T(v) < 7(w), T(v) < 7(vr)

with at least one of the inequalities strict.




28 WILLIAM GOLDMAN AND GEORGE STANTCHEV
Proof. Fix ug = (20,%0,20) € Q) and let u; = (z1,y1,21) = Q.(ug). By definition
zo < —2 and Z < —2 and therefore
T(up) = —22 <0
Then, zoyo = —(20 + Zo) implies
(4.5) Z1 = —yozo + Toyo — 20 = —20(y* +2) — 2 > —22 — % > 0
and consequently:
T(u1) > 0> 7(ug)

Similar estimates apply verbatim in the case when u; = @, (uo) and therefore 7 is strictly
increasing at the root of By(ug). However, the same type of algebraic argument does not
extend to other nodes of By (ug) directly. In order to proceed with the induction step we
analyse the orbits of A geometrically.

Let Ly_zy, Ly—y,, L.—, denote the level sets of the z-, y-, and z-coordinate functions

respectively. For example
Lo—oy ={(2,9,2) €R® | 2 — 29 = 0}
Consider the conic h. ., = L,_,, N £ '(c) and its projection II(h,.,) to the zy-plane:
M(hesz) = {(2,y) € R? | k(z,y, 2) = c}
Lemma 4.5. Let ¢ < 2 and |z| > 2. Then h.. is a hyperbola with principal azes

(4.6) a; ={(x,y) |z +y=0}, as:={(z,y)|z—y=0}

and asymptotes

(4.7 hi={(w) |y=""V" 1
b= {(wy) |y =224

2
When z < —2, the asymptotes ly and ly lie entirely in quadrant II and 1V, and

hcvzﬂal :g, hcvzﬂ@;ﬁ@
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When z > 2, the asymptotes l1 and ly lie entirely in quadrant I and III, and

hcvzﬂal %@, hc,zﬂa2:®

\\ 7’ N 7z
ai . L7 a air N, ,az

lo L

l1 ’ l2

(a) Level set z = —3 (b) Level set z =3

Figure 5: Intersections of x~!(c) with z-coordinate level sets

Proof. Assume ¢ < 2 and fix zg such that |zy| > 2. The quadratic form
So(,y) = —2° —y* + 27y

has discriminant D,, = 1—22/4, which is negative for |29| > 2. Therefore S, is indefinite

and its level sets must be hyperbolae. The eigenvalues of S, are

<0 <0
s1=———1 and s9=—-—1

2 2
th

~ o~ 2 ~ Z -
S:(7.9) = =(5 + DI* + (5 — Vi

The principal axes a; and ay of h. , are, by definition, collinear with e; and e, respectively,

with eigenvectors

e — €y —

o sl
o s

)

Therefore with respect to the orthonormal basis (e, es

~—

e form S,, has the following

presentation

which implies the first part of Lemma 4.5
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Since by assumption zZ — ¢ — 2 > 0, the equation of h,.,
Sua(@.9) + (2 —c—2) =0

in terms of (eq, es), has the following canonical form

~2 ~2
1 i oz < =2
(4 8) CLC(Z()) bc (20)
| z v 1. if 9
_ — >
2(z0) 2z20)
where

Therefore in 7, g-coordinates, the asymptotes of h.(zy) are

ZI,Q : ac(ZO)g + bc(ZO)i’ =0

from which equations (4.7) follow after applying the appropriate coordinate transforma-

tion. Similarly, the principal axes of h.(z) are:

implying (4.6). The assertions about the intersections h.(zo) N ay and h.(zo) N ay follow
from (4.8). O

Next consider the restriction of 7 to he ..

Definition. Let [ be a line in R?* with equation [(x,y) = 0. Then [ partitions R? into
half-planes

H = {(z,y) e R?* | I(z,y) > 0}

Hy = {(z,y) e R?* | I(z,y) < 0}

the positive, and the negative half-plane associated with [ respectively.
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Lemma 4.6. Suppose ¢ < 2, |z| > 2 and let h., be as in Lemma 4.5. Let

ay, if a; N hc,z 7£ %)
ag, if as N haz 7£ %)

and HI and H; as above. Then

(1) The restriction Ty, is invariant with respect to reflections in ay and as.
(2) Let {P1, P} = he.Na. Then 7|, has global minima at Py, P,

(3) Tln.. decreases along h.. N Hy and increases along h. N Hy .

Proof. With respect to the standard basis in R? reflection in a; and ay respectively are

given by matrices

-1 0 01

0 —1|’ 10

Each preserves z = —xy — z as well as 7 = —2Z2.

Next assume z < —2. Parametrize h, , as:

t 2 | —aq(z)sinht £ b.(z) cosht
(4.9) he(t) = =) = £ ac(2)sin =) , teR
y(t) 2 | a(2)sinht + b(2) cosh

For fixed z, the restriction 7|, . is a function of ¢ alone:

he.(t) = —2Z2 = 2> + y* + ¢+ 2 = b2(2) cosh®t + a2(2) sinh* ¢ + ¢ + 2.

T

The sign of the derivative of 7

d
d_:f— = sinh 2t(a2(2) + b%(2))

depends only on the sign of sinh 2¢. Thus

<0 ifand only ift <0
=0 ifand only ift =0

dr
dt
> (0 if and only if £ > 0

Since

hee VHL = {he.(t) [t <0}, he.NHS = {h..(t) | t >0}
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and {Py, %} = h..(0), the last two parts of Lemma 4.6 follow. A similar argument

applies when z > 2. O

We complete the proof of Proposition 4.4. Assume ¢ < 2 and |z9| > 2. Let ug =
(%0, Yo, 20) lie on h. .. Since @, interchanges the two (necessarily real) roots of the

quadratic polynomial
k(2,10 20) — ¢ = =2 + (Yo2o)T —Yg + 20 — 2 — ¢

Q. acts as a deck transformation of the double covering h. ., — R.. Thus [, = L,_,, N
L,_., intersects h. ., precisely at two points: ug and @, (uo). Similarly l, = L,_, N L,_,,

intersects he ., at up and Qy(uy).

Claim. The points uy and Q.(uo) lie on opposite branches of h..,. The points ug and

Qy(up) lie on opposite branches of he .

The line at infinity [, in the projective completion RP? of the affine plane L,_,,
intersects h. ., precisely at two points, the points of tangency of h. ., with its asymptotes
l; and ls. Denote these points by P and P3°. The point O = [; NIy corresponds to the
origin (0,0, 29) in L,_,,. The coordinate axes correspond to lines a, and a, respectively,
both of which must intersect at O. Let P.° = I N a, and P;o =l Na,. Since in
the affine plane h.,, intersects both the z- and y-axis for any |z9| > 2, it intersects a,
and a, in RP?. Therefore P> and Ppe lie in the interior of the segment PP°Pp° (see
Figure 6). [ partitions h.,, into two disjoint arcs corresponding to the two branches of
he., in the affine plane. A line in R? intersects both branches of h., if and only if the
corresponding line in RP? intersects [, in the interior of the segment P®Ps°. But ug
and Q. (ug) span a line parallel to the x-axis, so its corresponding line in RP? intersects
a, at P°. Similarly, v and @Qy(u) span a line in RP? intersecting ay at P;°. The proof
of the claim is complete..

Therefore the action of

Am,y = <Qac> Qy> CA
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on the plane L,_,, C X;; reduces to a linear action of the infinite dihedral group on

hyperbolae h. ., (see Figure 7).

Figure 6: Projective model of h. ., and associated objects

Definition. We call the sets

Oy(u) = {u, Qy(u), Q:Qy(u) ...}

respectively the z-forward and the y-forward A, ,-orbit of u.
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O

hc,z

Figure 7: Points on the A, ,-orbit: ug, u1 = Qu(uo), u2 = Qy(u1), etc

Lemma 4.6 implies that points on h. . may be partitioned into four types
(1) type (+,+): points u € h.. such that
T(Qaz(u) = 7(u) >0, 7(Qy(u)) —7(u) >0

(2) type (+,-): points u € h., such that

T(Qz(u) = 7(u) >0, 7(Qy(u)) —7(u) <0

(3) type (=,+): points u € h. . such that
T(Qu(u)) — 7(u) <0, 7(Qy(u)) —7(u) >0

(4) type (0]0): points u € h,., such that

either 7(Q.(u)) —7(u) =0, or T(Qy(u))—7(u)=0

Let T denote the set {(+,+), (+,-), (-,+), (0/0)} of point types. Define a function
0 : h., — 7T mapping each u € h., to the element of T representing the type of u. We
call 0 the type assignment function on h ,.

Lemmas 4.5,4.6 provide a classification for the subsets of points of each type along h. ..
Exactly four points have type (0]0): the z- and the y-intercepts of h... Let V., (re-
spectively Vj,,) denote the double cone spanned by the asymptote [; and the z-axis
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(respectively y-axis)®. Assume z < —2. Then all points of type (+,+) lie in quadrant
I and III. Points of type (+,-) and (-,+) lie inside V;, , and V}, , respectively. Assume
z > 2. Then all points of type (+,+) lie in quadrant IT and IV. Points of type (+,-)
and (-,+) lie inside Vi, , and V;, , respectively. Clearly, reflection in the principal axes
a; and ay interchages the (+,-) and (-,+) types and leaves the (+,+) type invariant.
A diagram representing points of different types is shown on Figure 8(a) for the case

z < —2 and on Figure 8(b) for the case z > 2.

(+7 _) (+7 _)
(_7+ (—|—7—‘,-) (+7+) (_7+)
(+7+) (_7+) (_7 +) (+v+)
l2 l1
_ h la _
(+-) (+-)
(a) A z-level set when z < —2 (b) A z-level set when z > 2

Figure 8: Classification of Points With Respect to the Monotonicity of 7

Lemma 4.2 implies that Q)7 lies in the cylinder
2?4+’ < —c—6, z€R
Therefore, if for some z < —2 and ¢ < —14,
L.nQY nk=e) £ 0,
then L, N QY Nk~ (c) consists of two arcs of h,, inside the disk
DY: 2 +y* < —c—6.

3There are, naturally, two double cones associated with a pair of intersecting lines; we choose the one

with the smaller cone angle
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hc,z

AT
v
h

Yo

\

Figure 9: The set L, N QY N k~(c) inside D
The - and the y-intercepts of h. . are:
x}ll,Q = ny =+v22—c-2
while the values of the z and the y-intercepts of 9D} are:
x?g = ny =+vV—c—6

Since V22 — ¢ —2 > y/—c — 6, the arcs h., N DS do not intersect the coordinate axes.

Therefore all points in h., N D have type (+,+), and consequently
T(u) < 7(Qz(u)), 7(u) <7(Qy(w)), Vu € he.N D?

Thus, when u € Q) Nk~1(c), 7 strictly increases at the initial point of each orbit O, (u)

and Oy (u). (Compare Proposition 4.4.) Furthermore suppose that u € h, , satisfies

0(Qu(u)) # (+,+) and  0(Qy(u)) # (+,+).

Then
O(u) = (=,+) = 0(Qz(u)) = 0(Qy(u)) = (+,-)

O(u) = (+,-) = 0(Q.(u)) = 0(Qy(u)) = (-,+)

Therefore, when u € Q) N x~1(c) the image of O,(u) under 6 is the sequence

(+,+),(=,+), (+,-),(=,+),....
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The image of O,(u) under 6 is the sequence
(+:+)7(+,_),(_,+)7(+,_) .

Consequently, 7 strictly increases along both O,(u) and O, (u).
We return to the the proof of Proposition 4.4. Let v be an arbitrary node of By(u).
Let
P,,={vy=wu,vy,va,...,uy = v}

be the (unique) path from w to v in By (u). Partition P,, into subsets

Uo = {UZ'O = Vo, ... 7Ui1}7 U1 = {vi1+17 ce 7Ui2}a ceey Um = {Uim+1, c. >Uim+1 = ”UN}
such that v;, 41 = Q.(v;;) and U; is a subset of either O, (v;;41), or Oy(vi;41), for each
j =0,...,m. Since either Uy C O,(u), or Uy C O,(u), 7 is strictly increasing along U.

Furthermore, since 7 is ().-invariant,

7T(vi,) = 7(vi;41)
for each 7 =0,...,m. Also, by assumption z(v;,) = z(vg) < —2, and z(v;,) = Z(vg) > 2.
Consequently
2(vi;41) = 2(Qx(vyy)) = Z(viy) > 2
Recall that the hyperbola h.(z;;1) has the same principal axes as h.(z;), as prescribed
by Lemma 4.5
a: x—y=0
as: r+y=0
However the intersection properties of a; with h.(z;) and h.(z;+1) are different, namely:

ap N hC<Zi> 7£ @, as N hC(Zi) =y

while

a1 Nhe(zip1) =D, asNhe(zip1) # 9
Thus all points of type (+,+) on h.(v;,11) lie in quadrant IT and IV. Recall that v;, is a
point of type either (+,-) or (-,+) and hence lies in quadrant I or IV. But then v;, 41,

which is the image of v;, under ()., must also lie in quadrant II or IV and therefore it
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must be of type (+,+). Hence 7 must be strictly increasing along O, (v;,4+1) and Oy (v;, 41),
and therefore along U;. Similar argument applies to U;, for 1 < 7 < m. The proof of

Proposition 4.4 is complete. U

4.6. Growth of the 7 function. So far we have shown that for each u € Q}f, the 7
function is non-decreasing along the path P, , from u to an arbitrary node v in Bj(u).
Moreover, T is strictly increasing along P, , except for a (possibly empty) subset of nodes
at which 7 is constant. Next, we estimate the variation of 7 among any pair of characters

(wo, w1) € Ae = {(wg,w1) € k(c) x K7(c) | w1 = Mwg, A € {Qu, Qy}}
such that |z(wg)| > 2.

Proposition 4.7. Suppose ¢ < 2. Let wy = (29, Y0, 20) € £~ 1(c) be such that |z| > 2.
Then

(1) if w1 = (a0, 20) = Qula)
rtn) = rlun)| = oosol s Lol — 4.2/ — e —2)
(2) if wn = (20,10, 0) = Qo)
|7 (w1) = 7(wo)| > |020| max <|I0]\/zg — 4,2/ - 2)

Proof. Since |z > 2, the zg-level set L, ,, N x~!(c) is the hyperbola h,,,. We prove
case (2) first. Let A;, and A;, be the intersection points of the line [, : z = o with Iy

and [y respectively. Clearly

zo+\/7 \/7

!yl — yo’ > d<AllaAl2) =

= Jaoly/23 — 4

where d(- ,-) denotes the (Euclidean) distance function in R%. On the other hand, since

the minimum vertical distance between pairs of points on h. ., is achieved at xy =0

ly1 — Yol > rr}lm ly(w) — y(Qy(w))| =24/28 —c—2

c,zQ

Therefore

(4.10) ly1 — yo| > max (]x0|\/zg—4,2\/z§—c—2)
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By the defintion of 7
|7 (w1) = 7(wo)| =[20l[(Z1 = Z0)]
=|20[yol|z1 — @0l
which together with inequality (4.10) implies part (2) of Proposition 4.7. Similar argu-

ment applies when wy = @Q,(u), in which case

(4.11) |21 — 20| > max (]y0|\/z§—4,2\/z§—c—2>

and

|7 (w1) = 7(wo)| =|20[(21 — )|
=20l |olly1 — yol
O
The assumption that |z| > 2 and ¢ < 2 eliminates z from the estimates for the

increment of 7.

Corollary 4.8. Let ¢ < 2 be fized, and let
(wo, wr) € A,

such that |z(wg)| > 2, and |z(wy)| > 2. Then the variation of T is bounded from below by

a quantity depending on xg or yo alone. In particular

(4.12) |7(Qa(wo)) — 7(wo)| = 16]yo| V2 — ¢

and

(4.13) |7(@y(w1)) = 7(wo)| = 16]xo|v2 — ¢
4.7. T-reduction for Fricke-space characters. We have seen so far that the 7-function
is non-decreasing along the levels of By (u) for any

u=(r,y,2) € Q'K (c).
Also for every w € Ba(u) N A, and fixed ¢, the increment is bounded from below by a
quantity depending on |z| or |y| alone. Since z < —2 and z < —2,

2Z2=—at -y  —2—c>4
z+z=—ay < —4.
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The first inequality implies that |z| < v/—c — 6 and |y| < /—c — 6, which together with
the second inequality yield

4
V—"—0

4
> .
vl> ==

x| >

Thus if £~ (c) N QY # & (or equivalently, if ¢ < —14), there is a constant T, such that
(4.14) |T(wy) — 7(wo)| > T,

for every u € Q) and a pair wy, w; of successive nodes in By (u) N A.. The uniform lower
bound for the increment of 7 along the depth levels of Bj(u) guarantees the following.
The path P,, from an arbitrary character v in A - Q) to the unique character u € Q)
such that v = By (u), can be recovered in finite number of steps via reduction of 7 by a
definite amount at each step. More precisely,

Lemma 4.9. Let ¢ < —14 and let v € k(). Assume v € By(u) for some u € Q.
Then

P,w=H{vo=v,v1,...,0, = u}

where {v;}1_ is the (unique) sequence such that for each 0 < i <n—1

Qu(vi) if 7T(Qu(vi)) < 7(vi)
Visr = Qy(vi) if T(Qy(vi)) < 7(vi)

Q.(v;) otherwise

Moreover n depends only on ¢ and v.
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4.8. t-reduction for arbitrary characters. This type of reduction process extends to
arbitrary characters

veH. i =r )N (Xig — QY UEUQ.(E))

By definition, v € H, implies that |z(v)| > 2 and |z(v)| > 2. For such v, the proof of
Proposition 4.4 produces a sequence

m.(v) 1 Vo=V, U1, .., Uy,
such that for each 1 =1,2,...:

> Vi1 = )\ivh where )\Z € {Qza an Qz}
> Ai # Aig1
> 7(vig1) < 7(vs)

Definition. We call such a sequence T-minimizing. A 7-minimizing sequence is said to

terminate, if there exists n, such that one of the following occurs
> v, €&, or
> v, € QY or
> v, €55 :={(x,y,2) €k c) |z =0, ory =0}
The element v,, indexed by the smallest such n, will be called a terminator.

The sequence m.(v) can be constructed as follows. Let v; = (x;,v;,2;), and assume
|zi| > 2 and |z;| > 2. Then v; lies on the hyperbola h.(z;). There are four possibilities
based on the type of v;

(1

2
(3
(4

v; is of type (=,+); then vy := Q. (v;)
v; is of type (+,-); then v, == Qy(v;)
v; is of type (+,+); then v,y 1= Q. (v;)
v; is of type (0]|0); then v; € X§ and is therfore a terminator.

S N N

Proposition 4.10. After a finite number of steps, every T-minimizing sequence termi-

nates.

Proof. Clearly, this is true if v € QM (Lemma 4.9). Thus assume that v ¢ Q.

Recall that at each v; where 7 is strictly decreasing, Proposition 4.7 provides a lower
bound on |7(v;) — 7(v;11)| that depends on x; or y; alone. As long as the z;’s and the y;’s
do not accumulate at 0, the decrement of 7 by a definite amount at each step guarantees

that after finitely many steps there will be an element v,, such that 7(v,) < 4 and hence
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v, will lie in one of 3§, €., or Q.(&.). Thus it suffices to show that if v ¢ A- 3§, then the
x and the y coordinates of characters on the A-orbit of v but outside of €. are bounded

away from 0 by some positive constant depending on v.

Lemma 4.11. For every v ¢ QM U E.U A - 5§ there exists positive constants ,(v) and
ey(v) such that
}\gjf\{x(/\v) | v ¢ E}=ce.(v) >0

inf{y(h) [ v ¢ €} =¢ey(v) >0

Proof. We prove this by contradiction. Suppose no such constants exist. If |z| > 2 and
|z] > 2, but h., N QY = &, the set of points on h., of type (+,+) partitions into three

disjoint subsets

Zpy={u€h..|Q.(u) € (—+)}
Zy = {u € hC,Z | Qz(u) € (+7 _)}
Zo={u€ h.. | —2<2(Q.(u)) <2}

Definition. Points in Z, (respectively Z,, Z.) will be called points of type z_ (respec-
tively Z(1—y, Z)). Notice that by definition Z. C &..

Fix ¢ < 2 and consider the projection of k~!(c) onto the zy-plane
II:x ') 3 (2,9, 2) — (z,y) € R%
The level set L, o N x~!(c) projects onto the pair of lines
BEatydv—e2=
and the set L, 5 N k~!(c) projects onto the pair of lines
h$2:x—yj:\/T+2=0.
The pair h*, partitions the zy-plane into two regions:

Hy={(z,y) eR*| (z+y+V-c+2)(x +y - V-c+2) <0}
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and
HY ={(v,y) eR*| (z+y+V——c+2)(x+y—V—c+2) >0}

The first one, H_, is the “strip” bounded by hf2, and the second one, H', is the

+
HZ,

Figure 10: Lines, cones, and half-planes

complement of H—, in R? (see Figure 10). Similarly, the pair hf2 partitions the plane

into regions
w={ry) eR|(z—y+V—-—c+2)(z—y—V—c+2) <0}
and
Hiy={(z,y) eR* | ( —y+V—-—c+2)(z —y—V—c+2) >0}
When 29 < —2 (respectively zy > 2), the level sets L, ., Nk~ '(¢) = h.., project to a
family of hyperbolae contained in H*, (respectively HIQ). The regions H-, and H_,

contain a family of ellipses, which are the projections of the level sets L, ., N x~*(c) for

—2 < 7y < 2. Hence the set of Z) points projects onto the union
H,UH,
If |20] > 2, the set of Z_.) and Z_)points on h, ., projects onto

H*, N HY,




44 WILLIAM GOLDMAN AND GEORGE STANTCHEV

which is a union of four cones with vertices Py = (£v/—c+2,0) and P;" = (0, v/ —c +2)

(see Figure 10 and 11). In particular, the set of Z_ points projects onto the cones with

(a) for z < —2 (b) for z > 2

Figure 11: Points of type Z_4), Z(+—), and Z)

vertices P=. The set of Z(+—) points projects onto the cones with vertices Pyi (see Fig-

ure 12). Observe that the strip

F,=Rx (—V—-c+2,V—c+2)

does not contain any projections of Z;_y points. Similarly, the strip

F,= (—\/—c+2,\/—c+2) x R

does not contain any projections of Z_y points. Consequently, if v,, ¢ &, of the 7-

minimizing sequence {v;} enters the slab
F, xR
then it must remain on the same y-level set for all ¢ > n;. Similarly, if an element

Un, ¢ E. enters the slab
F, xR
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+
Yy
Pf
ht,
h_,
(b) for z > 2

Figure 12: Families of hyperbolae as projections of £~ 1(c) N L,
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then it must remain on the same z-level set for all ¢ > ny. Since we had assumed
that either the z or the y-coordinates of characters in {v;} accumulate at 0, there exists

v, & E.UXE, n > 0, such that either
v, € F, xR

or
v, € Fy xR

Suppose v, € F, x R. This means that x(v;) must be constant and |y(v;)| > v/—c+ 2 for

all © > n, a contradiction. Similarly, v,, € F, x R implies a contradiction. This concludes

the proof of Lemma 4.11 and hence of Proposition 4.10. U

The proof of Lemma 4.11 suggests that if a 7-minimizing sequence enters one of the
regions F, x R, or F,, x R, its behavior can be determined explicitly. More precisely, let

{v;}, be a T-minimizing sequence.

Definition. A terminal z-plane (respectively y-plane) is a level set L,_,, (respectively
L, ,,) such that if v, € L,_,, (respectively v, € Ly_, ) for some n, then v; € L,_4,
(respecitvely v; € Ly, ), for all n < i < ny, where n, is the index of the terminating

element of {v;}.
Thus all elements of a 7-minimizing sequence that belong to

F, xRUF, xR

must lie on a terminal plane. Figure 13 shows several elements of the minimizing sequence
of the character u = (—0.2,12, —10) on its terminal -plane. Successive points are joined

by line segments to facilitate visualization.



ACTION OF THE MODULAR GROUP 47

u=(—02,12,-10)

Figure 13: The terminal plane of the character u = (—0.2,12, —10)

4.9. The 7-Reduction Algorithm. We use the results obtained so far to construct
an algorithm, which implements the method of 7-reduction for distinguishing among

characters on k~!(c) when ¢ < —14.

Algorithm 7-REDUCTION(u)

Input. A character u € k™ 1(c).

Output. A character in Q) €., or 3¢, which is T'-equivalent to u.
U — ug;

while |z| > 2 do
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if x(u) = 0 or y(u) = 0 then u € X§ return u
if 2(u) < —2 and z(u) < —2 then u € Q) return u
if 2(u) > 2 and z(u) > 2 then o,.(u) € Q) return o, (u)
if 7(Q.(u)) < 7(u) then u «— Q. (u)
elseif 7(Qy(u)) < 7(u) then u — Q,(u)
else u «— Q. (u)
end do

u € E.; return u.

5. THE ACTION OF THE MODULAR GROUP ON CHARACTERS

In Chapter 3 we proved that the action of I' on
oM =TT

verl’

is wandering. In this chapter we show that the action of I' on the complement of QM in
Xy is ergodic in the following sense. Recall that the action of I' induces a measurable
equivalence relation “~” which is ergodic if and only if every function that is constant
on equivalence classes is constant almost everywhere. In that context, if every point
in a subspace X is ['-equivalent to a point in a subspace Y, then ergodicity on X is
equivalent to ergodicity on Y (regardless of whether Y is invariant or not; compare
Goldman [8]). In the previous section we have proved that when ¢ < 2 every point on
(X1 —QMUE)NK~Y(c) is T-equivalent to a point in €.. Thus ergodicity on X; ; reduces
to ergodicity of “~” on &, or equivalently on its “Q).-dual”

Ee=Q.(&) ={(z,y,2) e c)| 2< 2z<2}

Let u = (7,y,2) € €. Then e.(2) = L, N k*(c) is an ellipse upon which Q,Q, € A,
acts by a rotation of angle
o =2cos f'
2
(Compare Goldman [6].) For almost every z (namely when «/(27) is irrational), this

transformation generates an ergodic action on e.(z). Thus a function
f: & —R

that is A-invariant, would be constant almost everywhere on each L, Nx~!(c) and would
therefore depend almost everywhere on z alone. Thus f(z,y, z) = ¢g(z) almost everywhere
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for some function

g: [_27 2] — R
It now suffices to eliminate the dependence of g on z. To this end, we parametrize e.(z)
as follows (see Lemma 4.5)

x = g(—ACOSH—i—BsinQ)
e.(2) : N
y=—-—( Acosf+ Bsin0)

2
where
e [z —c— 2 [z —c—
2 + z S 2—2
Consequently, for a fixed z € ( ) the restriction of Z to e.(z) depends on 6 alone
—c—2 2_c-2
Ze 2 (0) = Zleo(z) = L cos?f— =T Zgin20 — »
’ 24z 2—z
whose extrema are attained at § = kn/2, for k € Z. The critical values of Z.,(6) are
~ 2 —c—2 —2z4+c+2 c—2
Zodd = ——5——— —2 = —0— = 2+
2—z 2—z 2—z
(5.1) )
B 2 —c—2 —2z—c—2 c—2
RZeven — —  — 2 = —QF = —4—
2+ =z 2+ 2 2+ 2

respectively, depending on the parity of k. We classify the extrema of z.. by analysing
the second derivative

8(22—c—2
Eg’z(Q) = —% cos 20
Clearly
(kT >0, kodd
Fev |\ <0, keven
provided that
(5.2) Z—c—2>0

Observe that when ¢ < —2, the latter is satisfied trivially for any z € R. On the other
hand, when —2 < ¢ < 2, inequality (5.2) is satisfied a fortiori for all points in

=K ) NR? x (—2,2)
since for any such point u = (z,y, z), the quadratic form

S.(z,y) = —2* — y* + Yz
is negative definite and therefore the set

K He) NR? x (—ve+2,vc+2)
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is empty. Consequently, the critical value Z,qq is a minimum, and the critical value Zeyen
is a maximum of 2., for each z € (—2,2), such that L, N x~'(c) is non-empty. Clearly,
these extrema are global. Thus for any z € (—2,2)

-2
Zmin(€,2) =minz..(0) = 2+ ¢
R 2—z
(5.3) o
Zmaz(C, 2) = réleaﬂéc Zeo(0) =—-2— P
When ¢ < —14
(5.4) (=2,2) © (Zmin(c, 2); Zmaz(c, 2))

for any z € (—2,2). The cyclic group generated by an irrational rotation of an ellipse
acts ergodically and therefore, for almost z € (—2,2) and every u € e.(z), the set

{Z(\u) | A e Ay}

must be dense in [z, (¢, 2), Zmaz (¢, 2)]. Therefore the @),-invariance of f implies that f
must be constant also with respect to z, for almost every z € (—2,2).
Notice that the set
Xe=35—(3gNEL)
is invariant with respect to @)., 0., 0y, and transpositions of  and y. Clearly, Q,>¢ and
(Q,X° do not intersect €. Therefore I' - 3N €, = @. Moreover by definition |z(u)| > 2
for every u € ¥¢ and hence the set A, lies on a hyperbola h... Recall that the action
of A;, on h., is wandering and therefore A, ,u is nowhere dense in k... Consequently,

the set
I1-=

~yel
has measure 0 in k!(c). We now have a complete picture of the I'-action on characters
for the case when ¢ < —14.

Theorem 5.1. Suppose ¢ < —14. Then the action of T' on the level sets k™ (c) is

(1) wandering on the set QM of characters of discrete M-embeddings
(2) ergodic on the complement of QM N k=1(c)
K He) N (X1 — QM)
Next, we extend this argument to the case when —14 < ¢ < 2. In that case the
inclusion (5.4) is no longer valid. However
Zmin(C, 2) <2, Zpmaz(c,z) > =2

for each z € (—2,2). Moreover, there exists a countable open cover of the interval (-2, 2)
by intervals
In = (Zmin(ca Zn)a Ema;r(ca zn)) N (_27 2)7 n = ]-a 27 s
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(see Figure 14). In each I, a @.-invariant function g(z) is constant almost everywhere

Zmaz (27 C)

Figure 14: The functions Z,,(z, ¢) and Z,4.(2, ¢)

by the argument above, and the values of g(z) agree by default on the overlaps 1,, N [,,41.
Therefore g(z) must be constant almost everywhere in (—2,2).

Corollary 5.2. For any ¢ < 2 the action of T on £~ (c) N (Xy1 — QM) is ergodic.

We conclude with a remark about the special case ¢ = —2. In that case the level set
k~1(c) consists of characters u = (z,y, z) that satisfy the equation

—? -y ayz=0
The coordinates of such characters are closely related to Markoff triples, which play an
important role in Number Theory. In a recent paper, Bowditch ([1]) studies the action of
the modular group on complex Markoff triples and proves that the action has dense orbits

in a neighborhood of the origin. Thus Bowditch’s result, restricted to real characters, is a
special case of Corollary 5.2.
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