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Let k be a field (e.g. k=Q,R, or C).

Let k[xq,...,2zn] be the set of all polynomials
in n variables with coefficients in k. E.g., with
kEk=Qandn=3

17
f= 33:1)’5132 + 8x1xox3 — ?x%xg + 37

IS such a polynomial.

Problem: Given fq,...,fs € k[x1,...,2zn], find
the solutions to the system

((f1=0
] 2=0
\ fS:O

We will concentrate on the case where the
number of solutions is finite, but much of
what will be said holds in the more general
case of infinitely many solutions.



Example 1. Lagrange Multiplyers.

Find the minimum and maximum of

f(@,y,2) = &> 4 2ayz — 2°

subject to the constraint

g(z,y,2) =2 +y°+2° =1

So we need to solve the equations given by
the vector equation

VIi=AVvyg

together with

9(z,y,2) =1



The system of equations is

(%Yt + 2% =
322 + 2yz = \(22)

2zz = A(2y)

2y — 2z = A\(22)



167616 6 4 36717 4 4 134419 2
A—2x+2yz+ 3835 # T “B90 T “7670

2+ y2+22—-1=0

_ 19584 5 4 1999 _3 _ 6403
TY — 3835 # T 595 2~ ~ 3835% — 0

2 1152 5 108_.3 4 2556 _
Tz +Yz° — 3535%° ~ 295% T 3g35% = U

3 D 9216 5 4 9063 _ 2562
Yy~ T yz° — Y —3535%° T 595% — 3g35% — O

2 69 827 ,3 _ 3839, _
¥ 27383 Z‘|'295 — 3835%¢ = U

576 16054 _ 453 2 _
yz> —yz — 26+ 7118 # — 118*%

7 1763.5 , 655 .3 11 _ __
z' — 1155%° T 1155% — 7gg% = O



T he solutions are

(2=0,y =0,z = +1.
z=0,y==x1,z=0.
z==x1,y =0,z =0.
z2=2/3,y=1/3,x2 = —2/3.

z2=-2/3,y=-1/3,x = —-2/3.




Why exact methods instead of, or together
with, numerical methods?

e exact methods avoid issues of condition-
ing and stability;

e Numerical methods cannot guarantee that
all solutions will be found or prove that no
solutions exist;

e Mmany systems which arise in practice con-
tain parameters, and hence certain sys-
tems of equations must be solved over
non-numerical domains.



Basic assumption: we can compute the roots
of a single polynomial equation in one vari-
able (using algebraic methods, such as fac-
toring, and numerical methods, such as New-
ton’s method).

Our strategy for solving a system of polyno-
mial equations: reduce the problem of solving
a system of non-linear equations into a prob-
lem involving solving a single polynomial in
one variable (if possible).



Example 2. Parametrizations.

Consider the following parametrization of a
curve in R2.

r=rc-+ dt? +1

y=ct+ dt3 + 1
where t is the parameter and c¢,d are con-
stants. What is this curve?.

The 2 equations above can be viewed as two
equations in three unknowns (z,y,t) with co-
efficients in an extension of the rationals, Ql¢, d].
Using the algorithm presented later, we can
change this system into the following equiva-
lent system:

dt?2—z+c+1=0
y—xt+t+1=0

22— (c+2)zx—dty+dt+c+1=0
dy? — 23 — 2dy — (2¢ + 3)z+
 (c+3)z°+c+d+1=0

/

7\




From the last equation, one can see that if
d = 0, then we get a cubic equation in z of
degree 3. The solutions are

r=1ly=1 andz=c+1l,y=1-c

If d = 0, then the last equation is the elliptic
curve

dy— 12— (z—-1)3+c(z-1)°=0
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The idea in solving the system

fi=0,...,fs=0

IS to replace the given equations by equations
which have the same solutions but which are
""easier’ to solve.

We define V(f1,...,fs) to be the set of all
points (aq1,...,an) € C"such that f;(a1,...,an) =
O, for:=1,...,s. This set is called a variety
or algebraic set.

So we want to find a collection of " nice” poly-
nomials gq,...,9¢ such that

V(1,5 fs) =V(g1,---,9t)-

11



To find these polynomials we translate this
problem into another algebra problem.

We define (f1,..., fs) to be the set of all pos-
sible linear combinations h1f1+---+ hsfs with
h; € klxq,...,xn]

This set is called the ideal generated by f1,..., fs.

Note that

V(fl7"'7f8) :V(<f177f5>)
and so if (f1,...,fs) = {(91,--.,9¢), then

V(1,5 fs) =V(g1,---,9t)-

So our strategy is to find a ""good” generating
set for the ideal (f1,..., fs).
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We will use 3 methods for changing f1,..., fs
into a better set g1,..., g+

o If h=f1 +hofo+ -+ hsfs, then
(frooo fs) = (hy fo, o fs)

and

V(fla"'afS) :V(h7f27"'7f8)

o If h ="hyf1+ hofo+---+ hsfs, then
(f1:-- fs) = (b 1,5 [s)

and

V(fla"'afs) :V(hafla"'afb’)

e If c is a non-zero element of £k we have

(f1o--5 fs) = (cfrseeos fs)

and

V(fl7"'7f8) :V(Cf].?"'?fS)

We note that the first and third operations
are similar to row operations.
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Linear Example.

fi=z1—510—323+2=0

f2 —2:131-|-11£132+9£L’3—3:O

f3 —5131+6QU2—|-8$3—1:O
These equations define an ideal (f1, fo, f3) in
Qlz1,x2, 23]

Let ho = fo +2f1 =20+ 323+ 1. Then

(f1, f2, f3) = (f1,h2, f3)

and

V(f1, f2, f3) = V(f1,h2, f3).

Let h3 = fz3+ f1 = x>+ 5x3+ 1. Then

(f1,h2, f3) = (f1,h2, h3)
and

V(f1,h2, f3) = V(f1,h2,h3)

Let hgy = h3z — ho = 2x3. Then <f1,h2,h3> =
(f1,h2,ha) and V(f1,h2,h3) = V(f1, h2, hs)
14



We have triangularize the system, and the so-
lutions to f1 = 0,ho, = 0,hgy = O are easy to
compute.

Indeed, we use back substitution:

The solution to hgy = 0 gives z3 = 0.

Substituting x3 = 0 in hy gives xo+1 = 0 and
SO o = —1.

Substituting xo = —1 and z3 = 0 in f1 = 0
gives r1 +7 =0 and sO 1 = —7.
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One Variable Example. In this case, a sys-
tem

f]_:O,fQZO,...,fSZO

can be reduced to a single polynomial equa-
tion ¢ = 0, where g = gcd(f1,...,[fs), i.e.

V(f1,---, fs) = V(g).

We illustrate this with a system of 2 polyno-
mials f{ =0, fo, = 0.

Divide f1 by f> to get f1 = qg1f> +r1. We
have r1 = f1 — q1f2 and so (f1, fo) = (fo,71)
and V(fi1, f2) =V (f2,7r1).

Now divide fo by r1 to get fo = gor1 +1ro. We
have ro = fo —gory and so (fo,r1) = (r1,72)
and V(fz,r1) =V (ry,ra).

Continue until rp4 1 = 0, and we get

(f1, f2) = (fa,r1) = (r1,7m2) = - (79, 0) = (rp)

and
V(f1,f2) =V(fa,r1) = --- =V (ry,0) = V(ry).

One recognizes that r, = gcd(f1, f2).
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How do we divide?

Consider, for example, f{ = 42*— 7234+ 3z +1
and fo =223+ 3z + 1.

The first division is

ri=f1—2xfo = —Ta> — 6z + 2+ 1

Notation: f = apz" + a,_ 12" 1 4+ .-+ + ap,
an + 0.

It(f) = ana™ = the leading term of f
Ip(f) = 2™ = the leading power product of f
lc(f) = an, = the leading coefficient of f

So the division above can be viewed as fol-
lows: since Ip(f2)|lp(f1)

1t(f1)
1t(f2)

J2.

r1=Jf1—
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To generalize to n variables we need an order
on the power products.

We use lexicographical order with

r1 > T > - > Tn

(alphabitize with xq first, x> second etc.)
rtas? e apt > ailab? . =
the first j such that v; 7 p;,

is such that v; > p;.

Examples. x%a,g > x%ax%x% and :13%332 > x%mg

18



Given f = c¢X + lower terms , where c € k —
{0} and X is a power product, we define

It(f) = ¢X = the leading term of f
Ip(f) = X = the leading power product of f
Ic(f) = ¢ = the leading coefficient of f.

Example. f = 7:1:%3:2 -+ 5:1:?:1:3 -+ 8:13%:13:23:132
It(f) = 7:c‘z’a:2

Ip(f) = 322
lc(f) =7.
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Now we can define what we meant by a " nice”
system of equations.

First note that if Ip(g) = «¥», then g € k[zy].
If Ip(g) = :Izn 1, then g € k[xn 1,zn]. Etc.

SoifV(f1,-.-,fs) = V(gl,---,gt) thengi,..., gt
will be "nice” if Ip(g;) = T “Tforj=1,.
(Some g; may be left over)

THEOREM. This can always be done in the
case where V(f1,..., fs) is finite.

Once the polynomials g; have been computed,
we have in effect triangularize the system.

We solve g, = 0 to obtain all the possible
xn, values, then, for each of these values, we
solve g,,_1 = 0O, substituting for z,, to obtain
all the possible values of z,,_1. Etc.

The solutions thus found are then plugged
into In+1 =0,...,g:+ = 0.
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We now define division for multivariate poly-
nomials.

Given f,g € kl[z1,...,zn] with It(g)|It(f) we
write

J Ry )
provided that h = f — ::E%—Qg.

Note:

e We used the leading term of g to cancel
the leading term of f.

e V(f,q,...) =V(h,g,...)

e (f,g,...) =1<(h,g,...).

e this mimics the linear and single variable
cases.
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If F={f1,...,fs}, we write
f i>_|_ h
provided that

Ji Ji
f-5hi —>hy -

i Jig

— hy_1 —h

(We say f reduces to h.)

Again

V(f, f1, - fs) =V(h, f1,...

and

<f7f17"'7f8> :<h,f1,...

7f8)

7f8>
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Example. Consider the following system

fi=a?+y*+22-1=0
fo=4r’+azy+y?>+22-1=0
fa=x4+y—2—1=0

We will use lex with x > y > z.

Then
fQny—3y2—3z2—|—3

B4 gz ty 3243

NOTE: It is not clear now what this gains us
(except that we now have a polynomial in y
and z alone). But it is what we did in both
the linear and one variable cases to get a nicer
set of equations to solve.
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Properties of our nice sets in the special cases.

ONE VARIABLE CASE: In this case we had

V(f1,--, fs) =V(g)
where g = gcd(f1,..., fs). Indeed,

(f1,---5 fs) = (9)-
Moreover, with G = {g} then f € (g) if and

only if g|f if and only if f -, 0. This latter
statement is FALSE if G = {f1,..., fs}. For
example,

(2% + z,2° — ) = (x)

but = € (x2 4z, 22 — z) and = does not reduce
to zero using {z? 4+ z,z2 — z}.

LINEAR CASE: We got for linear fq,..., fs
that

<f17"'7f8> — <gl7"'7gt>

where the set G = {g1,...,9+} is triangular-
ized. Moreover given f € (f1,...,fs) you can
check that f -5, 0, but that that is false if

we replace {g1,...,9+ with {f1,..., fs}.
24



MAIN DEFINITION:

A FINITE set G = {g1,...,9¢+} is a Grobner
basis for I = (f1,..., fs) if and only if for all
f €I we have

F-<. 0.

For a subset S C k[z1,...,zn] let

Lt(S) = (It(s)|s € S).

USEFUL EQUIVALENT DEFINITIONS: The
following are equivalent

1. G is a Grobner basis for I.

2. For all f € I thereis an i such that Ip(g;)|Ip(f).

3. Lt(G) = Lt().

25



Sketch of the proof:

(1. = 2.) If felthen f ﬁq_ O means that
It(f) is canceled by a g; and so Ip(g;)|lp(f).

(2. = 3.) Trivial.
(3. = 1.) If f €I then

¢
it(f) = ) hilt(g;)
i=1

and from this it is easy to see that we can
cancel the leading term of f and so f i+ h
with h € I also. Repeating this argument we
would see that f £>_|_ 0.

26



Corollary: Every ideal has a Grobner basis.

NEED: Hilbert Basis Theorem. Given any set
S of ideals in k[xq,...,zn] there isan I € S
such that no ideal of S is bigger than I.

Given this, we let § be the set of all ideals of
the form Lt(F') for finite subsets F of I.

Choose a largest such ideal Lt(G). Thenif f €
I and It(f) ¢ Lt(G) we would have Lt(GU{f})
is strictly bigger that Lt(G) which cannot be.
So (G is a Grobner basis of I.

27



MAIN THEOREM: Let G = {g1,...,9+} be
a Grobner basis for I = {f1,...,fs} where
we assume that g; is monic for all . Then
V(f1,...,fs) is finite if and only if for each
1=1,...,n there is a 53 such that

Ip(g;) = x,LVZ

So we have an easy to use criterion to deter-
mine when a system of polynomial equations
has a finite number of solutions.

To prove this theorem, we need another result
of Hilbert.

HILBERT NULLSTELLENSATZ:

If I = (f1,...,fs) is an ideal of k[x1,...,zn]
and g vanishes on V(f1,...,fs) then there is
an integer v such that ¢g¥ € I.

28



We first consider the case where we assume
that V(f1,..., fs) is finite. We will prove the
result only in the case that k£ = C.

We fix an 7. Let ai,...,am denote the :th
coordinates of all the points in V(f1,..., fs).
Then

g(z;) = (z; —a1)(x; —a2) - (x; — am)

vanishes on V(f1,..., fs) and so by the Hilbert
Nullstellensatz ¢¥ € I, for some integer v.

Thus there is a j such that It(g;)|It(g”). But

It(g¥) = =" and so Ip(g;) must be a power
of x; as desired.

29



For the other direction, we prove that we have
actually triangularized the basis. By reorder-
ing the g;'s we may assume that It(g;) = ;"
Then It(gn) = x¥» implies that g, is a polyno-
mial in x,, alone (any power product involving
an x; for ¢« < n is bigger than xzy» by the defi-
nition of the lexicographical order.)

Similarly I1t(g,_1) = =."{ implies that g,_1 is
a polynomial in x5, and xz,,_1 only. Continuing
in this way, we see that g; involves only the
variables x;, ..., xn.

Now to see that there are only finitely many
solutions to the equations, we note that there
are only finitely many solutions to gn(xn) = O.
For each of these we only get finitely many
solutions z,,_1 to g,_1(x,—1,2n) = O (note
that since I1t(g,,_1) = ac;fb_‘ll it is non-zero after
plugging in a root of gn(xn).

Continuing in this way we see that there are
only finitely many solutions to the system of
equations.
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Example. We go back to the earlier system.

fi=a?+y*+22-1=0
fo=4x°+ay+y?>+22—-1=0
fa=x4+y—2—1=0

One can show that the following polynomials
is @ Grobner basis for (f1, fo, f3) (we use = >

y > z).

p

g1=z+ty—z2—1

go =3y2 4222 —2—3
93=3yz—|—3y—z2—4z—3
\ g4=7z3—|—10z2—|—3z

7\

The last polynomial has solutions O,—1,—%

For z = 0 we get y = 1 and so x = 0. For

z = —1 we get y =0 and so x = 0. Finally,
for z = —3 we get y = ¢ and so z = —3.

The examples given at the beggining also ill-
sutrate the results.
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BIG QUESTION:

Can we find Grobner bases? That is, is there
an algorithm for computing them?

YES! It is due to Bruno Buchberger in Austria
and was discovered by him in his PhD thesis
in 1965 working under W. GrObner .
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IDEA:

Given FF = {f1,...,fs} and I = (f1,...,fs) we
want Lt(F) = Lt(J]).

So seek f € I with It(f) € Lt(F). When we
find one, if it exists, then add it into F (set

fs+1 = f) and check again if Lt(FU{fs+1}) =
Lt(]).

This would have to end by the Hilbert Basis
theorem.

BUT: How do we find such f's?

To be in I we need that f = hy1f1 +--- +
hsfs. Ve clearly need one such that the It(f;)'s
cancel out.
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The easiest way to do this is to cancel them
out in pairs.

Example: Letf; = $%$2$3—$1QZ§+CIZ2 andf, =
z1735 + zox3 then we note that

_ 2 2 2
xof1 — x123f0 = —T12225 + T5 — T1T2x3

and you see that the leading terms of the two
summands x> f1,x1x3f> have canceled out.

In general for f;, f; with ¢ 7 j let
= lcm(Ip(f;), 1P (f;))

and set

X X
(f7,7f])_ |t(fz)f Wf]

This polynomial is called the S-polynomial of
Ji and fj.

Note that
fz) — D(

(ltu;) It(f])

and so these terms cancel out in S(f;, f;).

fi) =X
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BRILLIANT DISCOVERY OF BUCHBERGER:
This is enough!

Specifically, we have Buchberger's Theorem.
Given G = {g1,...,9t}, then G is a Grdbner

basis of I = (f1,...,fs) if and only if for all
1 = 7 we have

G
S(gi,95) —4+ O.
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So this gives us:

BUCHBERGER'S ALGORITHM:

1. Given I = {f1,..., fs}

2. Choose 7 and j with i 7 3

3. Let S(fi, f;) L+ r, where r cannot be
reduced any more by F'.

4. If r 70 then set f,4 1 = r and add it to F.
(note that (f1,...,fs) = (f1,---, fs, fs41))

5. Repeat until all S(f;, f;) £>_|_ 0.

It ends: Each time we iterate the loop we
see that Lt(f1,...,fs) is a proper subset of
Lt(f1,..., fs, fs+1) (or we could reduce r) and
this set of ideals must have a largest one by
the Hilbert Basis Theorem.
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