We discuss the following equations:

Yol igl<m PP (aap D) = 32 51<, D f5 (1)

Here f5 € L*(Q), Q € R" bounded.
The weak formulation of the equation is as follows:

[ X 0 aspeunic= [ 30 -0 ppicvcecE@ @)

lal,|B|<m 18]<m

And the uniformly ellipticity holds. That is:

Y aas@Nars > Y AL VzeQV{A}i CR (3)
lal,|Bl=m lal,|8l=m

Lemma 1. If u € W™?2 is the weak solution of the equation (1), (3) is satisfied
by the equation (1), |D'ans| < C),l < k and fz € WH2, then the following
inequality holds:

HUHW"L""“’Q(BQR(;L'U)) < C(HUHWWM(BR(JC)) + Z ||fﬂ||ka2(BR(;co)))
[B]<m

Corollary 1. If fz,aqg € C*°, then u € C*°.

Now we begin to talk about the interior Schauder theory.
The simplest example is the following:

Au=f

It is easy to verify that if f € C%®, then u € C%*.

The proof of the Schauder estimate can be divided into two steps: the first
step is to prove the estimate for constant coefficient diferential operators; the
second step is prove the estimate of free coefficient differential operators based
on the observation that these operators are just perturbations of the constant
coefficient ones.

Define the norm as follows:

Definition 1.
[u(z) — u(y)|

U0 = sup
[ ]M z,yeQ,x#y |x - y|,u
k
|l = Z | Djulo + [Dku]u
=0



|D*ulcon = [DFul, = Z (D] 1
|81=Fk

(Worth noticing that the symbols of norms and seminorm might vary in this
lecture notes.)

We have the following lemma:

Lemma 2. If u is a weak solution of the following equation ON R"™:
S - X 0
ler|=|B|=m |B|=2m—k

Here |aqg| < A is a constant. Assume also that [D¥u], gn < co. Then we
will have the following estimate:

D ulconmny <C Y | fslcosn)
1Bl=2m—k

with C = C(A, \g, k,n, p).
Proof. Suppose the inequality doesn’t hold, ﬂag;, f G ), u; such that:
() Lo 4
|f5 |CD,;¢(R7L) < ]l ujlco,u(Rn) ( )
And there exists x;,y; € R” such that:

| D u(y;) — DFuy(ay)|

|lzj — y;[P

> C|Dku]' ‘Co,u(Rn)

Let’s define [D*uj|conmn) = Ag,0; = |y; — ;| respectively. Now let
u;(z) = o7 Puj(x; + o), let z; — 0,y; — 0B(0,1).

By our definition, |D*;|co. = 1, and f],uNJ satisfy (1) w.r.t f;j) and dgg.
By (4), we have that \f;j)|co,“ < %

And the following inequality will hold for the sequence 7; := U}l(yj — ;)
(Notice that |n;| = 1):

| D*4;(n;) — D*a;(0)| = C (5)

Now we can rewrite the u; as u; = P;(x)+ R;. P; here is the degree k Taylor
expansion at the point £ = 0. The P; term here will not matter because you
will quotient out by |z; — y;|* here. So |D*(u; — P;j)|con = |D*0j|co.n = 1.

Now we can define a new variable v; := 4; — P;. And it is easy to see that

DFv;(0) = 0, |D*v;(n;)| > C, Cis a constant (by (5)). We have [D%v; (0)—DFv; ()l

[0—n; [~




C. We know that |D"”'vj|co,u(R,,L) = 1, and we have the following inequality (Ex-
ercise 1):

|D'vj|co(Br(oy) < CRMHH

Proof. The repeated application of the fundamental theorem of calculus tell us
the following:

sup |vj| < R sup |D*aj;(x) — DFa;(0)]
Br(0) zE€BR(0)

Now the definition of the |D*@;|co.. = [D*ii;], norm tell us that the right
hand side is smaller than R*|D"*@;|co... Combining these observations, we have
the following

sup |vj| < RFT#
Br(0)

Now simply apply the above bound to the function Dlvj, we can easily get
the estimate needed. O

So ||vjllct(Bg (o)) is bounded. By Arzela-Ascoli Thworem, we can find the
converging subsequence in C*(Bg(0)),V6 < u to a v € C*#(Bg(0)),v # 0.
()
[D*(v(n))| # 0
| D*(v(0))| =0
‘Dkv‘co,u = [Dkv](w < 1
Here n = lim ;7. The last equality holds because | D*v;|co.. = [D*vj]p, =1
and the fact that the norm here is lower semicontinuous. Furthermore, we will
have that v satisfy the following equation weakly (Exercise 2):

Z agﬁDaH% =0
la]=|B]=m

0 — 75 . J
Here a,5 = lzm]/_moaaﬂ.

Proof. Because of the construction, |fv,§j)|co,u < % So the limit [fg]co.. =0, it
tells us that fs is a constant.
Now all the v; satisfy the following integration equation (weak form):

> (—1)5/aaﬁDa@jD5wdx: 3 (—1)5/féj)Dﬁwdx,weHm

la|=[Bl=m |8|=2m—k



By Lebesgue Dominated convergence theorem, the right hand side goes to zero,
and the left hand side become Z|a|:\ﬁ\:m<_1)ﬁ [ a®as DvDPwdx
So we have that:

Z (—1)5/a0a5D°‘vDﬁwda; =0,Ywe H"
la]=|8|=m

That is the weak form we are looking for. O

By Exercise 1, supp, [v|p, < CRFT*. By the L? estimate (Theorem 2
below), we have that for any g¢:

C
sup | D] < —sup|v| < ORFFH=a
Bry2 R4

Here the constant C doesn’t depend on anything. Take ¢ = k41 let R — oo,
we will have that D1y = 0 on R™. So D¥v is a constant. But correspond to
(*) above, we have that |D*v(n)| # 0 and D*v(0) = 0, which is a contradiction.
This completes the proof. O

Theorem 1. u € C™#(Bpg(x¢)) is the solution to the equation. Then
Ul Bor(zo) < C[Ulo, B (z0) + Z\mgm | £810.10.Br(z0))s
C= C(R7 n,m, 07 Y Ky A)

Proof. Let R = 1,20 = 0,Bs(y) € B1(0). = € B,(y), so we will have z, =
=4 ¢ B1(0). Now let’s define the wu(z) := u(y 4+ 0z) on B1(0), and fz(z)
f8(y+02),a08(2) = aap(y+o0z) And we have the following pull back equation:

Z DP (G5 D) Z D fs

lal,|B|<m [BI<m

on B;(0).
Here we will have:

|Gaplcop,) <A
|aaplcon(s,) < Ad
Now with a,(0) = ans(y), we have the following:
Y. DP@as(0)D) = Y D ((@as(0) — Gap) D) + Y D' fs
lal,|Bl<m [BI<m

Now extend u to R™. ¢ € C§°(R"), supp(¢) € B1(0),¢ = 1 on By/(0).
u — ou, fr, on R"



(*)
> DP(aas(0) D (i)
= > DlcgDpfa)+ Y. D'(dapysD’(das(0) — Gap) Do)

18,171, 16|<m leel 181517118 <m.

+ > (bapDVpD*)

|| <m,| B, || <m

The following statment is useful at this stage (which follows easily from
D%(of) = ¢D?f + D(2D¢f) — (D?p) f and mathematical induction):

¢DPfs= > D(cpsD’0fs) (6)
[v],16]<m

€gs 18 a constant.
With the same satement, we have the following:

$D((@ap(0) ~@ap(2))DT) = Y D"(daprsD’p(aas(0) ~dap(z) D*a))

Iv],16]<m

For suitable constants dogs With |dagys| < C,C = C(n,m). With these,
the equation above (*) can be rewritten:

(**)
> DP(aap(0)Dv)

la|=]B]=m
= Y DlcgwDfp)+ Y. D(dapgysD’(as(0) — das(x)) D)
[BLIv,16]<m lal,|BL v, 18] <m
+ > DP(bop, DV D)
lo|<m, |8, [v|<m

Here the constants bagy, Cgys, dapys are constants with |cgys|, |[dagys| < C
and |bagy| < CA,C = C(m,n).

Because v now has compact support, we can extend the function v to all
of R™ by simply setting it to be zero elsewhere. And if || < m, we can
rewrite D?g = DP§ for suitable 3 with |3| = m and for suitable § such that
9], < C(Jglo+[g]u) (This is just a simple exercise in FTC, one has to be carefull
of the seminorm of the function they get.). Now we can apply the Lemma 1 to
(**), getting the following function:



[D70],, <CC Y~ |(@ap(0) = das(2)) D alo
lal,|8l<m

+ [(@ap(0) = dap(@) D, + 3 (1D%0lo + [D*7,)

laj<m

+ > (1fslo + [fsl)

|Bl<m

Here all the norms and seminorms are over B1(0). In order to get rid of the
¢ factor, we have applied the simple relations of the seminorms, i.e., [f + g], <
Ul +19]u: [faln < |flolgly + [f]ulglo to estimate the Holder norm of the terms
b/gw;D'UpDéu. The same technique can be apply to the first two terms on the

right (the terms involving (@as(0) — @ag(x))), we will have:
()

(D™, <C( Y [@ap(0) = Gas@)o[D°W, + Y [Gaplu|DTlo

lal,|B]<m lal,|BI<m
+ )" (1D%ulo + [DT,) + > (IFslo + [falu))
[a]<m [B]<m

Here all the norms and semi-norms are over B;(0) and C depends only on
0,A,v,u, m and n.

Now by assumption on @ag, Mmax|q|—|gj=m |Gas — @ap(0)|o,5,0) < Ac* and
by easy calculus argument we have:

|D*(w) — DMa(y)| < [D* ol —yl, k>0

In other words,

[D*4], < 2|D" alg,m — 1>k >0

Then using the above and the interpolation inequality (Lemma 3 below), we
have the following:

(D%, < |D**itly < e[D™ul,, + Clulo

Here the radius of the ball is one, so we don’t have the extra R’ factor. Do the
same thing to all the terms in (***), we will have that:

(D™, 5, 50y < Cle+ oD, + [ilo + Y, (1Fslo + [F5lu), (7)
[B|<m



Where C here depends only on u,8,n,m,A,~, and where all norms and semi-
norms are still over By(0). The o* term comes from the a,ga.

Now by scaling and translation to get back to the original function u on the
original ball B, (y) C B1(0), we have proved:

o™ D™ ), B, () < C((e+0t)a™ H[D™ ], B, () +|Ulo,B, (5)+ Z | fslo,B, ()t [f8] 0B, ()
[B]<m

(8)

which implies,

Um+”[DmU]uyBg/2(y) < Cle+ U“)0m+H[Dmu}uBa(9) +7

for every B, (y) C B1(0), v := C(|ulo,B,(0) + 22 8/<m |f8l0,,B1(0))- Notice that
here we expand the norm of v and fz to the whole ball B;(0) in order to make
v a fixed number.

The proof is now completed by setting ¢ = €, with € small enough, and
applying the Absorption Lemma 4with | = m + u, ¢g = €é* + ¢, and with
S(A) = [D™u],, At

[D" Ul By0) < Cv = C(|ulo,,(0) + Z | f510,1,8: (0))
[B|<m

and hence, by the interpolation inequality, |ul,, . B,0) < C7 as required.
The proof is now complete. O

In the above proof, we have applied the following two Lemma:

Lemma 3. (Interpolation Lemma) For any u € C**(Bg(xg)), we have the
following interpolation inequatlity:

R D'uly < eRFTH[D ], + Clulo
for eache € > 0 and 1 <1 <k, where C = C(e, u, k,n).
Proof. 1t is easy to observe that:
|Djuly) — Dju(e)| < |y — |’ [Djulg, By o)
So we can easily derive the following
|Dju(y)| < [Dju(a)| + |y — 2°[Djuls, B (o)

Because Dju is continuous, we can choose o and y such that X,z € B, (y),
Tmae 1S the point in Br(zg) where the D;u reaches its maximum value. Now it
is obvious that |Z,,4. — 2|? < 0P for Vz € B,(y). So we have the following:



|Djulo, Br(zo) = [Dju(Tmaz)| < Bin(fy) |Djul + (20)°[Djul g, B (o)

For the infp_ () [D;u|, we have the following inequality based on elementary
calculus:

u(z) —uly)| = (inf |Djul)ly - z|
- (y)

Here without loss of generality, you inf_(,) |Dju| can simply choose |y—x| =
20, and the j-th coordinate of y and x to be the same. And by the triangular
inequality, we will have:

2|u > (inf |Djul)20
oz, > (ot D)

ot [ulo, B, (y) > Bin(lz) |Djul

Now we are ready to sum up through j and come to the following result:

|Du|0,BR(zo) < no_l|u|07BR$o + QUﬁ[Du]ﬁ,BR(wo) (9)

Now we are ready to prove the general interpolation theorem. Based on the
above estimate, we have the following (choose S to be 1):

|Dulo, Br(zo) < 10 ulo,Br(ze) + 20[Dul1, B,

Notice that [Dul; g, is bounded by |D?u|o gy, we have the following:

|Dulo, Br(ro) < 10 |ulo, Br(ao) + 201 D%ulo, 5,

Now we can also replace the u in the above inequality by the function D;u,
so we end up with the following estimate:

|D(Dju)lo,Br(ze) < ne ' [Djttlo, B (z0) + 26/D%ulo, By

Combine the above two, and sum up all the j th components we will have:

|D*ulo B (z) < N0 ulo, Br(ao) + 2% o|D?ulo, By, + 2n€|DPulo B,

Now we can choose 0 = ;5



1 n _
(1- 5)\D2U)|0,Bﬁ(mo) < Zﬁ 2|U\O7BR(9:0) + 2”2€|DBU|O,BR

Doing the same thing to other higher order derivatives and choose the cor-
responding o carefully, we will end up with the following estimate (through
induction):

[D*uly < (oM uly + ™ *| D™ ulo)

Then use the inequality (6) with D™ in place of u and with 8 = p give us
the final estimate shown in the lemma.

O
The second lemma is the following:

Theorem 2. If The differential operator Lu = Z‘a|<m aoDu satisfy the fol-
lowing two conditions: -

a0l < M, Jo| < 2m (10)
> aa® > plgfm e R (11)
|a]=2m
andu € L} (Br(xo)) is a weak solution of the equation Lu = > 18l<2m—k DF f4

on Br(wo), where || 3]l Bp(ze) < 00- Then u € Hf, (Br(xo)), and in fact:

Hu||k+l,BeR(1’o) < C(HUHO,BR(IO) + Z Hfﬁ”l,BR(Io)) (12)
|B|<2m—k

for each 6 € (0,1), where C depends only on n, M, u, 0, R. (In particular, if
u € C®(Bg(x)) if all the fg € C>°(Bgr(xo)))

Proof. After mollification, the mollified function u, satisfies the classical equa-
tion:

Lup= Y D’(fs)e (13)

|Bl<2m—k

on Br_s(x0)

So assume 0 € (0,1),0 < (1—0)R/2, and let ¢ be an arbitrary C°(Bg(zo))
function. Notice that by repeatedly using the Leibniz formula, we can rewrite
the equation 13 in the form:



Dlal=2m D (@atus) = 321, 4 1s1<om. 5| <2m—1 D° (0rs (DT¥)u,)
21514 Iy <2mk 5| <2m—k—1 D (A6 (D7) (f5) o) + 22 gj=am 1 PP (V)

for some constant bys,dgs with |bys| < CM,|dg,s| < C. Now we take the
Fourier transform of the above equation, then we will have:

Z|a|:2m aOi(iié.)D%Zu\” = Z\v\+|6|§2m,\5\§2m—1(i)‘g‘féb’ﬂs(ma
+Z|5|+|7|§2m7k,|5|§2m7k71(i)‘é‘d/@’Y(s(DV%(\fﬁ)U) + Z\B\:2m7k(i)2m_k56’(;f\ﬁ

Now we can apply the ellipticity condition 11 to the left hand side and
get pl€[*™. Also we want to get something equivalent to the H' norm on the
left hand siicl so we add extra lower order term such that the l.h.s become
(1 + |€])>™¢huy |, now our eugation turn into the inequality:

(L+ €2 |dug] < O+ 1ED2™ 1Y), <am [(DV0) o
C+ D2 oo (D7) (F)ol + C(L+ )2 F [0 5]

We like the term (1 + |€ |)2m|zm| because we have the following relation:

1> [é%allze = [ful [ g2m

lal<2m

(g =+ ey
|a|<2m
The first is based on the observation that 8/37 = (—i&;) f . So we have that

11+ 1ED*™ Wuelllzz == [Jull .
Now we can multiply both side by (1 + |¢])*+!=2™ where k +1 > 1. So we
will have (applying the Plancheral theorem)

0okt Bntr0) < pojcam 1(D76) o i1, 5 en) +
ZW\Smek ‘|(D’Y'(/))(fﬂ)(f‘|(lfl)+,BR($0) + Cl‘w(f’y)0||l+,BR(zo)
where j; means max(j,0). Keeping in mind that ¢ was an arbitrary C°(Bgr(xo))

function (so that if k + [ > 2 the argument can be repeated with D7 in place
of ¥), we conclude by induction on [ that

1WtollkriBr@on < D ND")uellor@nt D ID9)(fs)o

Iv|<2(k+1)m [v|<2(k+1)m

l,Br(xo)

10



Now we select the function 1 such that ¥ = 1 in Bgr(zo), ¥ = 0 outside
B(116)r/2(70) and

Dy < C(1— )~ I*IR™I

for each multi-index «, with C' = C(n,«). Then the above inequality gives
the required inequality. O

The last lemma we need is the following:

Lemma 4. Let S be a real valued monotone sub-additive function on the class of
all convex subsets of Br(xg) (i-e. S(A) < Zjvzl S(A;) when ever A, A1, As... An
are convex sets with A C UN_| A; C Bg(x0)), and suppose that 6 € (0,1), 1 €

(0,1],7 > 0, and I > 0 are given constants. There is g = €(I,0,n) > 0 such
that if (*)

p'S(Bap(y)) < e0p' S(B,(y)) +

whenever B,(y) C Br(zo) and p < uR, then

RZS(BQR(xo)) < C’}/
where C = C (0, u,1,n).

Proof. Basically we want to consume the egp'S(B,(y)) term and get a ”global”

estimate of the S(Byr). We can think of the S here as measures on the space

or the norms (the H* norms, for example) of a fixed funtion over varying sets.
Let’s first define the following quantity:

Q= sup p'S(Boy(y))-
B, (y)CBR(z0),p<puR

Then from (*) we can easily find that (replace p by 8p and take sup on the
right hand side):

(**)
(0p)'S(Bp2,(y)) < €0Q +

for each ball B,(y) C Br(zo) with p < pR. Take any ball B,(y) C Br(xo)
with p < pR. Then we can sellect balls {B1_g)(:)}j=1,2,3,..n With centers
yj € Bg,(y) s.t. By,(y) C Ué-\’legz(l_g)p(yj) and with N < C, where C is a
constant depending only on 6, n. (Be careful of the radius of the balls here. One
set of balls are of radius (1 — 0)p, the other set of balls are of radius #2(1 — 6).
The balls with smaller raidus cover the ball Bygp.) We introduce (1 — ) factor
in the radius here because we want the ball constructed to lie inside the ball
B,(y) Since each B(1_p),(y;) C Br(wo), we can apply (**) with B(;_g),

11



(61 = 0)p)'S(Bg(1-0)(y)) < €0Q +

Now by the subadditibity of the function S, and the construction that By, (y) C
U;-Vlegz(l_,g)p(yj), we will have the following;:

(0(1—0))'p'S(Ba,(y))
<(0(1 = 0))' p'S(U}Z, Bo2(1-0), (i)
N
lPlZS By2(1-6),(vi))
Cleo@Q + 1),
C =0C(n,l)

We can devide the (1 —6)'6' on both side, and take sup to get the following:

Q < Ce¢Q+ Cv,C =C(n,l,0)
and hence if ¢y < %C”l, we getting
Q <20y

So that:

p'S(Bop(y)) < 2Cy

for every ball B,(y) C Br(z¢) with p < pR. Since we can cover Byr(xo) by
at most C' = C'(6, 1, n) balls By,r(y;) with B,r(y;) C Brzo, we can again use
the given subadditivity of S to conclude the stated inequality.

O
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