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1 Maximal Principal

We consider the general form of elliptic operator of the form

Lu = Z aijDiDj + ijDju + cu, (1)

ij=1 j=1

where a; ;,b;,c are bouded founctions on (2 is a bounded domain in R",
a;; = a;;, also we have strictly ellipticity assumption that there is a constant
> 0 such that

> 4y @) > ulel? 2
ij=1

for allz € Q,€ € R™.

Theorem 1 (WeakiMaximum Principle). Under the assumption above and
let u € C?(2) N C%Q) satisfy Lu > 0 in Q. Assume also c(z) < 0, then

<
maxu < max max{u, 0} (3)

If ¢ =0, the inequality (3) holds with u in place of max{u,0}.
Remark. 1. When Lu < 0, we can apply the above theorem to —u, thus giving

inu > — - . 4
min v > r%%xmax{ u,0} (4)

2. In the case Lu = 0, (In particular Au = 0) we have
max |u| = max |u (5)
Q o0

Proof of the Weak Maximum Principle. Consider an auxiliary function v =
u + €™, where € > 0,7 > 0, so

Lv = Lu+ ee"™ (ay17* + by + ¢) (6)

By the ellipticity condition (2)(implies a1; > p) and the boundedness condition
of coefficients b; and ¢, let r be sufficiently large(independent of €), we can get
Lv > 0. We claim v cannot attains maximum in . If not, suppose that v attains
maximum at zg € Q with v(zg) > 0, then D;v(x9) = 0 for i = 1,2,...,n,
and D?v(zg) < 0. So Lv(wg) = > aiDiDjv(xo) + c(zo)v(zo) < 0, Which
contradicts the fact that Lv > 0 in . Let € goes to 0, we can get the required
result.

Theorem 2 (Weak Maximum Principle in Non-homogeneous Case).
Suppose Lu = f, where f € L>®(), any other condition are the same as Theo-
rem 1. Then
max |u| < max |u| + p "2 @ sup | ), (7)
Q o2 Q

where B is any upper bound for u=t(d|bi| + d?|c|), d is any constant such that
Qc{z=(z%...,2") : |2'] < d}. (We can take d = diam(S) since we can
translate so that 0 € §).)



21
Proof of Theorem 2. Define the auxiliary function v = u+u~'d? e"+*T) supq | f,
where r > 1 is constant to be chosen. By direct computation, we get

21
Lv = Lu+ sup | f|p~ (a1 r? + bydr + cd?)e3+77)
Q
21
> f +sup| flu (ur® = fbildr — Jeld?)e" 5T (8)
> f 4+ sup | fIr(r — B)e" ).
Q

So that if we choose that r = 1 + 3, then we have Lv > Oand thus we can
apply the weak maximum principle to v. Thus

maxu < maxv < I%%xmax{v,O} < max lu| +p e d sgp |f] 9)

This completes the proof.

Corollary (Ezercise). If € € (0,1) and the hypotheses are as in Theorem 2, ex-
cept that the hypothesis ¢ < 0 is replaced by the condition p~'e?(1 ) d? supq, ¢; <
€, then

max |u] < (1 — €)' max |u| + p (1 — €) L2 @2 sup | f]. (10)
Q o0 o

Proof of Corollary. Note that ¢ = ¢ —c_,so the equation Lu = f can be written
as Liu = f, where f = f — cyu, and where L; is the same as L with —c_; in
place of c. It is easy to get this result by applying Theorem 2 directly.

Our main goal is to prove the strong (or Hopf) maximum principle.Let us
first state it here.

Theorem 3 (Strong Maximum Principle). Suppose u € C?(Q), Lu > 0,
¢ <0, (1),(2) above holds and Q is connected and OS2 is smooth. Then if u
attains a non-negative mazximum in 2, then u is constant in Q.

In the theorem 3, the assumption that ¢ < 0 is essential. It cannot be

dropped. For this we first need to establish the following Hopf boundary point
lemma.

Lemma 1(Hopf boundary point lemma). Assume B = B(y, p) is an open
ball in R™, u € C%(B),Lu > 0 in B,xo € B, u is continuous at xo, u(xg) > 0,
and u(xz) < u(xo) for each x € B.Then, if D, denotes directional derivative in
the direction of the inward pointing unit normal n of 0B, we have

D,u(xy) <0, (11)

if this derivative exists and in any case

Jimn sup u(xo + hn) — u(xg)

0. 12
10 h < (12)



Proof of Theorem 8 by using Lemma 1. Proof by contradiction. Assume that
us is non-constant and achieves its maximum M.Let S = x € Q:u(z) = M.
By continuity, S is relatively closed in Q. It remains to show that B is open.
Take any point g € S,z¢ ¢ Int(S), there exists y € Q\ S with dist(y,S) <
dist(y,00). Let xo be the closest point of S to y and let p = |zg — y|. By
Lemma 1 we can conclude that Du(xo) # 0, contradicting the fact that u has a
maximum at g, i.e., Du(zg) should be 0.

Proof of Lemma. Without loss of generality, we can assume that u is continuous
on B, otherwise replace B with by a small ball B, with its closure contained
in BU{zo} and zo € 0B.Let r = |z — y|, and consider the auxiliary function

—Qar

w = e — e=@” with a > 0 a constant to be chosen. Then by direct

computation

n n n
Lw=e°" (40? Z aij(x" — ) (2 —y?) — 204(2 ai; + Z bi(z' —y*))) + cw
i,j=1 i=1 i
2 n n
> e (4P pr? — 204(2 aii + Z |bi|r) + )
i=1 i
(13)
By condition (1)and (2)we get that for « large enough, we have
Lw>0in A, A= B(y,p) \ B(y,p/2). (14)

Let v = u — u(xo) + ew, so Lv = Lu — cu(zo) + eLw > 0.Since w = 0 on IB
and u < u(zo) on dB(y, p/2), we can choose € small enough such than v < 0 on
0A. By the weak maximum principle, we have v < 0 in A; i.e.

u(z) —u(zo) < —ew(z), x € A (15)

Hence we have

lim sup u(wo + hn) — u(xo)

< —eDyw(zg) < 0. (16)
h10 h

This completes the proof.

Please refer to [1] for different version of maximal principle and some direct
applications.

2 Green’s function

Please refer to [2] for more background and more application. We can consider
Green’s function in more general setting. First we consider the simplest case,
i.e. R™, then we proceed to find Green’s function on the domain in R™, later
we can generalize to the manifold case (compact one, or non-compact one). For
the later two cases, please refer to the next lecture notes.



Here we define the Laplace operator as Au = >, g The Laplace equa-
tion is given by Au = 0, where n = 2,3, .... We define the fundamental solution
of Laplace’s equation as follows:

1 .
—s=log |x if n=2,
o) = { 2708l . (17)
AGDatm w023

where a(n) denotes the volume of the unit ball in R™. Let us state some basic
facts about ®(x):

1. ®(x) = O(|z|), i.e.it is radial;

2. |DF®(x)| < ‘zlff’cﬂk, x # 0;

3. @ is harmonic on R™\ {0}. (Exercise)

Let’s prove the property 3 above. It is easy to compute that

-1
i = iz ™™ 18
D) = e (18)
and .
DU(I)(SIJ) = na(n) (‘.’E|25” — ’I’L(Eiitj) |{E|_n_2 (].9)
So
n 1 n
x) = ZD“‘(I)(I) —na}) |z =0
i=i 1:1
if x#0.

Consequently, if y € R™, &(x — y) is also harmonic away from y. Generally the
linear combination of ®(z — y;), where ¢ = 1,2,... K, is also harmonic away
from {y1,ya2,...,yx}. That is to say, function

K
= Z O(x —yi) f(yi) (20)

is always harmonic except for finite points.
But this is not true for the convolution

[ #e =i (21)

Actually, we have the following conclusion:

Claim 1(Solving Poisson’s equation. For f € C2(R"),define u by (21),then
u € C2(R") and A(—u) = (—A)u = f in R™.



In [1], the fundamental solutions defined there have different signs with ®.
In that case, i.e, all ® is replaced by —®, then Au = f. That’s why I write
A(—u) = f in the claim. In the chapter 4 of [1],we can see the it’s enough to
assume f is bounded and locally Holder continuous.

Proof of Claim 1. First, note that

uw) = [ Sy = [ Swr- (22)

Therefore
u(z + he;) — u(x T+ he; —y) — f(z—
h n h
where h # 0 and e; = (0,...,1,...,0),the 1 in the i*"-slot. But
x4+ he; —y) — flox —
L DICD) ) (29)

h

uniformly on R™ as h — 0, and thus

Diu() = g, () = / S fole—yv)dy  (i=1,...m).  (25)

n

Similarly,
Diju(x) = / B(y) fore, (@ —p)dy (G =1,....n). (26)

D;;u(zx) is continuous, that means u € C%(R").

Remark: If f is only assumed to be bounded and continuous, of course this
method doesn’t work. In that case ,we try to use the cutoff function to eliminate
the singularity of @, see [1] Chapter 4 for details.

Now, let’s prove the second part. The key point is to use Green’s formula to
break the whole space into two parts or more which are easily to compute and
use the property 2 of fundamental solution to get the desired estimates.

Since ® blows up at 0, we need isolate this singularity inside a small ball.
So fix € > 0. Then

du) = [ oA [ e d

=1+ J.
Now

Ce?|log e (n=2)
2

Ce (n

|| < C|D? f|| ooz /B |®(y)| dy < {

0,¢



By integration by parts,

J. = / B(y) A, f(z — y) dy
R\ B(0,¢)

—— [ o) D+ [ a)e-yase) O
R™\ B(0,¢) OB(0,¢) v

= Ke + Le,

where v denotes the inward pointing unit normal along 9B(0,€). And

Cellog ¢ (n=2)
L| < ||IDf| oo (g ) dS(y) < 30
LIS ID e [ 100 <y>_{06 T
For K., do integration by parts again, we get
0P
K. = e -pdy- [ S -1)ds)
R\ B(0,¢€) dB(0,e) 9V
o9 (3D
=- = W) f(x —y)dS(y).
/33(0,5) v
By formula (18), we have D®(y) = ﬁ(ln)ﬁ (y #0) and v = ﬁ = —% on
0B(0,¢). So
0P 1
P2 (y) = v- Dd(y) =
Ov () =v () na(n)er—1
on 9B(0,¢). Since na(n)e" ! is also the surface of the sphere 9B(0, €), we get
1
Kez—i/ flx—y)dS(y
na(n)e" =t Jopo,e) ( )45)
/ (32)

na(n)er1

= 7/ fly)dS(y) = —f(x) ase—0.
OB(x,€)

Let € — 0, we prove the claim.

Let U S R"™ be a domain, and dU is smooth. And assume that u € C*(U),
then we have the general Green’s representation formula

uw) = [ ay-0)50) - ul) g o) dS0) - [ aly-0)du()dy, (33

where v denotes the outer unit normal vector on 9U.

The Proof of Green’s representation formula is left as exercise. Here we give
a short hint. The details can be easily fit in. For the reader who are not familiar
with this method, refer to [1] Chapter 2 or [2] Chapter 2 for details.

Fix # € U, choose € > 0 so small such that B(z,e) C U, and apply the
Green’s formula on the region V; := U \ B(x,¢) to u(y) and ®(y — z). We get

0P Ju
| wtae-a)-e-nautay= | a5 0000030 s

(34)



We know 9V, has two parts, by examining the integral over dB(x,€) (some
strategy as in the proof of the claim), we can get formula (33).

We are interested in Dirichlet Problem and Neumann Problem. They are
formulated as below:

Ay —
Dirichlet Problem u=/f onU (35)
u=gqg on 0U,
Au =
Neumann Problem B u=/f on U (36)
=9 on OU.

Of course, ® isn’t the fundamental solution for Dirichlet Problem for Laplace
equation.

Definition of Green’s function. Green’s function for the domain U is

G(z,y) =@y —z) — ¢"(y) (z,y € U,z #y), (37)

where ¢*(y) is a corrector function satisfies

AG® =0 in U
¢° =0y —x) on OU

Apply Green’s formula to ¢”(y) and u(y), we get

- [ rwsudn= [ u)Gow) - ew-ngrease @)
Adding (39) to (33), we get
u(x)——/aU()gf:cde /nyAu (xeU) (40)

For more details, refer to [1] and [2].
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