MATH 742 THE MOSER-HARNACK INEQUALITY

BO TIAN

This note is typed for Math 742 Geometric Analysis during the fall semester of 2013 at
UMD and is based on Jost’s Pde book.

1. SoMmE PRELIMINARY RESULTS

In this note, we will present a proof of Moser-Harnack inequality for weak solution u
of the following homogeneous second-order elliptic PDE:

(1.1) Lu= )" Di(@’(x)Du(x) =0
i,j=1

with ||la/]|.. < oo and boundedness and uniform ellipticity condition on L, i.e. there exist
0 <A < A < oo such that

(12) AP < agig; < NP

for all £ in a bounded domain Q c R”".

Definition 1.1. A function u € W'2(Q) is called a wek subsolution of L if for all ¢ €
Hi(Q) > 0ae.,

(1.3) fQ a’DiuDyy dx < 0

in this case, we write Lu > 0. Similarly if we can define a supersolution if we have Lu < 0.
Intuitively, we should think of # being convex and concave respectively.

Lemma 1.2. Let u be a classical solution, and f € C 2(R) convex, then fou is a subsolution.

Proof. L(f ou) = Dj(aiﬂff’(u)Di) = f”aijDiuDju + f'Lu O

Now, we extend the above result to weak subsolutions. Here, we need to assume that
the sup-norm of |f’| and |f”’| are bounded, so we have D;(fou) = f'(u)D;u and D;(f' ou) =
f"(u)D;u and

(1.4) f a"Di(f ou)Djyp = f a'' DD j(f (W) — f a''DiuD juf"” (uw
Q Q Q
we see that if f € C*(Q) is convex with f’ > 0 then f o u is a weak subsolution if u is a

weak solution.

Lemma 1.3. Let u € W'2(Q) be a weak subsolution of L, and k € R. Then v :=
max(u(x), k) is a weak subsolution.

Now we can state the main result of this note
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Theorem 1.4. Let u be a subsolution in the ball B(xg,R) C R" and p > 2, then

1
(1.5) sup u < cj(———— P dx)'’?
B(x0.0R) |B(x0, R)| J(xo.0)
where u* := max{u(x), 0} and ¢; only depends on A, A and n, 6, p.
Similarly, we have

Theorem 1.5. Let u be a positive supersolution in B(xo, R) and there exists 0 < po < ;*5
with n > 3 such that

1
1.6 . — u” dx)V'P < ¢, inf u
(1.6 (BGo B Sy P =25l

with ¢, depends only on A, A and n.

Remark 1.6. Take u := min{|x|*™", k} for any given k, and take L = AinR", since Au = 0 on
R"—{0}, it is a weak supersolution, but we see clearly that as k blows up, the n/(n—2)-norm
of u also goes to infinity. Hence the condition that p < n/(n — 2) is necessary.

Now combining these two theorems and we get the following Harnack type result:
Corollary 1.7. Let u be a postivie weak solution of Lu = 0 in the ball B(xg, 4R),

(1.7) sup u <c3 inf u
B(XO,FI)?) B(x0.R)

with ¢3 depends only on A, A and n.

Now if we apply a standard chain argument we get the following more general result
for any domain Q

Corollary 1.8. Let u be a positive solution to Lu = 0 in the domain Q, then for any
compact sub-domain Qg C €, we have

(1.8) sup < c¢3 infu
Q Qo

with ¢3 depends only on 4, A, n and Q C Q.

Before we proceed to the proof of our theorems, let’s state two useful lemmas first.

Lemma 1.9.

(1.9) lim(JC u? dx)''? = sup u
P JB(x0.R) B(xo.R)

and

(1.10) lim ( u’ dx)''? = inf u
P2~ JB(xo,R) B(xo,R)

Proof. An direct application of Holder equality and the definition of essential supremum.
O

Lemma 1.10. Let u be a positive subsolution in Q, and for ¢ > 1/2, setv := uf € L*(Q),
foranyn € Hé(Q), we have

A2 2q
1.11 2D2<——2fD22
(L.11) anl vl —12(261—1) QI nl°v
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Proof. Take f(u) := u®9, clearly if u is a weak subsolution, so is f(ux) by Lemma 1.2. By
take the following cleverly chosen test function ¢ := f’(u)n?, we have

(1.12) f d"DuDjy = f 2lql(2q — Du**n*a’ DD ju + f Hglw*~ ' na’DuD;n < 0
Q Q Q
By uniform ellipticity of @’/ and Young’s inequality to the last term above,

2lglA
(1.13)  2lgl2g - DA f |Dulu®2n* < 2lglAe f |Du|2u2‘1*2;72+ﬂ f u¥\Dn?
€

Pick e = 2‘12—_1 % we get the desired result. O

We are now in the position to prove Theorem 1.4.

Remark 1.11. The theorem is true even if u is not bounded. However, for the sake of
simplicity, we assume that u is essentially bounded. Note that the inequality in the theorem
is scaling invariant, hence we could assume that R = 1 and xp = 0. Also, we can assume
that u is positive, otherwise we look at v, = max{k, u} and then use a sequence argument
for k — 0, or directly look at u*.

Proof. First, assume p > 2. For any test function 7, we have

(1.14) f d'DuDm <0
By
Let v := p?uP~! withn € Cy (Br), we have
(1.15) (p-1 a’AjD,»uDjuu”_zn2 dx < —Zf aiju”_lnD,-uDjn dx
Br Bg

Again, by uniform ellipticity of a”/ and Young’s inequality, there is a constant C such that

(1.16) IDou’*)? dx < C | |Dylu” dx
Br Br

Using Sobolev inequality, we get

(1.17) ( f quP'H*)F < C f \DnlPu? dx
BR BR

where 2* = 2n/(n - 2).
Let Ry = R(0 + 52) with . € C(Bg,) such that

= 1 on By,

(1.18) n=0o0nR" - Bg,
k+1

DIl < 5w
In a more compact way, the above inequality can then be expressed as the following
(1.19) Nl 22, (Br,,,) < (C4)'Plull ,(Bg,)
Take pi = (%) p, we thus have
(1.20) il (Bre.,) < (4Pl (Br,)

Since

(1.21) log([ Jccahymy < ¢
k=1
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We can then take k — oo and get

1
(R — 6Ry"P R"
Hence we get our desired inequality in Theorem 1.1.

(1.22) llulleo (Bor) < llull,(Br)

[m]

We comment that the proof of Theorem 1.2 is similar in spirit with more complicated
iteration procedures, hence we omit here and refer the interested reader to Gilbarg and
Trudinger for more comprehensive treatment.
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