A CENTRAL LIMIT THEOREM FOR FLUCTUATIONS IN 1D
STOCHASTIC HOMOGENIZATION
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ABSTRACT. In this paper, we analyze the random fluctuations in a 1D stochas-
tic homogenization problem and prove a central limit theorem: the first order
fluctuations is described by a Gaussian process that solves an SPDE with an
additive spatial white noise. Using a probabilistic approach, we obtain a precise
error decomposition up to the first order, which also helps to decompose the
limiting Gaussian process, with one of the components corresponding to the
corrector obtained by a formal two-scale expansion.
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1. INTRODUCTION

The equation we are interested in is
1
(1.1) Oty = 5893 (d(f,w)awug) , t>0,7 €R,
€
with an initial condition u.(0,z) = f(z) € C2°(R). Here a is a smooth stationary

random field defined on some probability space (2, F,P), and satisfies
A <a(z,w) <A1

for some A € (0,1) and z € R,w € Q. The standard homogenization result (see e.g.
[15] and the references therein) shows that u. — upom with

1_
(12) atuhom = iaaiuh0m7
and the homogenization constant a is the harmonic mean of a:
a'=E{a'}.

The goal of the paper is to analyze the first order fluctuations. In other words, if
the homogenization is viewed as a law of large numbers type result, we are interested
in a central limit theorem (CLT) here. The same question has been addressed for
the boundary value problem

d _ x d
(1.3) - %a(ng)%us =f, z€(0,1),
with u:(0) = 0,uc(1) = 1, under different assumptions on the correlation properties
of @ [4, 2, 10]. It was shown in [4, Theorem 3.1] that if a satisfies certain mixing

assumption, a CLT holds:
1
Ue (T) — Upom (T
(1.4) O enl®) [ pGeyas,

in C([0,1]), where F(z,y) is deterministic and B, is a standard Brownian motion.
The analysis used the explicit solution to (1.3) and reduced the problem to the weak
convergence of oscillatory integrals. We “revisit” the problem on the whole space for
the following reasons:
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(i) It seems the approaches in [4, 2, 10] fails to work for (1.1) due to the lack of
an explicit solution when the problem is posed on the whole space, so a different
method needs to be developed.

(ii) It is not clear how the boundary layer in (1.3) affects the asymptotic behavior
of the rescaled fluctuations, and the Wiener integral fol F(z,y)dB, is not naturally
linked with the corrector obtained through the formal two-scale expansion that is
used extensively in homogenization. Here we are looking for an error decomposition
that is in parallel to the formal expansion and that also indicates clearly how each
term contributes to the limiting Gaussian distribution.

(iii) It was shown in high dimensions d > 3, a pointwise two-scale expansion holds
[12, Theorem 2.3|: for fixed x € R,

(1.5) Ue () = Unom (%) + EVitpom () - ¢(§) +o(e),

where ¢ is the mean-zero stationary corrector and o(e)/e — 0 in L*(2). It indicates
that the local (pointwise) fluctuation is not necessarily Gaussian since q~5 is not
Gaussian. For the global fluctuations, the central limit theorems are proved for
solutions and correctors on large scales [13, 20, 5]:

(1.6 73 [, (0:0) ~ Bfuc()}g(a)dz = N (0,09,
(17) 73 [, Vo) - 6 )ala)de = N(0.03).

with g a smooth test function. A surprising fact is o1 # 02, which indicates that the
corrector represents the local fluctuation without capturing the global fluctuation in
high dimensions. Mathematically we see that o(¢) in (1.5) could contribute on the
level of /2 when d > 3, but from a practical point of view, it is important that
we have a better understanding of the mechanism: under what conditions does the
formal two-scale expansion provide the right answer and how do the stochasticities
propagate on different scales? It is also desired to extract the right term from o(e)
such that together with the corrector they represent the right fluctuations of the
solutions. We start from the simpler setting d = 1, where the local and global
fluctuations are known to be described by a single Gaussian field on the level of /e,
as can be seen from (1.4). We expect the error decomposition and its relation to
the corrector when d = 1 will shed light on the situation in high dimensions.

Qualitative homogenization of (1.1) started from the work of Kozlov [18] and
Papanicolaou-Varadhan [22], and the quantitative aspect has witnessed a lot of
progress only recently, from both analytic and probabilistic points of view [8, 6, 7,
9, 19]. Our approach falls into the more probabilistic side: we use the probabilistic
representation of the solutions to (1.1) and quantify the weak convergence of an
underlying diffusion in random environment. The main ingredients in our analysis
consist of the Kipnis-Varadhan’s method [16, 17] applied to reversible diffusion in
random environment and the quantitative martingale CLT developed in [19, 11] to
extract the first order error in the martingale convergence. We also rely heavily on
the work [14], where the authors analyzed the asymptotics of

1. _z 1 _ =z
(1.8) Opue = iaxa(g,w)awua + %c(g,w)ua,
i.e. (1.1) with a large highly oscillatory random potential. It turns out that a part
of the error in our analysis of u. — unom solves (1.8) with an additive rather than
multiplicative potential. By following a similar argument, we obtain a limiting



FLUCTUATIONS IN STOCHASTIC HOMOGENIZATION 3

SPDE (for this part of the error) with additive white noise (which is a Gaussian
process), while the limit of (1.8) is an equation with multiplicative white noise.

The Kipnis-Varadhan’s method decomposes the underlying diffusion process as a
small remainder plus a martingale which converges to the limit. One of our main
contributions in this paper is to combine the errors coming from the remainder
and the martingale convergence, which are three Gaussian processes, and write the
sum as the solution to a single SPDE with an additive noise. Our main result in
Theorem 2.2 says that when d =1

Ueg — Uhom .
NG
with v solving
1 .
(1.9) O = 5&8311 + 04 (Oxtihom W)

for some spatial white noise W. First, this justifies rigorously the heuristics presented
in [13] when d = 1. If we assume in (1.1) that the “effective” fluctuations of the
coefficient @ around its homogenization limit a is described by some mean zero,
strongly mixing processes V (as can be seen from (2.1) below, V is the fluctuation
of @~! around @~'), then it drives the fluctuations of u.. On the large scale, Vis
expected to be replaced by some spatial white noise W (after proper rescaling), and
(1.1) may be rewritten as

—_

Opue ~ 5635 ((Et + \/EW)(%UE) )

so the error v, = ¢~ 1/2 (ue — Unom) should satisfy
1 .5 1 .
Oy ~ iaaxvg + 581(8£uh0mW).

For more detailed discussions of the heuristics in high dimensions, we refer to [13,
Section 1]. Secondly, the three Gaussian processes provide a natural decomposition
of the limiting SPDE (on the level of equations), which is in parallel to the martingale
decomposition of the underlying diffusion in random environment (on the level of
stochastic processes), and this helps us to understand the role played by the corrector
better.

For the random operator V - a(z/e,w)V, the probabilistic approach we present
in this paper was first applied to the high dimensions d > 3 in [12] to obtain the
pointwise fluctuation. When d = 2, which is the critical dimension concerning the
existence of a stationary corrector, we expect the same approach can be applied to
obtain the pointwise error of size (| Ine|)'/2 (see [7, Theorem 1] for the result on
error size in the discrete setting). For the random fluctuations measured pointwisely,
we expect a non-standard CLT (see [11, Theorem 2.6, Corollary 2.7] where the
operator of the form A + V(z/e,w) is analyzed when d = 4). For the random
fluctuations measured on large scales, i.e., after a spatial average with respect to
some test function, the probabilistic approach seems to fail for d = 2, and we refer
to the recent work [5, Theorem 1].

Regarding our motivation (iii), i.e., the fact that the first order corrector obtained
by the formal two-scale expansion fails to capture the large scale fluctuation, a nice
explanation is provided in [5] in terms of what the authors call the “homogenization
commutator” when d > 2. It turns out that if the formal two-scale expansion is
performed on the homogenization commutator rather than on the solution, then it
recovers the right large scale fluctuations; see [5, Page 6,11].
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Here are some notations used throughout the paper. The expectation in (2, F,P)
is denoted by E. When averaging with respect to some independent Brownian
motion B, W, we use Eg, Ey,. The normal distribution with mean g and variance
o2 is denoted by N(u,c?), and the density function of N(0,t) is denoted by ¢;(z) =
(\/Tt)_le_|’”|2/2t. We write a < b when a < Cb for some constant C' independent
of t,x,e.

The rest of the paper is organized as follows. We present the setup and main
results in Section 2. The error decomposition is discussed in Section 3, and weak
convergence results are obtained in Section 4. In Section 5 we finish the proof of
the main result and compare it with high dimensions d > 3. Some technical lemmas
are left in Section A.

2. SETUP AND MAIN RESULTS

We first assume there is a group of measure-preserving, ergodic transformation
{72,z € R} associated with the probability space (2, F,P), then the coefficient field
a(x,w) is defined by

a(z,w) = a(T,w)
for some a : © — [A,1]. We further assume it is smooth and of finite range
dependence:

(i) a(z,w) has C? sample paths whose first and second order derivatives are
uniformly bounded in (z,w).

(ii) For any two sets A, B C R, if dist(4, B) > 1, then F4 = o(a(z,w) : z € A)
is independent of Fp = o(a(z,w) : x € B).

Remark 2.1. The finite range of dependence can be replaced by some mixing
condition, e.g., the ¢—mixing used in [14].

Besides the coefficient field a(z,w), another important random field in our analysis
is
-~ 1 1
(2.1) V(z,w) =

a(z,w) a’

which may be seen as the fluctuations of the homogenization constant. It is
clear that V' is of finite range dependence, and its covariance function is given by
R(z) = E{V(0,w)V(z,w)} and the power spectrum is

(2.2) R(e) = / Rz)e— " da.
R
The following is our main result:

Theorem 2.2. Let v, = a€_1/2(uE — Upom) and v solves
1 1~ .
(2.3) O = Sadiv - 5R(O)%aﬂax(aluhomw), with v(0, ) = 0,

where W is spatial white noise, then as € — 0, v = v in the following sense:

(i) as a process in (t,x), the finite dimensional distributions converge,

(ii) for any test function g € CP(R), [pv(t,x)g(x)dr = [pv(t, z)g(x)dx in
distribution.

It turns out the Gaussian process v(t,z) is a superposition of three Gaussian
processes, and one of them takes the form O, unom (¢, 2)W(x), which corresponds to
the corrector obtained through a formal two scale expansion. Here

x

W(z) = [ W(y)dy

0
is a standard two-sided Brownian motion.
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2.1. Diffusion in random environment. Our starting point to prove Theo-
rem 2.2 is a probabilistic representation. For every fixed w € Q,x € R and ¢ > 0,
we define the underlying diffusion in random environment by the It6’s SDE:

(2.4) dX; = b(X,,w)dt + 6(Xy,w)dBy, with Xo = z/e,
where )
b(z,w) = iél(as,w), o(r,w) = é%(z,w).

The driving Brownian motion B; is built on another probability space (X, .4, Pg). It
is straightforward to check that for fixed w € {2, €X; /.2 is a Markov process starting
from z with the generator L* = 10, (a(z/e,w)d,), so the solution to (1.1) can be
written as

ug(t, a)‘) = EB{f(EXt/Ez)},
where Ep denotes the expectation in (X, .4, Pg).
It can be shown that €X;/.» converges in distribution to z + ¢W; for some

Brownian motion W; starting from the origin and & = v/a (see [14, Theorem 2.1]
and the proof of Proposition 3.1 below), so

uc(t,x) = Ep{f(eXy)e2)} = Ew{f(z + W)} = thom(t, )

in probability. It is clear that to further get the first order fluctuations v. =
5_1/2(u5 — Unom ), We need to quantify the weak convergence of eXije2 = x+ oWy
up to the first order.

We define an environmental process by w; = Tx,w, and it satisfies the following
properties [17, Proposition 9.8]:

Proposition 2.3. (ws)s>0 is a Markov process that is reversible and ergodic with
respect to the measure P.

In Sections 3 and 4, we will only show that for fixed (¢, ), v.(¢,x) = v(t,z) in
distribution. To simplify the presentation, we will shift the random environment w
by x/e without changing the distribution of u.(¢,z) (for fixed (¢,)), thus in the
following we will assume

ue(t,v) = Ep{f(z +eXy/e2)}
with X; solving (2.4) but starting from the origin:
(2.5) dX; = b(Xy,w)dt + 5(X;,w)dBy, with Xy = 0.

The convergence of finite dimensional distributions and the global weak convergence
are discussed in Section 5.
To simplify the notations, we will omit the dependence on w from now on.

3. QUENCHED INVARIANCE PRINCIPLE AND ERROR DECOMPOSITION

To quantify the weak convergence, we first present a proof of eX; .2 = gW;,
where the diffusion in random environment is decomposed as a remainder plus a
martingale, and the speed of weak convergence hinges on how small the remainder
is and how “close” in distribution the martingale is to the limiting Brownian motion.

By the uniform ellipticity condition, we have the following standard Aronson’s
estimate [23, (1.0.10), Lemma I1.1.2] which will be used extensively in our analysis.

(i) The density function g.(t,z) of eX;/.> satisfies

% L]

e Mt

N

(3.1) ge(t,x) <

<

for some M > 0 independent of z,t,e,w.
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(ii) We have
2
(3.2) Pp{ sup [eX;/e2| > 7} < Me™ 3%

s€[0,t]

for some M > 0 independent of ¢, > 0,¢,w.
The following result is classical [14, Theorem 2.1]. For the sake of convenience,
we present the proof here.

Proposition 3.1. For almost every realization w € Q, eX;/.» = oWy in C(Ry).
Proof of Proposition 3.1. First we write the SDE as the integral equation
t/a2 - t/a2
eXyje2 = 5/ b(Xs)ds —|—€/ &(Xs)dBs
0 0

and by solving a corrector equation

1d_d-~ - 1d

3.3 ———a—¢=b=-—a
(3:3) 2dxadx¢ 2dz ™"
and applying It6’s formula, we have
(3.4) eXy/e2 = Ry + Mg,
with ~ R

Ry = —e¢(Xy)e2) + ed(Xo),
and

t/62 1
ME = @E/ —~__dB..
0

Here qg satisfies

and we choose
(3.5) $z)=a | V(y)dy.

For the remainder, we have

sup |Rf| < sup e|d(eXy).2/e)]
te[0,T] te[0,T]

S sup 8‘(5(5)(15/52/5)|1sul~"te[0,T} |5Xf,/52|§M
te[0,T]

+ sup 5|¢)(€Xt/82/€)|1supt6[07T1 |5Xt/62|>M
t€[0,T

for any constant M > 0. By ergodicity and the fact that E{V} = 0, we have for

almost every realization w € Q, ¢(x)/xz — 0 as |z| — oo, i.e., the corrector has a
sublinear growth. This implies

sup eld(eXe/e2/€) Lsup, e o1y X, .2l<M = 0
te[0,T]

as € — 0. For the second part, we use the sublinear growth to obtain
E|¢(5Xt/62/5)|lsupt€[0,ﬂ leX,)c2|>M S |5*Xt/z-:2 |1S“Pte[0,T] leX, ) c2|>M>
so we only need to show that

EB{ sup |6Xt/52|15upte[O,T] \€Xt/g2\>M} —0
t€[0,T

uniformly in € as M — oo, but this comes from (3.2). To summarize, we have shown
that for almost every w, the remainder R — 0 in C(R4).
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For the martingale part, the quadratic variation can be written as

t/62 1
(Me) = &252/ —ds,
o altx,w)

so by ergodicity of Tx_w (it is independent of £ since we have shifted by environment),
we have that for almost every w, (M®); — at almost surely as e — 0, and this
implies Mf = 6W; in C(R;.). The proof is complete.

Now we can decompose the error in homogenization according to the martingale
decomposition of eX;/.2. By (3.4), we write

Ue(t, ) — Unom (t, ) = Ep{f(z + R + M{)} —Ew{f(x + W)} =& + &
with
& =Ep{f(z+ R + M;)} — Ep{f(z+ M)},
and
& =Ep{f(z+ M)} —Ew{f(z+ W)}

Recall that the initial condition f € C°(R), so we can perform a Taylor expansion
to extract the main contribution from &;, i.e., we have

€1 = Ep{f'(z + M;) R} < Es{|R;[*}.

The main contribution from & can be extracted by a quantitative martingale CLT
[11, Proposition 3.2]:

62— SEa (s (o + MEY(ME), — )} SEn{(M), — atl?)

<(Ep{|(M®), — at|*})%.

Now we define

(3.6) v1e(t,x) = Ep{f'(z + M;)R;},
and
(3.7) valt, ) = B (o + M7)(M®), — at)}.

By Lemmas 3.2 and 3.3 below, we have
(3.8) E{|uc(t, x) — tnom(t, ) — v1c(t,x) —vac(t, )|} < Ve,

therefore, to analyze the asymptotic distribution of e~/ 2(ue — Unom ), we only need
to consider vy ¢ + Vo .

Lemma 3.2. EEg{|R;|?} Sevt
Lemma 3.3. EEg{|(M¢), — at|?} < et?

Proof of Lemma 3.2. Since R = —sqg(Xt/sz) +e¢(Xo) and o(x) = alfy V(y)dy, we
only need to consider e(i(Xt/Ez). If we write
€

Ex {ed(X,e)P} = / 66(5) a. (¢, 2)da,

with g.(t, ) the density function of £X;/.> (which depends on the random realization
w), by the heat kernel bound (3.1) we have

Es{led(Xy)*} 5 [ (D) e s
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for every w. By Lemma A.1, E{|¢(z)|*} < |z|, so we can take E on both sides of
the above expression to obtain

1
EER{|R;[’} Se / leje’c'””tdx Sevt.
R t

O
Proof of Lemma 3.3. First, we write
t/e> 1 1 t/e?
(3.9 (M), —at = a2€2/0 (ZL(XS) . a) ds = Zz252/0 V(Xs)ds,
where we recall V.= a1 —a~1. Since V has mean zero, by ergodic theorem, we

have (M¢); — at — 0 as € — 0, but to quantify how small it is, we need to apply a
martingale decomposition again, in the same spirit as for b.
Let v satisfy

1d._d- -
then
t/e B B 5 t/a2 B
% / V(X,)ds = —2(Xyyen) + 220(Xo) + 2 [ §(X,)5(X,)dB,.
0 0
Since qﬁ =a fo y)dy, we can choose
. 2 (" oy
(3.11) Y(x) = —5/0 &Eyid

By Lemma A.1 we have E{|¢(z)[?} < |z|3, and we follow the same discussion as in

the proof of Lemma 3.2. For £2¢(X;/.2) we have

Es{le0(Xye) ) = [ (D aclt,)da,

with g (¢, z) the density of eX,/.2. Applying the heat kernel bound (3.1) and taking
E, we conclude that

- 1
EE5{|3(X/e2)?) < g/ P Leele /gy < et
RVt

Since X, = 0, we have £24)(X;) = 0. For the martingale term, we have
t/e? B
sate [ degnecn,y = [ B e)p R
0

t/e? B
st [ Balld0x) s
0
By a similar discussion, we have
t/e? ~ t -
o [ BRG0P Ns = | EE{(13(X, er /o))
0 0
t
552/ MLefclg“’ﬁ/sdacds < et3,

0

R € S

which completes the proof. O
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4. WEAK CONVERGENCE

Now we consider vy ., v2 ¢ given in (3.6) and (3.7), and prove the weak convergence
of e™1/2(vy ¢ + v2.).
Let us recall that

(4.1) ’0175(1‘,,11,‘) :EB{f/(.’E-i-Mts)Ri}
(42) vrelt) = SEB{S" (@ + ME)((M?), — )}

and give a heuristic explanation of what we may expect from the weak convergence
of 5_1/2(01,5 + vae).

For vy ., we can write

Ri

\7 = —\[¢(Xt/52) = —Vep(—=
On one hand, since ¢ =a fo y)dy and V is a mean-zero stationary random
process with finite range of dependence, by a classical functional central limit
theorem [3, pages 178,179] we have

VER(Z) = W(a)

€Xt/6 )

weakly in C(R), where
(4.3) ¢ = R(0)a,
and W(z) is a two-sided Brownian motion with W(0) = 0, i.e.,
_ Wl (ZL‘) X Z Oa
Wiz) = { Wa(—z) =<0,

where W;, Ws are independent Brownian motions starting from the origin. On the
other hand, by Proposition 3.1, we have

EXt/€2 = oW,
in C(R4) for almost every w. Apparently YW and W are independent since they live
in (Q,F,P) and (X, A,Pg) respectively, so we expect
Rf ~ EXt/sz

% = —\Eqﬁ( c

) = —eW(aWy)

in distribution.
For vy ., we have

(M#)¢ —at >t—at _ 3/ _ a1 /t~ eX, )2
2 — |V d

/ Yydy = RO)W(z),

Q

and since

we can formally write

V(%) = RO)PW(a),

-

where W is the spatial white noise, and this implies

Lt~€XS/823 A%t'(_f s—A% T T
ﬁfow 2 )ds = R(0) /va Wo)ds = R(0) /Lt< YW(dz),

R
with L;(x) the local time of aW; and W(dx) interpreted as the Wiener integral.
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The above heuristic argument has already been made rigorous in [14, Theorem
3.1]. More precisely, it was shown that for fixed ¢ > 0,

(eXy)e2, \[ /

where dW; is a Brownian motion built on (3,A,Pg), Li(x) is its local time and
W(dx) is spatial white noise built on (Q, F,P).

In the following, we follow their approach to show the convergence in distribution
of e~/ 2(v1,c +vg,). To make the argument self-contained, we will provide all details
and make appropriate modifications.

To simplify the presentation, we will show the weak convergence of v1 ./+/¢ and
v2 ¢ /v/€ separately, and in the end it is easy to observe that the proofs combine to
show the weak convergence of e~ 1/2 (V16 + v2e).

E)(S/E

)ds) = (aW;, R(0)* / Ly (2)W(da)),

R

4.1. A decomposition of the probability space. We decompose €2 as follows.
Define

(4.4) We(z) = Ved(z/e) e,

and since W. = W in C(R), the family {W.} is tight. For any fixed § > 0, we can
find a compact set K C C(R) such that for all € € (0, 1)

POW. € K)>1—0.
Clearly K admits an open covering of the form

Ugec®){h € C(R) : [ sup ]Ih(w) —g(x)| <0},
re|— ’1, -1

so we can extract finitely many deterministic function g1,...,gx € C(R) such that

K C Ul {heCR): S ]\h(fv) — gr(x)| < d}.
z€[—6-1,61

It is clear that we can further assume gy is bounded (the bound depends on § since
K depends on §). Define

(4.5) B ={weq: [ sup | [We () — gr(x)] < 6},
re[—6-1,6-1

and let Bf’s = Bf’s and for any 2 < k < N,
BZE B&s\uk 1B65
so we have

N
PUN BYS) =Y P(B))>1-36
k=1

for all € € (0,1). Let A% = Q\ UN_ Bée, so P(A%%) < ¢. Similarly, we define
B, B} and A° with W. replaced by W in (4.5).

The above decomposition of the probability space helps to “freeze” the random
environment, i.e., with a high probability and a high precision, we can use finitely
many deterministic functions to approximate W,. This helps to pass to the limit
with only the “partial” expectation Eg.
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4.2. Analysis of v .. According to the decomposition of the probability space, we
have

V1.¢ _ e
% = — CEB{fI(LL' + Mt )WE(EXt/sz)}
N
= — LoeasCBR{f'(z + M )W.(eXyje2)} — Y LoepseCBp{f'(x + M{)We(eXy/e2)}
k=1
:=(4) + (i1).
For (i), we first have
locasEp{f'(z + M{)We(eXt/e2)} S lucasr-Ep{IWe(eXt/e2)}-

By taking E on both sides and applying Cauchy-Schwarz inequality and Lemma 3.2,
we obtain

E{[loeas-Ep{f(x + M{)We(eXy/e2) }} S\/P(A5’E)EEB{|WE(€Xt/s2)|2}

<Vét.

(4.6)

For (it), we write each summand as
Loepr-En{f'(x + M{)W(eXy/c2)}
=lepsBp{f'(x + M{)We(eXy/e2)(1ex, o261 + Liex, <61}
For the first part, we sum over k and write
[Ep{f'(x + M{)We(eXy/e2)1ex, o125-1H S Ep{We(eXy/e2)Liex,  o1>6-1 1

then the same proof as in Lemma 3.2 together with (3.2) leads to
Jiz6-1} SYPEER {1y, 551}

5\/ t%e_ aﬁwt .
For the other part, we write

lweBz,EEB{f’(I + Mf)WE(th/52)1|€XU52|<5,1}
=LepsBp{f'(x + M7)We — gi)(eXp/e2)ex, o 1<o-1}

+ 1w€Bg’EEB{f/(m + Mte)gk(EXt/s2)1|th/52|<6*1}
=(iti) + ().

t/e

EEp{|[We(eXt/e2)[1jex

t/e

(4.7)

For (iii), when w € By, W () — gr(z)| < 6 for |z <51, so
W8)  Lepoe[Enlf (o + MOV, — g Xy iex, 2 <o 1 H S 1o

For (iv), we apply the quenched invariance principle of € X; /> (and M) to obtain
that for almost every w,

Ep{f'(z + M;)gr(eXe/e2)l)ex, o )<s-1}
—Ew {f'(z + W) gr(GWi) 15w, |<s-1}

as € — 0. Furthermore, by the weak convergence of W, = W, we have

(4.9)

1(.0632'5 = leBg

in distribution as € — 0, since the measure induced by W on C(R) does not support
on the boundary of the set {h € C(R) : sup,¢(_s-1 5-1) [h(z) —gr(2)| < §}. Therefore,
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we have
Loepo=Ba{f'(z + M) g(eX1/e2) jex, o) <51 }
:>1weBgEW{f/(x + W) gk (0Wi)1jsw, <s-1}

in distribution as ¢ — 0.
To summarize, we can write

v1£(t, ) _
Ve
with the first part converges in distribution and EEg{|Rs¢|} — 0 uniformly in € as
0 — 0. Now if we write
Ew{f'(z + aW)W(@W)} =l,casBw{f'(z + aWi)W(aWy)}
N

+ Z 1weB5EW{f/($ +aWOW( W)l isw,|>5-1}
=1

(4.10)

N
_ Z lweBg’EEEB{f/(x + Mf)gk(aXt/ez)l‘th/£2‘<571} + R575

Mz

Lieps Ew{f'(x +aWi)OW — g1) (6Wi)Ljow,|<5-1}
=1

eBéEW{f T+ UWt).gk(UWt)l\aW,Ké 1}

an

by the same discussion, we have 51mllar estimates for the first three terms in the

above expression as in (4.6), (4.7) and (4.8). Now we only need to send § — 0 to

conclude that

v1,e(t, )
NG

in distribution as € — 0.

(4.11) = —CEBw{f (x +aW,)W(aWy)}

4.3. Analysis of vy .. From (3.9), we consider
t/e? B
/ V(X,)ds

1Z(‘Xt/eQ) +e

(M#); —at
a2\/e

e

=€

o

(S
(S

=—c

t/e2
/O V' (X,)5(X,)dBs,

2 [T o(y)
IRk
Since W (z) = v/eg(x/e) /¢, we can write
<M€>t —at . 275 eXy /e Wg(y) _ ¢ W5<5X5/52) ~
(412 2 </ /5% ], 5, dBS) ’

where B, := €B)c2.
The idea is the same as for vy ., i.e., we decompose the probability €2 as

Q = (UL, By©) U A%

and by (3.11), 1 is given by

and for w € Bg’s, we use the deterministic function g to approximate W, and pass
to the limit by the invariance principle of € X /..
First, for w € A%, by Cauchy-Schwarz inequality and Lemma 3.3, we have

(4.13) E{[1yean-Ep{f"(x + M{) (M), — at)/\/z}} S Votk.
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Secondly, we apply Cauchy-Schwarz inequality and (3.2) to derive that
Laalzs-1 " (x + ME)((M®), — at)/Ve}|?
,eal2e- YEB{((MF); —at)?/e}
Se M Ep{((MF), - at)’ fe).
By taking E on both sides and applying Lemma 3.3, we obtain
(4.14)  [BEp{loup, ., leX, 2261 " (@ + M{)((MF): — at)/Ve}| S t1e—c8 2/t
Now for any continuous function h, we define G : C(R) — R as
eX, . t
415)  G(h) == 2¢a ( /0 e dlzy(?ji)dy— /0 md@ ,
where we have omitted the dependence of G on t,e,w. We consider

_ 0zt ([T W), [ WX e
g(Wa) = \/g =2 </0 &(y/g)dy /0 &(EXS/Ez/é“)dBS)’

and consider the error induced by replacing W, — g when w € BZ’E. Since
IWely) — gr(y)| <0

fory e [-671, 67 and w € Bg’s, we have
(4.16)
Lt Ballap,y o o, al<s +F" @+ MEYGOV.) — Gg))]

EB{Lsup, 0, lex

SEB{Lsup, cjo, i leX

t
51wEBg’E EB{|€Xt/€2|5} + \/EB{/O (Wg — gk)2(5Xs/e2)1\sXS/52|<6*1d3}

e (BolleXyalo) +0vE) S 1, pe0VE
Here we have used the simple fact that

— 9k (gXé/E )
Lsup,co.q leX, jeal <6 5X3/62/€)

<|/t/\‘r§ — gk (5Xs/a )dé |
€X8/€2/€) 8

and Itd’s isometry, where 75 := inf{s > 0: eXg/e2 > 5L
By combining (4.13), (4.14), and (4.16), it is clear that

dBy|

N
V2,¢(t, ) ta: 1
(17) 2EOD) IS B (L e, e £ MG )} R
k=1

with Rs. — 0 in L'(Q) as § — 0 uniformly in e.
Now we consider

Leal<s=1 I (@ + M7)G(gx) }

for fixed k. As before, for 1 _ Bie = l,epy in distribution by the weak convergence

1 GBé EEB{lsupgeor leX

of W. = W, so we only need to prove the convergence of
EB{lsuPse[o,t] \EXS/S2\<5—1f//(:E + Mte)g(gk)}

o (T ey b gr(eXye2) =
Glgr) =2ca </ a(y/e)‘ly‘/o o(X//>dB>

=2ea(R; — MS).

Let
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For R7, we write

t/e 1
1:’up<€[0 t] IEXS/52|<6 1R 5upsE[O t] ‘6X3/52|<5 ! /0 gk(y)jdy

EXt/E2 1
+1sup56[0,t] \EXS/52|<5*1 /(; gk(y) (d(y/s)

Q

ST

)an

For the last term in the above display, we have
1

|1supse[o,t1 leX, ) 2]<é-1 /0 9k (y) (&(y/s) - a) dy|

S o (G —a) @

for every realization of B,. Now by ergodic theorem (see e.g. [14, Proposition 3.11]),

we have
sup / < ) dyl — 0
|z|<d—1 | y/g) a |

as € — 0 for almost every w. Thus by the quenched convergence of e X; /.2 = cW;
in C(R4), we have

]EB{lsupSe[Dyt] \6X5/52|<5*1f”(1‘ + MtE)Ri}

EXt/EQ

[t

(4.18) , ) 1 oW
%EW{lsupse[o’t] |77Ws|<5*1f (‘T + O-Wt)g gk?(:l/)dy}
0

for almost every w.
For the continuous martingale

M; = /t e xe2) g,
0 0(5X5/52/E)

its quadratic variation is given by

t 2
en gk(EXs/ez)
<M >t _/0 d(&XS/EQ/E) dS,

and recall that in the proof of Proposition 3.1, eX; /.2 is decomposed as e X; /.2 =

R; + M7 with
t 1 -
ME =a dBSa
¢ a/o 5’(€X5/€2/€) )
so the joint quadratic variation of Mj and M; is

€ € _ gk(SXS/gz)
<M M > /0 (ng/EQ/g)dS

The following lemma shows the joint convergence of M§ and My .

Lemma 4.1. For almost every w,

1 t
( j,Mf):(g/ ok (GW)dW,, 5W,)
0
in C(Ry) ase — 0.

Proof. We first consider the process on C(R.) defined by

t 1 5 t/E 1
he(t ::/ ———ds=¢ / —ds.
E( ) 0 G'(EXS/EZ/E) 0 CL(TXS(U)
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Since a1 is bounded, h.(.) is tight in C(R, ), and by ergodic theorem, its finite
dimensional distribution converges to that of h(t) := t/a. Therefore, for almost
every w, we have he = h in C(R4).

Secondly, since e X; /.2 = oW, in C(Ry), we have g7 (X, /.2) = g7 (6W,) in C(Ry).
Now by [14, Lemma 3.5], the following mapping is continuous from C(Ry)xC(Ry) —
C(R+)Z

(hl,hQ) HA hl(S)th(S),

when hy is increasing and C(R,) is equipped with the locally uniform topology.

This implies
gk(EXs/s /
ME :/ ds = -
< >t 0 (EXs/sz/s gk

in C(Ry). Similarly,

€ e gk(g‘(s/s2 /
(ME, M#), = /0 X D) ds = | gu(6GW,)ds
in C<R+)

Now given the fact that
(M*#); = at,
we conclude by martingale central limit theorem that

1 t
( j,Mf):(g/ ok (GW)dW,, 5W,)
0

in C(R4) for almost every w. The proof is complete. O

From Lemma 4.1 it is clear that
1SUPse[0,t] leX,/e2 \<5—1fll($ + MtE)Mf

_ I A
g iwi<s £+ W [ gulawa,
0
in distribution for almost every w. Now we only need to note

tATs
9k 5Xs/62) >
L o 6, <o M| < [ 5, e ol

which implies IEB{lsupse[0 o lex 5-1|M¢]?} is uniformly bounded in €, so

s/s2|<

]EB{]'SUPse[o,t] \5X5/52|<6—1f”(m + MtE)Mi}
(4.19) . B 1t
%EW{lsuPse[o,t] |6W5|<6*1f (LE + UWt)g gk(UWS)dWS}
0

for almost every w € Q.
Combining (4.18) and (4.19), we obtain
(4.20)
N

> uen B {lap, o g lex, ol<o-1 £ (@ + M7)G(g1)}
k=1
N

oWy t
=D LuenBw {Lup, o low.i<o-1 /(@ + W) <2c / g (y)dy — 2co / gk<ows>dws>}

k=1
in distribution as € — 0.
Now we send 6 — 0 on the r.h.s. of (4.20) to obtain

Wy t
rhis. of (4.20) = By {f"(x + 5W)) <2c /O W(y)dy — 265 /O W(GW,)dW, )}
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in L'(Q). The discussion is the same as for (4.13), (4.14) and (4.16).
To summarize, we have

NG

Now we note that the proofs of (4.11) and (4.21) can actually be combined
together to show that
(4.22)
v1,e(t, @) +v2(t, @)

NG

aWy t
(4.21) vacltr) = Ew {f"(x +cW;) (C/O W(y)dy — E&/O W(O‘WS)dWS> 1.

= — By {f (x + cW, )W (cW;)}
oWy t
+ B {f (z + W) <c/ W(y)dy — aa/ W(aWs)dWs> ).
0 0
By [14, Lemma 3.12], we have

Wy t R .
(4.23) ¢ /0 W(y)dy — éo /0 W(eW)dW, = %R(O)Efﬁ /R Li(z)W(dx),

with L;(z) the local time of dW;. For simplicity we formally write the r.h.s. of the
above expression as

| —

R(0)2 a> T x:EA %&zt.c_f S
5RO [ L@Wia) = RO [ Wiawis

so (4.23) can be viewed as an application of Itd’s formula.
Now (4.22) is rewritten as (recall that ¢ = R(0)za)

V1,e(t, ) + v2 (L, x)

NG

= — R(0)2aBw {f'(x + aWi)W(aW;)}
(4.24)

[N

+ =R(0)2a*Ew {f" (x + oW,) /O W(GWy)ds}.

DN | =

5. DISCUSSION

5.1. The shift of the random environment and global weak convergence.
The weak convergence in (4.24) is for fixed (¢, z). Now we discuss the convergence
of finite dimensional distributions of v(t,x) as a process in (¢, ).

From the beginning, we have shifted the random environment w by 7_, ., and
this is only used when applying martingale central limit theorem to obtain quenched
weak convergence. The reason is that we need the environmental process ws to be
independent of €, and the shift of the environment enables the process wy = 7x,w
to start from w instead of 7, /.w.

Retracing the proof, the shift of the environment is used in proving Proposi-
tion 3.1, (4.9), (4.18), Lemma 4.1 and (4.19) to get almost sure convergence, which
is sufficient but unnecessary. For example, in (4.9), (4.18) and (4.19), a convergence
in probability suffices to pass to the limit, which itself could come from an L' ()
convergence, since the L(£2) error does not depend on where the environmental
process starts. Therefore, by almost the same proof, we have a convergence of finite
dimensional distributions, except that now the limit in (4.24) should encode the
dependence on x.

Without the shift, by the same proof (4.24) becomes

V1, (8, ) + v2 . (E, x)

VE

(5.1) = v(t,x),
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with
o(t, ) = — R(0)2aBw {f'(x + aWy) (W(z + aWy) — W(x))}
(5.2) 1

T3

Comparing with (5.2) and (4.24), formally it is only to shift W(y) — W(z +y), i.e.,

R(O)%d2EW{f”(x+6Wt)/0 W(z + 5W,)ds}.

Wi Wi
w<awt)=/0 W(y)dy»—)/o Wiz + y)dy = Wz + 5Wh) — W),

and

t t
/ W(EW,)ds — / Wz + aW,)ds.
0 0

Since the spatial white noise W is stationary, the pointwise distribution is unchanged.
Now we prove the “global” weak convergence, i.e., a spatial average of the
homogenization error u. — Unom of the form

1
% /R(Ug(t,x) - Uhom(tvx))g(x)dx

converges for every test function g € C°(R).

First, we point out that the estimates derived in the proofs of Lemma 3.2 and 3.3
grows polynomially with respect to |z| when we have Xy = z/e instead of Xy = 0.
Since g is fast-decaying, we have

/R{Eﬂ(us(t,x) — Unom (£, ) — v1 (t,2) — V2. (£, 2))g(z)|dx} < Ve

It still remains to analyze

% /R (1.0 () + v (£, 2))g(x)dz.

The previous argument goes through except for some modification in the proof of
(4.9), (4.18) and (4.19). Taking (4.9) for example, it suffices to show that

[ @B (£ @+ Mgu(eX, ) ex, oy <51 Y
(5.3) R
= / 9@ B L' (@ + W) + TWo) 1w, coor h

in probability as ¢ — 0. We emphasize that eX;/.> = x + Rj + M; and the
environmental process ws = 7Tx,w starts from wy = 7,/.w. To prove (5.3), we
consider the L'() error

(54) [ B@E(R@) - )z,
with

L(z) = Ep{f'(z+ M)gr(eXe/e2)lex, 1<s-1}

L(z) = Ew{f'(z+cWi)gr(x +Wi)ljossw, <51}
For every fixed x € R, we can again shift the environment by 7_,,. without affecting
the value of E{|I1(z) — Iz(z)|}, and after the change of the environment, by the
quenched invariance principle, E{|I;(z) — I2(x)|} — 0 as ¢ — 0. Since it is uniformly
bounded, we only need to apply dominated convergence theorem to derive (5.4) — 0,
which further implies (5.3).

To summarize, we have shown that

ue(t, ) — Unom (L, )

Ve

= v(t, )

ve(t,x) =
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in the sense of Theorem 2.2, with v(t,z) given by (5.2).

5.2. PDE representations and a comparison with high dimensions. Now
we discuss the individual terms coming from v(¢,z). By (5.2), let us write

o(t, ) = —R(0) v (t, ) + R(0)bavs(t, ) + %R(o)

W=

a’vs (t,x),
with

v1(t, 1) Ew{f (x + cW)W(x + cW;)},
va(t,z) = Ew{f'(z+cW)}W(x),

vs(t, x)

Ew {f"(z + W) /0 W(z +aW,)ds}.

It is easy to see that v (¢, ) is the solution to the heat equation with a random
initial condition, i.e.,

(5.5) vy = %(’1821}1, with v1(0, 2) = f/(2)W(z),
and
(5.6) Va(t, ) = OpUnom (¢, )W ().

For vz, Lemma A.4 shows that it solves the SPDE with additive spatial white noise
and zero initial condition:

1 .
(5.7) Opvz = 5&851)3 + P upom (t, ©)W(z), with v3(0,z) = 0.

We point out that vs corresponds to the first order fluctuation obtained by a
formal two scale expansion. If we write

x
Ue(t, ) = Unom (¢, ) + euq (¢, , E) + .,

then wy (t,x, /) = Opunom(t, 2)d(2/e) with ¢ solving the corrector equation (3.3).
Since v/e¢(x/e) scales to a two-sided Brownian motion (which is not stationary)
when d = 1:

VEd(2) = R(0)haw(a),
we have
£0pUnom (t, x)a)(g) ~ VEDyUnom (t, T)R(0)ZaW(z) = veR(0)2 avs (L, ).

The first order fluctuation given by v(t, ) is very different in high dimensions

d > 3. Recall that u; — upom = V1,6 + V2 With v1 (¢, 2) = Eg{f'(z + M{)R;} and
R = —ed(X,/e2) + e(Xo).
When d > 3, we have a stationary zero-mean corrector [9, Corollary 1], so
~ -
Ep{f'(z + M{)ep(X0)} ~ e0unom (t, 2)(2),
and
[Ep{f'(z + M;)ep(Xy/e2)} < €

due to the fact that E{¢} = 0 and the mixing induced by Xi/e2 when ¢ is small.
For vo o (t,2) = LEp{f"(x + Mg)((M*); — at)}, it turns out
t/e?

e~ (M#), — at) = a%/o 7(X.)ds
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is an approximating martingale when d > 3, and is asymptotically independent of
M;. This implies |va (¢, z)| < €. Combining these results, it was shown for fixed
(t,z) that

Ue(t, @) = Unom (¢, ) + eVunom (¢, z) - (=) + o(e),

with o(g)/e — 0 in L'(2). Therefore, the pointwise first order fluctuation when
d > 3 is given by eVupom(t, ) - gg(:z:/s), which only corresponds to va(t,z) =
OpUnom (t, £)W(x) when d = 1.

The following simple example illustrates the differences. Let u.(0,z) = ¢ - « for
some fixed direction & € R%, so

Ue(t, ) = Ep{€-eXpjee} = €2 — eEp{€ - ¢(Xyye2)} + € - 9(Xo)

When a stationary corrector exists in d > 3, Eg{¢ - gZ(Xt/az)} — 0 in L%(Q) as
€ — 0, and this is not the case by our proof when d = 1.

To summarize, the underlying diffusion process is so recurrent when d = 1
that the sample path is recorded in the asymptotic limit as ¢ — 0, and all three
terms in v . + v2 . contribute to the first order fluctuation. When d > 3, we have
sufficient mixing effects coming from the diffusion process, which leads to a different
asymptotic behavior.

~, X
9

5.3. An SPDE representation of v(t,z). At this point, our proof shows the
limit v(¢, ) is a superposition of three Gaussian processes vy, v, v3, and it turns
out that they can be combined to form the solution to the SPDE given by (2.3):

Proposition 5.1. v(t,z) solves

(5.8) 0w = %&831) - %R(O)%dQBI(amuhomW), with v(0,z) = 0.

We first give a heuristic derivation of (5.8). Recall that
¢
valt,a) = Bu {"(a + aWo) [ W(a -+ aW.)ds)
0

and if we treat W as a function, an application of duality relation in Malliavin
calculus shows that

v3(t, ) = iEW{f’(x +oWy) /t W(z + 5W,)dW,}.
g 0

Furthermore, since v1 (¢, z) — vo(t,2) = Ew {f'(z + aWe)(W(x + aW;) — W(z)), a
formal application of Itd’s formula gives that

1 L
01(1,2) — 02(t,2) — 67051, 2) = Lo B {7 + W) / Wi+ 6W,)ds},
0
so by recalling that @ = 52, we obtain
(0)

R(0)

N

o(t,z) = — R(0)a(vr(t, 2) — va(t, z) — %Ewg(t, 2))

[N

1
3 a*(vs + vy),
with .
valt, z) = By {f'(z + 5W)) / Wi+ W, )ds}.
0
Since vg solves dyvs = Lad?vs + D2 upom W with zero initial data, the same argument
should predict vy4 solves

1 .
Oy = 5(’1851}4 + Optnom W, with vy(0,2) =0,
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hence v should satisfy
1 1.
O = gadtv — S R(0)20* (O unomW + Oxunom W), with v(0,2) =0,

which leads to (5.8) if we write 9, (9zUnom ) 02 UnomW + Optinom W.
The following is a rigorous proof of the above argument by introducing some
mollification.

Proof of Proposition 5.1. For fixed (¢, x), the solution to (5.8) can be written as

ott.0) == 3002 [ ([ dhce = 1)yt s ) Wia)

R
:=/Gmwww
R

It is straightforward to check that G € L?(R) (since (t,z) is fixed, we have omitted
the dependence of G on it). Define

We(y) = /Rhs(y — 2)W(dz)

as a smooth mollification of W. Here h,(z) = 5_1h(x/5) with i : R — Ry smooth,
even, compactly supported and satisfying fR x)dx = 1. We can define

f@@:AmWM@@:AGmwmwm

and since G € L?(R), G xh. — G in L?(R), so v* — v in L*(Q) as € — 0. Now we
show the L?(Q) limit of v. can also be written as a linear combination of vy, va, v3.
First we rewrite v, as

(t LC) — *R %7 / /Qa t— 9) 8 (a uhom(s y)W ( ))dde
i=(1) + (1)

with

(i %//%H )0 tnom(5, 9) W= (y)dyds,

(i) = 0)7a> / / Ga(t—s) (T = Y)DyUnom (s, y)WLi(y)dyds.
It is clear that L.
(1) = —5 R(0)2a va(t, )
in L?(Q). For (ii), by the same proof as in Lemma A.4 we have
(i1) = f%R(O)%EF]EW{f'(x +oW;) /Ot W.(x + cWs)ds},
and an application of Itd’s formula gives

t 2 x+aoWy 2 t
/ Wi(x +aWs)ds = - / We(y)dy — - / We(x +aWs)daWs.
0 T 0

For the second part, we apply the duality relation in Malliavin calculus and
the fact that the Itd’s integral is a particular case of the Skorohod integral [21,
Proposition 1.3.11] to obtain

Ew{f'(z +cW;) /O We(x + cWi)daW} =aEw {f" (x + cW;) /0 We(z 4+ aWy)ds}

—avs(t,x)
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in L?(Q).
For the first part, we write

rz+aWy
/ Wi (y)dy = / (Lo oo * he) () W(dy),

S0 it is clear that

x+oWy
Burl /(o + oW [ W)y} B {1 (@ + W) [ Lo eromy ()W)
x R
=1 (t,x) — va(t, x)
in L2(2). The proof is complete. O

If we formally write in (5.8) that 0;(0xUnom ) = 0?2 UnomW + Optihom WV, the
term 02upom ¥V does not come from v3 since we have an opposite sign in (5.7). If we
recall that vy, vy comes from the remainder R; and vs comes from the martingale
M, this indicates that the errors coming from the martingale decomposition need
to be rearranged to obtain the representation given by (5.8).

APPENDIX A. TECHNICAL LEMMAS
Lemma A.1. E{|<$(x)|2} < |x| and E{|{(z)?} < |z]3.

Proof. Since ¢(z) = a fO y)dy and R(x) is the integrable covariance function of
V, we have

BUS $ [ [ Rl - 2)dyds S Lol
For t(z), by (3.11) we have

) =2 /qu3<y><v<y>+a—1>dy=—z / 7y / 7 (2)dzdy,

a
SO

E{d(x)[?}
< / / / / E{(V (1) + ) (V (2) + a7 (21)V () o dzadyn .

In the above expression, we need to control the second, third and fourth moments
of V', which is a mean-zero stationary random field of finite range dependence. For
the term with the second moment, we have

Y1 Y2
/ / / / R(z1 — 2z9)|dz1dzedy1dys < |x|

The other cases are discussed in the same way by applying Lemma A.2. O

Lemma A.2 (Moment estimates). For any z; € R,i =1,2,3,4, we have
3

(A1) B{] ]V @)} < pller = 2]) + p(ja1 — @s]) + p(|za — w3)),
=1

and
4

L] ]V (@)} <p(ler — w2)p(|x5 — wa]) + p(l21 — w3])p(jw2 — 2a])

i=1

(A.2)
+ p(lzr — zal)p(|22 — 23))
for some p : Ry — Ry satisfying p(r) S 1Ar~P for any p > 0.
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Proof. Since V is bounded, mean zero and of finite range dependence, (A.2) comes
from [1, Lemma 3.1]. For (A.1), it is clear that there exists a compactly supported
p: Ry — Ry such that

3
\E{H V(2:)} <p(min{|zy — o], |21 — @3], [22 — z3]})

<p(|lz1 — z2]) + p(|21 — 23]) + p(|22 — T3]).
The proof is complete. O

Lemma A.3 (Estimates on local time). Let L¥(y) be the local time of a standard
Brownian motion Wy starting from x up to t, then for any p > 1,

oo

E{|LE(y) P} < t5 / a(2)dz.

ly—z|

Proof. First, L¥(y) has the same distribution as LY(y — ). By the strong Markov
property of Brownian motion and distribution property of L?(0), we further have

L?(y ) L? Ty— ‘L-(O)]‘Ty—zgt ~ Mt_'f—yf.r 1Tyfm§t7

where 7,_, is the hitting time of another independent Brownian motion starting at
zero and reaching at y — x, and M; is the maximum of W; during [0, ¢]. Thus we
have

E{|LE (4)"} = / E{|M,_[P}p™= (s)ds <t3 / P (s)ds

=t5P(ry_s < t),
with p™~= the density of 7,_,. The reflection principle tells that

P(ry—y <t) = 2/00 qi(2)dz.

y—z|
The proof is complete. O

Lemma A.4 (SPDE representation). Let v(t,z) = Ey {f(x+W}) fot W(x+W,)ds},
then it solves

(A.3) Dyo(t, ) = %agv(t, )+ ult, 2 (x)

with zero initial condition, and the function u solving Oyu = %aiu with initial
condition u(0,x) = f(x).

Proof. The proof is similar to that of Proposition 5.1. First, we approximate the
SPDE with a smooth equation. Then we use the probabilistic representation of the
smooth equation and show its convergence.

The solution to (A.3) can be written as

o) = | t [ e = wputswianas = | ( / sl - y)u(s,wds) W(dy),

and we define v, (¢, z) as

<(t,z) / /Qt s(@=y)uls, y)We(y )dyds=/R(/OtQt—s(x—y)u(svy)dnS) We(y)dy,

with
1

W) = [ ZhY

RE 3

)W (dy)

as a smooth mollification of W. Tt is clear that v.(t,z) — v(t,x) in L?(2) as € — 0.
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Since v, solves the equation
1o
Oive = 561.115 + uWVe,

a probabilistic representation we can rewrite the solution as

ve(t, ) = EW{/O u(t — s,z + W )We(x + Wy)ds}.

Since u solves the heat equation with initial condition u(0,z) = f(x), we obtain

wh

ve(t, ) =EwEp{ /O F@ + W+ B o)Wz + Wa)ds)
=Ew{f(z+ W) /0 We(x + Wy)ds}

R {f (1 W) / W (y) L (y)dy},

ere L7 (y) is the local time of x + W;.
By Lemma A.3, for any p > 1, E{|L¥(y)|’} can be bounded by some integrable

function in y, and this helps to pass to the limit

ve(t, ) = Enw {f(z + W) / LE(y)W(dy)} = Bw {f(z + W) / Wi + W,)ds)

in L2(Q). The proof is complete. O
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