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4. Linear Systems: Matrix Exponentials

4.1. Introduction. Consider the vector-valued initial-value problem

(4.1) x′ = Ax , x(0) = xI ,

where the coefficient matrix A is a constant, n×n, real matrix. Let Φ(t) be the natural
fundamental matrix associated with (4.1) for the initial time 0. It satisfies the matrix-
valued initial-value problem

(4.2) Φ′ = AΦ , Φ(0) = I ,

where I is the n×n identity matrix.

Because A is constant Φ(t) satisfies the properties

(4.3)
(i) Φ(t+ s) = Φ(t)Φ(s) for every t and s in R ,
(ii) Φ(t)Φ(−t) = I for every t in R .

Property (i) follows because both sides satisfy the matrix-valued initial-value problem

Ψ′ = AΨ , Ψ(0) = Φ(s) ,

and therefore are equal. Property (ii) follows by setting s = −t in property (i) and
using the fact Φ(0) = I.

Properties (i) and (ii) look like the properties satisfied by the real-valued exponential
function eat, but they are satisfied by the matrix-valued function Φ(t). They motivate
the following definition.

Definition 4.1. The matrix exponential of A is the natural fundamental matrix
associated with (4.1) for the initial-time 0, which is the solution Φ(t) of the matrix-
valued initial-value problem (4.2). It is usually denoted either as etA or as exp(tA).

When recast in the etA notation, the defining matrix-valued initial-value problem (4.2)
becomes

(4.4)
d

dt
etA = AetA , etA

∣∣∣
t=0

= I ,

and the properties (4.3) become the rules for matrix exponentials:

(4.5)
(i) e(t+s)A = etAesA for every t and s in R ,

(ii) etAe−tA = I for every t in R .

Remark. These rules are remarkable. The first shows that matrix multiplication
commutes for etA and esA. Specifically, for every t and s in R we have

etAesA = e(t+s)A = e(s+t)A = esAetA .

This should be surprising because we know that in general BC 6= CB. The second rule
shows that the inverse of etA is e−tA. In other words, the inverse of etA is computed by
simply replacing t with −t in etA.
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Remark. We see from the matrix-valued initial-value problem (4.4) that

d

dt
etA
∣∣∣
t=0

= AetA
∣∣∣
t=0

= A .

This fact gives a quick way to recover A from etA.

By differentiating the matrix-valued differential equation in (4.4), we see that

d2

dt2
etA =

d

dt

(
d

dt
etA
)

=
d

dt

(
AetA

)
= A

d

dt
etA = A2etA .

By repeated differentiation we see that for every positive integer k we have

(4.6)
dk

dtk
etA = AketA .

By evaluating this at t = 0 we obtain

(4.7)
dk

dtk
etA
∣∣∣
t=0

= AketA
∣∣∣
t=0

= Ak .

Remark. Formula (4.7) implies that the Taylor expansion of etA about t = 0 is

(4.8) etA =
∞∑
k=0

1

k!
tkAk = I + tA + 1

2
t2A2 + 1

6
t3A3 + 1

24
t4A4 + · · · ,

where we define A0 = I. Recall that the Taylor expansion of eat is

eat =
∞∑
k=0

1

k!
aktk = 1 + at+ 1

2
a2t2 + 1

6
a3t3 + 1

24
a4t4 + · · · .

Motivated by the similarity of these expansions, many textbooks define etA by the
infinite series (4.8). This approach dances around questions about the convergence
of the infinite series — questions that are seldom favorites of students. Worse, this
approach does not lend itself to finding effecient methods for computing etA. We will
avoid such difficulties because we defined etA to be the solution of the matrix-valued
initial-value problem (4.4), which is also more central to the material of this course.

Remark. It is important to realize that for every n ≥ 2 the exponential matrix etA is
not the matrix obtained by exponentiating each entry! This means that

if A =

(
a11 a12
a21 a22

)
then etA 6=

(
eta11 eta12

eta21 eta22

)
.

In particular, the initial condition of (4.4) implies that e0A = I, while the matrix on
the right-hand side above has every entry equal to 1 when t = 0.
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This chapter and the next present methods by which we can compute etA. Given
etA then the general methods of Chapter 2 can be applied to find general solutions
of homogeneous or nonhomogeneous first-order linear systems, or to solve initial-value
problems associated with such systems. For example, a general solution of the homo-
geneous first-order system x′ = Ax is given by

x(t) = etAc , where c =


c1
c2
...
cn

 .

Because the coefficient matrix A is constant we can use the rules of matrix exponentials
(4.5) to simplify many of these methods. For example, the natural fundamental matrix
for the inital time tI becomes simply

Φ(t)Φ(tI)
−1 = etAe−tIA = e(t−tI)A ,

while the Green matrix G(t, s) becomes simply

G(t, s) = Φ(t)Φ(s)−1 = etAe−sA = e(t−s)A .

Notice that computing the matrix inverse and matrix multiplication is easy; we simply
replace the t in etA with −s to get Φ(s)−1 and with t− s to get Φ(t)Φ(s)−1. Therefore
the solution of the initial-value problem

x′ = Ax + f(t) , x(tI) = xI ,

becomes simply

x(t) = e(t−tI)A xI +

∫ t

tI

e(t−s)A f(s) ds = e(t−tI)A xI + etA
∫ t

tI

e−sA f(s) ds .

Given any real n×n matrix A, there are many ways to compute eAt that are far
easier than evaluating the infinite series (4.8). In the next chapter we will show how
to do it using eigen methods. In this chapter we present methods that are generally
much faster to carry out when n is not too large. More specifically, we will show how to
compute etA when A is an n×n matrix using natural fundundamental sets and using
Hermite interpolation. We will also give explicit formulas for etA when A is a 2×2
matrix.
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4.2. Matrices and Polynomials. The notion of matrix polynomials will play a central
role in rest of the course. In this section we introduce them, give their relationship
to matrix exponentials, and state an important theorem about them. In subsequent
sections of this chapter and in the next chapter we will use these tools to construct
matrix exponentials.

4.2.1. Polynomials of a Matrix. We now define what it means to evaluate a polynomial
at a square matrix.

Definition 4.2. Given any mth degree polynomial

p(z) = p0z
m + p1z

m−1 + · · ·+ pm−1z + pm ,

and any n×n matrix A, we define the n×n matrix p(A) by

(4.9) p(A) = p0A
m + p1A

m−1 + · · ·+ pm−1A + pmI .

Remark. We know what is meant by Ak for every positive integer k and every square
matrix A. Definition 4.2 extends this notion to a notion of polynomials of matrices.
Notice that p(A) is a square matrix with the same dimensions as A.

This definition has some natural consequences.

(1) If p(z), q(z), and r(z) are polynomials such that p(z) = q(z) + r(z) then for any
square matrix A we have

(4.10a) p(A) = q(A) + r(A) .

(2) If p(z), q(z), and r(z) are polynomials such that p(z) = q(z)r(z) then for any
square matrix A we have

(4.10b) p(A) = q(A)r(A) = r(A)q(A) .

Remark. Property (4.10b) might have been surprising had you recalled that matrix
multiplication generally does not commute — i.e. in general BC 6= CB. It shows
matrix multiplication does commute when both maticies are polynomials of a third
matrix — i.e. BC = CB when B = q(A) and C = r(A) for some polynomials q(z)
and r(z) and some square matrix A.

Remark. Property (4.10b) for matrix polynomials is similar to rule (i) for matrix
exponentials (4.5). Later we will see the reason for this similarity.

Repeated application of property (4.10b) implies that if a polynomial p(z) can be
factored as

p(z) = (z − r1)m1(z − r2)m2 · · · (z − rk)mk ,

then for any square matrix A the matrix p(A) can be factored as

p(A) = (A− r1I)m1(A− r2I)m2 · · · (A− rkI)mk .

Example. Confirm property (4.10b) for the polynomial q(z) = z2 − 5z + 6 = (z −
2)(z − 3) and the matrix

C =

(
3 2
2 3

)
.
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Then

q(C) = C2 − 5C + 6I =

(
3 2
2 3

)2

− 5

(
3 2
2 3

)
+ 6

(
1 0
0 1

)
=

(
13 12
12 13

)
−
(

15 10
10 15

)
+

(
6 0
0 6

)
=

(
4 2
2 4

)
,

C− 2I =

(
1 2
2 1

)
, C− 3I =

(
0 2
2 0

)
.

Because

(C− 2I)(C− 3I) =

(
1 2
2 1

)(
0 2
2 0

)
=

(
4 2
2 4

)
,

(C− 3I)(C− 2I) =

(
0 2
2 0

)(
1 2
2 1

)
=

(
4 2
2 4

)
,

we see that

q(C) =

(
4 2
2 4

)
= (C− 2I)(C− 3I) = (C− 3I)(C− 2I) ,

which confirms property (4.10b). �

4.2.2. Matrix Key Identity. Recall that for every polynomial p(z) in the form

p(z) = p0z
m + p1z

m−1 + · · ·+ pm−1z + pm ,

where p0 6= 0, the mth-order linear differential operator

p(D) = p0D
m + p1D

m−1 + · · ·+ pm−1D + pm ,

satisfies the Key Identity, which for every complex number z states

p(D)ezt = p(z)ezt .

This identity was used to construct a fundamental set of solutions for the homogeneous
equation p(D)y = 0 from the roots of p(z). It also was used to construct particular
solutions to the nonhomogeneous equation p(D)y = f(t) when the forcing is in charac-
teristic form. Here we give a matrix version of the Key Identity which will relate matrix
exponentials to matrix polynomials. It will be used to compute the matrix exponential
etA, which is the natural fundamental matrix for the homogeneous system x′ = Ax.

Recall from (4.6) that for every square matrix A and every positive integer k we have
the identity

DketA = AketA , where D =
d

dt
.

It follows that

p(D)etA =
(
p0D

m + p1D
m−1 + · · ·+ pm−1D + pm

)
etA

= p0D
metA + p1D

m−1etA + · · ·+ pm−1De
tA + pme

tA

= p0A
metA + p1A

m−1etA + · · ·+ pm−1Ae
tA + pme

tA

=
(
p0A

m + p1A
m−1 + · · ·+ pm−1A + pmI

)
etA = p(A)etA .
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Therefore for any square matrix A and any polynomial p(z) we have

(4.11) p(D)etA = p(A)etA .

This is the Matrix Key Identity.

The Matrix Key Identity (4.11) will be used to compute etA. The key will be to show
that for every square matrix A there is a polynomial p(z) such that p(A) = 0. For
such a polynomial the Matrix Key Identity shows that

p(D)etA = 0 .

Therefore each entry of etA satifies the equation p(D)y = 0. But this is an mth-order
homogeneous linear equation with constant coefficients, which we can solve.

4.2.3. Cayley-Hamiltion Theorem and Characteristic Polynomials. As mentioned above,
for any given square matrix it will be useful to be able to find polynomials with the
following property.

Definition 4.3. A polynomial p(z) annihilates a square matrix A if p(A) = 0.

Remark. If a polynomial q(z) annihilates a square matrix A then so does every
polynomial p(z) = q(z)r(z) where r(z) is any polynomial because property (4.10b)
shows

p(A) = q(A) r(A) = 0 r(A) = 0 .

So if one polynomial annihilates a square matrix then many polynomials do.

The Cayley-Hamilton Theorem says that every square matrix is annihilated by its
so-called characteristic polynomial.

Definition 4.3. The characteristic polynomial of an n×n matrix A is

(4.12) pA(z) = det(z I−A) .

This polynomial has degree n and is easy to compute when n is not large.

Remark. Sometimes the characteristic polynomial of A is defined to be det(A− zI).
Because det(zI−A) = (−1)n det(A− zI), this alternative coincides with our definition
when n is even and is its negative when n is odd. Both conventions are common. We
have chosen the convention that makes pA(z) monic — i.e. that makes the coefficient
of zn equal to 1. What matters most about pA(z) is its roots and their multiplicity,
which are the same for both conventions.

Remark. The roots of pA(z) are the eigenvalues of A. They will play a much bigger
role in the next chapter. When n > 2 these roots might not be easy to find.

The characteristic polynomial of any 2×2 matrix can be computed quickly. Consider
the general 2×2 matrix

A =

(
a11 a12
a21 a22

)
.
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Then by definition (4.12), its characteristic polynomial is

pA(z) = det(z I−A) = det

(
z − a11 −a12
−a21 z − a22

)
= (z − a11)(z − a22)− a21a12
= z2 − (a11 + a22)z + (a11a22 − a21a12) .

This may be expressed as the formula

(4.13) pA(z) = z2 − tr(A)z + det(A) ,

where tr(A) = a11 + a22 is the trace of A.

Remark. Formula (4.13) is handy for computing the characteristic polynomial of a
2×2 matrix. However, it applies only to 2×2 matrices! For an n×n matrix with n > 2
we can use definition (4.12) to compute its characteristic polynomial. In that case one
of the methods from Chapter 3 of Part II can be used to compute the determinant.

Example. Compute the characteristic polynomial of

A =

(
3 2
2 3

)
.

Solution. Because A is 2×2, by formula (4.13) its characteristic polynomial is

p(z) = z2 − tr(A)z + det(A) = z2 − 6z + 5 = (z − 1)(z − 5) .

Example. Compute the characteristic polynomial of

B =

(
−3 −1
4 1

)
.

Solution. Because B is 2×2, by formula (4.13) its characteristic polynomial is

p(z) = z2 − tr(B)z + det(B) = z2 + 2z + 1 = (z + 1)2 .

Example. Compute the characteristic polynomial of

C =

(
6 −5
5 −2

)
.

Solution. Because C is 2×2, by formula (4.13) its characteristic polynomial is

p(z) = z2 − tr(C)z + det(C) = z2 − 4z + 13 = (z − 2)2 + 32 .

We are now ready to state the Cayley-Hamilton Theorem.

Theorem 4.1. (Cayley-Hamilton Theorem) For every n×n matrix A

(4.14) pA(A) = 0 .

In other words, every square matrix is annihilated by its characteristic polynomial.
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Reason. We will not prove this theorem for general n×n matrices. However, it is easy
to verify for 2×2 matrices by a direct calculation. Formulas (4.9) and (4.13) show that

pA(A) = A2 − tr(A)A + det(A)I

= A2 − (a11 + a22)A + (a11a22 − a21a12)I

=

(
a11 a12
a21 a22

)2

− (a11 + a22)

(
a11 a12
a21 a22

)
+ (a11a22 − a21a12)

(
1 0
0 1

)
=

(
a 2
11 + a12a21 (a11 + a22)a12

(a11 + a22)a21 a21a12 + a 2
22

)
−
(

(a11 + a22)a11 (a11 + a22)a12
(a11 + a22)a21 (a11 + a22)a22

)
+

(
a11a22 − a21a12 0

0 a11a22 − a21a12

)
= 0 ,

which verifies (4.14) for 2×2 matrices. �

Remark. Neither Cayley nor Hamilton proved the general theorem stated above. In
1853 Hamilton gave an analog of it in the setting of quaternions, which corresponds to
certain 4×4 real matrices. He had introduced quaterions as a setting in which to study
geometry. Vectors and matrices were being developed at the same time by others as
an alternative setting. In 1858 Cayley stated the result for 3×3 matrices, but gave the
proof only for 2×2 matrices with complex entries. His proof was exactly the calculation
that we did above. There is a similar proof for 3×3 matrices that is longer. This
is certainly the proof discovered by Cayley, but it gives no insight into how to prove
the general theorem. In 1878 Frobenius proved the general theorem for n×n matrices
stated above. Perhaps his name should be attached to the theorem too.

4.3. Natural Fundamental Set Method. The task of computing etA can be reduced
to that of computing some powers of A and the natural fundamental set of solutions
for a higher-order differential operator associated with A.

4.3.1. Basic Steps. Let A be any square real matrix. Suppose that we can find a
polynomial p(z) of degree m that annihilates A. Then we know from the Matrix Key
Identity (4.11) that etA satisfies

(4.15a) p(D)etA = p(A)etA = 0 .

This says that each entry of etA is a solution of the mth-order scalar homogeneous linear
differential equation p(D)y = 0. Moreover, we see from (4.7) that each entry of etA

satisfies initial conditions that can be read off from

(4.15b) DketA
∣∣∣
t=0

= AketA
∣∣∣
t=0

= Ak for k = 0, 1, · · · ,m− 1 .

Here we understand that D0 = 1 and that A0 = I. We thereby see that the entries of
etA can be computed by solving the matrix-valued initial-value problem (4.15).

If y1(t), y2(t), · · · , ym(t) is any fundamental set of solutions to the mth-order equation
p(D)y = 0 then a general solution of equation (4.15a) is

etA = C1y1(t) + C2y2(t) + · · ·+ Cmym(t) ,
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where C1, C2, · · · , Cm are constant n×n matrices. We can determine these constant
matrices by imposing the initial conditions (4.15b), which is not an easy task in general.
However, this becomes easy if we work with N0(t), N1(t), · · · , Nm−1(t), the natural
fundamental set of solutions associated with the mth-order differential operator p(D)
and the initial time 0. Recall that the solution of the general initial-value problem

p(D)y = 0 , y(0) = y0 , y′(0) = y1 , · · · y(m−1)(0) = ym−1 ,

is expressed in terms of this natural fundamental set as

y(t) = N0(t)y0 +N1(t)y1 + · · ·+Nm−1(t)ym−1 .

Therefore the solution of the matrix-valued initial-value problem (4.15) is given by

(4.16) etA = N0(t)I +N1(t)A + · · ·+Nm−1(t)A
m−1 .

This so-called natural fundamental set method for computing etA has three steps.

1. Find a polynomial p(z) that annihilates A. Let m be the degree of p(z).

2. Compute N0(t), N1(t), · · · , Nm−1(t), the natural fundamental set of solutions
associated with the mth-order differential operator p(D) and the initial time 0.

3. Compute the matrix exponential etA by the formula (4.16).

The Cayley-Hamilton Theorem says that the first step can be done by picking p(z) to
be the characteristic polynomial of A. The second step can be done by methods from
either Chapter 2 or Chapter 9 of Part II, which we review in the next subsection. Often
this is the step that will require the most work. The third step is straightforward.

Remark. The Cayley-Hamilton Theorem insures that for every n×n matrix A there
is a polynomial p(z) of degree n that annihilates A — namely, pA(z), the characteristic
polynomial of A given by definition (4.12). If we can find a polynomial of smaller degree
that also annihilates A then the computation of etA will be shortened. However, there
is no such polynomial for most matrices that you will see in this course. For example,
there is no such polynomial when

• A is a 2×2 matrix that is not a scalar multiple of I,

• A is a matrix whose characteristic polynomial has only simple roots.

When A is an n×n matrix for some n > 2 and its characteristic polynomial pA(z) has
roots that are not simple, we can seek a polynomial p(z) of smaller degree that also
annihilates A guided by the following linear algebra facts.

• Every root of pA(z) must be a root of any polynomial p(z) that annihilates A,
but it might have smaller multiplicity.

• If A is either symmetric (AT = A), skew-symmetric (AT = −A), or normal
(ATA = AAT) then a polynomial with the same roots as pA(z) but with each
root being simple will annihilate A.

Remark. Formula (4.16) shows that etA is a time-dependent matrix polynomial of A
whose coefficients are N0(t), N1(t), · · · , Nm−1(t). Therefore property (4.10b) implies
that for any polynomial q(z) we have

q(A) etA = etA q(A) .
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In particular, this confirms rule (i) for matrix exponentials given in (4.5).

4.3.2. Natural Fundamental Sets of Solutions. After we have found a polynomial p(z)
of degree m ≤ n that annihilates A, the second step of our method is to compute
N0(t), N1(t), · · · , Nm−1(t), the natural fundamental set of solutions associated with the
mth-order differential operator p(D) and initial time 0.

In Chapter 2 of Part II we saw how to compute this natural fundamental set by
solving the general initial-value problem

(4.17) p(D)y = 0 , y(0) = y0 , y′(0) = y1 , · · · , y(m−1)(0) = ym−1 .

Because p(D)y = 0 is an mth-order linear equation with constant coefficients, we do this
by first factoring p(z) and using our recipe to generate a fundamental set of solutions
Y1(t), Y2(t), · · · , Ym(t). We then determine c1, c2, · · · , cm so that the general solution,

y(t) = c1Y1(t) + c2Y2(t) + · · ·+ cmYm(t) ,

satifies the general initial conditions of (4.17). By grouping the terms that multiply
each yk, we can express the solution of the general initial-value problem (4.17) as

y(t) = N0(t)y0 +N1(t)y1 + · · ·+Nm−1(t)ym−1 .

We can then read off N0(t), N1(t), · · · , Nm−1(t) from this expression.

In Chapter 9 of Part II we saw how to compute this natural fundamental set from
the Green function g(t) associated with the mth-order differential operator p(D) and
initial time 0. The Green function g(t) can be found either by solving the initial-value
problem

(4.18a) p(D)g = 0 , g(0) = · · · = g(m−2)(0) = 0 , g(m−1)(0) = 1 ,

or by taking the inverse Laplace transform

(4.18b) g(t) = L−1
[

1

p(s)

]
(t) .

Then if the polynomial p(z) has the form

p(z) = zm + p1z
m−1 + · · ·+ pm−1z + pm ,

the natural fundamental set of solutions is given by the recipe

(4.18c)

Nm−1(t) = g(t) ,

Nm−2(t) = N ′m−1(t) + p1g(t) ,

...

N0(t) = N ′1(t) + pm−1g(t) .

An alternative presentation of recipe (4.18c) is given in Section 4.5.



12

4.3.3. Computing Matrix Exponentials. After we have the natural fundamental set
N0(t), N1(t), · · · , Nm−1(t), the third step in our method is to compute etA by for-
mula (4.16). If m = 2 this only requires doing one matrix addition because only I and
A appear in formula (4.16). If m > 2 this requires computing Ak up to k = m − 1.
This can require up to (m − 2)n3 multiplications, which grows fast as m and n get
large. (Often m = n.) However, for small matrices like the ones commonly faced in
this course, it is generally efficient.

We now illustrate this method. The first four examples will have m = n with n = 2
or n = 3. The fifth example will have n = 4 and m = 3. For each example the second
step of computing the natural fundamental set will require the most work. We will show
how to do this both by recipe (4.18c) and by solving the general initial-value problem
(4.17).

Example. Compute etA for

A =

(
3 2
2 3

)
.

Solution. Because A is 2×2, by formula (4.13) its characteristic polynomial is

p(z) = z2 − tr(A)z + det(A) = z2 − 6z + 5 = (z − 5)(z − 1) .

It has the simple roots 5 and 1, so we will use it.

Below we will show by using recipe (4.18c) and by solving the general initial-value
problem (4.17) that the natural fundamental set associated with p(D) is

N0(t) =
5et − e5t

4
, N1(t) =

e5t − et

4
.

Given this natural fundamental set, formula (4.16) yields

etA = N0(t)I +N1(t)A

=
5et − e5t

4

(
1 0
0 1

)
+
e5t − et

4

(
3 2
2 3

)
=

1

2

(
e5t + et e5t − et
e5t − et e5t + et

)
.

From the Green Function. By the partial fraction identity

1

p(s)
=

1

s2 − 6s+ 5
=

1

(s− 5)(s− 1)
=

1
4

s− 5
+
−1

4

s− 1
,

a Laplace transform table shows that the Green function g(t) is given by

g(t) = L−1
[

1

p(s)

]
(t) = L−1

[
1

s2 − 6s+ 5

]
(t)

= 1
4
L−1

[
1

s− 5

]
(t)− 1

4
L−1

[
1

s− 1

]
(t) = 1

4
e5t − 1

4
et .

Then because p(s) = s2 − 6s+ 5, recipe (4.18c) yields the natural fundamental set

N1(t) = g(t) = 1
4
e5t − 1

4
et ,

N0(t) = N ′1(t)− 6g(t) = 5
4
e5t − 1

4
et − 6

4
e5t + 6

4
et

= 5
4
et − 1

4
e5t .



13

From the General Initial-Value Problem. The general initial-value problem (4.17)
is

y′′ − 6y′ + 5y = 0 , y(0) = y0 , y′(0) = y1 .

A general solution of the differential equation is y(t) = c1e
5t + c2e

t. Because

y′(t) = 5c1e
5t + c2e

t ,

the general initial conditions imply

y0 = y(0) = c1e
0 + c2e

0 = c1 + c2 ,

y1 = y′(0) = 5c1e
0 + c2e

0 = 5c1 + c2 .

Upon solving this system for c1 and c2 we find that

c1 =
y1 − y0

4
, c2 =

5y0 − y1
4

.

Therefore the solution of the general initial-value problem is

y(t) =
y1 − y0

4
e5t +

5y0 − y1
4

et =
5et − e5t

4
y0 +

e5t − et

4
y1 .

We then read off that the natural fundamental set is

N0(t) =
5et − e5t

4
, N1(t) =

e5t − et

4
.

Example. Compute etB for

B =

(
−3 −1
4 1

)
.

Solution. Because B is 2×2, by formula (4.13) its characteristic polynomial is

p(z) = z2 − tr(B)z + det(B) = z2 + 2z + 1 = (z + 1)2 .

It has the double root −1. Because B is not a scalar multiple of I, we will use this
polynomial.

Below we will show by using recipe (4.18c) and by solving the general initial-value
problem (4.17) that the natural fundamental set associated with p(D) is

N0(t) = (1 + t)e−t , N1(t) = te−t .

Given this natural fundamental set, formula (4.16) yields

etB = N0(t)I +N1(t)B

= (1 + t)e−t
(

1 0
0 1

)
+ te−t

(
−3 −1
4 1

)
= e−t

(
1− 2t −t

4t 1 + 2t

)
.

From the Green Function. A Laplace transform table shows that the Green function
g(t) is given by

g(t) = L−1
[

1

p(s)

]
(t) = L−1

[
1

(s+ 1)2

]
(t) = t e−t .
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Then because p(s) = s2 + 2s+ 1, recipe (4.18c) yields the natural fundamental set

N1(t) = g(t) = t e−tt ,

N0(t) = g′(t) + 2g(t) = e−t − t e−t + 2t e−t = e−t + te−t .

From the General Initial-Value Problem. The general initial-value problem (4.17)
is

y′′ + 2y′ + y = 0 , y(0) = y0 , y′(0) = y1 .

A general solution of the differential equation is y(t) = c1e
−t + c2te

−t. Because

y′(t) = −c1e−t − c2te−t + c2e
−t ,

the general initial conditions imply

y0 = y(0) = c1e
0 + c20e

0 = c1 ,

y1 = y′(0) = −c1e0 − c20e0 + c2e
0 = −c1 + c2 .

Upon solving this system for c1 and c2 we find that

c1 = y0 , c2 = y0 + y1 .

Therefore the solution of the general initial-value problem is

y(t) = y0e
−t + (y0 + y1)te

−t

= (1 + t)e−ty0 + te−ty1 .

We then read off that the natural fundamental set is

N0(t) = (1 + t)e−t , N1(t) = te−t .

Example. Compute etC for

C =

(
6 −5
5 −2

)
.

Solution. Because C is 2×2, by formula (4.13) its characteristic polynomial is

p(z) = z2 − tr(C)z + det(C) = z2 − 4z + 13 = (z − 2)2 + 32 .

It has the simple roots 2± i3, so we will use it.

Below we will show by using recipe (4.18c) and by solving the general initial-value
problem (4.17) that the natural fundamental set associated with p(D) is

N0(t) = e2t
(

cos(3t)− 2
3

sin(3t)
)
, N1(t) = 1

3
e2t sin(3t) .

Given this natural fundamental set, formula (4.16) yields

etC = N0(t)I +N1(t)C

= e2t
(

cos(3t)− 2
3

sin(3t)
)(1 0

0 1

)
+ e2t 1

3
sin(3t)

(
6 −5
5 −2

)
= e2t

(
cos(3t) + 4

3
sin(3t) −5

3
sin(3t)

5
3

sin(3t) cos(3t)− 4
3

sin(3t)

)
.
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From the Green Function. A Laplace transform table shows that the Green function
g(t) is given by

g(t) = L−1
[

1

p(s)

]
(t) = L−1

[
1

s2 − 4s+ 13

]
(t)

= L−1
[

1

(s− 2)2 + 32

]
(t) = 1

3
e2t sin(3t) .

Then because p(s) = s2 − 4s+ 13, recipe (4.18c) yields the natural fundamental set

N1(t) = g(t) = 1
3
e2t sin(3t) ,

N0(t) = N ′1(t)− 4g(t) = 2
3
e2t sin(3t) + e2t cos(3t)− 4

3
e2t sin(3t)

= e2t cos(3t)− 2
3
e2t sin(3t) .

From the General Initial-Value Problem. The general initial-value problem (4.17)
is

y′′ − 4y′ + 13y = 0 , y(0) = y0 , y′(0) = y1 .

A general solution of the differential equation is y(t) = c1e
2t cos(3t) + c2e

2t sin(3t).
Because

y′(t) = 2c1e
2t cos(3t)− 3c1e

2t sin(3t) + 2c2e
2t sin(3t) + 3c2e

2t cos(3t) ,

the general initial conditions imply

y0 = y(0) = c1e
0 cos(0) + c2e

0 sin(0) = c1 ,

y1 = y′(0) = 2c1e
0 cos(0)− 3c1e

0 sin(0) + 2c2e
0 sin(0) + 3c2e

0 cos(0) = 2c1 + 3c2 .

Upon solving this system for c1 and c2 we find that

c1 = y0 , c2 =
y1 − 2y0

3
.

Therefore the solution of the general initial-value problem is

y(t) = y0e
2t cos(3t) +

y1 − 2y0
3

e2t sin(3t)

=
(
e2t cos(3t)− 2

3
e2t sin(3t)

)
y0 + 1

3
e2t sin(3t)y1 .

We then read off that the natural fundamental set is

N0(t) = e2t
(

cos(3t)− 2
3

sin(3t)
)
, N1(t) = e2t 1

3
sin(3t) .

Example. Compute etA for

A =

 0 2 −1
−2 0 2
1 −2 0

 .

Solution. Because A is 3×3, we cannot use formula (4.13) to compute its characteristic
polynomial. Rather, by definition (4.12) and the recipe for computing determinants of
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3× 3 matrices (see Chapter 3 of Part II), the characteristic polynomial of A is

pA(z) = det(Iz −A) = det

 z −2 1
2 z −2
−1 2 z

 = z3 + 4− 4 + 4z + 4z + z

= z3 + 9z = z(z2 + 9) .

It has the simple roots 0, ±i3, so we will use it.

Below we will show by using recipe (4.18c) and by solving the general initial-value
problem (4.17) that the natural fundamental set associated with p(D) is

N0(t) = 1 , N1(t) =
sin(3t)

3
, N2(t) =

1− cos(3t)

9
.

Given this natural fundamental set, formula (4.16) yields

etA = N0(t)I +N1(t)A +N2(t)A
2

=

1 0 0
0 1 0
0 0 1

+
sin(3t)

3

 0 2 −1
−2 0 2
1 −2 0

+
1− cos(3t)

9

 0 2 −1
−2 0 2
1 −2 0

2

=

1 0 0
0 1 0
0 0 1

+
sin(3t)

3

 0 2 −1
−2 0 2
1 −2 0

+
1− cos(3t)

9

−5 2 4
2 −8 2
4 2 −5



=



4 + 5 cos(3t)

9

2− 2 cos(3t) + 6 sin(3t)

9

4− 4 cos(3t)− 3 sin(3t)

9
2− 2 cos(3t)− 6 sin(3t)

9

1 + 8 cos(3t)

9

2− 2 cos(3t) + 6 sin(3t)

9

4− 4 cos(3t) + 3 sin(3t)

9

2− 2 cos(3t) + 6 sin(3t)

9

4 + 5 cos(3t)

9

 .

From the Green Function. We use the partial fraction identity

1

p(s)
=

1

s3 + 9s
=

1

s(s2 + 9)
=

1
9

s
+
−1

9
s

s2 + 9
.

A Laplace transform table shows that the Green function g(t) is given by

g(t) = L−1
[

1

p(s)

]
(t) = L−1

[
1

s3 + 9s

]
(t)

= 1
9
L−1

[
1

s

]
(t)− 1

9
L−1

[
s

s2 + 32

]
(t) =

1− cos(3t)

9
.

Then because we see p(s) = s3 + 9s as

p(s) = s3 + 0s2 + 9s+ 0 ,
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recipe (4.18c) yields the natural fundamental set

N2(t) = g(t) =
1− cos(3t)

9
,

N1(t) = N ′2(t) + 0g(t) =
sin(3t)

3
,

N0(t) = N ′1(t) + 9g(t) = cos(3t) + 9
1− cos(3t)

9
= 1 .

From the General Initial-Value Problem. The general initial-value problem (4.17)
is

y′′′ + 9y′ = 0 , y(0) = y0 , y′(0) = y1 , y′′(0) = y2 .

A general solution of the differential equation is y(t) = c1 + c2 cos(3t) + c3 sin(3t).
Because

y′(t) = −3c2 sin(3t) + 3c3 cos(3t) , y′′(t) = −9c2 cos(3t)− 9c3 sin(3t) ,

the general initial conditions imply

y0 = y(0) = c1 + c2 cos(0) + c3 sin(0) = c1 + c2 ,

y1 = y′(0) = −3c2 sin(0) + 3c3 cos(0) = 3c3 ,

y2 = y′′(0) = −9c2 cos(0)− 9c3 sin(0) = −9c2 ,

Upon solving this system for c1, c2, and c3 we find that

c1 =
9y0 + y2

9
, c2 = −y2

9
, c3 =

y1
3
.

Therefore the solution of the general initial-value problem is

y(t) =
9y0 + y2

9
− y2

9
cos(3t) +

y1
3

sin(3t)

= y0 +
sin(3t)

3
y1 +

1− cos(3t)

9
y2 .

We then read off that the natural fundamental set is

N0(t) = 1 , N1(t) =
sin(3t)

3
, N2(t) =

1− cos(3t)

9
.

Remark. In each of the foregoing examples we used the characteristic polynomial for
the natural fundamental set method. In the next example, we use a polynomial with a
smaller degree than the characteristic polynomial.

Example. Compute etS for

S =


0 1 0 1
1 0 1 0
0 1 0 1
1 0 1 0

 .

Solution. Because S is 4×4, we cannot use formula (4.13) to compute its characteristic
polynomial. We also cannot use the recipes for computing the determinant of a 3×3
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matrix. Rather, by definition (4.12) and the Laplace expansion method for computing
determinants (see Chapter 3 of Part II), the characteristic polynomial of S is

pS(z) = det(z I− S) = det


z −1 0 −1
−1 z −1 0
0 −1 z −1
−1 0 −1 z


= z det

 z −1 0
−1 z −1
0 −1 z

+ det

−1 0 −1
−1 z −1
0 −1 z

+ det

−1 0 −1
z −1 0
−1 z −1


= z(z3 − z − z) + (−z2 − 1 + 1) + (−1− z2 + 1) = z4 − 4z2 .

Because pS(z) = z2(z − 2)(z + 2), its roots are 0, 0, 2, and −2. Because 0 is a double
root of pS(z) and because S is symmetric, we see that p(z) = z3 − 4z also annihilates
S. This is the polynomial that we will use. It has the simple roots 0, 2, and −2.

Below we will show by using recipe (4.18c) and by solving the general initial-value
problem (4.17) that the natural fundamental set associated with p(D) is

N0(t) = 1 , N1(t) =
e2t − e−2t

4
=

sinh(2t)

2
,

N2(t) =
e2t + e−2t − 2

8
=

cosh(2t)− 1

4
.

Given this natural fundamental set, formula (4.16) yields

etS = N0(t)I +N1(t)S +N2(t)S
2

=


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

+
sinh(2t)

2


0 1 0 1
1 0 1 0
0 1 0 1
1 0 1 0

+
cosh(2t)− 1

4


0 1 0 1
1 0 1 0
0 1 0 1
1 0 1 0


2

=


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

+
sinh(2t)

2


0 1 0 1
1 0 1 0
0 1 0 1
1 0 1 0

+
cosh(2t)− 1

4


2 0 2 0
0 2 0 2
2 0 2 0
0 2 0 2



=
1

2


1 + cosh(2t) sinh(2t) cosh(2t)− 1 sinh(2t)

sinh(2t) 1 + cosh(2t) sinh(2t) cosh(2t)− 1
cosh(2t)− 1 sinh(2t) 1 + cosh(2t) sinh(2t)

sinh(2t) cosh(2t)− 1 sinh(2t) 1 + cosh(2t)

 .

From the Green Function. We use the partial fraction identity

1

p(s)
=

1

s3 − 4s
=

1

s(s− 2)(s+ 2)
=

1
8

s− 2
+
−1

4

s
+

1
8

s+ 2
.
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A Laplace transform table shows that the Green function g(t) is given by

g(t) = L−1
[

1

p(s)

]
(t) = L−1

[
1

s3 − 4s

]
(t)

= 1
8
L−1

[
1

s− 2

]
(t)− 1

4
L−1

[
1

s

]
(t) + 1

8
L−1

[
1

s+ 2

]
(t)

=
e2t − 2 + e−2t

8
=

cosh(2t)− 1

4
.

Then because we see p(s) = s3 − 4s as

p(s) = s3 + 0s2 − 4s+ 0 ,

recipe (4.18c) yields the natural fundamental set

N2(t) = g(t) =
cosh(2t)− 1

4
,

N1(t) = N ′2(t) + 0g(t) =
sinh(2t)

2
,

N0(t) = N ′1(t)− 4g(t) = cosh(2t)− 4
cosh(2t)− 1

4
= 1 .

From the General Initial-Value Problem. The general initial-value problem (4.17)
is

y′′′ − 4y′ = 0 , y(0) = y0 , y′(0) = y1 , y′′(0) = y2 .

A general solution of the differential equation is y(t) = c1 + c2e
2t + c3e

−2t. Because

y′(t) = 2c2e
2t − 2c3e

−2t , y′′(t) = 4c2e
2t + 4c3e

−2t ,

the general initial conditions imply that

y0 = y(0) = c1 + c2e
0 + c3e

0 = c1 + c2 + c3 ,

y1 = y′(0) = 2c2e
0 − 2c3e

0 = 2c2 − 2c3 ,

y2 = y′′(0) = 4c2e
0 + 4c3e

0 = 4c2 + 4c3 ,

Upon solving this system for c1, c2, and c3 we find that

c1 =
4y0 − y2

4
, c2 =

2y1 + y2
8

, c3 =
−2y1 + y2

8
.

Therefore the solution of the general initial-value problem is

y(t) =
4y0 − y2

4
+

2y1 + y2
8

e2t +
−2y1 + y2

8
e−2t

= y0 +
e2t − e−2t

4
y1 +

e2t + e−2t − 2

8
y2 .

We then read off that the natural fundamental set is

N0(t) = 1 , N1(t) =
e2t − e−2t

4
=

sinh(2t)

2
,

N2(t) =
e2t + e−2t − 2

8
=

cosh(2t)− 1

4
.
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Remark. We saved a lot of work by using p(z) = z3−4z as the annihilating polynomial
rather than pS(z) = z4−4z2 because p(z) has a smaller degree. We had a smaller natural
fundamental set of solutions to compute. We did not have to compute S3. We had fewer
terms in formula (4.16) to add up.

4.4. Two-by-Two Matrix Exponential Formulas. We will now apply the natural
fundamental set method to derive simple formulas for the matrix exponential of any
real matrix A that is annihilated by a quadratic polynomial p(z) = z2 + p1z+ p2. This
includes every 2×2 real matrix

A =

(
a11 a12
a21 a22

)
,

because the Cayley-Hamiltion Theorem says that A is annihilated by its characteristic
polynomial,

p(z) = det(Iz −A) = z2 − tr(A)z + det(A) .

It also includes every n×n matrix for n > 2 such that p(A) = 0 for some quadratic
polynomial. Such n×n matrices are special, but sometimes they arise in applications.

If A is a real matrix that is annihilated the polynomial p(z) = z2 + p1z + p2 then
formula (4.16) reduces to

(4.19) etA = N0(t)I +N1(t)A ,

where N0(t), N1(t) is the natural fundamental set of solutions for t = 0 of p(D)y = 0.
The idea of this section is to exploit the fact that the second-order operator p(D) is
simple enough to precompute N0(t) and N1(t) in general, which when plugged into
(4.19) will yield formulas for etA.

The nature of these matrix exponential formulas will depend on the nature of the
roots of p(z). Upon completing the square we see that

p(z) = z2 + p1z + p2 = (z − µ)2 − δ ,

where the mean µ and discriminant δ are given by

µ = −p1
2
, δ = µ2 − p2 .

There are three cases which are distinguished by the sign of δ.

• If δ > 0 then p(z) can be written as the difference of squares

p(z) = (z − µ)2 − ν2 ,

where ν =
√
δ > 0. Then p(z) has the simple real roots µ − ν and µ + ν. The

natural fundamental set of solutions of p(D) can be found to be

(4.20a) N0(t) = eµt cosh(νt)− µeµt sinh(νt)

ν
, N1(t) = eµt

sinh(νt)

ν
.
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• If δ < 0 then p(z) can be written as the sum of squares

p(z) = (z − µ)2 + ν2 ,

where ν =
√
|δ|. Then p(z) has the complex conjugate roots µ− iν and µ+ iν.

The natural fundamental set of solutions of p(D) can be found to be

(4.20b) N0(t) = eµt cos(νt)− µeµt sin(νt)

ν
, N1(t) = eµt

sin(νt)

ν
.

• If δ = 0 then can be written as the perfect square

p(z) = (z − µ)2 .

Then p(z) has the double real root µ. The natural fundamental set of solutions
of p(D) can be found to be

(4.20c) N0(t) = eµt − µeµtt , N1(t) = eµtt .

Remark. The details of finding N0(t) and N1(t) given by (4.20) are left as exercises.

Remark. Notice that (4.20c) is the limiting case of both (4.20a) and (4.20b) as ν → 0
because

lim
ν→0

cosh(νt) = lim
ν→0

cos(νt) = 1 , lim
ν→0

sinh(νt)

ν
= lim

ν→0

sin(νt)

ν
= t .

When the natural fundamental sets (4.20a), (4.20b), and (4.20c) respectively are
plugged into formula (4.19) we obtain formulas for etA. If p(z) is a difference of squares
then we plug the natural fundamental set (4.20a) into formula (4.19) to obtain

etA = N0(t)I +N1(t)A =

(
eµt cosh(νt)− µeµt sinh(νt)

ν

)
I + eµt

sinh(νt)

ν
A

= eµt
[
cosh(νt)I +

sinh(νt)

ν
(A− µI)

]
.

If p(z) is a sum of squares then we plug the natural fundamental set (4.20b) into formula
(4.19) to obtain

etA = N0(t)I +N1(t)A =

(
eµt cos(νt)− µeµt sin(νt)

ν

)
I + eµt

sin(νt)

ν
A

= eµt
[
cos(νt)I +

sin(νt)

ν
(A− µI)

]
.

If p(z) is a perfect square then we plug the natural fundamental set (4.20c) into formula
(4.19) to obtain

etA = N0(t)I +N1(t)A =
(
eµt − µeµtt

)
I + eµttA

= eµt [I + t (A− µI)] .

We summarize these results below.
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• If p(z) is the difference of squares

p(z) = (z − µ)2 − ν2 for some ν > 0 ,

then

(4.21a) etA = eµt
[

cosh(νt)I +
sinh(νt)

ν
(A− µI)

]
.

• If p(z) is the sum of squares

p(z) = (z − µ)2 + ν2 for some ν > 0 ,

then

(4.21b) etA = eµt
[

cos(νt)I +
sin(νt)

ν
(A− µI)

]
.

• If p(z) is the perfect square

p(z) = (z − µ)2 ,

then

(4.21c) etA = eµt
[
I + t (A− µI)

]
.

For almost any matrix that is annihilated by a quadratic polynomial the fastest way to
compute its matrix exponential is to apply these formulas. Notice that formulas (4.21a)
and (4.21b) are similar — the first uses hyperbolic functions when p(z) has simple real
roots, while the second uses trigonometric functions when p(z) has complex conjugate
roots. Formula (4.21c) is the limiting case of both (4.21a) and (4.21b) as ν → 0 because

lim
ν→0

cosh(νt) = lim
ν→0

cos(νt) = 1 , lim
ν→0

sinh(νt)

ν
= lim

ν→0

sin(νt)

ν
= t .

These relationships make these formulas easier to remember.

Remark. For 2×2 matrices µ = 1
2
tr(A) while tr(I) = 2. In that case the matrix A−µI

that appears in each of the formulas (4.21) has trace zero. This fact should be used as
a check whenever these formulas are used to compute etA for 2×2 matrices!

We now illustrate this method on the same 2×2 matrices used in the previous section.

Example. Compute etA for

A =

(
3 2
2 3

)
.

Solution. Because A is 2×2, by (4.13) its characteristic polynomial is

p(z) = z2 − tr(A)z + det(A) = z2 − 6z + 5 = (z − 3)2 − 22 .

This is a difference of squares with µ = 3 and ν = 2. So by formula (4.21a) we obtain

etA = e3t
[

cosh(2t)I +
sinh(2t)

2
(A− 3I)

]
= e3t

[
cosh(2t)

(
1 0
0 1

)
+

sinh(2t)

2

(
0 2
2 0

)]
= e3t

(
cosh(2t) sinh(2t)
sinh(2t) cosh(2t)

)
.



23

Example. Compute etB for

B =

(
−3 −1
4 1

)
.

Solution. Because B is 2×2, by (4.13) its characteristic polynomial is

p(z) = z2 − tr(B)z + det(B) = z2 + 2z + 1 = (z + 1)2 .

This is a perfect square with µ = −1. So by formula (4.21c) we obtain

etB = e−t
[
I + t (B + I)

]
= e−t

[(
1 0
0 1

)
+ t

(
−2 −1
4 2

)]
= e−t

(
1− 2t −t

4t 1 + 2t

)
.

Example. Compute etC for

C =

(
6 −5
5 −2

)
.

Solution. Because C is 2×2, by (4.13) its characteristic polynomial is

p(z) = z2 − tr(C)z + det(C) = z2 − 4z + 13 = (z − 2)2 + 32 .

This is a sum of squares with µ = 2 and ν = 3. So by formula (4.21b) we obtain

etC = e2t
[

cos(3t)I +
sin(3t)

3
(C− 2I)

]
= e2t

[
cos(3t)

(
1 0
0 1

)
+

sin(3t)

3

(
4 −5
5 −4

)]
= e2t

(
cos(3t) + 4

3
sin(3t) −5

3
sin(3t)

5
3

sin(3t) cos(3t)− 4
3

sin(3t)

)
.

4.5. Natural Fundamental Sets from Green Functions. If A is an n×n matrix
that is annihilated by a polynomial of degree m > 2 and n is not too large then
the hardest step in the natural fundamental set method for computing etA is often
generating the natural fundamental set N0(t), N1(t), · · · , Nm−1(t). One way to do this
is to solve the general initial-value problem (4.17). Here we present the alternative way
to do this given by (4.18).

4.5.1. The Recipe. Observe that in the two-by-two case each of the natural fundamental
sets of solutions given by (4.18) the solutions N0(t) and N1(t) are related by

N0(t) = N ′1(t)− 2µN1(t) .

This is an instance of a more general fact. For the mth-order equation

(4.22) p(D)y = 0 , where p(z) = zm + p1z
m−1 + · · ·+ pm−1z + pm ,

we can generate its entire natural fundamental set of solutions from the Green function
g(t) associated with (4.22). Recall that the Green function g(t) satisfies the initial-value
problem

(4.23) p(D)g = 0 , g(0) = g′(0) = · · · = g(m−2)(0) = 0 , g(m−1)(0) = 1 .
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The natural fundamental set of solutions is then given by the recipe

(4.24)

Nm−1(t) = g(t) ,

Nm−2(t) = N ′m−1(t) + p1g(t) ,

...

N0(t) = N ′1(t) + pm−1g(t) .

This entire set thereby is generated by the solution g of the initial-value problem (4.23).

Remark. It is clear that solving the initial-value problem (4.23) for the Green function
g(t) requires less algebra than solving the general initial-value problem (4.19) directly
for N0(t), N1(t), · · · , Nm−1(t). The trade-off is that we now have to compute the m− 1
derivatives required by recipe (4.24).

Example. Compute the natural fundamental set of solutions to the equation

y′′′ + 9y′ = 0 .

Solution. By (4.23) the Green function g(t) satisfies the initial-value problem

g′′′ + 9g′ = 0 , g(0) = g′(0) = 0 , g′′(0) = 1 .

The characteristic polynomial of this equation is p(z) = z3+9z, which has roots 0, ±i3.
Therefore we seek a solution in the form

g(t) = c1 + c2 cos(3t) + c3 sin(3t) .

Because

g′(t) = −3c2 sin(3t) + 3c3 cos(3t) , g′′(t) = −9c2 cos(3t)− 9c3 sin(3t) ,

the initial conditions for g(t) then yield the algebraic system

g(0) = c1 + c2 = 0 , g′(0) = 3c3 = 0 , g′′(0) = −9c2 = 1 .

Solving this system gives c1 = 1
9
, c2 = −1

9
, and c3 = 0, whereby the Green function is

g(t) =
1− cos(3t)

9
.

Because p(z) = z3 + 9z, we read off from (4.22) that p1 = 0, p2 = 9, and p3 = 0.
Then by recipe (4.24) the natural fundamental set of solutions is given by

N2(t) = g(t) =
1− cos(3t)

9
,

N1(t) = N ′2(t) + 0 · g(t) =
sin(3t)

3
,

N0(t) = N ′1(t) + 9 · g(t) = cos(3t) + 9 · 1− cos(3t)

9
= 1 .

Remark. In Subsection 4.3.3 we computed this natural fundamental set by solving
the general initial-value problem (4.17). That calculation should be compared with the
one above.
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Example. Compute the natural fundamental set of solutions to the equation

y′′′ − 4y′ = 0 .

Solution. By (4.23) the Green function g(t) satisfies the initial-value problem

g′′′ − 4g′ = 0 , g(0) = g′(0) = 0 , g′′(0) = 1 .

The characteristic polynomial of this equation is p(z) = z3− 4z, which has roots 0, ±2.
Therefore we seek a solution in the form

g(t) = c1 + c2e
2t + c3e

−2t .

Because
g′(t) = 2c2e

2t − 2c3e
−2t , g′′(t) = 4c2e

2t + 4c3e
−2t ,

the initial conditions for g(t) then yield the algebraic system

g(0) = c1 + c2 + c3 = 0 , g′(0) = 2c2 − 2c3 = 0 , g′′(0) = 4c2 + 4c3 = 1 .

The solution of this system is c1 = −1
4

and c2 = c3 = 1
8
, whereby the Green function is

g(t) = −1
4

+ 1
8
e2t + 1

8
e−2t = 1

4

(
cosh(2t)− 1

)
.

Because p(z) = z3 − 4z, we read off from (4.22) that p1 = 0, p2 = −4, and p3 = 0.
Then by recipe (4.24) the natural fundamental set of solutions is given by

N2(t) = g(t) =
cosh(2t)− 1

4
,

N1(t) = N ′2(t) + 0 · g(t) =
sinh(2t)

2
,

N0(t) = N ′1(t)− 4 · g(t) = cosh(2t)− 4 · cosh(2t)− 1

4
= 1 .

Remark. In Subsection 4.3.3 we computed this natural fundamental set by solving
the general initial-value problem (4.15). That calculation should be compared with the
one above.

4.5.2. Its Justification. The following justification of recipe (4.24) is included for com-
pleteness. It does not need to be known in order to use the recipe, so it may be skipped
on first reading. However, the recipe itself can be quite useful.

Suppose that the Green function g(t) satisfies the initial-value problem (4.23) while
the functions N0(t), N1(t), · · · , Nm−1(t) are defined by recipe (4.24). We want to show
that for each j = 0, 1, · · · , m− 1 the function Nj(t) is the solution of

(4.25) p
(
D
)
y = y(m) + p1y

(m−1) + p2y
(m−2) + · · ·+ pm−1y

′ + pmy = 0 ,

that satisfies the initial conditions

(4.26) N
(k)
j (0) = δjk for k = 0, 1, · · · , m− 1 .

Here δjk is the Kronecker delta, which is defined by

δjk =

{
1 when j = k ,

0 when j 6= k .
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Because Nm−1(t) = g(t), we see from (4.23) that it satisfies the differential equation
(4.25) and the initial conditions (4.26) for j = m − 1. The key step is to show that if
Nj(t) satisfies (4.25) and (4.26) for some positive j < m then so does Nj−1(t). Once
this step is done then we can argue that because Nm−1(t) has these properties, so does
Nm−2(t), which implies so does Nm−3(t), and so on down to N0(t).

We now prove the key step. Suppose that Nj(t) satisfies (4.25) and (4.26) for some
positive j < m. Because Nj(t) satisfies (4.25), so does N ′j(t). Because Nj−1(t) is given
by recipe (4.24) as a linear combination of N ′j(t) and g(t), while N ′j(t) and g(t) satisfy
(4.25), we see that Nj−1(t) also satisfies the differential equation (4.25). The only thing
that remains to be checked is that Nj−1(t) satifies the initial conditions (4.26).

Because Nj(t) satisfies (4.25) and (4.26), we see that

(4.27)

0 = p
(
D
)
Nj(t)

∣∣
t=0

= N
(m)
j (0) +

m−1∑
k=0

pm−kN
(k)
j (0)

= N
(m)
j (0) +

m−1∑
k=0

pm−kδjk = N
(m)
j (0) + pm−j .

Because Nj−1(t) is given by recipe (4.24) to be Nj−1(t) = N ′j(t) +pm−jg(t), we evaluate
the (k − 1)st derivative of this relation at t = 0 to obtain

N
(k−1)
j−1 (0) = N

(k)
j (0) + pm−jg

(k−1)(0) for k = 1, 2, · · · , m.

Because g(t) satisfies the initial condtions in (4.23), we see from (4.26) that this becomes

N
(k−1)
j−1 (0) = δjk for k = 1, 2, · · · , m− 1 ,

while we see from (4.27) that for k = m it becomes

N
(m−1)
j−1 (0) = N

(m)
j (0) + pm−j = 0 .

The initial conditions (4.26) thereby hold for Nj−1(t). This completes the proof of the
key step, which completes the justification of recipe (4.24). �

4.6. General Matrix Exponential Formula. We now present a formula for the
exponential of any n×n matrix A. This formula will be the basis for a method presented
in Section 4.7 that computes etA efficiently when n is not too large. It is also related
to the method of generalized eigenvectors that appears in the next chapter and can be
used to compute etA efficiently when n is large.

4.6.1. The Formula. Let be p(z) be any monic polynomial of degree m ≤ n that anni-
hilates A. The formula for etA will be given explicitly in terms of A and the roots of
p(z). Suppose that p(z) has l roots λ1, λ2, · · · , λl (possibly complex) with multiplicities
m1, m2, · · · , ml respectively. This means that p(z) has the factored form

(4.28) p(z) =
l∏

k=1

(z − λk)mk ,
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and that m1 +m2 + · · ·+ml = m. Here we understand that λj 6= λk if j 6= k. Then

(4.29a) etA =
l∑

k=1

eλkt
(

I + t (A− λkI) + · · ·+ tmk−1

(mk − 1)!
(A− λkI)mk−1

)
Qk ,

where the n×n matrices Qk are defined by

(4.29b) Qk =
l∏

j=1
j 6=k

(
A− λjI
λk − λj

)mj

for every k = 1, 2, · · · , l .

Before we justify formula (4.29), let us consider its structure. It can be recast as
etA = h(A) where h(z) is the time-dependent polynomial

(4.30a) h(z) =
l∑

k=1

eλkt
(

1 + t (z − λk) + · · ·+ tmk−1

(mk − 1)!
(z − λk)mk−1

)
qk(z) ,

with the time-independent polynomials qk(z) defined by

(4.30b) qk(z) =
l∏

j=1
j 6=k

(
z − λj
λk − λj

)mj

for every k = 1, 2, · · · , l .

Because the degree of each qk(z) is m −mk, it follows from (4.30a) that the degree of
h(z) is at most m− 1.

It can be checked that for every k = 1, 2, · · · , l the polynomial h(z) satisfies the mk

relations

(4.31) h(λk) = eλkt , h′(λk) = t eλkt , · · · , h(mk−1)(λk) = tmk−1eλkt .

These relations state that the functions h(z) and ezt and their derivatives with respect
to z though order mk − 1 agree at z = λk. Because these mk relations hold for each k,
this gives a total of m relations that h(z) satisfies. The theory of Hermite interpolation
states that these m relations uniquely specify the polynomial h(z) at every time t, which
is the called associated Hermite interpolant of ezt.

4.6.2. Its Justification. We now justify formula (4.29). Let Φ(t) denote the right-hand
side of (4.29a). We will show that Φ(t) satisfies the matrix-valued initial-value problem
(4.2), and thereby conclude that Φ(t) = etA as asserted by formula (4.29).

We first show that Φ(0) = I. By setting t = 0 in the right-hand side of (4.29a) we
get Φ(0) = h(A) where the polynomial h(z) is obtained by setting t = 0 in formula
(4.30a) — namely,

h(z) =
l∑

k=1

qk(z) ,

where the polynomials qk(z) are defined by (4.30b). The polynomial h(z) has degree
less than m. By (4.31), for every k = 1, 2, · · · , l this polynomial satisfies the mk

conditions
h(λk) = 1 , h′(λk) = 0 , · · · , h(mk−1)(λk) = 0 .
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Because the constant polynomial 1 satisfies these conditions and has degree less than
m, we conclude by the uniqueness of the Hermite interpolant that h(z) = 1. Therefore
Φ(0) = h(A) = I, which is the initial condition of (4.2).

Next we show that Φ(t) also satisfies the differential system of (4.2). Because p(z)
annihilates A and has the factored form (4.29), it follows that

(A− λkI)mkQk = 0 for every k = 1, 2, · · · , l .
By using this fact we see that

dΦ

dt
(t) =

l∑
k=1

λke
λkt

(
I + t (A− λkI) + · · ·+ tmk−1

(mk − 1)!
(A− λkI)mk−1

)
Qk

+
l∑

k=1

eλkt
(

(A− λkI) + · · ·+ tmk−2

(mk − 2)!
(A− λkI)mk−1

)
Qk

=
l∑

k=1

λke
λkt

(
I + t (A− λkI) + · · ·+ tmk−1

(mk − 1)!
(A− λkI)mk−1

)
Qk

+
l∑

k=1

eλkt(A− λkI)

(
I + t (A− λkI) + · · ·+ tmk−1

(mk − 1)!
(A− λkI)mk−1

)
Qk

= AΦ(t) .

Therefore Φ(t) also satisfies the differential system of (4.2). Because Φ(t) satisfies the
matrix-valued initial-value problem (4.2), we conclude that Φ(t) = etA, thereby proving
formula (4.29).

Remark. Naively plugging A into formula (4.29) is an extremely inefficient way to
evaluate etA. This is because for each k = 1, · · · , l it requires mk − 1 matrix mul-
tiplications to compute (A − λkI)j for j = 2, · · · , mk, which sums to m − l matrix
multiplications, while formula (4.29b) requires l− 2 matrix multiplications to compute
each Qk, which sums to l2 − 2l. Naively evaluating formula (4.29) thereby requires at
least l2−3l+m matrix multiplications. Because each matrix multiplication requires n3

multiplications of numbers, naively evaluating formula (4.29) when l = m = n therefore
requires n5 − 2n4 multiplications of numbers. This is 81 multiplications for n = 3 and
512 multiplications for n = 4 — ouch!

4.7. Hermite Interpolation Methods. We can compute etA from formula (4.30)
more efficiently by adapting methods for evaluating the Hermite interpolant h(z) effi-
ciently. Moreover, these methods can be applied to compute other functions of matrices
like high powers.

4.7.1. Computing Hermite Interpolants. Given any function f(z) of the complex vari-
able z. An Hermite interpolant h(z) of f(z) is a polynomial of degree at most m − 1
that satisfies m conditions. These m conditions are encoded by a list of m points z1,
z2, · · · , zm. These are listed with multiplicity and clustered so that

if zj = zk for some j < k then zj = zj+1 = · · · = zk−1 = zk .
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The interpolation conditions take the form for every 1 ≤ j ≤ k ≤ m

(4.32) h(k−j)(zk) = f (k−j)(zk) if zj = zk .

These relations state that h(z) and f(z) agree at z = zk.

The way to evaluate h(z) efficiently is to first express it in the Newton form

(4.33a) h(z) =
m−1∑
k=0

hk+1 pk(z) ,

where the polynomials pk(z) are defined by

(4.33b) p0(z) = 1 , pk(z) =
k∏
j=1

(z − zj) for k = 1, · · · , m− 1 .

Notice that each pk(z) is a monic polynomial of degree k. The coefficients hk are
determined by completing a so-called divided-difference table of the form

z1 h[z1]
↘

z2 h[z2] → h[z1, z2]
↘ ↘

z3 h[z3] → h[z2, z3] → h[z1, z2, z3]
↘ ↘ ↘

...
...

...
...

. . .
↘ ↘ ↘ ↘

zm h[zm] → h[zm−1, zm] → h[zm−2, zm−1, zm] → · · · → h[z1, · · · , zm] ,

where the first column of the table is seeded with the entries h[zk] = f(zk) and entries
of subsequent columns are obtain for every 1 ≤ j < k ≤ m from the divided-difference
formula

(4.33c) h[zj, · · · , zk] =


h[zj+1, · · · , zk]− h[zj, · · · , zk−1]

zk − zj
, if zj 6= zk ;

1

(k − j)!
f (k−j)(zk) , if zj = zk .

Notice that entry h[zj, · · · , zk] depends only on the entry to its left, and the entry above
that one. This dependence is indicated by the arrows in the table. After the table is
completed, the coefficients hk in (4.33a) are read off from the top entries of each column
as

(4.33d) hk = h[z1, · · · , zk] for k = 1, · · · , m.
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4.7.2. Application to Matrix Exponentials. We can now evaluate formula (4.29) by ap-
plying recipe (4.33) to the function f(z) = etz. Let A be an n×n real matrix and p(z)
be a polyinomial of degree m ≤ n that annihilates A. Let {z1, · · · , zm} be the roots of
p(z) listed with multiplicity and clustered so that

if zj = zk for some j < k then zj = zj+1 = · · · = zk−1 = zk .

Compute the divided-difference table whose first column is seeded with h[zk] = etzk and
subsequent columns are given by (4.33c). Read off the functions h1(t), h2(t), · · · , hm(t)
from the top entries of each column as prescribed by (4.33d). Then set

(4.34a) etA = h(A) =
m−1∑
k=0

hk+1(t) Pk ,

where Pk = pk(A) and the polynomials pk(z) are defined by (4.33b). The matrices Pk

can be computed efficiently by the recipe

(4.34b)

P0 = I ,

P1 = A− z1I ,
Pk = Pk−1(A− zkI) for k = 2, · · · , m− 1 .

This approach requires onlym−2 matrix multiplications to compute the Pk. Evaluating
formula (4.34) when m = n therefore requires n4−2n3 multiplications of numbers. This
is 25 for n = 3 and 128 for n = 4 — much better!

Remark. This method is closely related to the Putzer Method for computing etA. That
method also uses formula (4.34) but rather than computing h1(t), h2(t), · · · , hm(t) by
using a divided-difference table, it obtains them by solving the system of differential
equations

h′1 = z1h1 h1(0) = 1 ,

h′k = zkhk + hk−1 hk(0) = 0 for k = 2, · · · ,m .

Of course, the resulting h0(t), h0(t), · · · , hm−1(t) are the same, but the divided-difference
table gets to them faster. Moreover, the divided-difference table easily extends to other
functions of matrices, whereas the Putzer Method does not.

For matrices annihilated by a quadratic polynonial, formula (4.34) does not require
any matrix multiplications and it recovers formulas (4.21) for matrix exponentials that
we derived earlier. There are two cases to consider.

Fact. If A is annihilated by a quadratic polynonial with a double root λ1 then

etA = eλ1tI + t eλ1t(A− λ1I) .

Reason. Set z1 = z2 = λ1. Then by (4.34b)

P0 = I , P1 = A− λ1I ,
while by (4.33c) the divided-difference table is simply

λ1 eλ1t

↘
λ1 eλ1t → t eλ1t
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We read off from the top entries of the columns that

h1(t) = eλ1t , h2(t) = t eλ1t ,

whereby the result follows from (4.34a).

Remark. The above fact recovers formula (4.21c) for the matrix exponential when the
quadratic polynonial p(z) has a double root λ1.

Fact. If A is annihilated by a quadratic polynonial with distinct roots λ1 and λ2 then

etA = eλ1tI +
eλ2t − eλ1t

λ2 − λ1
(A− λ1I) .

Reason. Set z1 = λ1 and z2 = λ2. Then by (4.34b)

P0 = I , P1 = A− λ1I ,
while by (4.33c) the divided-difference table is simply

λ1 eλ1t

↘

λ2 eλ2t → eλ2t − eλ1t

λ2 − λ1
We read off from the top entries of the columns that

h1(t) = eλ1t , h2(t) =
eλ2t − eλ1t

λ2 − λ1
,

whereby the result follows from (4.34a).

Remark. The above fact recovers formulas (4.21a) and (4.21b) for the matrix expo-
nential when the quadratic polynonial p(z) has distinct roots λ1 and λ2. For example,
if λ1 and λ2 are real with λ1 = µ− ν and λ2 = µ+ ν then

etA = e(µ−ν)tI +
e(µ+ν)t − e(µ−ν)t

2ν
(A− (µ− ν)I)

=
e(µ+ν)t + e(µ−ν)t

2
I +

e(µ+ν)t − e(µ−ν)t

2ν
(A− µI)

= eµt
[
cosh(νt) I +

sinh(νt)

ν
(A− µI)

]
.

Similarly, if λ1 and λ2 are a conjugate pair with λ1 = µ− iν and λ2 = µ+ iν then

etA = e(µ−iν)tI +
e(µ+iν)t − e(µ−iν)t

2iν
(A− (µ− iν)I)

=
e(µ+iν)t + e(µ−iν)t

2
I +

e(µ+iν)t − e(µ−iν)t

2iν
(A− µI)

= eµt
[
cos(νt) I +

sin(νt)

ν
(A− µI)

]
.

It is clear that if λ1 and λ2 are a conjugate pair then computing etA by this approach is
usually slower than simply applying formula (4.21b) because of the complex arithmetic
that is introduced.
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For matrices annihilated by a cubic polynonial formula (4.34) requires only one matrix
multiplication. There are three cases to consider.

Fact. If A is annihilated by a cubic polynonial with a triple root λ1 then

etA = eλ1tI + t eλ1t(A− λ1I) + 1
2
t2eλ1t(A− λ1I)2 .

Reason. Set z1 = z2 = z3 = λ1. Then by (4.34b)

P0 = I , P1 = A− λ1I , P2 = (A− λ1I)2 ,

while by (4.33c) the divided-difference table is simply

λ1 eλ1t

↘
λ1 eλ1t → t eλ1t

↘ ↘
λ1 eλ1t → t eλ1t → 1

2
t2eλ1t

We read off from the top entries of the columns that

h1(t) = eλ1t , h2(t) = t eλ1t , h3(t) = 1
2
t2eλ1t ,

whereby the result follows from (4.34a).

Fact. If A is annihilated by a cubic polynonial with a double root λ1 and a simple root
λ2 then

etA = eλ1tI + t eλ1t(A− λ1I) +
1

λ2 − λ1

(
eλ2t − eλ1t

λ2 − λ1
− t eλ1t

)
(A− λ1I)2 .

Reason. Set z1 = z2 = λ1 and z3 = λ2. Then by (4.34b)

P0 = I , P1 = A− λ1I , P2 = (A− λ1I)2 ,

while by (4.33c) the divided-difference table is simply

λ1 eλ1t

↘
λ1 eλ1t → t eλ1t

↘ ↘

λ2 eλ2t → eλ2t − eλ1t

λ2 − λ1
→ 1

λ2 − λ1

(
eλ2t − eλ1t

λ2 − λ1
− t eλ1t

)
We read off from the top entries of the columns that

h1(t) = eλ1t , h2(t) = t eλ1t , h3(t) =
1

λ2 − λ1

(
eλ2t − eλ1t

λ2 − λ1
− t eλ1t

)
,

whereby the result follows from (4.34a).

Fact. If A is annihilated by a cubic polynonial with distinct roots λ1, λ2, and λ3 then

etA = eλ1tI +
eλ2t − eλ1t

λ2 − λ1
(A− λ1I)

+
1

λ3 − λ1

(
eλ3t − eλ2t

λ3 − λ2
− eλ2t − eλ1t

λ2 − λ1

)
(A− λ1I)(A− λ2I) .
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Reason. Set z1 = λ1, z2 = λ2, and z3 = λ3. Then by (4.34b)

P0 = I , P1 = A− λ1I , P2 = (A− λ1I)(A− λ2I) ,

while by (4.33c) the divided-difference table is simply

λ1 eλ1t

↘

λ2 eλ2t → eλ2t − eλ1t

λ2 − λ1
↘ ↘

λ3 eλ3t → eλ3t − eλ2t

λ3 − λ2
→ 1

λ3 − λ1

(
eλ3t − eλ2t

λ3 − λ2
− eλ2t − eλ1t

λ2 − λ1

)
We read off from the top entries of the columns that

h1(t) = eλ1t , h2(t) =
eλ2t − eλ1t

λ2 − λ1
, h3(t) =

1

λ3 − λ1

(
eλ3t − eλ2t

λ3 − λ2
− eλ2t − eλ1t

λ2 − λ1

)
,

whereby the result follows from (4.34a).

Example. Given the fact that p(z) = z3 − 4z annihilates A, compute etA for

A =


0 1 0 1
1 0 1 0
0 1 0 1
1 0 1 0

 .

Solution. Because we are told that p(z) = z3 − 4z annihilates A, we do not have to
compute the characteristic polynomial of A. Because p(z) = z(z + 2)(z − 2), its roots
are −2, 0, 2. Set λ1 = −2, λ2 = 0, and λ3 = 2. Then by (4.34b)

P0 = I , P1 = A + 2I , P2 = (A + 2I)A ,

while by (4.33c) the divided-difference table is

−2 e−2t

↘

0 1 → 1− e−2t

2
↘ ↘

2 e2t → e2t − 1

2
→ 1

4

e2t − 2 + e−2t

2
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Therefore

etA = e−2tI +
1− e−2t

2
(A + 2I) +

e2t − 2 + e−2t

8
(A2 + 2A)

= I +
e2t − e−2t

4
A +

e2t − 2 + e−2t

8
A2

=


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

+
sinh(2t)

2


0 1 0 1
1 0 1 0
0 1 0 1
1 0 1 0

+
cosh(2t)− 1

4


0 1 0 1
1 0 1 0
0 1 0 1
1 0 1 0


2

=


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

+
sinh(2t)

2


0 1 0 1
1 0 1 0
0 1 0 1
1 0 1 0

+
cosh(2t)− 1

4


2 0 2 0
0 2 0 2
2 0 2 0
0 2 0 2

 .

4.7.3. Application to Other Functions of Matrices. We can use the same method to
compute other functions of matrices. Let A be an n×n real matrix and p(z) be a
polyinomial of degree m ≤ n that annihilates A. Let {z1, · · · , zm} be the roots of p(z)
listed with multiplicity and clustered so that

if zj = zk for some j < k then zj = zj+1 = · · · = zk−1 = zk .

Let f(z) be a function that is defined and differentiable at every complex z. (Such
functions are called entire.) For example, let f(z) = zr for some positive integer r,
where we think of r as large. Compute the divided-difference table whose first column
is seeded with h[zk] = f(zk) and subsequent columns are given by (4.33c). Read off the
coefficients h1, h2, · · · , hm from the top entries of each column as prescribed by (4.33d).
Then set

f(A) = h(A) =
m−1∑
k=0

hk+1 Pk ,

where the matices Pk are computed by (4.34b). In this way we can compute A1000

efficiently when n is not too large.
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Exercises on Matrix Exponentials

True or False

(1) (a) etA =
∑∞

k=0
1
k!
tkAk

(b) If A =

(
a11 a12
a21 a22

)
and a12 and a21 are nonzero, then etA =

(
eta11 eta12

eta21 eta22

)
(c) For any m×m matrix, etA = N0(t)I+N1(t)A+ · · ·+Nm−1(t)A

m−1, where
N0(t), N1(t), · · · , Nm−1(t) is the natural fundamental set of solutions for
the mth-order differential equation corresponding to matrix A (with initial
time 0).

(d) The natural fundamental set of solutions N0(t), N1(t), · · · , Nm−1(t) can be
obtained by solving the mth-order differential equation p(D)y = 0, with
general initial conditions of y(0) = y0, y

′(0) = y1, · · · , y(m−1)(0) = ym−1,
where p(z) is the characteristic polynomial of A

(e) The solution to the initial value problem, x′ = Ax with x(0) = x0, is given
by x(t) = etAx0.

Solution

True or False (The following refers only to 2× 2 matrices)

(2) (a) If the characteristic polynomial corresponding to the matrix A, has simple

real roots µ ± ν, then etA = eµt
[
cos(νt)I + sin(νt)

ν
(A− µI)

]
. (Note: µ ± ν

is obtained by completing the squares on the characteristic polynomial (ie

(z − µ)2 − δ) with ν =
√
δ)

(b) If the characteristic polynomial corresponding to the matrix A, has double
roots µ, then etA = eµt [I + t(A− µI)]

(c) If the characteristic polynomial corresponding to the matrix A, has complex

conjugate roots µ± iν, then etA = eµt
[
cosh(νt)I + sinh(νt)

ν
(A− µI)

]
Solution

(3) Let A be a 2×2 matrix. Use the Caley-Hamilton Theorem to derive the formula

for the inverse of A =

(
a11 a12
a21 a22

)
,

A−1 =
1

det (A)

(
a22 −a12
−a21 a11

)
.

Solution

http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol001.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol002.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol003.pdf
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(4) Let A be a 2×2 matrix. Use the Caley-Hamilton Theorem to prove the following
formula for the determinant of A,

det (A) =
1

2

(
tr (A)2 − tr

(
A2
))
.

Solution
(5) Consider the matrix

A =

0 1 1
1 0 1
1 1 0


Given that the characteristic polynomial is p(z) = z3 − 3z − 2, use the Caley-
Hamilton Theorem to find the inverse of A.

Solution
(6) In the text it was stated that for any constant n×n matrix A and any t and s,

the following property holds

e(t+s)A = etAesA.

As was outlined in the text, show this by showing that both sides of the equation
satisfy the same initial value problem.

Solution

For 7–9 verify that the matrix Φ(t) is a matrix exponential etA for some A by
checking that Φ(t) satisfies the properties of a matrix exponential, i.e. Φ(0) = I and
Φ(s)Φ(t) = Φ(t+ s) for any t, s. Use this to find the inverse Φ(t)−1.

(7) Φ(t) =

(
cos (2t) 1

2
sin (2t)

−2 sin (2t) cos (2t)

)
Solution

(8) Φ(t) = et
(

1 t
0 1

)
Solution

(9) Φ(t) = et
(

cosh (2t) 2 sinh (2t)
1
2

sinh (2t) cosh (2t)

)
Solution

For 10- 19 compute etA.

(10) A =

(
3 2
2 3

)
Short Answer

Solution

(11) A =

(
−1 −4
1 −1

)
Short Answer

Solution

(12) A =

(
2 −1
3 −2

)
Short Answer

http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol004.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol005.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol006.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol007.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol008.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol009.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Short010.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol010.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Short011.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol011.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Short012.pdf
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Solution

(13) A =

(
1 −1

2
2 −1

)
Short Answer

Solution

(14) A =

(
1 −1
5 −3

)
Short Answer

Solution

(15) A =

(
7 −9
1 1

)
Short Answer

Solution

(16) A =

(
1 5
−1 3

)
Short Answer

Solution

(17) A =

(
5 3
3 5

)
Short Answer

Solution

(18) A =

(
1 −4
4 −7

)
Short Answer

Solution

(19) A =

−3 2 0
−1 0 0
−3 3 1


Short Answer

Solution

For 20- 25, find the solution to the initial value problem using etA.

(20) x′ =

(
−2 1
−5 4

)
x, x(0) =

(
2
1

)
Short Answer

Solution

(21) x′ =

(
−5

2
3
2

−3
2

1
2

)
x, x(0) =

(
−1
1

)
Short Answer

Solution

(22) x′ =

(
1 −5
1 −3

)
x, x(0) =

(
1
4

)
Short Answer

Solution

(23) x′ =

(
2 −5

2
9
5
−1

)
x, x(0) =

(
1
1

)

http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol012.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Short013.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol013.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Short014.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol014.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Short015.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol015.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Short016.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol016.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Short017.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol017.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Short018.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol018.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Short019.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol019.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Short020.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol020.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Short021.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol021.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Short022.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol022.pdf
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Short Answer
Solution

(24) x′ =

 1 0 0
−4 1 0
3 6 2

x, x(0) =

−1
3
1


Short Answer

Solution

(25) x′ =

1 −1 4
0 2 −1
0 0 −1

x, x(0) =

2
0
1


Short Answer

Solution

(26) Solve the general initial value problems to find the natural fundamental solutions
given in equations (4.18a), (4.18b), (4.18c) in the text.

Solution
(27) Let A be a 3×3 matrix of the form

A =

0 a12 a13
0 0 a23
0 0 0

 .

Compute the matrix exponential in terms of A. How does this compare to the
series representation of the the matrix exponential? Suppose that A is more
generally given by

A =


0 a12 a13 · · · a1n
0 0 a23 · · · a2n
...

...
. . . . . .

...
0 0 · · · 0 a(n−1),n
0 0 · · · 0 0

 .

Can you guess the form of the matrix exponential in this case? (see exercise 30
in the supplement on matricies and vectors for a hint on the annihilator for A).

Solution
(28) Derive d

dt
etA = AetA using the series representation of etA. (You may pull

derivatives inside infinite sums without justification).

Solution

(29) Compute the natural fundamental sets of y′′ − 6y′ + 5y = 0 using Green func-
tions. Confirm that these are the same natural sets obtained from Problem 10.

Solution

http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Short023.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol023.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Short024.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol024.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Short025.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol025.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol028.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol028.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol028.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol029.pdf
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(30) Compute the natural fundamental sets of −y′′′+ 4y′′− 5y′+ 2y = 0 using Green
functions. (The characteristic polynomial of this equation has roots z = 1, 1, 2.)
Confirm that these are the same natural sets obtained from Problem 24.

Solution

Calculate etA using Hermite interpolation methods.

(31) A =

(
2 −1
3 −2

)
Solution

(32) A =

(
1 −4
4 −7

)
Solution

http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol030.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol031.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN-CC/WORK/Sol032.pdf
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http://courses.math.umd.edu/math246/NODE/2223F/main.html
http://courses.math.umd.edu/math246/NODE/2223F/Course.pdf
http://courses.math.umd.edu/math246/NODE/2223F/First-About.pdf
http://courses.math.umd.edu/math246/NODE/2223F/First-Anal-Lin.pdf
http://courses.math.umd.edu/math246/NODE/2223F/First-Anal-Sep.pdf
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http://courses.math.umd.edu/math246/NODE/2223F/First-Lingual.pdf
http://courses.math.umd.edu/math246/NODE/2223F/First-Numerical.pdf
http://courses.math.umd.edu/math246/NODE/2223F/First-Reducible.pdf
http://courses.math.umd.edu/math246/NODE/2223F/First-Solvable.pdf
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http://courses.math.umd.edu/math246/NODE/2223F/Higher-Homo-Alg.pdf
http://courses.math.umd.edu/math246/NODE/2223F/Higher-Homo-CC.pdf
http://courses.math.umd.edu/math246/NODE/2223F/Higher-Non-About.pdf
http://courses.math.umd.edu/math246/NODE/2223F/Higher-Non-CC.pdf
http://courses.math.umd.edu/math246/NODE/2223F/Higher-Non-VC.pdf
http://courses.math.umd.edu/math246/NODE/2223F/Higher-Springs.pdf
http://courses.math.umd.edu/math246/NODE/2223F/Higher-Transform.pdf
http://courses.math.umd.edu/math246/NODE/2223F/Sys-About.pdf
http://courses.math.umd.edu/math246/NODE/2223F/Sys-Lin-About.pdf
http://courses.math.umd.edu/math246/NODE/2223F/Sys-Lin-Alg.pdf
http://courses.math.umd.edu/math246/NODE/2223F/Sys-Lin-CC.pdf
http://courses.math.umd.edu/math246/NODE/2223F/Sys-Lin-Eigen.pdf
http://courses.math.umd.edu/math246/NODE/2223F/Sys-Lin-Laplace.pdf
http://courses.math.umd.edu/math246/NODE/2223F/Sys-Lin-Planar.pdf
http://courses.math.umd.edu/math246/NODE/2223F/Sys-Planar-Int.pdf
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http://courses.math.umd.edu/math246/NODE/2223F/Sys-Planar-Pop.pdf
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