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Let X be a complete metric space. Denote by M(X) the set of all contracting
homeomorphisms w : X → X of the whole space X onto itself. Given a system
w1, . . . , wN ∈ M(X), N ≥ 2, let A = A(w1, . . . , wN) ⊂ X be the attractor of this
system. Denote Σ = {1, . . . , N} and for every vector i = {i1, . . . , im} ∈ Σm, let

wi(A) = wi1 ◦ . . . ◦ wim(A).

Our work studies the following separation condition. For the purposes of this paper,
we say that a system of mappings (w1, . . . , wN) ∈ (M(X))N satisfies the strong Markov
property (SMP) if for every m ∈ N, there is an open set Om ⊂ X such that

1. Om ∩ A = A;
2. wi(Om) ∩ wj(Om) = ∅, for every i 6= j ∈ Σm.
This separation condition is weaker than the classical strong open set condition, and

not equivalent to the weak separation condition studied in [4] and [7].
We will call a sequence {wk}k∈N fromM(X) strongly poinwise convergent to a mapping

w ∈ M(X) and wrtie wk s.p.→w, k → ∞, if it converges to w at every point x ∈ X, and

the contraction coefficients of the mappings wk are bounded by a number strictly less
than one. If {wk}k∈N ⊂ M(X) is a sequence of similitudes, then the strong pointwise
convergence is equivalent to the ”usual” pointwise convergence.

We define topology BN on the space (M(X))N by defining a subset C ⊂ (M(X))N to be
closed if C = ∅ or if for every sequence {(wk1 , . . . , wkN)}k∈N ⊂ C, such that {wki }

s.p.→wi ∈
M(X), i = 1, . . . , N , we have (w1, . . . , wN) ∈ C.

Theorem 1. Let X be a complete metric space. The set of systems of mappings
(w1, . . . , wN) ∈ (M(X))N , which satisfy the SMP is a G-delta set in the topology BN .

For everym ∈ N, denote by Vm the set of all orderedN -tuples (w1, . . . , wN) ∈ (M(X))N

such that for every i ∈ Σm, there holds

wi(A) *
⋃

j∈Σm, j6=i

wj(A).

To prove Theorem 1 we show that every set Vm is open and prove the following statement.

Theorem 2. Let X be a complete metric space. The system (w1, . . . , wN) of contracting
homeomorphisms of X onto itself satisfies the SMP if and only if

(w1, . . . , wN) ∈
∞⋂
m=1

Vm.

Theorem 2 is also used to obtain the following sufficient conditions for the SMP.

Proposition 1. Let w1, . . . , wN ∈ M(X) be such that the corresponding attractor A is
uncountable and every set wi(A) ∩ wj(A), i 6= j, is at most countable. Then the system
(w1, . . . , wN) satisfies the SMP.
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Proposition 2. Let X be a complete metric space and w1, . . . , wN ∈ M(X). Assume
that every point in the attractor A of this system has a finite number of addresses. Then
the system (w1, . . . , wN) satisfies the SMP.

Let W = (w1, . . . , wN), where w1, . . . , wN : Rd → Rd, d ∈ N, are similitudes with
similarity coefficients r1, . . . , rN ∈ (0, 1) respectively. Denote by α = α(W ) the unique
positive number such that

rα1 + . . .+ rαN = 1.

Proposition 3. Let W = (w1, . . . , wN) be a system of contracting similitudes in Rd,
d ∈ N, and the Hausdorff dimension of dimA(W ) be α(W ). Then A satisfies the SMP.

Given a collection (a1, . . . , aN) ∈ ((−1, 1) \ {0})N , let EN = EN(a1, . . . , aN) be the set
of points (α1, . . . , αN) ∈ RN such that the system of mappings

ui(x) = ai(x− αi) + αi, i = 1, . . . , N,

satisfies the SMP. When |a1| < 1/2, ..., |aN | < 1/2, and
∑N

i=1 |ai| < 1, the set
EN(a1, . . . , aN) is a subset of RN of full measure (and hence, dense in RN). This fol-
lows from the results of Falconer [2, Theorem 5.3] and Solomyak [6, Proposition 3.1], and
Proposition 3. We obtain the following density result for EN(a1, . . . , aN).

Theorem 3. Let collection (a1, . . . , aN) ∈ ((−1, 1) \ {0})N be such that
N∑
i=1

|ai| < 1. Then

the set EN(a1, . . . , aN) is a dense G-delta subset of RN .

Remark 2. The proof of Theorem 3 implies that for every collection (a1, . . . , aN) ∈

((−1, 1) \ {0})N with the property
N∑
i=1

|ai| < 1, there is a vector γ ∈ RN such that the in-

tersection of the complement of EN(a1, . . . , aN) with every line parallel to γ has Hausdorff

dimension at most λ, where λ ∈ (0, 1) is the unique number such that
∑N

k=1 |ak|
λ = 1.
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