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Instructions

1. Answer all six questions. Each one will be assigned a grade from 0 to 10. In
problems with multiple parts, the parts are graded independently of one another. Be sure
to go on to subsequent parts even if there is some part you cannot do. You may assume
the answer to any part in subsequent parts of the same problem.

2. Use a different booklet for each question. Write the problem number and your
code number (not your name) on the outside cover of each booklet.

3. Keep scratch work on separate pages in the same booklet.

4. Unless otherwise stated, you may appeal to a “well known theorem” in your solution
to a problem, but if you do, it is your responsibility to make it clear exactly which theorem
you are using and why its use is justified.

1. Let X = {zq,z2,...} be a countably infinite complete metric space.

(a) Show that X has infinitely many isolated points.

(b) Let .J be the set of isolated points of X. .J is open (why?). Thus X — J is a
countable complete metric space and, if it is non-empty, has isolated points. But
how can that be since to construct X — .J we removed all the isolated points from

X7

2. Show that for any A\ € C with [\| < 2, the equation z* — 3z + X\ = 0 has a unique
solution z(\) € C with |z(\)] < 1. Prove that A — z(\) is holomorphic and find the

coefficients ag, ay, ..., as in the Taylor series development
>0
z(\) = Z ap\"
n=0
about A = 0.
3. Evaluate
o0 gn—2 T
lim sin — dx.
n—oo [ + " n

Justify each step in your calculation.

4. Evaluate:

/oo dx
o COsha’

Justify all intermediate steps.



5. Suppose 1 < p < oo and {f,}72, is a sequence of measurable functions on [0, 1]
for which there are positive constants K, M such that for all n,

sup | fn(z)] < M

and

[fallze = K.

Suppose that {a, }52, is a sequence of real numbers such that the series

Z n fn()
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converges for almost all z € [0, 1]. Prove that a, — 0 as n — oo.

6. Find a one-to-one conformal mapping f from

Q={z€C:Imz<0or|z| <1}

(see below) onto the upper half-plane H = {z € C: Imz > 0}, with f(0) = 1.




