UMCP Department of Mathematics Qualifying Exam
Partial Differential Equations, August 2011

(1) Solve all six problems. Each main problem will be assigned a grade from zero to ten.

(2) Begin your answer to each question on a separate sheet.

(3) Write your code number on each page of your answer sheets Do not use yowr name

(4) Keep any scratch work on separate shests, which should not be submitted

(5) Carefully explain all your steps. If you invoke a “well-known” theorem, you must make clear

which theorem you aie using and justily its use.

1. Consider a bounded domain U7 ¢ R™ with CT boundary U

(1} Prove that the inegquality
‘ e,
/uzdw < —/ |Vu|?dz,
A1
U

v
holds for every u € H}(U). Here, A, is the smallest eigenvalue of —A with zero boundary
conditions, namely, the smallest A with non-trivial ¢ such that —A¢ = A¢ in U and g5y = 0.

' 1
(if) Show that there exists a non-trivial solution u for the equalify / wide = o / (Vu|?dz.
1
U v

2. Let U be a bounded open domeain in R™ with smooth boundary 8U, and consider the problem

—Audeu =0, zel,
(1)

%% =g, z&dl

Here, ¢ is a positive constant ¢ > ; v denotes the normal to U and g € L?(8U)
(i) Find a weak formulation of problem (1), and prove that a weak solution exists

(ii) Is the weak solution of pait (1) unique?

ifi} Assume that ¢ = 01in (1). Does a weak solution of problem (1) exist for all ¢’s? if “yes”
(i) p g yes”,
justify your answer H “no”, piovide a necessary condition for existence

3. Let Q be a bounded open set of R™® with smooth boundary 80 and let f : R — R be a C!
function such that |f'| < K and £(0) =0 Assume that u is a G2 solution of

{ S — Au = f(u) in Q x (0,c0) , 2)
u(z,t) =10 on 90 x (0,00) .

(i) Show that if u(z, 0} > 0 for all z € © then u(z,?) > 0 for all z € ¢ and all ¢ > 0.
(ii) Show that if u(z,0) < M for all x € £ then u(z,t) < Mef for allz € Qand all £ >0

4, Let I be a bounded interval in R. Show that there exists a constant ¢ such that
fuollgy < Clhull mniivllayn

for all functions u and v in H(I).




5. Consider the initial value problem

Up + Uty +u =0, —x0<r<oo, t>0 (3)

subject to initial condition u{z,0) = asinz.
(i) Find the characteristic curves associated with (3) in an explicit form.

(ii) Show that if ¢ > 1, then there exists a time ¢ = ¢, > 0 such that there exists no smooth
solution of (3) for ¢ > ¢, Find this maximal time of smocthness, £,

6. Let 8 be a given constant, ¢ < # < 1. Suppose that w solves the nonlinear wave equation

w

m, $€[0,'ﬂ'], fi>0,

Wy — Wy = §
subject to the boundary conditions w(z = 0,t) = w(z = «,t) = 0, and smooth initial data
w(z, 0) = wo(z), we(z,0) = wi(z).

(i) Derive an energy integral, E(t}, in terms of w, w; and wy, which is constant in time.
Hint: Multiply by w,.
(ii) Conclude that thete exists a constant Cp (depending on wyg) such that

(ax lw(z, )} <Cy  forallt>0.

Hint: You may use the following thiee facts. (1) The bound In(l + a?) < a?; (2) Sobolev
inequality; and (3) the following Poincaré inequality: [j w?(z) dz < ]Oﬂ w2 (z) dz, which holds
for all w(z) € C*([0, ]) such that w(0) = w(x) =0




