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Applied Statistics (M.A. Version)
Instructions to the Student

a. Answer any six questions. Each will be graded from 0 to 10.

b Use a different booklet for each question Write the problem number
and your code number (NOT YOUR NAME) on the cover

c. Keep scratch work on separate pages in the same booklet.

d If you use a “well known” theorem in your solution to any problem, it
is your responsibility to make clear which theorem you are using and
to justify its use.

e You may use calculators as needed.

1. Consider the linear model ¥ = X3 + e, where the n x p matrix has 1ank
r < p. Let 9 = ¢T3 be a parametric function Show that the following

conditions are equivalent
{a) 7 is estimable. -
(b) ¢¥ =a?X for some a € B™

(c) ¢! =1"XTX for some r € R?.



2 LetYy =p4+o+08+v+e;, =1, ,1,7=1,. ,J The errax
terms are ii.d. with mean zero and variance o? A statistician fits a main
effect model to these data, ignoring the presence of the interaction term ;.

(a) Find the expectation of the usnal estimate of 6% under a main effects
model.

(b} Make the additional assumption that [ = J = 2. Is oy — g estimable
in this situation? Justify your answer

3. Consider the linear model
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where the e; are iid. N{0,0?)
(a) Find the least squares estimates of 3 and an unbiased estimator of o2.

(b) Give an explicit formula for the statistic used to test Hp : 51 = o = s
and the distribution of the test statistic under Hy.




4. An agricultural experiment was conducted to compare [ treatments It
is believed that the response is also affected by a measured covariate z. The
data are (z;,Y;),i=1, ..,I,9=1,. .,n;, where

Yiy=08i+vlz—z)+ey t=1. I, j=1L .,
and the e; areiid. N(0,0%).
(a) Detive the least squares estimators and an estimator for the variance

(b) Give a test statistic for Hp : Sy = - - = fr. State the distiibution of
your test statistic under the null hypothesis.

(c) Find the best linear unbiased estimator of the contrast 9 = YL af
What ig the variance of your estimator?

5. A simple random sample S of size n is selected from a finite population
U of size N The variables z; and y; are measured on each unit 1+ € & The

population ratio
by _ 2culi
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is estimated by its sample analog
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Assuming that n is large, argue that Bis approximately unbiased and that

1- n/N) S% — 2BRS,S, + B25%

7

Var B = (

n
where %1 = t/N is the population mean of z, 52 = (N ~1)"! ¥,cs{z: — Tu)®
is the population variance of z with similar definitions for fy, S’_j, Sy, and
R = 8,,/(5:5,) is the population correlation.




6 Consider the linear mixed model Y = X3 -+ Zu + e where 3 is a vector of
fixed parameters, X is an n x p matrix of full rank, Z is an n x ¢ matrix of full
rank, the random g-vector u ~ N{0, G), the random n-vector e ~ N(0, oI},
and u and e are independent. '

(a) Find Var-Cov[Y], Cov[u, Y] and Elu}Y].

(b) In terms of X, Z, 3 and o2, find the best predictor of u. That is, find
the function ¢(Y) which minimizes E[(z(Y) — w)T(#(Y) — u)]. Prove
YOUI answer.

7 A finite population If is divided into two strata U and Uz of known sizes
Ny and Ns, respectively. If simple random samples §; and S of sizes ng
and ng are drawn independently from U4 and U, the population mean iy is

estimated by
st = (N1/N)T1 + (N2 /N7
where the sample stratum means are defined as 7n = (1/n4) Yics, Yni» b =

1,2. The stratum means and variances are defined as

1 1
- b L Si= — )2
Yn Nhi:yh h Nh—li:(yh )

PELy, icldy,

(a) Derive Var [ga].

(b) For a fixed sample size n, derive the optimum stratum sample sizes nj,
h = 1,2, such that Var [§] is minimized Denote the minimum value
by Vipin. Assume that finite sample corrections may be ignored




8 A chemical manufacturing experiment attempted to maximize a response
Y with respect to controllable quantities z1, 29, z3. A quadratic regression
model

Y = Bo+ iz + Paza+ faza+ Bz + Pazs + Beazs
+P1az120 + Prazizz + Paszeza + e

was fitted to 19 independent obgervations. It was assumed that the errors
e; were 11d N(0,0%) Plots of the data and numerical and graphic output
appear on the following pages.

(a) ldentify possible outliers and influence points. Explain your answets.

{b) Assuming all observations ate valid, how would you attempt to simplify
the model? Explain what statistical procedures you would employ to
check whether the simplified model fits the data as well as the full
model.

(¢} Theoretical considerations suggest that the response depends only on
the quantities z1, w == 29 + 23 and second degree terms involving these
quantities In terms of the coeflicients in the full model, formulate
appropriate hypotheses to test this theory. How would the test statistic
be computed? What would be its null distribution?
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Estimate Std. Error t walue Pr(>|t]|)

(Intercept) 58.7680 1.2110 48 527 3 36e-12 ***
zl 1.8914 0.4186 4 518 0.001451 =*x
z2 0.9581 0.3442 2.784 0.021270 =
z3 1.0665 0.4518 2 360 0.042608 *
I(z1"2) -1.8690 0.4350 -4.207 0.001999 *x
I(z1 % z2) -2.7195 0.5220 -5 210 0.000557 #k%
I(z2°2) -0 .6987 0.3488 -2.003 0.076164 .
I(z1 * =z3) -2.1811 0.6206 -3 .464 C.007114 =%
1(z3"2) -0 9468 0.4730 -2.002 0.076346 .
I(z2 % z3) -1.2244 0.5974 -2 049 0.070682

Signif. codes: O #%x 0 001 ** 0,01 = 0.056 . 0.1 1

Residual standard error: 1.817 on 9 degrées of freedom
Multiple R-squared: 0.9258, Adjusted R-squared: 0.8516
F-statistic: 12.48 on 9 and 9 DF, p-value: 0 0004388
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17 05019763 0.021311124 0.4582136
18 -0.2346181 0.003828235 0.410191b
19 0.1954162 0.002655810 0 4101915




