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Applied Statistics (Ph.D. Version}
Instructions to the Student

a. Answer any six questions Each will be graded from 0 to 10.

b. Use a different booklet for each question Write the problem number
and your code number (NOT YOUR NAME) on the cover.

c. Keep scratch work on separate pages in the same booklet.

d If you use a “well known” theorem in your solution to any problem, it
is your responsibility to make clear which theorem you are using and

to justify its use

e You may use calculators as needed.

A

1 Consider the linear model Y = X3 + e, where the n x p matrix has rank
r < p Let ¥ = ¢TB be a parametric function. Show that the following

conditions are equivalent.
{a) 1 is estimable
(b) ¢ =a?X for some a € R™

(c) ¢ =17XTX for some r € RP




2 LetYy=p+o+8+vw+ey,,i=1. ,I,7j=1,J. Theemor
terms are iid. with mean zero and variance o? A statistician fits a main
effect model to these data, ignoring the presence of the interaction term ;.

(a) Is the usual least squares estimate of a1 — o unbiased under this mis-
specified model? Justify your answer

{b) Find the expectation of the usual estimate of o2 under a main effects
model.

(c) Make the additional assumption that 7 = J =2 Is oy — ap estimable
in this situation? Justify your answer.

3 Consider the linear model

100 ~1
100 0
100 1
Y=XB8+e=|010 —1]|3+e
010 1
00 1 -1
001 1

where the e; are iid N(0,0%).
(a) Find the least squares estimates of 3 and an unbiased estimator of o

(b) Give an explicit formula for the statistic used to test Hy : §1 = f2 = s
and the distribution of the test statistic under Hy.

{c) Does the power of your test depend on 8,7 Justify your answer




4. An agricultural experiment was conducted to compare / treatments It
is believed that the 1esponse is also affected by a measured covariate z. The
data are (z;,Y3;),1=1, I, 7=1,.. ,n;, where

}/?:Zf=16’i+7(zij""2i)+eij; 2217 ,_[, ]:1, -y
and the e;; are iid. N(0,0%).
(a) Derive the least squares estimators and an estimator for the variance

{b) Give a test statistic for Hp : 1 = = fr State the distribution of
your test statistic under the null hypothesis.

(c) Find the best linear unbiased estimator of the contrast ¢ — S el
What is the variance of your estimator?

5 A simple random sample S of size n is selected from a finite population
i of size N The variables z; and y; are measured on each unit ¢« € & The
population 1atio

B = ty _ Dieul
te  Dseu T
is estimated by its sample analog
h= f_ . > ies Yi
[ ZiES o

(2) Assuming that n is laige, argue that B is approximately unbiased and
that

Var B =

I3

. [1-n/NY S2—2BRS,S, + B>S%

R A
where Ty = t,/N is the population mean of z, 52 = (N—1)71 Y ses(zi—
7)? is the population variance of z with similar definitions for i, Sj’
Sey, and R = S,,/(S5,.5,) is the population correlation.

(b) Assuming ¢, is known, use the results of (a) to produce the ratio es-
timate fyv ot t, and its approximate variance When is 7,, a better

estimator than (N/n) Y s wi?




6. Consider the linear mixed model ¥ = X3 + Zu + e where 3 is a vector of
fixed parameters, X is an n-X p matrix of full rank, Z is an n x g matrix of full
rank, the random g-vector u ~ N(0,G), the tandom n-vector e ~ N{0, o°I},
and u and e are independent

(a) Find Var-Cov[Y], Cov|u, Y] and Flu|Y].

(b) In terms of X, Z, 3 and ¢?, find the best predictor of u That is, find
the function #(Y) which minimizes E[(#(Y) — w)T(#(Y) — u)]. Prove
YOUr answer.

7. A finite population U is divided into two strata U4 and Us of known sizes
N7 and N, respectively. If simple random samples &7 and & of sizes ng
and np are drawn independently from I4; and U, the population mean gy is

estimated by
st = (N /N)Gs + (N2/N)ija

where the sample stratum means are defined as §n = (1/n1) Yics, vner 1 =
1,2 The stratum means and variances are defined as

Z (yni — n)”.

2N

1 1
i —_ i 52 =
Yity, JVh iguh: Yn h Nh —1

(a) Derive Var 7).

(b) For a fixed sample size n, derive the optimum stratum sample sizes n},
h = 1,2, such that Var [§,] is minimized. Denote the minimum value
by Vinin. Assume that finite sample corrections may be ignored

{¢) If a simple random sample of size n is selected from U, let V., be the
variance of the sample mean Let n; and ny be the (approximate) num-
bers of observations from each stratum under simple random sampling
Assume n is very large Define ¢ = (ny/ng)/(n7/n3). Show that

me/an 2 4¢/(1 + ¢2)




8. A chemical manufacturing experiment attempted to maximize a response
Y with respect to controllable quantities z1, z2,z3. A quadratic regression
model

Y = fo+ Pz + Pezo + Bazs + P12t + Poazh + Paazs
“+Baz12g + Prsz1zs + Pozzazs + €

was fitted to 19 independent observations It was assumed that the errors
e; were 11d. N(0,0?). Plots of the data and numerical and graphic output
appear on the following pages.

(a) Identify possible outliers and influence points Explain your answers.

(b) Assuming all observations are valid, how would you attempt to simplify
the model? Explain what statistical procedures you would employ to
check whether the simplified model fits the data as well as the full
model.

{¢) Theoretical considerations suggest that the response depends only on
the quantities z;, w = z3 + 23 and second degree terms involving these
quantities In terms of the coefficients in the full model, formulate
appropiiate hypotheses to test this theory. How would the test statistic
be computed? What would be its null distribution?
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