ANALYSIS QUALIFYING
EXAMINATION
JANUARY 7, 2011
MATHEMATICS DEPARTMENT
UNIVERSITY OF MARYLAND

Unless otherwise stated, you may appeal to a “well known theorem” in your solution to a problem,
but if you do, it is your responsibility to make it clear which theorem you are using and why its
use is justified. You may use any given hint without proving it. In problems with multiple parts,
be sure to go on to the rest of the problem even if there is some part you cannot do. In working
on any part, you may assume the answer to any previous part, even if you have not proved it.

1. Let f € ACI0,1] be an absolutely continuous function on [0, 1] with f > 0. Prove that 1/f €
AC|0,1].

2. The functions { f,,} are holomorphic on a domain D and converge uniformly on compact subsets
to a function f. Show that either f is identically zero or for each open subset U of D with compact
closure in D and with f having no zeros on the boundary of U that: there is an integer ny such
that for n > ny, f, and f have the same number of zeros on U.

3. Let f € LP(R), 1 < p < o0, a > 0, and define

Eo(f) ={z e R:|f(z)| > a}.
(i) Show that E, has finite Lebesgue measure.
(ii) Use (i) to show that every f € LP(R), 1 < p < 2, can be decomposed as f; + f> where f; € L'(R)
and fo € L3(R).

4. Let F be the set of holomorphic maps f with f(0) = i and domain the unit disc D and range con-
tained in the upper half plane H. Show that the supremum of the imaginary parts sup e » Sf(i/2)
is bounded (3 points). Find the supremum and justify your answer (7 points).

5. Let {f,} be a sequence of measurable functions which converges a. e. to f on R, and suppose
there exists g € L'(R) such that for alln > 1, |f,| < g a.e. on R. Given € > 0, prove that there
is a measurable subset A C R such that m(A) < e and f,, — f uniformly on A°.

6. Suppose R is a region with f a non constant holomorphic function on R. Suppose D is an open
disc with D C R and with |f| constant on the boundary of D. Prove that f has zeros in D.
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MATHEMATICS DEPARTMENT
UNIVERSITY OF MARYLAND

Unless other wise stated, you may appeal to a “well known theorem” in yow solution to a problem,
but if you do, it is your 1esponsibility to make it clear which theorem you are using and why its
use is justified In problems with multiple parts, be sure to go on to the 1est of the problem even
if there is some part you cannot do In working on any part, you may assume the answer to any
previous part, even if you have not proved it

1 Assume that the function [ is of bounded variation on [0,1]. For each & € [0, 1], define v(z) to
be the total variation of the restriction of f to [0,z] Prove that if f is absolutely continuous, then
v is also absolutely continuous Is the conclusion still true if we remove the assumption that f is

absolutely continuous?

2 Ewvaluate the integial

g== E‘it:u
/ 112 dx for £ = 0.
oo

Carefully justify convergence

3. Let {fo} be a sequence of nonnegative Lebesgue measurable functions on [0,1] Show that {fn}
converges to zero in measue if and only if

1
: i _
nhﬂ;‘oj] Tz 42 =0

4. The functions f(z) and g(z) are holomorphic in a domain containing the circle y and its interior
The functions are non vanishing on v Give a formula for the integral
S 4
JRCIC
v F(2)

in terms of the values and zeros of the functions.
1



2 AUGUST 2010 ANALYSIS EXAM

5 Assume that f,g € LY(R,dm) N L®(R, dm) where m denotes the Lebesgue measure on R, and
define the function h on R by

h(z) = | /_ ” fz+ y)g(y)dm(y)

Prave that / is a continuous function on R, and that limyy_,, h(z) = 0 for all z in R

6. Statement: a harmonic funcfion u(z,y) on a simply connected domain € can be represented in
the form u(z, y) = log|f{z){ for a holomorphic function f(z) on Q

¢ Prove the statement beginning with the harmonic conjugate
+ Use the statement to show that a harmonic function on {2 cannot have an interior minimum

or an interior maximum.
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Unless otherwise stated, you may appeal to a “wall known theorem” in yow solution to a problem,
but if you do, it is your responsibility to make it clear which theorem you are using and why its
use is justified You may use any given hint without proving it. In problems with multiple parts,
be sure to go on to the rest of the problem even if there is some part you cannot do. In working
on any pait, you may assume the answer to any previous part, even if you have not proved it

1. Assume that n = 1is an integer, and let f € (02| L*{[0, 1]) Provethatif 3o [If]| (o) < 09,
then f=0a e

2 The function sec 7z has a convergent Taylor expansion ¥ oo, an(z+4)". Find limsup, . |a.*"

3. Tet f e I'Y(R).
(a) Determine

tim /R 1t +2) + f (D)l dt
{b) Determine

Jim [ 11(e+2)+ ) as
¢ R

4 On C - {0} the function f(2) is holomorphic and satisfies | f(z)] < C|2z|%/2. Show that f = 0.
1



2 JTANUARY 2010 ANALYSIS EXAM
5. Suppose that {f,} is a sequence in LY(R) with || f,,l]: < 1 for all n and
Tim fu(e) = fl)ae
{a) Prove that f € L*R) and that ||f]j; <1
{b) Show that
Jim (1 = falls — [l falls + 1 1h) = 0.

Hini: The following inequalities might be useful For any numbers e, and b
0< la—b| — [a] + b} < 2Jb|

6 D is a cornected, simply connected domain with sin z never zexo on I Show that log | sinz|
is the real paxt of a holomorphic function on D. (Begin with the 1eal part )
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GRADUATE WRITTEN EXAM

August 2009
ANALYSIS (Ph.D. /M A. version)

i
1. (a) For a bounded Lebesgue-integrable function f on [0, 1] define F(x) = / FE) dt, for z € [0,1].
0
Prove that F is absolutely continuous on [0, 1].

(b) Give an explicit example of a continuous function F of bounded variation on [0, 1], that is not
absolutely continuous on [0, 1]. It is not necessary to verify your assertions.

2. Show that an isolated singulaiity of an analytic function f cannot be a pole of exp( ).

3. (a) Suppose that f € L0, 1], and let m denote Lebesgne measure. Prove that, for ¢ > 0,
it
m{f@i>ad<; [ If@lde

(b) Suppose that {f,} € L?[0, 1] is a séquence of functions satisfying || fu|l, < M, where 1 < p < co.
Prove that

lim | folz)| dz = 0, uniformly in n.
0S| fala)ze

4 Prove that N
1 1 = (L)
zsin(z) 22 K 22 z';:— Fa:)ﬂiﬂ '
= k=1
(Suggestion if needed: Check the partial fraction expansion Then consider magnitudes on certain
large rectangles )

5. Let {f.} € L%[0,1] be on the unit sphere, i.e, ||fs|l2 = 1 for each n. Suppose that

lim Hf-m. o .}n”? =2
M, —ea

Prove that there is an f € L2[0, 1] such that lim ||f, — f|l2=0.
T—+

6 Let T'=3z— 2 and F the family of n iterates T" =T oT.. o T.

(a) Prove that F is NOT normal on the Riemann sphere C.
(b) Find the largest domain D  C on which ¥ is a normal family



Am\\@’; Jon. 20CY9
. (a) Let f, g be real valued measurable functions on [0,1] with the property that for every z € [0, 1],
g is differentiable at z and —

g'(x) = (f{z)*

Prove that f € L[0,1].

(b) Suppose in addition that f is bounded on [0, 1]. Prove that

1
> / 9(@) F(a) dw = (1) — g(0).

. Forn=1,23 . obtain the explicit formula

© 1 T, . (T
/0 $2n+1d$—2—n-/81n(%) :

. Let f € L}{~00, 00) and suppose a > 0. Set f,(z) = % for n = 1,2, ... Prove that for almost

every z € (—o0, co), _
lim f.(x)=0.

. Suppose that f, g are analytic on {|z} <1} with g #0on {jz| <1}
Prove that |(2)] < [9(2)], V= € {I2} = 1}, implies [#(0)] < l9(0)] .

Let f e L2(0,00).
(a) Prove that

( /0 ) £ dt)2 <2z /O . Vif(t) dt.

(b) Let F': (0, 00) - (—o0, 0o) be defined by
 Flz) = é /G ey a

Prove that: HE2 < 2][fll2.

. Find a conformal mapping f of D = {|z] < 1} onto the domain H = {|S(w)| < 7/2} so that
7(0) =0, f(0) =2 Hence prove that for every g analytic on D such that ¢(D) C H

g(0)y=0=[g'(0)] < 2.
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Instructions

1 Your work on each question will be assigned a grade from 0 to 10. Some problems have multiple parts
or ask you to do more than one thing. Be sure to go on to subsequent paris even if there is some part
you cannot do. If you are asked to prove a result and then apply it to a given situation you may receive
partial credit for a correct application even though you do not give a correct proof.

2. Use a different sheet (or different set of sheets) for each question. Write the problem number and your
code number (not your name) on the top of every sheet.

3 Keep scratch work on separate sheets.

4. Unless otherwise stated, vou may appeal o a “well-known theorem” in your solution to a problem.
However, it is your responsibility to make it clear exactly which theorem you are using and to justify its

use.




)]

Suppose that {f,} be a sequence of absolutely continuous functions defined on {0,1] such that
[ (0) = 0 for every n and

© 1

> [ Ih@lds <400,

n—1 0

for every = € [0, 1]. Prove that the series > .., fo(x) converges for each z € [0,1] pointwise to &
function f{z), the function f is absolutely continuous on [0, 1], and

fllz)= Z fi(z) o e xe0,1]
n=1
Compute :
= g
—d
1) 3+ 1 “
Suppose that {f.} is a sequence of nonnegative integrable functions such that f, — f ae., with f

integrable, and [, fo — [, /. Prove that
[it=11-0
R

Suppose S = {z: —7/2 < ${z} < m/2}, and there is an entire function g with g(S) C S.
If g(—1) =0, g{0) =1 prove that g(z) = 2+ 1

(a)} Show that if f is absolutely contimuous on [0,1] and p > 1, then | f|? is absolutely continuous
on [0, 1]. *

(b) Let 0 < p <1 Give an example of an absolutely continuous function f on {0, 1] such that |f|?
is not absolutely continuous.

Let F be the family of functions f analytic on {|2| < 1} so that

// o +iy)fdedy <1
|z«

Prove that F is a normal family on {|z| < 1}.
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Instructions

1. Your work on each question will be assigned a grade from 0 to 10 Some problems have multiple parts
or ask you to do more than one thing Be sute to go on to subsequent patts even if there is some part
you cannot do. If you are asked to prove a result and then apply it to a given situation you may 1eceive
partial credit for a corzect application even though you do not give a correct proot

2 Use a different sheet (or different set of sheets) for each question. Write the problem number and your
code number (not your name) on the top of every sheet ' '

3 Keep scratch work on separate sheets

4 Unless otherwise stated, you may appeal to a “well-known theorem” in your solution to a problem.
However, 1t is your 1esponsibility to make it clear exactly which theorem you are using and to justify its

use




- Suppose that f € L'(R) is a uniformly continuous function Show that

Hm f(z) =0

|| —o0

Prove there is an entire function f so that for any branch g of v/z
sin®(g(2)) = f(2)

for all z in the domain of definition of g.

. Suppose f is absolutely continuous on R, and f € L*(R) Show that if in addition

fa+t) - (=)
t

dx = 0,

lim
t—0+ JB

then f =0ae

Let H be the domain {z: —7/2 < R(z) < n/2,¥(z) > 0}. Prove that
g =sin(z) is a 1: 1 conformal mapping of H onto a domain D What is D?

Suppose that L'2(R) is the set of all equivalence classes of measurable functions for which
/ [f(z)]Y? dz < o0,
Jr

(a} Show that it is a metric linear space with the metric

d(f,q) = /R |f(z) — g(z)|"/? dw, where f,g € L'*(R).

{b) Show that with this metric LY/?(R) is complete.

. Suppose that for a sequence a, € R and any z, ¥(z) > 0, the series

an $in{nz)

]38

h{z) =

I
-

T

is convergent Show that h is analytic on {¥(2) > 0} and has analytic continuation to C
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Instructions

1. Your work on each question will be assigned a grade from 0 to 10. Some problems have multiple parts
or ask you to do more than one thing. Be sure to go on to subsequent parts even if there is some part
you cannot do. If you are asked to prove a result and then apply it to a given situation you may receive
partial credit for a correct application even though you do not give a correct proof.

2. Use a different sheet (ot different set of sheets) for each question. Wiite the problem number and your
code number (not your name) on the top of every sheet.
3. Keep scratch work on separate sheets.

4 Unless otherwise stated, you may appeal to a “well-known theorem” in your solution to a problem.
However, it is yoix responsibility to make it clear exactly which theorem you are using and to justify its

use.




. Suppose that f is a continuous real valued funetion with domain (—co, c0) and that f is absolutely
continuous on every finite interval [a, 8], |
Prove: If f and f’ are both integrable on {—co, co) then = f=0

. Find all domains D so that for

22

22—-1

h(z) =
there is a function H with ' = h on D,

- Suppose that {f,} is a sequence of real valued measurable finctions defined on the interval [0,1]
and suppose that f,(z) =+ f(z) for almost every z € [0,1]. Let p > 1 and M > 0 and suppose that

I frllp < M for all n.

(a) Prove that ||fll, <M |
(b) Prove that ||f ~ fulli — 0'as n — oo,

: .Consider the n® iterates g = go g.. og of the rational function

9(2) = {;iiﬁ}? |

Prove that ¢" — 1, uniformly on compact subsets of {|z| < 1}.

. Suppose f(z),zf(z) € L*(R). Prove that f(z) € LYR), and that
£l < V2(ifllz+ ||z f]a)-

Suppose that there are entire functions f, so that for all complex numbers z + iy
o0
Doz +ign<e
n=1

Show that f(z) =372, fa(z + iy) is analytic on {R(z) < 0} and has period 2uri.
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Instructions

1. Yom work on each question will be assigned a grade from 0 to 10. Some ploblems hewe muItlple parts
or ask you to do more than one thing. Be sure o go on to subsequent parts even i there is some paxt
- you cannot do. If you are asked to prove a result and then apply it to a given situation you may receive
partial credit for a conect apphcatlon eveh though you do not give a correct proof.

2 Use a different sheet: (or different set of sheets) for each question. Write the problem number a.nd your
code number (hot your name) on the top of every sheet -

3 Keep scratch work on separate sheets.

4. Unless otherwise stated you may appeal to a “well-known theorem” in your solutlon to a p]:oblem
However, it is your responsibility to make it clear exactly which theorem you are using and to justify its

use.




1 Suppose that 1 110,00) = {0,00) i is measurable and that [e 7(z)dz < oo

Prove that w o
lim / j($) / flz)dz .
n—soco fo 1 + z®

z?

21

2. Compute the partial fractions decomposition of f(z) =

1.1 1
3. Let f € LP[0,1], gE‘Lq[O 1, heL"[D 1] where 1 <p,q,7r <oop+ +——1 Plove that

g
fah < L1[0 1} and IlfghIh < HprllglquhH

‘4. Cousider the series: S
: - ) _on
| a(e) =2 T
=1 .

(a) Fmd the domain D where the series is convergent.
(b) Prove that for any k,n € N, g(e¥#/2"z) = g(z) + p(z) foz some polynormal p
(¢c) Prove that if g has analytic extension from D then it has analytlc extension to dD.

(d)} Prove that g has no analytic extension from D.

5. Suppose E are measirable sets, and there is an integrable function f € L*(R) such that
hm ”XE,. — fll1 = 0. Prove that there is a. measuzable set E such that f =xrae

6. Let fbea coni'oxmai mapping of the domain
Q {z R(z) > 0} (0 1]

onto the domain {z : §R(z) > 0} so that f(2) =2, f (2) > O Prove that we have. Ieal f(3) >3
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Instructions

1. Your work on each question will be assigned a grade from @ to 10. Some
problems have multiple parts or ask you to do more than one thing. Be sure
to go on to subsequent paits even if there is some part you cannot do. If
you are asked to prove a result and then apply it to a given situation you
may 1eceive partial credit for a correct application even though you do not
give a correct proof.

2. Use a different sheet (or different set of sheets) for each question. Write
the problem number and your code number (not your name) on the top
of every sheet.

3. Keep scratch work on separate sheets.
4."Unless otherwise stated, you may appeal to a “well-known theorem” in

your solution to a problem. However, it is your responsibility to make it
clear exactly which theorem you are using and to justify its use.




1. {a) Prove the following version of the Riemann-Lebesgue Lemma: Let
f € L?[—x, n]. Prove in detail that
1

" .
Py flz)e ™™™ de — 0 as m — 00
gy —

Here n denotes a positive integer You may use any of a variety of tech-
niques, but vou cannot simply cite another version of the Riemann-Lebesgue
Lemma.

(b) Let ny be an increasing sequence of positive integers.
Show that {z|liminf;_,.,sin(ngz) > 0} has measure 0.
Notes: You may take it as granted that the above set is measurable.

2. For real s (only) consider the integral

400 _i8t
/ © @

—oo t—1

(a) Compute the Cauchy Principal Value of the integral (when it exists).
(b) For which values of s is the integral convergent?

3. Suppose (#¥ + L) f € L?(0, 00), where p > . Show that f € L'(0,00).

4. Let D = {lz| < 1} have boundary S = {|z} = 1}  For { € D define

L (-2
j(,Z) - 1 o Ezz

(a) Show that f(z) € S if and only if z € S.

(b) Show that f has at least one fixed point w € S, ie. f{w) =w.

5. Let f € L}(R), _
Flz) = / Fiy 2t g
R £
(a)} Show that F' is differentiable a. e. and find F'(x).

(b) Is F absolutely continuous on closed bounded intervals {a, b]?




H

6 Let 7 be a family of entire functions. For n = 0,+1,+2, . define the

domains
D,={n-2<R{(z)<n+2}.

It 7 is normal (i.e. convergence to oo is allowed) on each D,, show that F

is normal on C.
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Instructions

1. Your work on each question will be assigned a grade from 0 to 10. Some
problems have multiple parts or ask you to do more than one thing. Be sure
to go on to subsequent parts even if there is some part you cannot do. If
you aie asked to prove a result and then apply it to a given situation you
may receive partial credit for a cotrect application even though you do not
give a correct proof.

2. Use a different sheet (or different set of sheets) for each question. Write
the problem number and your code number (not your name) on the top
of every sheet.

3. Keep scratch work on separate sheets.
4. Unless otherwise stated, you may appeal to a “well-known theorem” in

your solution to a problem However, it is your responsibility to make it
clear exactly which theorem you are using and to justify its use.




1. Let f € L'[0,00), f > 0. Show that

lim 1 / :c)‘(a:) dz = 0.
n—co 13 fp :

2. Let u be (real valued) harmonic in the annulus A = {1<z| < 2}
Prove there is f(z) analytic on A and real b 30 that

u=bloglz| + R{f(z)}

3 Letke LYR),E>0, [k=1
{a) For each § > 0, prove that

lim | nk(nz)dr = 0.

(b) If g is real-valued, bounded, and continuous on R, show that

Jim | nk{nz)g(z) dz = g(0).
R .

4. (a) Given a constant K so that a sequence of complex a,, satisﬁeé

m
> an

n=1

<K, ¥m.

Suppose another monotene sequence of positive b, — 0.
Prove that 3277, an by converges. (Hint: summation by parts)
{(b) Hence prove that for |z| = 1, except for z = 1,

. L

Pk 1
n Og{l.—z}

n=1 :

whete the principal branch of iogazithm is used.




5. Suppose f is a measurable real-valued function of two real variables z > 0
and y > 0. Suppose

(i) for every y > 0,z — f(z,y) on (0, cc) decreases monotonically to zero as

T — 00.
(it} for every z > 0, F(z) = [5° f(z,y) dy < oo

(iii} fi(z,y) = %5(:0, y) is a continuoﬁs function of (z, y).
Prove .

O o0
F(z)=— / / fi(t,y) dy dt, for every = > 0 and,
Jx 0 )
Fl(z)= / fi{z,y) dy for almost every z > 0
0

6 For the function T'(z) = tan(z) define the nth iterate T = ToToT..oT.

(a) Prove that for y > 0
nll»néo T"(iy} — 0

(b} Show {T™} is not a normal family in any neighborhood of z =0
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Instructions

1. Your work on each question will be assigned a grade from 0 to 10. Some
problems have multiple parts or ask you to do more than one thing. Be sure
10 go on to subsequent parts even if there is some part you cannot do. If
you are asked to prove a result and then apply it to a given situation you
may receive partial ciedit for a correct application even though vou do not
give a correct proof

2. Use a different sheet (or different set of sheets) for each question. Write
the problem number and your code number (not your name) on the top
of every sheet.

3. Keep scratch work on separate sheets
4. Unless otherwise stated, you may appeal to a “well-known theorem” in

your solution to a problem. However, it is your responsibility to make it
clear exactly which theorem you are using and to justify its use.




1. Let f be a bounded measurable function on R for which there is a constant
C such that

Ve > 0,m(z € R:|f(z)] > ¢} < C/v/e
Prove that f € LY(R).

2. Compute the radius of convergence R for the power series:

2 Bn)t (2n)t

n=0

For which z € C, |z| = R, is the series convergent?

3. Let f be a real-valued function on R which is square integrable on all
finite intervals [c, d] C [0,00) Suppose that Ja > 0 such that

U@NZLEU@Fﬁ,MaH z>a

Piove that f =0 a.e. on [0,00).
Hint: Set G(z) = 7 |f(#)|* dt and consider G'/G?.

4. Let D be the domain {z : 1 < |z — 1|, |z — 2] < 2}. Beginning with the
circle Cp = {2z : |z — 3| = 1} we consider the “inscribed” circles Cy, n € Z,
with disjoint interiors contained in D so that C, is tangent to Cp—; and
tangent to both circles {z: [z ~ 1| =1} and {z : [z — 2| = 2}. Let N = N(¢)
be the number of ciicles C, C {2z : |2| > £}. Show that as t — 0+

N~

5. Suppose that f is absolutely continuous on [e, 1j for each ¢ > 0. Does the
continuity f at 0 imply that f is absolutely continuous on [0,1]7 What if f
is also of bounded variation on [0, 1].

6. Consider any function f analytic on {0 < |2| < oc}:
< 1272 V2 :0 < |2] < o0,

Show that f =0
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Instructions

1. Your work on each question will be assigned a grade fiom 0 to 10. Some
problems have multiple parts or ask you to do more than one thing. Be sure
to go on to subsequent parts even if there is some part you cannot do. If you
are asked to prove a result and then apply it to a given situation you may
receive partial credit for a correct application even though you do not give a

correct proof.

2. Use a different sheet (or different set of sheets) for each question. Write
the problem number and your code number (not your name) on the top of
every sheet.

3. Keep scratch work on separate sheets.

4. Unless otherwise stated, you may appeal to a “well-known theorem” in
your solution to & problem. However, it is your responsibility to make it clear
exactly which theorem you are using and to justify its use.




1. Suppose f € L'(0,00). Show that there is a sequence {f,} — oo such
that £, f(t,) — 0.

2. Compute the integral

dz

I

T+ 2

3. Throughout this problem f € LY(R), g € I?P(R), h € L(R) where
1<p<ooand %—l—é = 1.Take it as given that the (z,y) — f(z—vy)g(y)h(z)
and (z,y) — f(y)g(x — y)h(z) are measurable functions in the plane R x R.
(a) Prove that the function (z,v) — f(¥)g9(z — y)h(z) is integrable over the
plane R x R. '

(b) Prove that the function z — [ f(y)g(x — y) dy is defined for almost all
L.

(c) Prove that the function f* g, defined by (f x g)(z) = fg f(W)a(z — v) dy
is in I? and show that || f *gll, < [}flliligll,

4. A function defined for z € R by
1

f(z) = 142242267

has Taylor expansion ¥ a,, (z — 2)*. Find

lim sup |a,|V™

N—0CO

5. Let f be absolutely continuous on [0, z], ¥z > 0, f, f € L?[0, 00), f(0) = 0,

(a) Prove
[ ([ir)y
(b) Prove
i fle) =0

6. Prove that a function f, analytic and 1:1 on the domain
D={z:]z+2[>1, |]z—2|> 1}

and satisfying f(D) = D, is a bilinear transformation.
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Instructions

1. Your work on each question will be assigned a grade from 0 to 10 Some problems have
multiple parts or ask you to do more than one thing. Be sure to go on to subsequent parts
even if there is some part you cannot do If you are asked to prove a 1esult and then apply
it to a given situation you may receive partial credit for a correct application even though
you do not give a coirect proof.

2 Use a different sheet (or different set of sheets) for each question Write the problem
number and your code number (not your name) on the top of every sheet.

3 Keep scratch work on separate sheets.

4. Unless otherwise stated, you may appeal to a “well-known theorem” in your solution to a
problem However, it is your responsibility to make it clear exactly which theorem you are
using and to justify its use.




1 Let B € R be a measurable set of positive finite measure For each ¢ > 0, define
f(t) =m(ENE,) whete B, = {i + x : x € £’} Prove that

a) f is continuous on |0, co).
b) lim; oo f(2) = 0.

2. Compute the explicit value of

/o P +1 =

3. Suppose {f.} € C[0,1], and suppose that the sequence {f,} satisfies a, b, and ¢ below:
a) fo(0) =0, alln,

by [fi(@)] £ 5=, ae, 0<z<1,

¢} There exists a measurable function & on [0, 1] such that f,(z) — h(z) for all z € [0, 1]
Prove that {/,} converges uniformly on [0, 1] to an absolutely continuous function f.

4. Let u(z,y) be a 1eal valued function harmonic on C Show that, unless v has constant
gradient Vu, for all nonzero vectors w theie is a point where Vu is parallel to w.

5 Suppose fo € L*[0, 1], that fo(x) > 0 ae and that

’ oA 1/2 v
n = n , > 0.
frs1(z) (/0 / ) n
Assume further that fi(z) < fo(z) ae .

a) Prove that for each z &€ [0,1] the sequence {f,(z)}52, converges monotonically to a
non-negative number f(z)

b) Prove that f{z) = (/3 A forall z € [0,1]

¢) Prove that f is differentiable at all z for which f(z) > 0 and calculate f'(z) at these
points.

d) In particular, find a simple explicit formula for the function f in the case that f(z) > 0
for all z € (0,1].

6. Let f(z) = 14+ay z+as 22+ be analytic on D = {|z] < 1} so that f(D) C {z: R(z) > 0}.
Prove that for all z € D,
1+ |2

@<
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Instructions

1 Your work on each question will be assigned a grade from 0 to 10. Some pioblems have
multiple parts or ask you to do mole than one thing. Be sure to go on to subsequent parts
even if there is some part you cannot do. If you are asked to prove a result and then apply
it to a given situation you may receive partial credit for a cortect application even though
you do not give a correct proof.

9 Use a different sheet (or different set of sheets) for each question. Write the problem
number and your code number (not your name) on the top of every sheet

3 Keep scratch work on separate sheets.

4 Unless otherwise stated, you may appeal to a "well-known theorem” in your solution to a
problem However, it is your responsibility to make it clear exactly which theorem you are
using and to justify its use.




1 Let f > 0 be measurable on R and Jet P(f) = {p>0: /R ff<oo}

(a) Prove: If py, p2 € P(f), then [py,p2) € P(f)-

(b) Prove: If [ is any open interval contained in {0, 0c), then there is a function f=0
such that P(f) =1

9 Congider the function cot{wz) with its Laurent expansion:

m==+00

Z Gy 2™, over the annulus n < |2 <n+1.

M=—00
Compute the (explicit) values of ap , for m <0, with n = Oand n=1.

3. (a) Suppose that f is a measurable real valued function on {0, 1] such that 0 < f(z} < o0
for almost all z.

Prove: For every € > 0 there is a T > 0 such that m ({z € [0,1]: flzy > T} <e

(b} Suppose that {fa} is a sequence of measurable real valued functions on {0,1] and
that M > 0 is a constant such that for all n, 0 < f,(z) < M for almost all x
Suppose additionally that fo fn=1foralln>1
Prove: If {a,} is a sequence of positive numbers such that %%, anfa{z) < 0 ae,
then > 07 an < 20

4 On the sphere find a domain containing oo where there is an analytic branch f{z) of

2241
log 1

(ie it has analytic continuation to a function analytic at co )

5 ({a) Let f bein L'[0,1].
Prove: For every € > 0 there is a § > 0 such that m(E) < ¢ implies Jglifl <e

(b) Let {f,} be a Cauchy sequence in Lo, 1].
Prove: For every ¢ > 0 there is a § > 0 such that m{E) < ¢ implies [£ | fn] < €for
alln > 1

6 Let H be the family of functions h analytic on D = {|z| < 1} so that
h(D) C C = [~o0, 0]

(a) Show that H is a normal family

(b) Suppose we have a sequence h, € H satisfying £, (0) — 0
Prove that h,{z) — 0 uniformly on compact subsets of D
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Instructions

1. Your work on each question will be assigned a grade from 0 to 10 Some
problems have multiple parts or ask you to do more than one thing Be sure
to go on to subsequent parts even if there is some part you cannot do. If you
are asked to prove a result and then apply it to a given situation you may
receive partial credit for a correct application even though you do not give a
correct proof.

2 Use a different sheet (or different set of sheets) for each question Write
the problem number and your code number (not your name) on the top of
every sheet.

3 Keep scratch work on separate sheets
4. Unless otherwise stated, you may appeal to a “well-known theorem” in

your solution to a problem However, it is your responsibility to make it clear
exactly which theorem you are using and to justify its use




1 (a) Prove that the set E = {f € L}[0,1] : |if||; < 1} has empty interior
in IM0,1],1 e if f € E, there does not exist 7 > 0 such that {g € Lt
lg—flh<r}CE

(b) Show that E is closed in L}[0,1], ie if f, € E and f, — f in L', then
tekl

2. For real o > 1, prove that the improper integral
o0
/ sin(z®} dz
6

converges to a positive number, with value equal to

s o0
sin | — —r) dr,
in (’)a)/ﬂ exp{—7") dr

e

3 (a) State the Vitali Covering Theorem.

(b) Let A be an uncountable index set, and let

B = U [amba]

acA

with by — e > 0, for each « € A (i e E is a union of closed intervals of
positive length). Prove that £ is measurable.

4. Find all polynomials P such the sequence of nth iterates
Pr=PFPo .oP
converges uniformly on compact subsets of the plane C.

5 Let F be a measurable function on (—co, oo) which grows at most lineatly,
i e |F(z)| < Clz|, and is differentiable at zero, F'(0) = a Show that

nh_I}g.Q - m—mg—)dw = .




6 Prove that for any polynomial
Plz)=2"+an 12"+ +taz+ag

we have

max |P{z){ > 1,

|z]=1 -
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Instructions

1. Your work on each question will be assigned a grade from 0 to 10. Some
problems have multiple parts or ask you to do more than one thing. Be sure
to go on to subsequent parts even if there is some part you cannot do If
you are asked to prove a result and then apply it to a given situation you
may receive partial credit for a correct application even though you do not
give a correct proof.

9. Use a different sheet (or different set of sheets) for each question, Write
the problem number and your code number (not your name) on the top
of every sheet.

3. Keep scratch work on separate sheets.
4. Unless otherwise stated, you may appeal to a " well-known theorem” in

your solution to a problem. However, it is your responsibility to make it
clear exactly which theorem you are using and to justify its use.




1 Prove that the funetion f : [0,1] — R is absolutely continuous on [0,1]
if and only if there is a sequence {fn} of Lipschitz functions on [0, 1] such
that lim T (fn—f) =0

NOTES: Ti(g) is the total variation of a function g on [0, 1], and a function
% is Lipschitz on [0, 1] if there exists a constant M such that |a(z) — A(y)] <
M|z ~ yl for all z,y € [0, 1].

9 Let T be a Mébius transformation of D = {|z| < 1} onto itself.
(a) Find all T so that

TT(z)=z. B

(b) If T has no fixed points in D show Jw € 8D such that the nth iterate

T%(z) +w ,Vz €D

asn — o0 .

3 Let {f,} be a sequence in L2[0,1] such that |[fallz < Llorn=1,2,
and let f e L%[0,1] Suppose that f, — fae on{0,1] Prove that for any

g € L?{0,1],
1 1
nlggofo fng:ju fg.

4 (a) Let K = {.,,—m, 0, m, 2, .. }. Prove that as N - oo

N 1
Fy(z) = TEN G

converges uniformly on compact subsets of C — K to a
meromorphic function F{z) with poles of order two at w € K.

(b) Prove that

T (2)




5 Evaluate and justify your steps.

/°° /‘2” e ¥/ (sinz)y dzdy
0 Jo

z
6 Let D = {iz] < 1} be the unit disk. Suppose that
DD
is a rational mapping of degree n

{a) Prove that

// z+zy|d$dy<w\/_

(b) Hence prove that there is some circle
C:z=ret 0<t<2n
with 1/2 <7 < 1 so that the cuive f(C) has length
L(r) < 27/,

which is surprising considering that f(6D) winds n times around 6D
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