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Instructions to the Student
Angwer any six questions Fach will be graded from 0 to 10.

Use a different booklet for each question. Write the problem number
and your code number (NOT YOUR NAME) on the cover

Keep scratch work on separate pages in the same booklet.

If you use a “well known” theorem in your solution to any problem, it
is your responsibility to make clear which theorem you are using and
to justify its use.

You may use calculators as needed.

1. Consider the linear model
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This can be thought of as a regression model with ¥; = 5 + >0 i + &

(a) Show that all parameters are estimable and write out the least squares

equations.

{b) Suppose that one wanted to augment the model by adding a term

Praz1ze. How does this term affect estimability of the parameters?



2 A diug is administered to each of n subjects and a response is observed
at times £ = 1,2, .., T It is believed that the effect of the drug occurs
gradually over time, so the observation on subject 7 at time ¢ is modeled as

Yit:#'i'aé‘l’tﬁ(t“f)_i_sit: | '2':1) 5 Thy t=1: ':T7 E:(T+1)/2

The random subject effects a;, i = 1,. .., n, are i.i.d N(0,02) and the error
terms gy are iid. N(0,02).

(a) Suppose the data are reduced to the time averages ¥, ¢ = 1,. T,
and a least squares regiession line Vi=a+ Ot is fitted to the reduced
data. What is the joint distribution of the resulting estimates & and
4?7 Verify that B is not a function of the a;

(b) Starting from the standard ANOVA table for a two way layout, derive
an ANOVA table for this model with sums of squares for subject-to-
subject variation, regression and 1esiduals - Show that the mean square
for residuals is an unbiased estimator for o2, What are the degrees of
freedom for 1esiduals?

(c) Use the results of (b) to derive a confidence interval for 3

3 Let Yz =ptao;+Bi+witeu,t=1, . ., j=1,.. ,J,k=1,.. K,
where the parameters u, oy, 3;,%; are untestiicted. The error terms e, are
iid. N(0,c%).

(a) Show that a; — s is not estimable but that y11 — J1z — o1 + Y22 is

estimable.

(b) If the additive model holds, that is, if v;; = 0 for all ¢, 7, show that
o] — @z is now estimable and give a confidence interval for this contrast.

(c) State the usual test for additivity and givé its distribution under the
general alternative.

4. Let Yy, .. ,Yimbeiid N(u,o?)andlet Yo, ., Yan beiid. N(ue, ko?),
where p1, po, o2 are unknown parameters and & is a known constant. Find
the BLUE of 111 — p2 and provide a confidence interval for this quantity




5. For population values y1, ¥, consider the ith systematic sample of size
n:
Yis Yitkes Yir2ky -5 Vit (n—1)ks i=1.., k: N =kn.

Let y;; denote the jth element, 4 = 1, .., n, of systematic sample 4.
{a) Obtain the basic ANOVA table for the above population.

(b} Show that the population variance 5% can be expressed in terms of the
between and within sample sums of squares

(c) Define
k=
Sy = T S g — 50

" k{n - 1) i=1 j=1

Obtain a condition in terms of S2,, under which the mean of a sys-
tematic sample is more precise than the mean from a simple random
sample. Interpret your result.

6. In most cases, positive geophysical data such as duration of snowstorms
have skewed distributions. Suppose that for some positive geophysical data
Y = (Y1,. ,Y,)T and for some \ € (-3, 3) the transformation

A
Y = g%, ) = 2iB + e
gives a linear model with independent errors &; ~ N(0,¢%), where

_ [ @ =0/ A£G,
90y, A) = { logy ifA=0.

(a) Obtain the likelihood for the original data ¥ in terms of Y® =
(Y1(A),‘~-,Y;£’\))" o

{(b) For a fixed A, write down the maximized log-likelthood.

(c} Suggest a way to estimate ).



7. A sample S of size n is drawn sequentiaily from a population U of size N
as follows:

(i) The first element drawn is element &k with probability py, k=1, ., N.

(ii) A simple random sample of size n — 1 is drawn from the remaining
N — 1 elements without replacement.

Here py, .., py are nonnegative numbers with E;;V:I =1
{a) What is the probability that S contains element k?
(b) What is the probability that S contains both elements j and &, 7 # k7
(c) What is the probability that S = {k, . ,ks}?

8. An experimenter wishes to fit the model
Y = fo+ iy + Gata + &

using least squares, subject to the restriction that B, = 1 He asks specificaily

if he can just fit
W=Y -z =0+ oz +e

using least squares to get what he wants Prove that his proposal will work.
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1. Consider the model ¥; = 5 + ;305 -+ & in matrix form
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(a) Show that all parameters are estimable and write out the least squares

equations.

(b) If one augmented the model by adding a term Si3z1%s, how would this
term affect estimability of the parameters? What if instead one added

the term Biosz120237




2. A drug is administered to each of n subjects and a response is observed
at times £ = 1,2,...,7 It is believed that the effect of the drug occurs
gradually over time, so the observation on subject ¢ at time # is modeled as

Yi=p+a+pt—1)+ey, i=1,...,n t=1 T, t=(T+1)/2

The random subject effects a;, i =1, .,n, areiid. N(0,0?) and the error
terms g5 ate i1.d. N(0,02).

(a) Suppose the data aze reduced to the time averages Yy, t =1, .,T,
and a least squares regression line Vi =a-+ [t is fitted to the reduced
data. What is the joint distribution of the resulting estimates & and
37 Verify that 3 is not a function of the a;

(b) Starting from the siandard ANOVA table for a two way layout, derive
an ANOVA table for this model with sums of squares for subject-to-
subject variation, regression and residuals. Show that the mean square
for residuals is an unbiased estimator for 2 What are the degrees of

freedom for residuals?

(c) Use the results of (b) to derive a confidence interval for 3.

3 LetYip=pto+Bi+vitemi=1. ,I,i=1 ,J, k=1, K,
where the parameters y, oy, 3, y; are unrestricted. The error terms ;54 are
iid N(O,c?%)
(a) Show that @y — ag is not estimable but that 11 — Y12 — ve1 + Y02 I8
estimable.
(b) Find the BLUE of E[Y,;] if the additive model holds, that is, if ’rij': 0
for all 4, 7.

(c) State the usual test for additivity and give its distribution under the
general alternative.

4 LetYy1,.. ,Yimbeild N(u,o?)andlet Yoy, . , Yo, beii d N{ps, ka?),
where 1, it2, 02 are unknown parameters and k is a known constant. Find
the BLUE of y; — pp and provide a confidence interval for this quantity




5 For population values y1, .., yw, consider the sth systematic sample of size
m:
Yis Yiks Yat 2y 5 Yir (n—1)ks i=1,., ka N =kn

Let yi; denote the jth element, j = 1,.., n, of systematic sample 7.
(a) Obtain the basic ANOVA table for the above population.

(b) Show that the population variance 52 can be expressed in terms of the
between and within sample sums of squares

{¢) Define
S’isy = k(n _ 1) ZZ(yH :',

i=1 j=1

Obtain a condition in terms of S2_, under which the mean of a sys-
tematic sample is more precise than the mean from a simple 1andom
sample. Interpret your result.

6. In most cases, positive geophysical data such as duration of snowstorms
have skewed distributions. Suppose that for some positive geophysical data
Y = (¥1,..,%,)T and for some X € (-3, 3) the transformation

Y=g, Ny =B+ &
gives a linear model with independent ertors &; ~ N (0, %), where

L[ W1/ A0,
9(v,A) = { logy iftA=0.

(a) Obtain the likelihood for the original data Y in terms of ¥ =
P, ¥y

(b) For a fixed A, wiite down the maximized log-likelihood.

(¢) Suggest a way to estimate A




7. A sample S of size n is drawn sequentially from a population I/ of size N
as follows:

(i) The first element drawn is element k with probability p,, k=1, ., N

(ii) A simple random sample of size n — 1 is drawn from the remaining
N — 1 elements without replacement.

Here p;, = ,pn are nonnegative numbess with Y227 pp = 1.
{(a) What is the probability that S contains element £?
(b) What is the probability that S contains both elements 7 and k, j £ k?
(c) What is the probability that S = {ky, . ., k.}?

8. An experimenter wishes to fit the quadratic regression model
‘ Y =0+ Bz + Paz® + .
He claims to know that the response at z = 1 is exactly 10, so that
10 == By + B+ 52

with no error  Therefore he substitutes £y = 10 — 8, — 55 into the quadiatic
regression model to obtain

W=Y —10=6iz1 + faza +¢,

where 2y = z — 1 and 2z = z® — 1 He then fits the second model by
ordinary least squazes and claims that he has succeeded in fitting the first
model subject to the restriction that the response at o — 1 is exactly 10. Is
he correct?
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a Answer any six questions. Each will be graded from 0 to 10

b Use a different booklet for each question. Wiite the problem numbex
and your code number (NOT YOUR NAME) on the cover.

c. Keep scratch work on separate pages in the same booklet.

d If you use a “well known” theorem in yow solution to any problem, it
is your responsibility to make clear which theorem you are using and

to justify its use.

e You may use calculators as needed.

1 Let ¥ = pi+ey,i=1,. ,4,7=1, . ,n Assume that the e;; areiid.
N{(0,0%)
(a) Write out the ANOVA iable, including the sums of squares, mean

squares, degrees of freedom and expected mean squazes

(b) Find the test statistic for testing Hy: py = pg and pz = prg. What is its
distribution under Hy?

(c) What is the distzibution the test statistic of part (b) under the alterna-
tive pip — phy = & = ptg — pig?



2. The multiple regression model
K=60+)6T$i+eia 3:1: I,

is written in matrix form as ¥ = X3+ e, where X has full rank  The ridge
regression estimator is 8 = [XT X + kI"XTY, where k is a small positive
constant chosen by the statistician.

(a) Caleulate R[B] and Var-Cov]3]
(b) Compute E[(8 - B8)"(3 — )]

(c) Let 3 be the usual least squares estimator of 8. Show that for some &,
E[(B—-B)"(B - B) < El(B-B)(B-8)]

Hint: You may use the fact that [I + kA]™! = T2 (—1)7(kA)? if |k|
is small enough In this case the infinite series is convergent

(d) Does the result of (c) violate the Gauss-Markov Theorem? Explain

3. A population f is partitioned into strata 4y, h =1, .., H, of known sizes
Ny, From each stratum a simple random sample Sy, of n;, clusters is drawn.
Each element of a sampled cluster is observed. The data are (Unijs Zrii )
h=1,.. ,H, i€ S8,j=1,. 6 My whete y,; is the y-value associated
with element j of cluster ¢ in stratum A and zy; is defined similarly. The
known quantity Mj; is the number of elements in cluster 4 of stratum h. The
goal is to estimate the ratio of population totals

H Mg
B = t_y - D h=1 Eieuh Ej::{ Yhij
- - H M :
be Yoy Dierh, Do) 2hig

(a) Propose a suitable estimator 3 for the ratio B.

(b) Propose an estimator of Var [B].



4 In a study of brand variability, boxes of tissues, all of the same brand,
were bought in three cities, chosen by design. A random sample of six tissues
was selected from each box and the breaking strengths Yz of the sampled
tissues were recorded. The data are partially tabulated below. Note that
Box 1 fiom City 1 is not the same as Box 1 from City 2.
City 1 City 2 City 3
Box1 Box2|Box1 Box2 Box3[Box1 Box2 Box3 Box4
1.39 1.72 244 227 2.46 1.36 1.59 173 153

(a) Let Y, denote the response for Tissue £ chosen from Box j in City
¢ Wiite an appropriate model for the Y, Indicate which factors are
fixed and which factors are random

(b) Write out the ANOVA table for your model. Provide formulas for the
sums of squares and degrees of freedom

(c) Estimate the mean breaking strength of tissues sold in City 1 What
is the variance of your estimator?

(d) In terms of your model, what is the variance of Yijr ~ Y1, k # 17 How
would you estimate this variance?

5. In an experiment to compare m treatments, the response was a binary
indicator of success. The data were independent Bernoulli variables Y;; such
that ¥i; ~ Bernoulli(w;), 1 =1,.. . ,m, = 1,. . ,n;. The problem is to test
the hypothesis of equal response probabilities: Hy : m = - Typ.
(a) Reformulate this problem in terms of a gereralized linear model. Iden-
tify the link function and linear predictor

(b) Obtain the likelihood 1atio test statistic —2log A for testing Hy, and
describe its distribution under the hypothesis :

(c) Arrange the data in a 2 x m table of of counts of successes and failures.
Show how to to test Hy using the well known Pearson x? test statistic.

(d) Using the notation #; = 7, and # = 7. show that the two test statistics
—2log A and x? are practically the same when #; is close to #.

Hint: Use a Taylor series expansion of zlog{c/x).



6 Suppose that a simple linear regression model Y = fy + fiz + ¢ is fitted
to data (z1,Y1),.. ,(Za, ¥u), resulting in estimates

Bon=Yn, Jin
and
$? = .
L )
A new data point {Zny1, Y,11) is observed. Derive formulas for Gyq-1, Bint1

and s?_, involving only summary statistics from the original Tegfesswn anal-
ysis and the new data point

(Ya - ?n - Blnmi)z‘

7. Data on calcium uptake in plants was collected in an experiment in which
plant cells were suspended in a solution of radiocactive calcium for a certain
length of time and then the amount of radioactive calcium that was absorbed
by the cells was measured. The experiment was repeated independently with
4 different times of suspension, each replicated 3 times. The calcium uptake
was modeled as a regression of calcium uptake Y;; against time ¢;, ¢ =1, .. ,9,
7 =1,2,3. The regression output appears below, and plots of the raw data
and some diagnostic plots appear on the following page

Residuals:
Min 1Q Median 3Q Max
-1.26407 -0 38755 -0.05378 0.29999 1 05142

Coefficients:

Estimate Std. Error t value Pr(>|t[)
(Intercept) O 25326 0.25520 0 992 0 330901
time 0.611%5 0.08826 6.934 3.6e-07 *xx%
I(tine"2) -0.02437 0.00665 -4 313 0.000238 #x*

Signif. codes: O #*x 0.001 #* 0.01 = 0.05 . 0 1 1

Residual standard error: 0.5577 on 24 degrees of freedom
Multiple R-squared: 0.8598, Adjusted R-squared: O 8481
F-statistic: 7r3.58 on 2 and 24 DF, p-valus: 5 78e-11



Raw Data
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(a) Are there possible influential points in the sample? Which ones? Why
might they be influential? How might you assess the effect of such

points?
(b} To check model adequacy, a one way ANOVA was run using time as a
discrete factor, yielding an MSE of 0.5162 and an R? of 0.9099. Based

on this information, how would you test model adequacy? Calculate
the test statistic and its distribution if the model is correct.
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Instructions to the Student

a Answer any six questions. Each will be graded from 0 to 10

b. Use a different booklet for each guestion. Wiite the problem numberx
and your code number (NOT YOUR NAME) on the cover.

¢. Keep scratch work on separate pages in the same booklet.

d. If you use a “well known” theorem in yowr solution to any problem, it
is your responsibility to make clear which theozem you are using and
to justify its use.

e. You may use calenlators as needed.

1 Let ¥Vij =i +ei=1,. ,4,7=1, . .,n Assume that the ¢; areiid
N(0,0%)
(a) Write out the ANOVA table, including the sums of squares, mean

squares, degrees of freedom and expected mean squazes.

{b) Find the test statistic for testing Hy: g3 = pp and pg = pry What is its
distribution under Hy?

() What is the distzibution the test statistic of part (b) under the alterna-
tive o — ph = 0 = pig — s’



2. The multiple regression model
YVi=ft B z+e, i=1,,n,

is written in matrix form as ¥ = X8+ e, where X has full rank. The ridge
regression estimator is 8 = [ X7 X + &I} 1 XTY, where k is a small positive
constant chosen by the statistician.

(2) Calculate E[3] and Var-Cov|3]

(b) Compute E[(3 — B8) (B — B)]

(c) Let B3 be the usual least squares estimator of 8 Show that for some k,
E((B-B) (B~ B) <E[(B~-B) (B~ B)]

Hint: You may use the fact that (I + kA]™? = 3352,(=1)7 (kA)7 if |k
is small enough. In this case the infinite series is convergent

(d) Does the result of (¢) violate the Gauss-Markov Theorem? Explain

3. A population I{ is partitioned into strata i, h = 1, ., H, of known sizes
Npy. From each stratum a simple random sample Sy, of n, clusters is drawn.
Each element of a sampled cluster is observed. The data are (Y, Zhis),
h=1,...,H 1€ 8, j=1,., My where yp; is the y-value associated
with element j of cluster ¢ in stratum 2 and 2y is defined similarly. The
known quantity Mjy; is the number of elements in cluster ¢ of stratum h The
goal is to estimate the ratio of population totals

t SE Y, ?:i‘i Yhij

- - — M5
e AL, Yier, Yimd 2his
(a) Propose a suitable estimator 53 for the 1atio B

(b) Propose an estimator of Var (B).



4. In a study of brand variability, boxes of tissues, all of the same brand,
were bought in three cities, chosen by design. A random sample of six tissues
was selected from each box and the breaking strengths Yi;. of the sampled
tissues were recorded. The data are partially tabulated below. Note that
Box 1 from City 1 is not the same as Box 1 from City 2.
City 1 City 2 City 3
Box 1l Box2|Boxl Box2 Box3 ] Box1 Box2 Box3 Box4
1.39 1.72 244 227 246 1.36 159 173 153

{a) Let Y1 denote the response for Tissue & chosen from Box j in City
i. Wiite an appropriate model for the Yj;; Indicate which factors are
fixed and which factors are random.

(b) Write out the ANOVA table for your model. Provide formulas for the
sums of squares and degrees of fieedom,

(¢) Estimate the mean breaking strength of tissues sold in City 1. What
is the variance of your estimator?

(d) In terms of your model, what is the variance of Yi;; — Yi, & # 17 How
would you estimate this vatiance?

5 In an experiment to compare m treatments, the response was a binary
indicator of success. The data were independent Bernoulli variables ¥3; such
that ¥}; ~ Bernoulli{(m;), i =1,. .,m, j=1,.. ,n; The problem is to test
the hypothesis of equal response probabilities: Hy: 7 = - T
(a) Reformulate this problem in terms of a generalized linear model. Iden-
tify the link function and linear predictor

(b) Obtain the likelihood ratio test statistic —2log A for testing My, and
describe its distribution under the hypothesis, and its use.

{e) Arrange the data in a 2 x m table of of counts of successes and failures.
Show how to to test Hj using the well known Peaxson x* test statistic

(d) Using the notation #y, = i, and # = § show that the two test statistics
—2log A and ¥* are practically the same when #; is close to #.

Hint: Use a Taylor series expansion of z log(e/z).



6. Consider the linear model Y = a1+ X3+ e with Var-Cov[Y'| = V, where
V =¢?[(1—p)I +pJ], 1 is a vector of ones and Jis a matrix with all entries
equal to 1. Assume that 17X = 0. Let @ be an orthogonal matiix such
that the first component of Z = QY = [Zy, ZT)7 satisfies Zy = n 2T Y;

(a) Show that B[Z] = U and that the components of Z are uncorrelated
with common vatiance (1 — p). The matrix U depends on X and @

(b) Suppose o? and p are both unknown. Prove that the minimum variance
linear unbiased estimators of any estimable functions of @ are obtained
from the least squares solutions for the model Z = U3 + ¢, whete
Ele] = 0 and Var-Covle] = o?(1 — p)I
Hint: (T4 aJ) =1 —[a/(1+na)lJ.

7. Data on calcium uptake in plants was collected in an experiment in which
plant cells were suspended in a solution of radicactive calcium for a certain
length of time and then the amount of radioactive calcium that was absorbed
by the cells was measured. The experiment was repeated independently with
9 different times of suspension, each replicated 3 times. The calcium uptake
was modeled as a regression of calcinm uptake Y;; against time t;,0 =1, .. ,9,
7 =1,2,3. The regiession output appears below, and plots of the raw data
and some diagnostic plots appear on the following page.

Residuals:
Min 14 Median 30 Max
-1.26407 -0 38755 -0 06378 0 29999 1 05142

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 0 25326 0 25520 0.992 0 330901
time 0.61195 0.08826 6 934 3 6e-07 %%+
I{time~2) =-0.02437 0 00565 -4.313 0 000238 #+*

Signif. codes: O ##% 0 001 *% 0 Ol #* 0.05 01 1

Residual standard error: 0.5577 on 24 degrees of freedom
Multiple R-squared: 0 8598, Adjusted R-squared: 0.8481
F-statistic: 73 58 on 2 and 24 DF, p-value: § 78e-~11
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Instructions to the Student

a Answer any six questions. Each will be graded from 0 to 10

b Use a different booklet for each question. Wiite the problem numbex
and your code number (NOT YOUR NAME) on the cover.

c. Keep scratch work on separate pages in the same booklet.

d If you use a “well known” theorem in yow solution to any problem, it
is your responsibility to make clear which theorem you are using and

to justify its use.

e You may use calculators as needed.

1 Let ¥ = pi+ey,i=1,. ,4,7=1, . ,n Assume that the e;; areiid.
N{(0,0%)
(a) Write out the ANOVA iable, including the sums of squares, mean

squares, degrees of freedom and expected mean squazes

(b) Find the test statistic for testing Hy: py = pg and pz = prg. What is its
distribution under Hy?

(c) What is the distzibution the test statistic of part (b) under the alterna-
tive pip — phy = & = ptg — pig?
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Instructions to the Student
a Answer all six questions. Fach will be graded from 0 to 10.

b. Use a different booklet for each question Write the problem number
and your code number (NOT YOUR NAME) on the cover.

¢. Keep scratch work on separate pages in the same booklet.

d If you use a “well kilown” theorem in your solution to any problem, it
is your responsibility to make clear which theorem you are using and
to justify its use:

e You may use calculators as needed.

1 Consider a three way ANOVA model
1/51')‘;; =H+CEA+OK"B+akG+6¢jk

where off, i =1, . I, and cu and 7 =1, . ,J, are fixed eflect parameters
for factoxs A and B and Where al, k=1, }'{ are random effects of factor
C. Assume that the {af } and {e;;;) ate a collectmn of mutually independent
random variables, that af ~ N(0, 02) and that e;; ~ N(0,52)

(a) Wiite out the AN OVA table for this model, including expressions for
sums of squares, degrees of freedom and expected mean squares.

(b) Finda 1 ~ & confidetice interval for 8 = o /2.

(¢} Finda 1-—-a confidence interval for af —a‘2‘1 Assume that this parameter
was of interest in advance of obsexvmg the data.




2. Consider the regression model
Yy = Bo+ Bizis + Bose + Basg + SrazinTin + €y

where observations of ¥;;, 7 = 1,. ., n are made for each of the following

combinations of (z1, 2, za): (1,1,1), (1,-1,-1), (=1,1,-1), (=1, -1,1).

(a) Assume n = 1 and By, = 0. Write the model in matrix form. Which
parameters, if any, are estimable?

(b) Under the assumptions of (a), compute aset of least squares estimates,
How would your answers change if n > 17

(¢} If n > 1 and we make no assumptions about G2, find a system of least
squares estimates. Which parameters are estimable in this case?

(d) Under the assumptions of (c), how would you estimate o2 = Var (;;)7
What is the distiibution of your estimator?

3. Consider the linear model
Y=Xﬁ+e = Xlﬂl-l-Xgﬁz‘f‘e

where the e;, 7 = 1,. 1, ale iid N(0,0%) 1andom variables. Let 3 =

(5 ,,62 VI, and let 3 = (ﬁl ,ﬁz )T denote the vector of least squares estimates
Assume that Y is n- chmensmnal that X; has ¢ columns amd X, has p — ¢
columns, and that X, X; and X, have full rank.

(a) Suppose that one fits the full model to the data when in fact the 1educed
model Y = X3, + e is correct Show that the bias of 3, is zero.

(b) Compute the variance-covariance matrix of 3.

(¢) Is the statistic
Iy — X8|
an unbiased estirnator of 627 What is its variance?

=MSE =

(d) Suppose p = 2, and ¢ = 1. Find Var[#;] How does it compare to the
variance that would have been obtained if the correct xeduced model
had been fitted to the data?




DEPARTMENT OF MATHEMATICS
UNIVERSITY OF MARYLAND
GRADUATE WRITTEN EXAMINATION
JANUARY 2010

Applied Statistics (Ph.D). Version)
Instructions to the Student
a. Answer all six questions. Each will be graded from 0 to 10.

b Use a differént booklet for each question. Write the problem number
and your code number (NOT YOUR NAME) on the cover.

¢. Keep scratch work on separate pages in the same booklet

d. Tf you use a “well known” theorem in your solution to any problem, it
is your responsibility to make clear which theorem you are using and
to justify its use.

e You may use calculators as needed.

1. Consider a three way ANOVA model
Yije =+ 0f +af +af + e

where off, i =1, .,I, and of and j=1, =, J, ate fixed effect parameters
for factors A and B and where af, k=1, . , K, are random effects of factor
C. Assume that the {a{'} and {e;} are a collection of mutually independent
random variables, that af ~ N(0,¢2) and that ey, ~ N(0, 02).

(a) Write out the ANOVA table for this model, including expressions for
sums of squaies, degrees of freedom and expected mean squares

(b) Find a 1 — o confidence interval for 0 = od /ol

(c) Find a 1—« confidence interval for of'—a4'. Assume that this parameter
was of interest in advance of observing the data




2. Consider the regression model
Yiy = 0o+ f1wa + Baziz + Pass + PraTii + €55
where observations of ¥3;, 7 = 1, ...,n are made for each of the following
combinations of (zq,zs, za): (1,1,1), (1,-1,-1), (-1,1, -1}, (-=1,-1, 1).
(a) Assume n = 1 and £ = 0. Wiite the model in matiix form. Which

parameters, if any, are estimable?

(b} Under the assumptions of (a), compute a set of least squares estimates.
How would your answers change if n > 17

(c) ¥ n > 1 and we make no assumptions about G5, find a system of least
squares estimates Which parameters aie estimable in this case?

(d) Under the assumptions of (¢}, how would you estimate o2 = Var (e;;)?
What is the distribution of your estimator?

3. Consider the linear model
Y=XBte=X18,+Xs08,+e

where the e;, ¢ = 1, ..,n, ate iid. N(0,0?) random variables. Let 8 —
(BT, BT, and let 3 = (f‘)f, B5)7 denote the vector of least squares estimates
Assume that Y is n-dimensional, that X; has ¢ columns and X, has p — ¢
columns, and that X, X; and X; have full rank.

(a) Suppose that one fits the full model to the data when in fact the reduced
model Y = X3, -+ e is correct Show that the bias of 3; is zero.

(b) Compute the variance-covariance matrix of 3.
(¢) Is the statistic
Y - X3
n—p
an unbiased estimator of o7 What is its variance?

(d) Suppose p == 2, and ¢ = 1. Find Var [3] How does it compate to the
variance that would have been obtained if the correct reduced model
had been fitted to the data?




4. A population 2f contains N = nk elements, arranged in a list. A systernatic
sample S of size 7 is selected from If in order to estimate the population mean

Ju=N"30u

{a) Show that the sample average s = n"! g y; is an unbiased estimator
of %y and find its variance.

(b) Can Var [fs] be estimated from the sample? Justify your answer.

(c) Compare Var[gs] to the variance that might have been obtained if
a simple random sample had been used to estimate ;. When does
systematic sampling yield a more efficient estimator of 7,7

Note: The systematic sample S consists of elements J, J+k, J+2k, ., J+
(n — 1)k, where J is drawn at 1andom from the set {1,2,. ,k}.

5 Consider the unbalanced two way ANOVA model
Yiji = pig + ey = p+ ou + G5 + 755 + e
where: =1,2,j=1,2,k=1,...,n;7. Assume that the ertor terms are ii.d.
- N(0,0%).
(a) Find the best linear unbiased estimates of the p;.

(b) Find the best linear unbiased estimates of the g7 under the null hy-
pothesis Hy: §; =0 and y;; = 0.

(¢c) Give the formula of the statistic for testing Hy against the general
alternative and its distribution under Hy.

(d) What is the distribution of the statistic in (¢) under the alternative?
Express your answers in terms of the cell means and ¢




6. A three stage cluster sample is taken from a population with IV primary
sampling units (psu’s), M; secondary sampling units (ssu’s) in psu i, and Ly
elernents in ssu j of psu i First a sample S of n psu’s is selected Next
samples S;, ¢ € S, containing m; ssu’s are drawn from the sampled psu’s.
At each stage, simple random sampling is used and the second stage samples
are drawn independently of one another. -

(a) Show that the sample weights are

N M;

where my; = Plssu (%, 7) is sampled]
(b) Let -
=3 wijyi;
iES €S

Show that # is an unbiased estimator of the population total ¢ of y.

(c) Find the variance of £,




4. A population I/ contains N == nk elements, arranged in a list A systematic
sample § of size n is selected from U in order to estimate the population mean

u=N1Tyu

(a) Show that the sample average §js = n~' Y514 is an unbiased estimator
of % and find its varisnce.

(b} Can Var {7s| be estimated from the sample? Justify your answe:.

(c) Compare Var [§s] to the variance that might have been obtained if a
simple random sample had been used to estimate %, Use ANOVA to
decide when systematic sampling vields a mdre efficient estimator of

Yt

Note: The systematic sample S consists of elements J, J+k&, J+2k, .. ., J+
(n — 1)k, where J is diawn at random from the set {1,2,.. ,k}

5. Consider the unbalanced two way ANOVA model

fes
Yije = pij + e = o+ o+ By + v+ eage
wherei=1,2,§=1,2,k=1,. .,n;j. Assume that the ertor terms are iid.
N(0,0%). '
(a) Find the best linear unbiased estimates of the p;.

(b) Find the best linear unbiased estimates of the y;; under the null hy-
pothesis Hy: 8; = 0 and ; = 0.

(c) Give the formula of the statistic for testing H; against the general
alternative and its distribution under Hp




6. A thiee stage cluster sample is taken from a population with N primary
sampling units (psu’s), M; secondary sampling units (ssu’s) in psu 4, and Ly
elements in ssu j of psu . First a sample S of n psu’s is selected. Next
samples &;, 1 € S, containing m; ssu’s ate drawn from the sampled psu’s.
At each stage, simple random sampling is used and the second stage samples
are drawn independently of one another

(a) Show that the sample weights are
N M;

v ==,
%

where 7;; = Plssu (2, j) is sampled].
(b) Let :
E=2_ 2 wiyy
€S §ES;
Show that £ is an E1,1inb:1ased estimator of the population total ¢ of .

(¢) Find the variance of .

Hint: Use properties of conditional probability and conditional expectation.
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Instructions to the Student

a. Answer all six questions. Each will be graded from 0 to 10.

b Use a different booklet for each question Write the problem number
and your code number (NOT YOUR NAME;} on the cover

¢. Keep scratch work on separate pages in the same booklet.

d If you use a “well known” theorem in your solution to any problem, it
is your responsibility to make clear which theorem you are using and

to justify its use

e. You may use calculators as needed.

1 Consider the regression model Y = X3 + ¢, where Var-Covle] = oI
and X is an n X p matrix of full rank Let 3 be the ordinary least squares
estimator of 8.

(a) Find the mean and covariance matrix of 3.

(b) Let Y = X3 be the vector of predicted values and let 6 = Y — Y. Find
the variance-covariance matrix of &.

(c) Suppose that the model for E[Y] is correct but Vai-Cov{e] = ¢*D where
D is a known full rank diagonal matrix. Tf this misspecified model is
analyzed by ordinary least squares, what is the covariance matrix of &7

Is B unbiased?

(d) What would be the BLUE of 3 under the assumptions of {¢)? What is
the covariance matrix of the BLUE?




2. Let Yy = pta;+Pzi+es,i=1,. ,I,5=1,...,J, denote a mixed effect
ANCOVA model where y and 3 are fixed parameters, the o; areiid. N{0,0?2
and the e;; are iid N(0,0%) The a; and e;; are mutually independent. The

zy; satisty T; = 0 for each .
(a) Find the variance-covariance matrix of the vectar of ¥;; values.
{b} Find the ordinary least squares estimators of the fixed effect parameters.
(¢) Find the covariance mafrix of the estimators in (b).

(d) Prove that 4 = Y. is an unbiased estimator of x4 and has smallest
vaziance in the class of all unbiased estimators of the form 37; 37 ¢;; V5
(Hint: Use an ANOVA decomposition of the array {c;;} together with
conditions for unbiasedness )

3 A simple 1andom sample of size n is chosen without replacement from
a population U and a variable y is measured on each sample element. A
“rough” auxiliary variable z = y + ¢+ e is known for all units in the popula-
tion The quantity c is a constant bias term, and e is a random measurement
error, uncorrelated with y and having mean zero and variance S2. Two esti-
mates of gy, the population mean of y, are

Yy = 7+ (Ty—7) (difference estimator)
7, eg = T+B(Zy—Z) (regression estimator)

where ¥ is the sample average of y and T is defined similarly Compare the
variances of each of these estimators, using the value of B which minimizes
the variance of the regression estimator. You may assume the population is
infinite. The vaiiances may involve Sj, the population variance of y.




4 Let Vi =putoi+b+ctegmi=1 ., I,ij=1 ,J, k=1 K
The quantities y, a1, . ., ar are fixed unknown parameters and Z{:} a; =10.
Assume that the {b;}, {c;;}, {eis} are independent normal variables with

zero means, Varb; = of, Varg; = o2 and Var gy = o2,

{a) Wriite out the ANOVA table for this mixed model, giving the formulas
for each sum of squares and the corresponding degrees of freedom. In
addition, calculate the expected mean squares.

{b) Find a confidence interval for o2/a2.

(c) How would you test Hy: ap = - = a;? Give the test statistic and its
distribution under ffy. What is the power of your test?

5 A finite population UV consists of N elements denoted by 1,2, | N. A
sample s of n elements is selected without replacement, where n is fixed. Let
z = I{i € s} and wiite Pi € s] = m;. Let m; denote the probability that
elements 7 and j are both included in the sample.

{a) Show that ¥ e, m = n and calculate Cov(z;, z;).

(b) Show that the statistic
be =D ui/mi
iEs

is an unbiased estimator of the population total ¢, = 3. ui.

{c) Calculate the variance of Z,.

6. In a two way incomplete layout the observed data are as follows:

Yii Y2 —
— Yo Y
Yo — Yas

The model is Yi; = 4+ oy + G5 + €45

(a) Show that all contrasts ¥°; ¢;cy; are estimable, where as usual, ;¢ = 0.

{b) Is it possible to find an unbiased estimator of Var ¥;;7 How many degrees
of freedom are associated with this estimator, if it exists?

{¢) Assuming the unobserved Y;; follow the model, is E[Y;3] estimable?
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Instructions to the Student

a. Answer all six questions Each will be graded fzom 0 to 10.

b. Use a different booklet for each question. Write the problem number
and your code number (NOT YOUR NAME) on the cover.

¢. Keep scratch work on separate pages in the same booklet.

d If you use a “well known” theorem in your solution to any problem, it
is your responsibility to make clear which theorem you are using and
to justify its use.

e. You may use calculators as needed.

1. Consider the regression model Y = Xg + ¢, where Var-Cove] = oI
and X is an n x p matrix of full rank. Let B be the ordinary least squares

estimator of 3.
{a) Find the mean and covariance matrix of ,B

(b) Let Y = X3 be the vector of predicted values and let ¢ =Y — Y. Find
the variance-covariance matrix of é

(c) Suppose that the model for E{Y] is correct but Var-Covle] = 0°D where
D is a known full rank diagonal matrix. If this misspecified model is
analyzed by ordinary least squares, what is the covariance matyix of é7

(d) What would be the BLUE of 8 under the assumptions of (c)?




2 Let Vi = ptai+ey,i=1,. .,[,7=1,. ,J, denote arandom effect one
way ANOVA model where 4 is a fixed parameter, the a; ate iid N(0,02)
and the ¢; are iid. N(0,0%) The a; and e;; are mutually independent.

(a) Write out the ANOVA table for this problem, including the sums of
squares, degrees of freedom and expected mean squares.

(b) Find an unbiased estimator of o2 and a confidence interval for o, /o

(c) Prove that 1 = Y is an unbiased estimator of y and has smallest
variance in the class of all unbiased estimators of the form 7, 37, ¢
(Hint: Use an ANOVA decomposition of the array {¢;;} together with
conditions for unbiasedness )

3 A simple random sample of size n is chosen without replacement from
a population {7 and a variable y is measured on each sample element. A
“rough” auxiliary variable # = y + ¢+ e is known for all units in the popula-
tion The quantity ¢ is a constant bias term, and e is a rtandom measurement
error, uncorrelated with y and having mean zero and variance S2. Two esti-
mates of 7y, the population mean of y, are

¥, = 7+ {Ty—1z) (difference estimator)
¥, g — ¥+ B(Zvy—1Z) (regression estimator)

where ¥ is the sample average of ¥ and 7 is defined similarly. Compare the
variances of each of these estimators, using the value of B which minimizes
the variance of the regression estimator. You may assume the population is
infinite. The variances may involve SS, the population variance of y.




4 Let Y :p+a3——|—bj'—£—cij+s~;jk, i=1,. ,I,3=1, ,J, k=1, . K.
The quantities p, aq,. .., ar are fixed unknown parameters Assume that
the {b;}, {ci;}, {€in} are independent normal variables with zero means,
Vard; = of, Varcy; = o2 and Varegj, = 2.
(a) Wiite out the ANOVA table for this problem, giving the formulas for
each sum of squares and the corzesponding degiees of freedom. In
addition, calculate the expected mean squares.

(b) Find a confidence interval for o2/c?

(c) How would you test Hy: aq = - = a;? Give the test statistic and its
distribution under Hp.

5. A finite population U consists of N elements denoted by 1,2,...,N. A
sample s of n elements is selected without replacement, where n is fixed. Let
z; = I{t € s} and write P[i € s] = m;. Let my; denote the probability that
elemnents 7 and j are both included in the sample.

(a) Show that >7;c, m; = n and caleulate Cov(z;, z;).

(b) Show that the statistic

tr = Zyz/ﬂ'z
: i€s
is an unbiased estimator of the population total £, = e -

{c) Calculate the variance of £,.

6. In a two way incomiplete layout the observed data are as follows:

Yiu Yi2 —
- Yy Yx
Yor — Y3

The model is Yi; = pp+ a4+ 55 + 45,
(a) Show that all contrasts 37, ;v are estimable, where as usual, 3 ¢; = 0.

(b) Is it possible to find an unbiased estimator of Var ¥;;7 How many degrees
of freedom are associated with this estimator, if it exists?

(¢) Assuming the unobserved V;; follow the model, is E[¥i3] estimable?
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a. Answer all six questions Each will be graded from 0 to 10.

b. Use a diflerent booklet for each question Write the problem number
and your code number (NOT YOUR NAME) on the cover,

¢ Keep scratch work on separate pages in the same booklet.

d. If you use a “well known” theorem in your solution to any problem, it
is your responsibility to make clear which theorem you are using and
to justify its use

e. You may use calculators as needed

1. Consider the regression model Y = X8 + &, where Var-Covle] = V is
an arbitrary positive definite matrix of dimension n x n'and X isann x p
matrix of full rank. Let 3 be the ordinary least squares estimator of 3

(a) Find the mean and covariance matrix of 8

18 known, prove that the of B 18 the generalized least squares
b) It Visk hat the BLUE of 3 is th lized least
estimator R
Be =XV IX)IXTVY.
What is the variance-covariance matrix of 3,7

(c) The ordinary least squares estimator and the generalized least squares
estimator are equal if and only if there exists a nonsingular matrix M

such that VX = XB




2. Data {zy,20,Y;), 1 = 1, . ,n, are governed by the centered bivariate
regression model Y; = o+ S22 + Paitin + ;. The sample averages of the z;
and z;5 are both zero Congider the following stepwise regression algorithm:

(i) Estimate the model ¥; — Y = 8/'z;; + &, using ordinary least squares.
Denote the estimated coefficient by 8]. Compute the 1esiduals e;;.

{ii) Estimate the model z;; = vz;1 + d; using ordinary least squares and
compute the residuals e;5;, Denote the estimated coefficient by ¢
(iif) Estimate the model ey = Bo’e;a1 +1; Denote the estimated slope by
by
Prove that by is the least squares estimate of §; and that ¥V -4 ¥ z;1 +byesa is

the least squares estimate of o+ 5y z;) + Bozie. [Hint: Consider the regression
of Y on z; and eg |

3 A population U of size N is divided into two strata of sizes N} = NW,
and Ny = NW,. The population mean of the variable y is the weighted sum
of stratum means

Go=(1/N)> Y yn = Wagh + Waih,

h i€l

and the within-stratum variances Sz, h = 1, 2, are

1
Sy Z (yni — Tn)*.

h=
Nh - IiEUh

It costs ¢ to sample a single element from stratum A It is known that
5% = 82, but the sampling costs aze such that 2c; < ¢ < 4c; The statis-
tician would like to use proportional allocation but does not want to incur
a substantial increase in variance, compared to optimal allocation Let 4,
denote the estimate of §iy under stratified sampling. Let V0 (¥,;) denote the
variance of §j,, under-proportional allocation, and let V,,:(3,;) denote the vari-
ance under optimal (Neyman) allocation For a given cost C' = ciny+ cna,
ignoring the finite population correction, show that

Vorop(Ust) _ Wicr + Waey

Vot (Use) _ (Wi + Way/)?
If W, = W,, compute the relative increases in variance from using propor-
tional allocation when cy/c; = 2,4.




4 Let Vi = pta;+b+eyn Assume that the {a;}, {b;;}, {e,5} are mutually
independent normal variables with zero means, Vara; = o7, Varby; = o7 and
Vare, = o2
(a) Wiite out the ANOVA table for this problem, giving the formulas for
each sum of squares and the corresponding degrees of freedom In
addition, calculate the expected mean squares.

(b) Find a confidence interval for oi/a?

{c) How would you test Hy: o2 = 07 Give the test statistic and its distri-
bution under Hy

5. A finite population I/ consists of IV elements i, 2, ,N. Asample s of n

elements is selected without replacement, where n is fixed Let z; = I{i € 5}
and write P[i € s] = »;. Let m; denote the probability that elements i and
7 are both included in the sample

(a) Show that >, m; = and calculate Cov(z;, z;)

(b) Show that the statistic ty = Yies Ui is an unbiased estimator of the
population total £, = ¥,y 9.

{c) Calculate the variance of t,.

6. In a two way incomplete layout the observed data are as foilows:

Ya Yiz —
— Yoo ¥
Y1 —  Yas

The model is Yi; = u +a; + 8; + ¢, where the g are independent with zexo

means and common vériahce o2,

(a) Show that all coi;traé—’ps i cicy; are estimable, where as usual, >, ¢, =0

(b) Is it possible to find an unbiased estimator of Var ¥;;7 How many degrees
of freedom are associated with this estimator, if it exists?

(¢) Assuming the unobserved Y;; follow the model, is E[Y}3] estimable?
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a. Answer all six questions. Each will be graded from 0 to 10.

b. Use a different booklet for each question Write the problem number
and your code number (NOT YOUR NAME;} on the cover.

c. Keep sciatch work on separate pages in the same booklet.

d If you use a “well known” theorem in your solution to any problem, it
is your responsibility to make clear which theorem you are using and
to justify its use

e You may use calculators as needed.

1. Consider the nested random effects model Yz = p + a; + by + e,
i=1,...,1,j=1, .,Jand k=1, .,K Assume the a;, b;; and e; are
mutually independent, the a; ate iid N(0,02), the b; are iid  N(0, 07)
and the e;;;, are iid N{0,02).

(a) Write out the ANOVA table for this problem and calculate each of the
expected mean squares.

(b) Find unbiased point estimators of each of the variance components Are
any of these estimators unsatisfactory for some reason? Explain

(c) Test Hy: of =0 Find the distribution of your test statistic under both
the null and alternative hypotheses




2. Consider the linear model ¥ = X3 + €, where X is an n X p design
matiix of rank v < p < n. Assume the side conditions H3 = 0, where H
is a (p — r) X p matrix of full rank p — r, such that H3 defines a set of
nonestimable functions.

(a) Show there is & unique solution of the normal equations which satisfies
the side conditions HBG =0

(b} Explain the rationale for the nonestimablity requirement

(c) Consider the special case y; = p+ 7+ ¢y, it = 1,2, § = 1,2. Show that
7, + T is nonestimable, and use this fact to get a unique solution of the
normal equations satisfyving a suitable side condition, as in (a).

3 Let D be a domain of size N contained within a finite population I/ of
size N A simple random sample & of size n is selected and the value of some
variable y is observed The sample contains np elements of . The sample
domain mean is 4, = n}}l Yoicu,np ¥ is used to estimate the true domain

mean N, '0p = Yien Ui
a) Given that np is positive, show that ¢, is conditionally unbiased.
Gi that i it how that ¥ dit Ity unbiased

(b) In terms of
1 _
1 Z(Z—h - yD)21

Np ieD

3=

what is the conditional variance of §p,, given np?
{c) If P[np = 0] is negligible, show that

1 1 1_W -2
E {a] = T e HelT)

where W = Np/N.

(d) Assuming P[np = 0] is negligible, what is the approximate variance of
Up?




4 A stiatified sample is being designed to estimate p, the prevalence of a
disease (ie , the proportion of persons with the disease). Stratum 1, with Vy
persons, has prevalence p; and Stratum 2, with N, persons, has prevalence
g, Where py > pa  Assume that the cost of sampling and ascertaining disease
status is the same for all persons in either stratum, that at most 2000 persons
are to be sampled, and that N; and N, are both very large

(a) If py = 0.10, p, = 03 and N;/N = 04, what are n; and ny under
optimum allocation?

(b) Under the assumptions of (a), what is Var py, under proportional allo-
cation? Under optimal allocation? What is the variance if one takes a
simple random sample of size 2000 from the population?

5. Consider the logistic regression model for binary (0-1) data ¥; with a
single covariate z; where P[Y; = 1|z;] = 7; satisfies

log (1 qu;ﬂ ) =logit(m;) =+ Pz, i=1,.. ,n

— iy

(a) Derive equations for the maximum likelihood estimates of «,f, and
identify the asympiotic distribution of the MLE (&, ).

{b) Show that the asymptotic covariance matrix of (&, ) has the form
(X'VX) ! for some matrices X, V. Describe the matrices X,V

(c) Obtain a 95% confidence interval for 5.




6. A sample of 12 observations of {x1, zs,Y) is displayed in the figure, with
points (zg,Y) labeled by their z; values. The least squares regression line
1y = By -+ fazy is also displayed in the figure.

(a) Suppose that z; a quantitative variable. How would you decide if the
simple linear 1egression model

K:ﬁ0+62$2i+'ei7 7-=1) “)123

describes the data adequately? Assume that the error terms are iid.
N(0,0%). Explain how to compube any test statistics and give their

distributions

(b) Suppose instead that the variable z; is a qualitative variable labeling
groups, which were chosen at random from some population. Propose
a generalization of the simple linear regression model and describe how
to test whether the generalized model fits the data better than the

simple linear regresson model of (a)

(¢) Based on your examination of the graph, under the assumptions of either
(a) or {b), would the regression coefficient of z; be positive if z; were
included in the model?




15

Figure 1: Plot of ¥ vs. zo with points labeled by z; values.
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1 Consider the two way main effect ANOVA model
Yip=pt+o;i+8;+ey, t=1, I j=1,...,J k=1, K
where >5; 0y = 33, 8; = 0 and the e are iid. N(0,0?)
(a) Write out the ANOVA table for this model, showing sums of squates,

degrees of freedom and expected mean squares.

(b) Find confidence limits for a; — oy and for 02, Assume that the contrast
oy = oy was of interest in advance of the data collection

(c) Suppose that one fits the two way main effect model when in fact there is
an interaction term of the form v,; satisfying the usual side conditions
>0 %5 = 2; %5 = 0. Show that the usual estimator of 0% based on the
main effects model is biased and describe the effect of this bias on point
and interval estimation of a; — o,




2. Consider the sinusoidal model,
Y, = p+acos(wpt) + Bsin{wpt) + &, t=1,2,.. , N,

where wp = 2mp/N for some p € {1,2, | N}, N is even, and the e, are
uncorrelated with mean 0 and variance ¢2 We know:

N N N
> cos(wpt) = > " sin{wyt) = 0, > " cos{wpt) sin(wyt) =0, for all p, g,
=1 t=1 i=1

N 0 ifp#g

D cos{wpt)cos(wgt) ={ N ifp=g= N/2, 0

=1 N/2 it p=q+# N/2,
0 ifp#£g

N
D sin(wyt) sin(w,t) = ¢ 0 itp=g=N/2
=1 N/2 ifp=g+# N/2

For simplicity assume that p # N/2.

(a) Suppose w, is known Obtain explicit expressions for the least squares
estimates of u, o, 8

(b) Suppose w, is known Express the squared multiple correlation R? in
terms of &% and 2.

(c) Suppose w, is unknown. Suggest a way to estimate Wy

3. A simple random sample of size is to be drawn from a population U/
The goal is to estimate the population total t,u subject to the accuracy
requirement

P {

The population coefficient of variation C = Sy /fi; is known. Find the
required sample size n You may assume that the estimator 1,2 has an
approximate normal distribution

~

byt — Ly

<7
Ly

>1—w




4. Let X),. ., Xi beiid N(p,o?) 1andom variables Define the sam-
ple range by B = max;{X,} — min,{X;} Let s be an independent {of
X1, Xp) estimate of ¢ with v degrees of freedom That is, vs? Jo? ~
x*(v). The Studentized range is defined as @ =R/s.

(a) Prove that the distribution of @ does not depend on the unknown pa-
rameters p and o2

(b) Suppose that parameters 01, . , 6, are estimated by 8:,.. ., 8 Assume
the following:

(i) 6; ~ N(6;,0%?),i =1, .,k independent, and a is known,

(i) s is an estimate of o2 such that vs2/g? ~ x*(v) independently of
the 92

Use the studentized 1ange to obtain a system of simultaneous level 1~ o
confidence intervals for all the (g) differences 8; — 6;.

9. Several military pilots are assigned to test a simulated control panel for
a new type of aircraft. The pilots must complete a simulated control task,
which depends on factors A and B, each with 2 predetermined levels The
levels are manipulated by the experimenter in such a way that each pilot is
presented the combinations of levels in random order and performs the task
once at each combination of levels A response variable Y is measured on
pilot & at levels (4, j) of the experimental factors, for i — 1,2, 7=1,2 and
k=1, . ,n

(a) Write a linear model describing the observed responses Y. State the
distribution of any random terms in your model and state any necessary
side conditions to make yowr model identifiable

(b) Propose an estimator of the mean difference in response between the two
levels of Factor A and give 95% confidence limits for this parameter,

¢} Propose unbiased estimators of the variances of any random terms in
y
your model. Can you give confidence limits for these estimators?




6 An urban population I consists of 4600 apartment buildings. A sample
of 100 buildings is selected at random without replacement. In sampled
building ¢, 7 = 1, . 100, the variable n;, the number of apartments in
building 7, is determined In addition, the variables Z;; and y;; are obtained
on each apartment (¢,4), 7 = 1, ., m;, within sampled building i These
variables are defined as follows:

Ti; = I{apartment (i, ) is occupied},
Yi; = number of residents in apartment (¢, 7).

(a) Find an unbiased estimator of v, the total number of occupied apart-
ments, and provide 95% confidence limits for this total

(b) Find an alternative estimator which is likely to be moze accurate than
the unbiased estimator of (a) when the n; vary greatly from building
to building . :

(¢) Estimate B, the average number of residents per occupied apartment
and find 95% confidence limits for this ratio. As in (b), assume that
the n; vary greatly from building to building :
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d. If you use a “well known” theorem in your solution to any problem, it
is your responsibility to make clear which theorem you are using and
to justify its use.

e You may use calculators as needed

1. Consider the two way main effect ANOVA model
Vi =pt o +8 +eugn, i=1,. 0, j=1,. J k=1, K
where >0 = 3, a;? = 0 and the g, are iid. N{0,0%).
(a) Write out the ANOVA table for this model, showing sums of squares,

degrees of freedom and expected mean squares.

(b) Find confidence limits for oy — @ and for o2 Assume the contrast
o — cp was of interest before the data were observed.

(¢) Suppose that one fits the two way main effect model when in fact there is
an interaction term of the form ;; satisfying the usual side conditions
i = 2.;%; = 0 Show that the estimator of ¢* is biased and
describe the effect of this bias on point and interval estimation of ¢y —
Q.




2. Consider the sinusoidal model,
Y: = p+ acos(wpt) + Bsin(wyt) + e, t=1,2, . ,N

where w, = 2rp/N for some p € {1,2, .., N }, NV is even, and the e; are
uncorrelated with mean 0 and variance o2, We know:

N N N
> ocos{wpt) = Y sin{wyt) =0, > cos(wyt)sin(w,t) =0, for all p, ¢,
i=1 t=1 i=1

N 0 if p#gq _
> cos(wyt) cos{wgt) =¢{ N ifp=g=N/2, 0
b=t N/j2 it p=q# N/2,

N 0 ifp+#q
D sin{w,t) sin(wgt) = ¢ 0 if p=g=N/2
t=1 N/2 ifp=qg+# N/2

For simplicity assume that p £ N/2.

(a) Suppose w, is known Obtain explicit expressions for the least squares
estimates of u, o, 5.

(b) Suppose w, is known Express the squared multiple correlation R2 in
terms of &% and 32

{c) Suppose w, is unknown. Suggest a way to estimate w,

3. A simple random sample of size n is to be drawn from a population
U. The goal is to estimate the population total ¢, subject to the accuracy
requirement

P [

The population coefficient of variation C' = S,y /gy is known. Find the
requited sample size n = You may assume that the estimator t,r has an
approximate normal distribution

tyr — by

gr]ZI—a
Ty




4. Let Xi,...,X; be ild N(g,0?) random variables Define the sam-
ple range by R = max{X;} — min;{X;}. Let s be an independent (of
X1, ., X) estimate of o with v degrees of freedom That is, vs?/g? ~
x*(v) Then the Studentized range has a known distzibution independent of
the parameters u, o2

R
Q—;N%,u

Suppose that a set of parameters 6, . , 0y are estimated by §;, ,8; Assume
the following:

(i) 6; ~ N(8;,64%0%), i =1, ., k, independent, and a is known

(if) s* is an estimate of o such that vs?/o? ~ x*(v) independently of the
g;.

Use the Studentized range to obtain a system of simultaneous level 1 — &
confidence intervals for all the (’2“) differences 6; - 6;.

5. Several military pilots are assigned to test a simulated contiol panel for
a new type of aircraft. The pilots must complete a strmulated control task,
which depends on factors A and B, each with 2 predetermined levels. The
levels are manipulated by the experimenter in such a way that each pilot
is presented all four combinations of levels in random order and performs
the task m times at each combination of levels. A response variable ¥ is
measured on pilot &k at replication r of levels (i, §) of the experimental factors,
fori=1,2,7=1,2;r=1,...,mand k=1, ,n

(a) Write a linear model describing the observed responses Yy;;,. State the
joint distribution of any random terms in your model and state any
side conditions imposed to make vour model identifiable.

{(b) Propose an estimator of the mean difference in response between the two
levels of Factor A and give 95% confidence limits for this parameter

(c) Propose unbiased estimators of the variances of any random terms in
your model Can you give confidence limits for these estimators?




6. A simple random sample of 290 households was selected from an urban
area containing 14,828 households. Each family was asked whether it owned
or rented its dwelling and also whether it had the exclusive use of an indoor
toilet Results were as follows.

Owns Rents
Exclusive use of toilet Yes No Yes No
Sample count 141 6 109 34

(a) For families who 1ent, estimate the percentage in the area with exclu-
sive use of an indoor toilet and estimate the standard error of your

estimator.

(b) Estimate the total number of renting families in the area who do not
have exclusive indoor toilet facilities and give the standard error of this

estimate

(¢) Are your estimators in parts (a) and (b) unbiased? Explain,
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b. Use a dlﬁelent ‘booklet for ea_ch question Wnte the problem number
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d. If you use a “well known” theorem I your solution to any problem, it
is your responsibility to make clear which theorem you are using and

to justify its use.

e You may use calculators as needed

1. Let Yi; = py +245, 1= 1,2,3, =1, . ,n Assume that the ;; are iid.
N{0,c?).
(2) An experimenter assumes that the u; = h(z;) are the values of an unob- -
served response function A, where z;, T2, z3 are equally spaced vahies
~ of some control variable z. Find orthogonal contrasts 14; = >~ ap; and
Wy = Z CosJt; Yepresenting the linear and quadratic components of A

(b) Derive a test of Ho: h{z;) = Bo+ frzs, 1 =1,2,3 That is, test whether
k. is linear. Provide a formula for your test statistic and its distribution

'Lllldel Hy.




2 Conszdel_ the two Way Imxed model K,;, : T +b + e”, i=1 .1,
j =1,...,J, where b; ~ ZN({J orb) e N(D 02) and the b and e” are

' mutually mdependent

(a) Write out the usual ANOVA table for this problem meludmg the sums
-of squares, degrees of freedom and- expected mean squares. With no
- assumptions on the parameters, what is the joint distribution ‘of the
sums of squares end the sample treatment means Y7

(b) How would you test: the hypotheem of 1o treatment differences, that
i Hy A= =TT “What is the distribution of your test statistic,

under both H 0 and the alternative?

(c) How would you test Hp: 7"1 =77 = 07 What is the distribution of
your test statistic, undex both Ha and the altematlve'?

3. Let D bé a domain contained in a finite population { Assume I/ consists
of N elements and that D consists of Np elements Both of these guantities
are known and large. A 51mp1e IaIldOIII sample & of size n is selected without
replacement from If and the Vanable y; 15 observed pn each sampled element

The sample contains np elements from D

(a) Show that the statistic

is an approximately unbiased estimator of the domain total tp =
Yien Vi (You may assume that Plnp = 0] is extremely small and

that £p is zero if np = O)
{b) What is the appro;cimete variance of £ D?

(c) How would you estimate the variance of fp?




A The model Y= ﬁg + Z 1 ﬁjm” —5~5z, 1= 1 , 1y Was ﬁtted to a data set
~ assuming that the erzor texms & areiid N (O crz) and that the modeI was
_conectly specu"led S

{a ) How - could you assess the Vahdlty of the assumptlon that the erTor terms.
are iid? If they were iid, how could you assess Whethez they are’

' normally dlstnbuted‘?

(b) It is suspected that the nth data point may be unusual How could:
you decide whether this point falls to fit the model? Is it possible that

‘the nth point has uniisual features but ‘does not- v1olate the model? - — - et

Explam

5 Conéidex. the linea._'z model

Yal [1-1-1 17787 [ea

Yzz- _ 1. -1 I =111 5 €42 . :
Y;3 St I =1 -1 Do _+ ez |’ t=1,.,m
Y ) 1 11 1 fy' | €i4

. C‘olumns 2 and 3 of the design matrix may be regarded as levels of quantita-
tive factors 2, and @z, The fourth column corresponds to a qualitative factor
called “Block.” The ei; ate iid N(0,0%).

() Show that all parameters are est1mable How many degIees of freedom
are available for estuuatmg o? = Var ei;?

(b) A model equation for the situation in pait (a) can be written in the
form : ' _

' Y == 8y + By + Boza + Block + error

Suppose one wishes to extend the model by adding & cross product
term Biow: 2. Which parameters are now estimable, and which ate not
estimable? Find a set of 7 linearly independent estimable parametric
functions, where r is the rank of the new design matrix. Is there any
change in the degrees of freedom for the estimate of variance?




6. A populatlon U con51sts of N psu 's of size MZ, = 1 N Cons&dex the
foHowmg rejective Trethod for selectmg a pps sample S Wlthout Ieplacement

Select n psur s mth pr obabilities Wi and with Ieplacement If any psu appears =

" mote than' once in this sample reject the entire sample and select another n _
" psu’s with xeplacement ‘Repeat until you obtam a'sample of n psu’s with no
dupllcates If n =2, find the inclusion probablhtles _ :

_'__1r P[zGS] -._P[zeSandje‘S’]

Argue that 1f all M, / (> M ) are small choosmg Y proportlonal to M; makes '
the selection probablhtles ?r,b neaﬂy proportlonal to M;,
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a. Answer all six questions. Each will be graded from 0 to 10.

b. Use a different booklet for each question. Write the problem number
and yout code number (NOT YOUR NAME) on the outside cover

¢ Keep scratch work on separate pages in the same booklet.

d. If you use a “well known” theorem in your solution to any problem, it
is your responsibility to make clear which theorem you are using and
to justify its use.

¢. You may use calculators as needed.

1. A sample of four ohservations is modeled as follows:

Y1 = +uw, Yz = pg 4 po + 1 + ug,
Y = + ug, Yi= p1 + pio + us + g,
where the u; are iid. N(0,02).

(a) Find the ordinary least squares estimators of u; and u; and give formulas
for their variances

(b) Are the ordinary least squares estimators also the best linear unbiased
estimators for this model? Prove your answer




2. A certain manufactured product is a mixture of k& components. A chaz-
acteristic Y of the product depends on the proportions zi,. ..,z of the
components. Note that 2+ -~ +zz = 1 in this situation In an experiment,
n samples are prepared and the linear model

Yi=8+bizat Gz te, i=1. ,n,
is fitted to the data It is assumed that the e; are 1id. N(0,0?).

{(a) Prove that none of the regression parameters is estimable.

(b} Let £ = 3, By = 0, n = 3m, m > 1. If m observations are made at
each of the = vectors (1,0,0), (0,1,0) and (0,0,1), compute the least
squares estimators of the regression coefficients and estimate o2.

(¢} Under the assumptions of part (b), find a confidence interval for af: +
€932 + 303, where the ¢; are positive constants that sum to 1.

(d) Can the confidence interval in (¢) be shortened if the allocation of sample
data to the z vectors (1,0,0), (0,1,0) and (0,0,1) is chosen not to be

equal?

3. In the nested random effects model
Yijk = p+ a; + by + ey,

i=1,..,0,7=1,.. ,J, k=1, . ,K, assume that the q;, b;; and e;; are
mutually independent, that the a; are iid. N(0,02), that the b;; are i.id.
N(0,03) and that the ey are ii.d. N(0,02).

(a) Write out the ANOVA table for this model, including the expected mean
squares.

(b) Find a 1 — « confidence interval for u

(¢) Suppose J — oo while I and K are fixed. Which of 1, 02, 02, or 02 can
be estimated consistently?




4. A simple random sample S of size n is selected from a population U of size
N and the quantities z; and y; are observed for each 7 € §. The population
mean Zy is known. The population total £, can be estimated by a statistic
of the form

‘EA = N[g_/g -+ A(fU — fg)]

(a) Show that for any A, 4 is an unbiased estimator of t,;; and calculate
its variance.

(b) Show that the variance of 4 is minimized when
A= Aopt = Swa / S::EU

(¢) Assume that the population correlation between z and y is positive.
Show that ¢4 is more precise than #p = Ngs if 0 < A < 2A4pt.

(d) Suppose n is large, Zy is known but S,y and 5%, are unknown. Rec-

ommend an estimator which is more accurate than #; and discuss its
bias.

5 Suppose that V; = u+a, + Bz +ey,i=1,...,1,7=1,.. ,J Assume
that the a; and e;; are mutually independent, that a; ~ N{0,02) and that
e;; ~ N(0,0?) Assume also that #; — 0 for each 4.

{a}) Show that a unique least squares estimator of 3 exists. Is there a unique
least squares estimator of p?

(b) Find the joint distribution of ¥ and §, the least squares estimator of
the regression coefficient 3.




6. The population I/ consists of N clusters, and each cluster consists of

M elements (so that the population contains MN elements). Two sample
designs are under consideration:

{1) a simple random sample of Mn elements, and

(ii} a simple random sample of n clusters, with data taken on each element
in the sampled clusters.

Let y;; denote the y value of element j from cluster i Under either design,
the (unweighted) sample mean

1] M
Ys = Y ; ; Yij
will be used to estimate the population y-mean
B 1 N M
Yu = N %:ZI 9:21 Yij-

(a) Write the ANOVA table for the entire population with sums of squares

for differences among cluster means and differences among elements
within clusters.

{b) Under both designs (i) and (ii), show that s is an unbiagsed estimator

(c) Find the variances of §s under both designs (i) and (ii). When would
design (ii) be more precise than design (i)?
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a. Answer all six questions. Each will be graded from 0 to 10.

b. Use a different booklet for each question. Write the problem number
and your code numbet (NOT YOUR NAME) on the outside cover.

¢. Keep scratch work on separate pages in the same booklet.

d. If you use a “well known” theorem in your solution to any problem, it
is your respomnsibility to make clear which theorem you are using and

to justify its use.

e. You may use calculators as needed.

1. A sample of four observations is modeled as follows:

Y: = +ug, Yo = 1 + po +up + ug,
Yy = i +ug, Yi=pr 4 po +ug +uy,
where the u; are iid. N(0,02)

(a) Find the ordinary least squares estimators of p; and us and give formulas
for their variances.

(b) Are the ordinary least squares estimators also the best linear unbiased
estimators for this model? Prove your answer




2. A certain manufactured product is a mixture of k components. A char-
acteristic ¥ of the product depends on the proportions zi,.. ,zz of the
components. Note that z; + -4z == | in this situation. In an experiment,
n samples are prepared and the linear model

Yi=G+Fiza+ -+ g te, =1, ..,n,
is fitted to the data. It is assumed that the ¢; are ii.d N(0,0?%)

{(a) Prove that none of the regression parameters is estimable

(b} Let £ =3, By =0, n = 3m, m > 1 If m observations are made at
each of the z vectors (1,0,0), (0,1,0) and (0,0,1), compute the least
squares estimators of the regression coefficients and estimate o2

(c) Under the assumptions of part (b}, find a confidence interval for ¢;6; +
2B + ¢33, where the ¢; are positive constants that sum to 1.

3. In the nested random effects model
Yijr = g+ a; + by + ey,

i=1,..,I,j=1,..,J, k=1, .. K, assume that the a;, b;; and e are
mutually independent, that the a; are iid. N(0,02), that the b;; are iid,
N(0,¢7) and that the e; are 1id. N(0,02).

(a) Write out the ANOVA table for this model, including the expected mean
squares.

(b) Find a 1 — a confidence interval for u.

(¢) Find a 1 — @ confidence interval for & = o#/0?.




4. A simple random sample & of size n is selected from a population U7 of size
N and the quantities z; and y; are observed for each ¢ € & The population
mean Ty is known The population total ¢,;; can be estimated by a statistic
of the form

EA = N[gs + A(EU - fs)]

(a) Show that for any A, £, is an unbiased estimator of tyy and calculate
its variance. ‘

(b) Show that the variance of £, is minimized when

A= Ac’pt = Sme/SiU

(c) Assume that the population correlation between  and y is positive.
Show that ¢4 is more precise than fp = Njs if 0 < A < 24,5,

(d) Suppose n is large, Zy is known but Sy, and S%; are unknown Rec-
ommend an estimator which is more accurate than t, and discuss its
bias.

5 Suppose that ¥j; = p+a; + By +ey, t =1, . I, 7= 1; ..., J. Assume
that the a; and e;; are mutually independent, that a; ~ N(0,52) and that
ei; ~ N(0,07) Assume also that Z; = 0 for each 4.

(a) Show that a unique least squares estimator of 3 exists. Is there a unique
least squares estimator of u?

(b) Find the joint distribution of ¥ and 3, the least squares estimator of
the regression coefficient 3.




6 The population U/ consists of N clusters, and each cluster consists of
M elements (so that the population contains MN elements) Two sample
designs are under consideration:

(i) a simple random sample of Mn elements, and

(ii) a simple random sample of n clusters, with data taken on each element
in the sampled clusters.

Let y;; denote the y value of element § from cluster i. Under either design,
the (unweighted) sample mean

] oM

Us = .Y ; ; Yi

will be used fto estimate the population y-mean
] N M

Yu = MN ; }; Yig.

{a) Write the ANOVA table for the entire population with sums of squares
for differences among cluster means and differences among elements

within clusters.
(b) Under both designs (i) and (ii), show that %s is an unbiased estimator

(¢) Find the variances of §s under both designs (i) and (ii). When would
design (ii) be more precise than design (i)?
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b. Use a different booklet for each question. Write the problem number
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to justify its use.

€. You may use calculators as needed.

1. Consider the usual full rank lnear model
Y=XB+e, &~ N0

where X is an n X p design matrix, and 8 is a p X 1 vector of parameters.

{a) Let a new p x 1 covariate vector o = (Zo1, Tog, - - ., Top)” correspond to
an unknown observation Y. Obtain a 100{1 — )% prediction interval
for ¥y,

(b} Compare the width of the prediction interval for Y5 to the width of the
confidence interval for £(Y;). Explain in words the reason for your
finding.




Ll

2. An agricultural experiment was performed to compare I = b fertilizers
on a certain variety of cotton. The experiment was run on .J = 6 blocks,
a block being a field. The blocks were thought to be a sample of fields on

which the cotton might be grown.

(a) Formulate an appropriate model if the blocks are regarded as chosen
at random. Write out the ANOVA table (source, sum of squares and
degrees of freedom) and compute the expected mean squares under

your model.

(b) Show how to test the hypotheses of no block effect and of no fertilizer
effect. In each case find the test statistic and state its distribution

under the null hypothesis.

(¢) How would you create confidence limits for the fertilizer means and for
a difference of fertilizer means?

(d} How, if at all, wonld your answers to (b) and (c¢) differ if the block effect
was thought to be a fixed effect?

3. Consider the quadratic 1egression model
Y: = Go + Bz + Pazig + 511%21 + Broti®ia + ﬁzzﬂﬁfg + ey,

where e;, i = 1,...,8 are 1i.d. N(0,06?). The (z;:,Zs) values are (11, 4-1),
(£4/2,0), (0,£+/2), where all combinations of + and — signs are included.

(a) Show that the estimated coefficients of the first degree terms in the
quadratic model and in the reduced linear model (f11 = F12 = Pa2 = 0)

are the same.

(b) Propose a test of the null hypothesis that the regression is linear against
the alternative that the regression is quadratic. It is sufficient to de-
scribe how the required test statistic is computed. What is the distri-
bution of your test statistic when the null hypothesis is true?




4. Data (xi;, Yi;) are thought to satisfy the analysis of covariance model
Y;j = M+(¥i+ﬂ$ij +Eij

fori=1,...,I,7=1,...,J, where the £;; are i.i.d. N(0,0%). Assume that

(a) Which individual parameters are estimable in the absence of any side
conditions on p, o, ..., ar, G7

(b) Find an unbiased estimator of a; — a.

(¢) Write the ANOVA table (including formulas for sums of squares and
degrees of freedom) and show how to test Hy: oy = -+ = ay. Give the
distribution of your test statistic under Hjp.

5 A clustered population U consists of N clusters, with M,; elements in
the ith cluster. The variable y;; is defined for the jth element in the ith
cluster, where y;; = 1 if the (¢, 7) clement has an attribute A and y;; = 0
otherwise. It is desired to estimate P, the population proportion of elements
with attribute A,

(a) Suppose a simple random sample of n clusters is selected and y;; is
observed for each element of a sampled cluster. Find an unbiased es-
timator of P and give a formula for ifs variance. Assume the total
number of elements Efil M; is known and that n is large.

(b) Since M; will be known for each sampled cluster, construct a ratio
estimator of P using the sample values of M; as auxiliary variables.
Approximate the mean squared error of the 1atio estimator.

(¢) When would the ratio estimator be preferred to the unbiased estimator
of (a)? In particular, if the cluster sizes M; vary greatly and the cluster
totals 7 wi; are very similar, which estimator would be preferred?




6. A sample s of size n is chosen at random with replacement from a popula-
tion 4 of N elements. Let t); denote the probability that element 7 is selected
at any draw. The population total ¢, is estimated by

. 1 A
tw’r‘ - - Y

[y ¥i

where Z; is the number of times that element 7 was drawn.
(a) Show that L 18 an unbiased estimator of . and compute its variance,
(b) Find m; = P[i € s].

(c) Suppose the sample was chosen without replacement with the same
inclusion probabilities as in (b). Construct an unbiased estimator of
t.qs for this sampling design and show that it is nearly the same a8 fw,
when N is large compazed to n and all the 3; are small.
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1. Consider the usual full rank linear model
Y =XB+e¢, g ~ N(0,6°1)
where X is an n X p design matrix, and B is a p x 1 vector of parameters.

(a) Let a new p x 1 covariate vector @y = (o1, To2, ..., Top)~ correspond to
an unknown observation ¥, Obtain a 100(1 — )% prediction interval
for Yy,

{b) Compare the width of the prediction interval for ¥j to the width of the
confidence interval for E(Y). Explain in words the reason for your
finding.




¥

2. An agricultural experiment was performed to compare I = 5 fertilizers
on a certain variety of cotton. The experiment was 1un on J = 6 blocks,
a block being a field. The blocks were thought to be a sample of fields on
which the cotton might be grown. The analysis of variance table is given

below

Source Sumn of Squares df
Fertilizer 55 6(Y; — Y )?

Blocks Y5V, —Y ) 7
Error 2 E?=1 (V- Y, =Y, +7.)? ?

(a) Formulate an appropriate model if the blocks are regarded as chosen at
random. Compute the expected mean squares under your model.

{b) Show how to test the hypotheses of no block effect and of no fertilizer
effect. In each case find the test statistic and state its distribution

under the null hypothesis.

(c) How would you create confidence limits for the fertilizer means and for
a difference of fextilizer means?

(d) How, if at all, would your answers to (b) and (c) differ if the block effect
was thought to be a fixed effect?

3. Consider the quadratic regression model
Y = Bo + iz + Patiz + Buzh + PiagiiTia + BasZin + €5,

where e;, i = 1,...,8 are 1.i.d N(0,0?). The (z;1, ) values are (£1,4£1),
(+/2,0), (0,4+/2), where all combinations of + and — signs are included.

{(a) Show that the estimated coefficients of the first degree terms in the
quadratic model and in the reduced linear model (£1; = Bi12 = a2 = 0)
are the same.

{(b) Propose a test of the null hypothesis that the regression is linear against
the alternative that the regression is quadratic. It is sufficient to de-
scribe how the required test statistic is computed. What is the distri-
bution of your test statistic when the null hypothesis is true?




4. Data {2, Y;;) are thought to satisfy the analysis of covariance model
Yij = 4 o + Bg; + &

fori=1, . ,I,j=1, ., J, where the g;; are iid. N(0,¢%). Assume that
Z, =0

(a) Which individual parameters are estimable in the absence of any side
conditions on u, ¢y,. ., a5, 97

{b) Find an unbiased estimator of a; — .

(¢) Write the ANOVA table (including formulas for sums of squares and
degrees of freedom) and show how to test Hy: ay = -+ - = ay. Give the
distribution of your test statistic undexr Hy

5 A clustered population I/ consists of N clusters, with M; elements in
the ith cluster. The variable y;; is defined for the jth element in the éth
cluster, where y;; = 1 if the (i, j) element has an attribute A and y; = 0
otherwige. It is desired to estimate P, the population proportion of elements
with attribute 4.

(a) Suppose a simple random sample of n clusters is selected and y;; is
observed for each element of a sampled cluster. Find an unbiased es-
timator of P and give a formula for its variance. Assume the total
number of elements 33 ; M; is known and that n is large.

(b) Since M; will be known for each sampled cluster, constiuct a ratio
estimator of P using the sample values of M; as auxiliary variables.
Approximate the mean squared error of the ratio estimator. \

(¢) When would the ratio estimator be preferred to the unbiased estimator
of (a)? In particular, if the cluster sizes M; vary greatly and the cluster
totals >, 7;; are very similar, which estimator would be preferred?




6. A stratified random sample s of size n is to be chosen from a stratified
population f for which it is known that there are N, elements in stratum .
The goal is to estimate the population mean of a variable y. Sampling costs
are the same in each stratum.

(a) How should one estimate the population mean of y if n; elements are
selected from stratum A? What is the variance of your estimate?

b) Assume that the stratum variances S7 are known. What is the optimum
h
allocation ny, if the sample size n is fixed? Neglect the finite sample
correction in your calculations.

¢) If the stratum variances are unknown, one might use proportional sam-
g P
pling What is the increase in variance if this allocation is used instead
of the optimum alocation?
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1 LetY;,i=1,  ,I, =1, .,n; be independent N{g;,c?) random
variables. Set up tests of the following hypotheses:

Hy oty = pg = 3, Hy oy +po+puz3 =0,

In each case, show how to compute the test statistic and state its distribution
under the null hypothesis

2. Let (,Y3), =1, . ,m, i=1,2be two independent data sets. Assume
that the z;; are nonrandom and that the Y;; are independent with N(o; +
Bixs;, o) distributions. Let ay+bi(z—%,) and ao-+ba{z—Z2) be the estimated
linear 1egression functions from these two samples. Furthermore, let SSE;
and SSEy be the sums of squared 1esiduals from the two samples. Find
a confidence interval for the quantity £, the z-coordinate where the true
regression lines intersect.




3. A response Y depends on each of two control variables z; and ;.
(a) Show that in the linear model
Y = B+ Brzir + Boan + PraTaTie + &

all coefficients are estimable if the covariate vectors x; are x; = (1, 1),
xy = (—1,1), x3 = (1,—1), x4 = {—1,—1), but no estimator of o> =
Vare;, 1 = 1,.. ,4, is available

(b} If instead we have x; = x4 = (1,1) with x2 and x3 as in (a), find an
unbiased estimator of 0. Which 1egression coefficients, if any, are now
estimable?

(c) Suppose that an additional contiol variable z3 is also measured and the
term F32;3 is added to the linear model of (a). Let the three dimensional
covatiate vectors be x; = (1,1,1), xg = (—=1,1,-1), x3 = (1,—1,—1),
and x4 = (—1,—1,1). Which coeflicients, if any, are now estimable?
What happens if the interaction term Sisz;2: is deleted from the
model under this design?

4 Let Y, t=1, ,I,j=1, .,J,satisfy the mixed effects model

Yir=p+os+ 05 +ciy ey

where the ¢;; are iid N(0,0%), the ey are i1id. N(0,02), and the ¢; and
eijr a1e independent

(a) Construct the ANOVA table for this model, showing sums of squares,
degrees of freedom and expected mean squares.

(b) Show how to construct exact F tests for H4 : oy =0 and He : 0% = 0.

{c) Find the power of your test of Hg : 0% =0




5 A population I is divided into strata U4, of size NV, h = 1, ., L A
stratified sample is drawn, resulting in"data (Za,yn), ¢ = 1,0, nm, A =
I, ..,L The stratum sizes and the stratum z-totals f.n = 23, Tn are
known. The population total ¢, can be estimated by either the separate
1atio estimate

~

L
ty'rs = Z Bhtxh

h=1
or by the combined ratio estimate

gyrc = ta:b[(fyf /fww) = tz?/{-éc‘

Here B), = Un/%p is the estimated ratio in stratum h, fy., = o (Vn/np)Tn is
the usual stratified estimate of the population y total, and ¢, is the corre-
sponding estimate of the z total.

(a) Give formulas for the variances of £, , and £,,. Assume that the sample
sizes are all large and neglect finite population corrections.

(b} How could these variances be estimated from the sample?

6. A population I/ consists of IV clusters, each containing M elements, so that
the population contains K = MN elements altogether A simple random
sample & of n clusters is chosen, and from the ith cluster in S; a simple
random sample Sy ; of m elements is chosen The subsamples are selected
independently of one another, and the variable y;; is measured on the jth
element selected from the 1th cluster

(a) Complete the population ANOVA table given below.

Source Sum of Squares d.f. Mean Square
Between clusters S8B =7 ? MSB =7
Within clusters SSW =7 ? MSW =7
Total SSioe =7 ? Sg =7

(b} Construct thqfc\orresponding_éN.OVA table for the sample In addition,
compute F[MSB] and E[MSW], the expected mean squares from the
sample ANOVA table

(¢) Construct an unbiased estimator of SZ.

{(d) Find the standaid ertor of § , the unweighted sample mean. Also find
an estimator of this standard error
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1 LetYy;,i=1 .,I,j=1,...,n; be independent N(u;,o?) random
variables. Set up tests of the following hypotheses:

Hypn = pa = ps, Hy oy +po+ps =0

In each case, show how to compute the test statistic and state its distribution
under the null hypothesis. -

2 Let {zy;,Y5),7=1, . ,n, i=1,2betwo independent data sets Assume
that the z;; are nonrandom and that the ¥;; are independent with N(o; +
Bix:5,07) distributions Let a;+b(z —2;) and ags+by (2—Z4) be the estimated
linear regression functions from these two samples. Furthermore, let SSE,;
and SSE; be the sums of squared residuals from the two samples. Find
a confidence interval for the quantity £, the z-coordinate where the true
regression lines intersect
Hint: Consider 7 = a1 + bl(f e fl) — Qg — bg(f - ff:‘g)‘




3. A response Y depends on each of two control variables z; and z,

(2)

Counsider the linear model

Y: = 8o + frzin + Bain + PraziZa + &

If the covariate vectors x; are x; = (1,1), xo = (—1,1), x3 = (1,-1),
x4 = (—1,—1), express the model in matrix form Show that each of the
regression coefficients is estimable, but that no estimator of ¢ = Var ¢
is available.

If instead we have x; = x4 = (1,1) with x2 and x3 as in (a), find an
unbiased estimator of g%, Which 1egression coefficients, if any, are now
estimable?

Suppose that an additional control variable z3 is also measured so
that the term B3z is added to the linear model of (a) Let the
thiee dimensional covariate vectors be x; = (1,1,1), xp = (—1,1, ~1),
x3 = (1,-1,-1), and x4 = (—1,—1,1). Which coefficients, if any,
are now estimable? What happens if the interaction term 5oz %50 is
deleted from the model under this design?

4 Let Yip,i=1, . ,I,7=1,. ., .7, satisfy the mixed effects model

Yije =+ s + B + ci5 + eip

where the ¢;; are iid N(0,0%), the e;; areiid N(0,02), and the ¢;; and
e are independent.

(8)

(b)

Construct the ANOVA table for this model, showing sums of squares,
degrees of freedom and expected mean squares

Show how to construct exact F tests for Hy 1, =0 and Hy : 0% = 0.




5 An experienced farmer makes an eye estimate of the weight of peaches
z; on each tree in an orchard of N = 200 trees. He finds a total estimated
weight of ¢,y = 11600 Ib The peaches were picked and weighed on a simple
random sample & of n = 10 trees, with an actual weight of y; from the ith
tree. The sample data were reduced to the following:

>z =569, >y = 543,

8 S
> a? = 33227, > wiy; = 31974, > yF = 30483
S ) S

(a) Estimate the total actual weight of peaches ¢, using the difference
estimator ¢y = tu + (N/n) Ss{y; — z;) and estimate its standard erzor.

{b) Does the linear regression estimator, based on the least squares esti-
mator of the population regression coeflicient Bj, give a substantially
mote precise estimate?

6 A population U/ consisis of N clusters, each containing M elements, so that
the population contains K' = M N elements altogether. A simple random
sample Sy of n clusters is chosen, and from the ith cluster in Sy a simple
random sample Syr; of m elements is chosen The subsamples are selected
independently of one another, and the variable y;; is measured on the jth
element selected from the ith cluster

(a) Complete the population ANOVA table given below.

Source Sum of Squares d.f. Mean Square
Between clusters SSB =7 ? MSB =7
Within clusters SSW =7 7 MSW =7
Total SSte =7 ? Sz =7

(b) Construct the cortesponding ANOVA table for the sample. In addition,
compute E[MSB] and E[MSW], the expected mean squares from the
sample ANOVA table.

(c) Construct an unbiased estimator of S2

(d) Find the standard erzor of 4 , the unweighted sample mean

3
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1 Consider the usual full rank linear model
y=XB+¢€ €~ N(0,51)

with X an n X p design matrix, and 8 a p x 1 vector of parameters.

a. Suppose a new p X 1 covariate vector Xg = (Zo1, Zo2, ..., Top) IS given cor-
responding to an unknown observation yo. Obtain a 100(1 — a)% prediction
interval for yq.

b Aigue that the prediction interval for yp is in general much wider than
the confidence interval for E(y,) For simplicity assume X'X is diagonal.

2. A surveyor measures once each of the angles o, 3, of an area that has
the shape of a triangle, and obtains unbiased measurements Y, Y5, Y3 (in
radians). It is known that Var(Y;) =02, i=1,2,3

1




a. Estimate 8 and o2

b Now, the surveyor wishes to estimate w in addition to # Is it possible? If

it is, will this have any effect on the estimates of the angles?

3 With ¢;; independent N(0, o%), and covariates z;;, consider the model
y12=u+a}+6$w+6ﬁji Z=11 ?kl 7=117n

a What type of a model is under consideration?
b. Write the model in matiix form
¢. Obtain the F statistics and its df’s for testing the hypothesis,

Hyron=0g=- =0y

4. Consider the balanced one-way random effects model
Yy = 1+ @ + €54, 2.:]_, ‘.,k; j=1,.,n

whete for all ¢ we have E(a;) = 0, Var(a;) = 2.

a. Supply the remaining assumptions on the a; and ¢;;.

b. When such a model is appropriate?

c. Write down the associated ANOVA table.

d  Describe the estimate of 02 based on SS’s from the table. Can the estimate
be negative?

e."Suppose you ignore for a moment you deal with random effects and fit a
fixed effects model to the data, and the hypothesis of equal means is rejected.
In this case, what is your expectation regarding the random effects model?

5. A large shipment of caviar barrels from Russia was received by US Custom
in Baltimore. The weight of each barrel was marked in kilograms. The
custom officials needed to determine if the marked weights were correct. For
this purpose a simple random sample of bartels was taken and each unit
{(barrel} was weighed in pounds. The data are given below Do the marked
weights represent the true weights 7




447
449

979
987

6 In stratified sampling the population of N unite is divided into subpopu-
, Ny, units, respectively. For stratum A, let ny, be the sample
size within the stratum, let W}, be the stratum weight, and 7, be the stratum
sample mean

- lations of Ny,

446

447

980
979

Weights in Kg.
446 449 447 44T 449 445
449 447 448 447 449 435
Corresponding Weights in Lb’s.
978 975 982 986 978 981
0987 979 O81 982 969 966

a. Provide an example of stratified Sampling
b. Define stratified random sampling.
¢. Explain in detail the reasons for for stiatification.

d. Provide an expression for 4, the estimate of the population mean used
in stratification. Explain your notation and state your assumptions

448
441

982
979

e. Using your answer in (d), compute E(7y) and Var(ys).

449
446

978
086

448
449

959
970
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1. Consider the linear model
yiﬂﬁl_}_ﬂZIi'i_Ei: 1:"—‘].,.‘,71,

where the ¢; are independent N(0, o) and the z; are nonrandom. Let /3’1 and
B2 be the least squares estimates, and form the statistic

_ Do (B + 162375 - ) |
" ?:1 (s — B — ﬁzﬂ?i)z

(a) Find the distribution of V,, under Hy: 5o =0

(b) Find the distribution of V;, under the alternative H, : 8, # 0.

¢} Explain how to obtain the power of the level « test of Hy : By = 0 vs.
H;,: B3 #0 using V.




2. A random sample of 40 people are questioned as to whether or not they
would subscribe to a new newspaper. For each person, the variables SEX
(1=Female, —1=Male), AGE, and SUBS (1=yes, would subscribe; 0=no,
would not subscribe) are recorded. Partial results of the logistic regression
model where SUBS is regressed on SEX and AGE are given below except for

”

some empty spaces “......".

Maximum Likelihood Estimates

Standard Asymptotic
Parameter DF Estimate Error Chi-Square P-value

Intercept 1 -6.9730 2.8954
sex 1 -1.2112 0.4779 .
age 1 0.1649 0.0652 6.3991

(a) Explain the basic idea of logistic regression, and in particular write
the model equation and obtain the likelihood of the logistic regression
model for the present problem.

{b) Fill in the missing entries in the “Asymptotic Chi-Square” column and
explain how to find the p-values.

(¢) Suppose that —2log L = 55.452 for the intercept only model and that
—2log L = 38,981 for the model with intercept and covariates SEX and
AGE. Test the hypothesis that both slopes are 0.

(d) Obtain the probabilities of subscription for a female of age 50 and for
a male of age 50

{e) Who is more likely to subscribe: younger or older people? Explain.

(f) Who is more likely to subscribe: men or women? Explain.




3. Consider the following K regression lines:
Ykizak‘l‘ﬁkﬂmi'f‘eki; i=172)"“':nk) ktlazr : )‘K-J
where all the €;; ate independent N(0,02), and N = K n,

{a) Show that the K regression models can be put into a single linear model
Y=Xvy+e

(b) Explain how to obtain a test statistic and its distribution for testing
the hypothesis that all the lines are parallel: Hy: 8, = f= - = Bx.

(c}) Explain how to obtain a test statistic and its distribution for testing
the hypothesis the K lines are coincident:

Hy:oy=ap=- =agand f=f= P

against the general alternative.

(d) How will the answer in {c) change if you assume 3 = fo = = B«
as part of the alternative hypothesis?

4. Suppose we wish to compare the effects of three drugs on people by mea-
suring some response Y Let Y;; be the response of the jth person taking the
ithdimg, ¢=1,2,3,j=1,...,J. Assume all the error terms are independent

N{0, ). |
(a) Describe a one-way ANOVA model appropriate for this problem.

{b) Suppose we know the effect of a drug depends guadratically on the age
of the person. Explain how to model this problem.

- {¢) Suppose there is no interaction between the age and the type of drug.
Explain how to model this problem.

(d) Summarize yout models in (a), (b), (c) in matrix form.



5. A simple random sample of n clusters is selected from a very large popu-
lation U of N clusters, each containing M elements. Observations are made
on each element of a sampled cluster Assume M << N

(a) Write the population ANOVA table for a variable y, indicating between
cluster and within cluster sums of squares.

(b) Let
M
ty=> > Ui
ield =1
be the population total of y. In terms of quantities in the ANOVA
table, find the design effect

deff = Var [fclus] /Var [fsrs], -

where fdus is the estimated total based on cluster sampling and ferg 1S
the estimated total based on simple random sampling of Mn elements.
What are the highest and lowest values of the design effect? Describe
the stiucture of the population in the extreme cases.

Ignore the finite population correction. L

6. A simple random sample of size n is selected from a population 2/ of size
N with replacement. The goal is to estimate the population total ¢ == i Vi

Let
(J; = number of times unit ¢ appears in the sample

and consider the following estimator of the population total:
. NX
=— E Q-
=

(a) Argue that the joint distribution of @y, . ., @, is multinomial with n
trials and p; = - =py =1/N.

(b) Show that f is an unbiased estimator of ¢ and find its variance.
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1. Consider the model ¥; = a + 8(z; — Z) + &;, where the ; are independent
N{0,0%), and E(y;) = m, ¢ = 1, .,n. Let & 3 denote the least squares

estimators. Define:

1

52 =
n - 2

g —a— Ba;)?

(a) Obtain the least squares estimators &, /3.
(b) Prove that F(S) <«

(c) Are the three statistics &, 3, S? independent? Provide a rigorous argu-
ment.

(d) What is the distribution of (8 — 8)2 S (=z; — #)2/8%7

1




2. A swveyor makes one measurement on each of the angles «, 3,7 of an
area that has the shape of a triangle, and obtains unbiased measurements

Y:,Ys, Y (in radians) It is known that Var (Vi) =02,7=1,2,3
(a) Estimate the three angles and o

(b) Now, the surveyor wishes to estimate 7 in addition to the angles of the
triangle. Is it possible? Ii it is, will this have any effect on the estimates

of the other parameters in this problem?
3. We wish to find an increasing function f such that in the model

the &; have approximately the same variance. Assume the sample size is
large, that p; = x! 3, and that for a known function w,

Var (V) = w(p).

(a) Argue that the g; will have approximatelv the same variance when
. au

{b) Suppose the responses Y; are Poisson(y;). What is the form of f7
(c) Suppose the responses Y; are Binomial(m, p;} What is the form of 7

4 TFrom a population I of size N = 3, a simple random sample S of size
n = 2 is selected. The goal is to estimate the population total

bt = Y1+ Y2+ U3
£(S) defined by
(3/2)y1 + (3/2)y2 if S = {12}
(
(

Prove that the estimator
HS) = (3/2)y; + 2ys if S ={1,3}

3/2)y2 + ys if § ={2,3}

is unbiased. In addition, prove that Var [£(S)] is smaller than the the variance

of the equally weighted estimator of the total 3ys if y3(3ys — 311 —v2) > 0.




5 A researcher comes to you for advice about the analysis of an experiment
she has conducted. She has used 5 treatments and she has 9 observations of
some response variable Y for each treatment. She shows you the following

ANOVA from a computer printout:

Source d.f. S8.8. F statistic P[> F]
Treatments 4 100 833 0.0001
Error 40 120

The researcher wants to know from you whether the analysis is correct, and it
so what it means. For each of the three scenarios below answer the following

questions:

(a) What is the appropriate model? Write a model equation, including any
and all effects. Explain which effects are fixed and which are random,

and state any distiibutional assumptions.

(b) Based on the model in (a), what is the corresponding ANOVA (include
sources of variation, d.f , formulas for sums of squares, and the statistic

for testing Hy: 7 =Ty =+ = T5).

{c) Is the ANOVA from the printout above appropriate for testing Ho : 71 =
Ty = =757

Scenario I: 45 animals were used for the study and each treatment was
applied to 9 animals selected at random.

Scenario II: 45 animals were used but they came from 9 different litters

of size 5 each, and each treatment was assigned to one animal selected
at random from each litter.

Scenario III: 15 animals were used, each treatment was assigned to 3
animals selected at r1andom, and 3 observations were made on each

animal.




6. A population I consists of N clusters o1 primary sampling units, each of
which contains M elements Let y;; denote the value of a variable y for the
7th element in the ith primary sampling unit (psu). A simple random sample
of n psu’s is chosen, and from each psu a simple random sample of m elements
is selected. Sampling from different psu’s is performed independently. The

statistic
1

n m
Ys = EZZ’!JW

i=1 j=1

is used to estimate the population average

1 N M
@L{:WZZQW i

i=1 j=1

(a) Write down the ANOVA table for the population (on an-element basis),
showing explicit formulas for the sums of squares between and within

psu’s,

(b) In terms of MSB and MSW, the mean squares in the population ANOVA
table, prove that

n) MSB ( m) MSW
nM

Var [§s] = <l_ﬁ I—M —
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UNIVERSITY OF MARYLAND
GRADUATE WRITTEN EXAMINATION
JANUARY, 2004

Applied Statistics {(Ph.D. Version)

Instructions to the Student

a Answer all six questions. Each will be graded from 0 to 10

b Use a different booklet for each question. Write the problem number
and your code number (NOT YOUR NAME) on the outside cover.

¢ Keep scratch work on separate pages in the same booklet.

d. If you use a “well known” theorem in your solution to any pr oblem, it
is your responsibility to make clear which theorem you are using and
to justify its use.

e You may use calculators as needed

1 Consider the one-way ANOVA model
V=80 +e;, i=1.. .1, 7=1 .,m

where the ¢; are independent N (0,07%) errors. Let a;, ,ax be fixed con-
stants, chosen before the data were observed.

(a) At level «, test Hp: Zle a;4; = 0 versus H;: Zfﬂ aif; # 0.

{b) Specialize your test to compare treatment 1 to the average of treatments '
2 and 3.

(¢) Would your answer to (a) change if the constants as,. ., G had been
chosen after looking at the data? If so, how? If not, why not?




2 In a study of which of three machines is preferable for an industrial
process, six employees were selected at random and each employee operated
each machine three times. The 1esult was Yij, the output of the kth run
of employee j on machine i, for ¢ = 1,2,3, =1 ..,6 k=123 It was
assumed that the following linear mixed model described the data:

Yijr = i + b + ¢ + e,

where 1, e, 3 are fixed but unknown parameters, b; ~ N(O, o), ¢ij ~
N(0,02), and eyx N{0, ¢?). The usual ANOVA table for a balanced two way
layout with replication was calculated, vielding the following results.

Source df. Mean Square E(MS)
Machines 877.63
Employees 248 38
Interaction 42 65
Residual 0.93

(2) Find the missing d f. and E(MS) values, indicating any functions of the
fixed parameters implicitly by notation such as Q(p1, 2, H3)

(b) How can one test for differences among machines?

(¢) Find a point estimate j; for u; and find a point estimate for Var ;.

3. A surveyor makes a single measurement on each of the angles 51, B2, 83
of an area that has the shape of a triangle, and obtains unbiased measure-
ments Y;,Ys,Ys (in radians). It is known that the measurements have a
common but unknown variance o2,

(a) Find the least squares estimates of the unknown angles and their vari-
ances.

(b) Is it possible to obtain an unbiased estimate for ¢27 1 so, find it, and
if not, explain why not.

(c) Suppose it is known in advance that 5, = (. Find the least squares
estimates of the unknown angles and their variances in this case

[SW]




4 Consider the regression model
Yi=a+Pri+e, i=1,..n

where the ¢; are independent N(0, o?) errors, and 3 ;z; = 0, ¥ 2 =1 Let
7 =3, 2;¥; Suppose we estimate 3 by

= J 0, ifrf<e
ﬁ_{'r', if |r] > ¢

| . -
where ¢ is a positive constant.

(a) Compute the MSE’s of both the usual LSE 3 of 8 and of 3
(b) Verify that MSE(8) < MSE(f) when 8 =0

5 A simple random sample of n elements is selected from a population
i{ of N elements, and variables = and y are measured on each element in the
sample The regression estimator of the population mean % is

Yreg = Us + By(Zy — Zs),
where
Yies(zi = Ts)(yi — Us)
Ties(@: ~ Ts)?
is the sample least squares estimator of the population least squares regres-
sion slope

B]_I

_ Dl = Ty — Gu)

Seeu(Ti — Fu)?
Show that the bias of ?jreg is —Cov (B, Zs) and find a large sample approx-
imation for the mean squared error of @z-eg

B,




6 A simple random sample S of size n = 4+ n, is drawn from a finite
population U, and a simple random subsample S, of size ny is drawn from
S Define the sample and subsample means by

>y and i = — > i

1
n

and let

_ 1 ng — i
Y2 = g" Z Yi = -
2 8\& 2

be the mean of the elements of the sample not included in the subsample.
(a) Prove that Var (§: — 7g) = S&,(1/m + 1/na).
(b) Prove that Var (¥ — 7) = S&,(1/m -~ 1/n)

(c) Prove that Cov(7.5h —%) =0
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Applied Statistics (Ph.D. Version)
Instructions to the Student

a. Answer all six questions. Each will be graded from G to 10.

b. Use a different booklet for each question. Write the problem number
and your code number (NOT YOUR NAME) on the outside cover. —

¢. Keep scratch work on separate pages in the same booklet.

d. If you use a “well known” theorem in your solution to any problem, it
is your responsibility to make clear which theorem you are using and
to justify its use.

e You may use calculators as needed.

1 Engineers A and B collected replicated data of the form (z;,Yi;),
i=1 .,k 3 =1 . ,m A plotted ¥i vs. x; and claimed that there
is a nonlinear relationship between the response variable ¥ and the control
variable z. B used ordinary least squares to fit a linear model Y = So+/ix+e
and claimed that a straight line model was adequate to fit the data because
he found B2 > 0.9,

(a) Assuming ¥i; = m(z;) + e;; for some function m and that the ¢;; are
iid N(0,0%), how would you settle the dispute between A and B?
Are either of them using correct reasoning to support their claims?

(b) Suppose that there had been no replication {(m = 1) What guidance,
if any, could you provide to A and B?




2 LetYy; =p+a+e; +=1 1, j=1J be data fiom a
balanced one-way random effects ANOVA, where the a; are iid N(0,07)
and the e; are iid. N{0,07).

In terms of sample averages and statistics calculated in the usual ANOVA
table, find 1 — o confidence intervals for g, o2 and ¢2/02.

3 A population U consists of N clusters with M, elements in the ith
cluster Altogether the population contains K = Y. | M, elements. A simple
random sample & of n clusters is selected, and a variable ¥ is measured
on each element of the selected clusters, yielding data {y:;, i € S, j =
1, .., M;} Consider the following estimators of the population total 7, =

D icu Z;’i’l Yi; = 2ien ti, where ; is the ith cluster total:

(i) the simple expansion estimator

. N
i = gzti:

ies
(i) the ratio to size estimator

b= K 2oics bi
Yies M;

{a) Is either of these two estimators unbiased? Explain your answer.

(b) Give expressions for the variances of these estimators, assuming both
n and N are large Yowr answer should be exact if possible, otherwise
approximate. When would one expect t; to be less accurate than 37

4. Random variables Vj;, 1 < i < j < 3, ate observed, where the ¥;; are
independent N{3; — G;,0%). The parameters 3 = (61, 52, 5:)7 and o? are
unknown The parameters J; can be regarded as effects of a factor 5.

(a) Assuming that all three combinations of (i,j) are observed, write a
linear model of the form Y = X3 + e to describe the data, whete
Y = (Y19, Y13, Ya3)T . Write the X matrix explicitly.

(b) Are any of the individual parameters [3; estimable? Is an unbiased
estimator of o2 available? Prove your answer.

P




5 Consider the quadratic regression model
Y = Gy + G171 + Baza + BraTize + )61151?% + 522513% +e
where, as usual, the e’s are iid. N(0,¢?) random errors

(a) If the z,; are all £1, verify that the parameters 35 and 8;;, 7 = 1,2, are
not estimable.

{(b) Suppose that n observations are available for each combination of z
values with z; = 1, 2, = 1 and m additional observations are
available at (z;,z2) = (0,0). Show that Gy and 8y + B + P22 are
estimable, but that 581, and (s are not individually estimable

(¢c) Propose a test of Hy: (11 == O = 0 and give the distribution of your
test statistic under Hy.

6. A simple random sample of households S is selected from a very
latge population. The data will be used to estimate the proportion py of
households with a certain attribute It is believed that py is between 30%
and 70% What sample sizes are needed to meet the following 1equirements
for precision?

{a) The population proportion py is to be estimated with a standard error
of no more than 3%

(b) The proportions py, in each of the three income classes—under $25,000,
$25,000 to $50,000, and over $50,000 (k¥ = 1,2, 3, respectively)—are
each to be estimated with a standard error of no more than 3%

(¢) The differences of proportions (pu, — pu, ) for each pair of classes in (b)
are to be estimated with a standard erior of no more than 3%.

Income statistics indicate that the proportions in the thiee classes above aze
50%, 40% and 10%

You should provide separate answers for each of parts (a), (b), (c). The
finite population correction may be neglected.
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Applied Statistics (Ph.D. Version)
Instructions to the Student

a. Answer all six questions FEach will be graded from 0 to 10

b. Use a different booklet for each question. Wiite the problem number
and your code number (NOT YOUR NAME) on the outside cover.

¢. Keep scratch work on separate pages in the same booklet

d. If you use a “well known” theorem in your solution to any problem, it
is your responsibility to make clear which theorem you are using and
to justify its use.

e. You may use calculators as needed

1. Let Yj; = p+ai+ey,i=1,...,1,j=1, .., J, bedata from a one-way
random effects ANOVA, where the a; are 1.i.d. N(0,0?) and the ¢;; are iid.
N(0,02%).

(a) Write out the usual ANOVA table and compute the expected mean
squares, B(MS,) and E(MSg).

(b) Find the distribution of the statistic F = MS4/MSg under general
conditions.

(c) Find a 1 — o confidence interval for the intraclass correlation coefficient

2

a

o
P=— 2
o2 + g2




2. A questionnaire is to be sent to a sample of high schools to find out
which schools provide certain facilities, such as a computer laboratory or a
course in Russian The ith school has an enrollment of A; students and the
total number of students is K = Zfil M;. For a certain facility, it is desired
to estimate the proportion of students attending a school with the facility:

. zw M;

where ¥, is a sum over the schools with the facility.

A sample of n-schools is selected with replacement and with probability
proportional to M;. For one facility of interest, it was found from the sample
that a schools had the facility.

(a) Show that p = a/n is an unbiased estimator of py; and that

pull — )

Var (p) =

(b) Show that an unbiased estimator of Var (p) is

V(=22

[Hint: Let t; = M; if the ith school has the facility and 0 otherwise |

3. Consider the linear model Y = X3 + e, where X is an n X p matrix
with rank p < n, E(e) = 0 and Var-Cov(e) = ¢°I Let £; denote the ith
column of X Suppose {51, ey Bp} is a set of least squares estimates under
the general model. Show that {51, ey [3',,,}, m < p are also least squares

estimates under the null hypothesis Hp : B = ... = 3, = 0 if and only if

Ei L Z?:m-}-l Bjsjt 1=1,...,m.




4. In an agricultural study, the weight in pounds (Y) and age in weeks (z)
were recorded for samples of turkeys selected from three different treatment
groups. The following (full) model was fitted to the data:

Yij = Bo + bi1zi; + anzy; + 0wy + ey,

where 1 = 1,2, 3 indexes treatment groups, j = 1,...,J; indexes turkeys
within group, z; = I{i = 1}, wi; = I{z = 2}, and I{-} denotes the indicator
function of an event. The sample sizes were J; = 4, Jo =4, and J3 = 5
Least squares analysis of this model yielded R?* = 97.94%. By contrast, when
the simple linear regression model (reduced model)

Yij =05 + Bz +ey;
was fitted to the data, it was found that R? = 64 77%.

(a) The experimenters claimed that the large differences in R? showed that
the treatment differences were significant. Can this statement be ver-
ified? If so, calculate an appropriate test statistic and give its distri-
bution under the null hypothesis of no treatment differences. If not,
explain why not.

(b) How would you test whether the mean difference between Groups 1
and 2 was nonzero, assuming this comparison had been planned in
advance? Would the same testing procedure be used if this comparison
was suggested by examination of the data?

5. A stratified population has L strata with N, units in stratum h.
Assume that independent simple random samples of size n, are selected from
stratum A, h = 1,. .,L The combined ratio estimator of the population
total £y 18
Tz Mol
Sorey NaZn

Argue that £, is approximately unbiased and derive a formula for its variance
when all the n,, are large.

Er'c = tau




6 Independent observations ¥i;, 72 = 1,2, j = 1, 2, were modeled as a two
factor ANOVA:
Vi=p+oi+ 5 +ey,

where the e;; are independent random variables with a common N{0, o?) dis-
tribution. Representing the data in vector form, the following decomposition
was calculated:

Y 501 [ 2 5 3
Yie | | 50 2 -5 -3
Yo - 50| F—21%] 5|7 =3
Yo 50 —2 —5 3

(a) Compute the ANOVA table for the data.

(b) Compute statistics for testing the hypotheses H4: no Factor A effect
and Hp: no Factor B effect. What are the the distributions of the test
statistics under the null hypothesis?

(c) Is there some test of whether this additive model fits this data? Would
there exist a test if there had been three levels of Factor A and two
levels of Factor B?
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Applied Statistics (M.A. Version)
Instructions to the Student

a. Answer all six questions. Each will be graded from 0 to 10

b. Use a different booklet for each question. Wiite the problem number i
and your code number (NOT YOUR NAME) on the outside cover. _

c. Keep scratch work on separate pages in the same booklet.

d If you use a “well known” theorem in your solution to any problem, it
is your responsibility to make clear which theorem you are using and
to justity its use.

e You may use calculators as needed.

1 Let ¥y = p+a;+ey,t=1,...,1,7=1,...,J be data from a one-way
random effects ANOVA, where the a; are i.id. N(0,02) and the e;; are i.id.
N(0,0%)

(a) Write out the usual ANOVA table and compute the expected mean
squares, F{MS4) and E(MSg).

(b) Find the distribution of the statistic F' = MS4/MSg under general
conditions.

(¢) Find a 1 — « confidence interval for the variance ratio




2 A questionnaire is to be sent to a sample of high schools to find out
which schools provide certain facilities, such as a computer laboratory or a
course in Russian. The ith school has an enrollment of M; students and the
total number of students is K = 2;11 M;. For a certain facility, it is desired
to estimate the proportion of students attending a school with the facility:

. ZwMz
TN M

where ¥, is a sum over the schools with the facility

A sample of n schools is selected with replacement and with probability
proportional to M;. For one facility of interest, it was found from the sample
that a schools had the facility.

(a) Show that p = a/n is an unbiased estimator of py, and that

pu(l — pu)

Var (p) = -

(b} Show that an unbiased estimator of Var (p) is

v =202

[Hint: Let t; = M; if the ith school has the facility and 0 otherwise g

3. Consider the linear model Y = X8 + e, where X is an n x p matrix
with rank r < p < n, E(e) = 0 and Var-Cov(e) = ¢?I. Let ¢y = c’8 be a
linear parametric function.

(a) Define estimability of ¢.
(b) Show that the following conditions are equivalent:

(i) The linear parametric function % is estimable.
(ii) For some n-dimensional vector a, ¢ = a7X.

(iii) For some p-dimensional vector r,

X'Xr=¢ or r'XTX==¢".




4. In an agricultural study, the weight in pounds (V') and age in weeks (z)
were recorded for samples of turkeys selected from three different treatment
groups. The following (full) model was fitted to the data:

Yij = o + Bizij + onzij + opwi; + e,

where i1 = 1,2,3 indexes tieatment groups, j = 1, . ,J; indexes turkeys

within group, z;; = I{i = 1}, wy; = I{z = 2}, and I{-} denotes the indicator

function of an event. The sample sizes were J; = 4, Jo = 4, and J;3 = 5.
Least squares analysis of this model yielded R? = 97.94%. By contrast, when
the simple linear regression model (reduced model)

Yij = 0y + By + ey
was fitted to the data, it was found that R? = 64.77%.

(a) The experimenters claimed that the large differences in R? showed that
the treatment differences were significant. Assuming normal indepen-
dent errors, can this statement be verified? If so, calculate an appro-
priate test statistic and give its distribution under the null hypothesis
of no treatment differences. If not, explain why not.

{b) How would you test whether the mean difference between Groups 1
and 2 was nonzero, assuming this comparison had been planned in
advance? Would the same testing piocedure be used if this comparison
was suggested by examination of the data?

5. A stratified population has L strata with N, units in stiatum h
Assume that independent simple random samples of size n, are selected from
strtatum h, h = 1, ..,L. The combined ratio estimator of the population
total tyL{ is

Yher Npfn
= Yoh=1 NnZn

Show that t,. is approximately unbiased and derive a formula for its variance
when all the n; are large. -

frc =t




6. Independent observations ¥;;, i = 1,2, j = 1,2, were modeled as a two
factor ANOVA:
Yij = p+ o+ G; + ey,
where the e;; are independent random variables with a common N (0, o?) dis-
tribution Representing the data in vector form, the following decomposition
was calculated:

Yy, 50 9 5 3
Yio | | 50 2| | -5 _3
Yy | = lso T 2% 517 -3
Yo 50 2| | -5 3

(a) Compute the ANOVA table for the data.

(b) Compute statistics for testing the hypotheses H4: no Factor A effect
and Hpg: no Factor B effect. What are the the distributions of the test

statistics under the null hypothesis?

(c) Is there some test of whether this additive model fits this data? Would
there exist a test if there had been three levels of Factor A and two
levels of Factor B?
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