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1. (a) Let T be any L-theory and suppose that {g,(z) : n € w} are
L-formulas such that T | V2(p,(z) — @p{z)) for all n € w.
Suppose further that every element of every model of T realizes
some ,. Prove that 7' = Ve, (z) for some n € w.

(b) Let A be an L-structure, let a € A, and assume that a satisfies
some complete L-formula in . Let L' = L U {c}, and let A’ be
the expansion of 2 to an L’-structure in which ¢¥ = a. Suppose
that b € A and that b satisfies a complete I/-formula in 2'. Prove
that the pair ab satisfies a complete L-formula in 21

2. A theory T is called model complete if every embedding of models of T
is an elementary embedding.

(a) Suppose that L = {E} and T is the L-theory asserting that E
is an equivalence relation with infinitely many classes, and each
class is infinite. Prove that 1" is model complete.

(b) Prove that if 7' is model complete, then for every L-formula o(z1, . ..

there is an existential L-formula ¥ (z1,. .., z,) such that

T | vz{p(T) < ¥(z))

3. (a) Suppose L = {U,<}, where U is a unary predicate and < is
binary. Let 2 be the L-structure with universe R (the real num-
bers), where U% = Q (the rationals) and <% is the usual ordering
on R. Find, with proof, all countable models of Th(2(), up to
isomorphism.

(b} Prove that if T' is w-categorical and 2 is the infinite, countable
model, then there is B < U with B £ A




4. (a) Prove that Th{(MN), where M = (w, +,-, 0, ), is not model complete
(see Problem #32).

(b) Assume that PA+ Con(PA) is consistent. Use Gédel’s Second
Incompleteness Theorem to conclude that PA + —=Con(PA) is
consistent.

5. (a) Prove that thete is an integer m so that W,,, = {m}.

(b) Let Z = {e: W, # B}. Prove that Z is a many-one complete,
recursively enumerable subset of w.

6. (a) Determine {with proof) whether ot not TOT = {e : {e} is total}
is Turing equivalent to FIN = {e : W, is finite}.

(b) Demonstrate that {e : W, is recursive} is an arithmetic subset of
W.
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1. (a) Suppose T is a theory in a language with only finitely many
non-logical symbols. Prove that if T" has infinitely many non-
isomorphic models, then 7" has an infinite model.

(b) Suppose L C L’ are languages, 2 is an L-structure, and 7" is a
consistent L’-theory. Additionally, assume that there is no model
of T" whose reduct to L is elementarily equivalent to 2. Prove
that there is an L-sentence 6 such that 2 = 6, but 7" = —6.

2. (a) Let L = {E}, where E is a binary relation, and let 7" be the L-
theory asserting that E is an equivalence relation with infinitely
many classes, and that each class is infinite. Prove that 7" is model
complete, i.e., for all models 2, B =T, A C B implies A < B.

(b) Let 2l be any proper elementary extension of 9 = (w, 4+, -, <). An
initial substructure is a substructure (not necessarily elementary)
B C 2 in which the set B is a <-initial segment of A. Prove that
for any a € A there is an initial substructure 8 C 2 with a € B,
but B # A. [Possible hint: Recall that there is an L-formula
¢(7,y, ) such that k* = m if and only if M |= ¢(k, ¢, m) for all
k. l,m e w.]

3. Suppose that T' is a complete theory in a countable language.

(a) Prove directly from the definitions that if 2 |= T" is countable and
atomic, then it embeds elementarily into every model of T'. It is
not sufficient to simply quote theorems from class.

(b) Suppose that some atomic 2 = T has a proper, elementary sub-
structure. Prove that T" has an uncountable, atomic model.



4. (a) Assume that R C w? is recursively enumerable and that the sets
{Ry : k € w} are all infinite and are pairwise disjoint. Prove that
there is a recursive set C' C w that intersects each Rj in exactly
one point.

(b) Prove that every decidable theory in a language with finitely many
non-logical symbols has a complete, decidable extension.

5. Let F'm, denote the set of formulas in the language L = {+,-, <,s,0}
whose free variables is precisely {x}. For each p(z) € Fm,, let dy
denote the sentence Jz(x = "7 A p(x)). Let f : w — w be the
(recursive) function

f(n) = Tdp™ if n =" for some p € F'm,
A otherwise

and let T' be any theory in which f is represented.

(a) Prove that for every formula 0(z) € F'm, there is a sentence 1
such that T+ ¢ — 6(T¢7).

(b) Prove that if 7" is a consistent theory in which every recursive
function is represented, then T is undecidable.

6. (a) Prove that {k € w: ¢or(3k) T} is II; but not A;.

(b) Prove that INF is many-one reducible to ZERO, where INF =
{e € w: W, is infinite} and ZERO = {e € w : Vn p.(n) = 0}.
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1. (a) Prove that the elass of cyclic groups is not an elementary class.
(Recall that a group G 18 gyclic iff there is some g € ¢ such that

G={¢g":neZ})

(b) Prove that every countable linear order embeds isomorphically
into (Q, <).

2. (a) Let Ly = {U}, whete U is a unary predicate symbol. Prove that
for any L;-sentence 6, if 4 s true in every finite Li-structure, then
# is valid.

(b) Let Ly = {R}, whete R is a binary predicate symbol. Find
{with proof) an Ls-sentence § such that § holds in every finite
Lo-structure, but # is not valid.

3. (a) Prove that no complete theory T extending Peano’s Axioms can
have a countable, saturated model.

(b) Let T be a complete theory in a countable langnage, and let T'{z),
®{x) be 1-types such that (1) there is a model of T cimitting T
and (2) every model of 7' that omits T" realizes ® Prove that @
is realized in every model of T




4. (a) Prove that there is a model A of Peano’s Axioms and a formula
f(z) such that %A = Jzb(z), yet % = —0(R) for every n € w.

(b) Suppose L has only finitely many nonlogical symbols, and T is a
finitely axiomatizable L-theory such that for any L-sentence 8, if
# is not true in every model of T, then § is false in some finite
model of 7. Prove that T is decidable.

5. (a) Prove that there ig no total recursive f : w — w such that for all
e € w, if W, is finite, then W, C {0,1,..., f(e)}.

(b) Construct an re. subset A C w such that w \ A is infinite, but
AN B is nonempty for every infinite, 1.e. set B.

6. (a) Give an example (with justifications) of two sets A, B C w such
that A is Twing reducible to B, but A is not many-one reducible
to B.

(b) Exhibit (with proof) two disjoint, r.e. sets A and B that are recur-
sively inseparable, ie., there is no recursive C such that A C C,
but BN =4
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1. Suppose that L C L' ate languages, 2 is an L-structure, and 7" is an
L’-theory such that 7' U Thz () is consistent.

{a) Prove that thereis an I/-structure 8’ = 7" such that the L-reduct,
B = B'|;, elementarily extends 2.

(b) Prove that there is a model of T" realizing every l-type I'(z) in
the language L consistent with 7°h(21).

2. Let D(z,y) denote the divisibility relation on w, Le, D(n,m) if and
only if n divides m. Let & = {w, D).

(a) Prove that the set of primes is definable in 2.

(b) Prove that 2 has a nontrivial automorphism, i.e., an isomorphism
f 2 — A such that f(n) 5 n for at least one n € w.

3. (a) Prove that if 2 is an infinite, countable, saturated model then
there is a countable, saturated B < 2 with B £ 2.

(b) Let Ay = Bpo =< A; < By X Uy = . . be an elementary chain of
models where each %I, is countable and saturated, and each %5, is
not saturated. Prove that | J,c, B is countable and saturated.




4 (a) Let 9 = (w,+,-,0,1) denote the standard model of arithmetic,
and let PA dencte Peano’s axioms. Prove that there is a countable
2 = PA such that M C 2 but 91 A 2

(b} Given a binary function ¢ : w X w —» w, let g* be the partial
function defined by

"(z) = y if, for some n, g(m,z) =y forallm > n
g 1 T otherwise

Construct a (total) recursive ¢ : w X w — w such that the domain
of g* is a non-recursively enumerable set, e.g., K.

5. Let E(z,y) = z¥ denote the exponential function.

(a) Prove that the graph of multiplication is definable in the structure
(w, F).
(b) Prove that the structure (w, E) is strongly undecidable.

6. For X Cw,let Sy ={ecw: W, =X}
(a) Prove that Sx is I3 for every recursive set X,

(b) Find (with proof) a recursive X C w such that Sx is not II3-
complete.
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1. (a) Let & and B be elementarily equivalent structures in the same
language L. Prove that there is an L-structure € and elementary

embeddings f: 2 — Cand g: B — €.

(b) Let L = {<, U}, where U is unary and < is binary. Let 2 be any
L-structure with universe the rationals Q, where <* is interpreted
as the usual ordering on Q and U? is any dense, codense subset,
e.g.,

2A n -

U” = {2—k :n, k are mtegers}

Prove that Th(2) is w-categorical.

2. (a) Let L = {+,-,0,1} and let M = (w,+,-,0,1) be the standard
model of arithmetic. Let ¢(z) be any L-formula defining the set
of prime numbers in w. Prove that if 2 is an elementary extension
of 91 and 2 # I, then there is a € A \ w such that A = ¢(a).

(b) Prove that every model (even the uncountable ones) of an w-
categorical theory in a countable language is atomic.

3. Let T be a complete theory in a countable language.

(a) Prove that if % is a countably universal model of T, then 2 has
an w-saturated elementary substructure.

(b) Prove that if 2l is an infinite, countable, w-saturated model of
T, then 2 has a nontrivial automorphism, i.e., an isomorphism
f 2% — 2A such that f(a) # a for at least one a € A.



4. Let L = {f}, where f is a binary function symbol, and let Validy
denote the set of valid sentences in this language.

(a) Prove that Validy is not essentially undecidable.

(b) Find an L-sentence o ¢ Validy, yet o holds in every finite L-
structure.

5. (a) Suppose that every recursively enumerable set A is many-one re-
ducible to a fixed set B C w. Prove that B contains an infinite,

recursively enumerable subset.

(b) Let A= {e € w: W, is finite} and B = {e € w : W, is infinite}.
Prove that A is Turing reducible to B, but not many-one reducible
to B.

6. (a) Prove or disprove: If a binary relation R is r.e. and |Ry| < 2 for
each k, then R is recursive.

(b) Let A C w be weakly represented, but not represented by a for-
mula @(z) with respect to (). Prove that there is a consistent,
recursively axiomatizable theory T O @) such that A is not weakly
represented by ¢(z) with respect to 7.
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1. (a) Prove that if 24 < B and A is finite, then 2 = 8.

(b) Suppose that 20 and 9B are structures in the same language L
that satisfy the same universal sentences. Prove that there is an
L-structure € into which both 2l and B embed isomorphically.

2. (a) Find (with proof) all automorphisms of the structure 2 = (Z, +).

(b) Recall that a countable & = T is w-homogeneous iff for all n € w

and all ag, ..., ay, by, - ..,b, € A there is an automorphism A of A
such that h(a;) = b; for all 0 < ¢ < n whenever tpy(ao,...,a,) =
thl(bOy cee )bn)-

Prove that if 20 and 8 are both countable, w-homogeneous models
of T, 2 embeds elementarily into 9B, and B embeds elementarily
into 21, then 2 = B.

3. Let T be a complete theory in a countable language.

(a) Prove that if 7" does not have a prime model, then 7" has uncount-
ably many nonisomorphic countable models.

(b) Let X be a countable set of 1-types such that for every finite
F C X there is a model 2l = T omitting every ® € F. Prove
that there is a model B |= T omitting every ® € X.




4. (a) Suppose that T is a recursively axiomatizable theory in a finite
language L that has no infinite models. Prove that 7" is decidable.

(b) Let L = {+,-,0,8,<} and let Valid denote the set of valid L-
sentences. Prove that Validy is undecidable, but not essentially
undecidable.

5. (a) Let T be any consistent, recursively axiomatizable extension of
Robinson’s @ and let Thme = {"¢” : T + o}. Prove that Thmy
is weakly represented in @, but is not represented in Q).

(b) Let PA denote Peano’s Axioms. Use Godel’s 2" Incompleteness
Theorem to prove that if PA is consistent, then

PAU{Con(PA+ -Con(PA))}

has a model.

6. Let K ={ecw:{e}(e) |} and Fven ={e € w: W, = {2n:n € w}}.

(a) Prove that there is an infinite, r.e. B such that K and B are
recursively inseparable.

(b) Prove that Fven <r 0".
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1. (a) Let T be any theory in a language L that has an infinite model.
Prove that T has a model 2 with an element a € A such that
a # c* for every constant symbol ¢ € L.
(b) Suppose that % is a saturated model of Th(2(), and that a com-
plete 1-type ®(x) is realized by only finitely many elements of .
Prove that there is a formula ¢(z) € ®(x) such that ¢ is realized
by only finitely many elements of 2.

2. (a) Let L™ = {+,-,0,1,<}. Prove that any proper elementary ex-
tension B >~ (R,+,-,0,1, <) contains an element b € B such that
B Eb>T7 for every r € R.

(b) Recall that a countable model 2 is w-homogeneous iff for all n € w

and all ag, ..., an,b0,...,b, € A there is an automorphism h of A
such that h(a;) = b; for all 0 < i < n whenever tpg(ag,...,a,) =
th[(bo, Ceey bn)

Prove that every countable model in a countable language has a
countable, w-homogeneous elementary extension.

3. Let L™ = {FE}, where F is a binary relation symbol. Let 7 be the
theory asserting that F is an equivalence relation with exactly two
classes, both of which are infinite.

(a) Prove that T is a complete L-theory.

(b) Prove that if % and B are models of 7" and 2 C B, then 2 < B.



4. (a) Suppose that T is a recursively axiomatizable theory with a model
2 & T that embeds elementarily into every model of 7. Prove
that 7' is decidable.

(b) Assume that A C w is recursive, R C w X w is r.e.,, and that
Ukew BB = A. Prove that there is a recursive S C R such that

Ukew Sk = A.

5. Let F = {all functions f : w — w such that f(n+ 1) = nf(n) for all
but finitely many n € w}.

(a) Prove that every f € F is recursive.

(b) Prove that there is a recursive function g : w — w such that for
every f € F there is an N € w such that g(n) > f(n) for every
n > N.

6. (a) Let T be a consistent, recursively axiomatizable theory contain-
ing the axioms for (). Prove that for every formula ¢(z) of the
language for @ there is a sentence o such that TF o « ("o 7).

(b) Recall that K = {e: {e}(e) |} and K = w \ K. Prove that K is

not many-one reducible to K.
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. a) Prove or disprove: (Z, <) has a proper elementary substructure.

b) Let L = {E} where F is a binary relation symbol. Let 2l be the
countable L-structure in which E? is an equivalence relation such that
E? has no infinite equivalence classes and for every n > 1 there is
exactly one E®-class with exactly n elements. Prove that Th(2) has
exactly one countable model with infinitely many infinite equivalence

classes.

. a) Let T be a theory in a language L. Assume that whenever 6; and 6,
are universal sentences of L and T' |= (0, V 0;) then either T &= 6; or
T k= 0. Prove that for any 2,8 = T there is some € = T such that
both 2 and 9B can be embedded in €. [Recall that 6 is universal iff it
has the form Vz; ...Vz,p where ¢ is an open formula]

b) Let T be an w-categorical theory in a countable language L. Prove
that every uncountable model of T is w-saturated.

. a) Let T be a complete theory in a countable language L. Let 2 be
a countable wi-universal model of 7. Prove that there is some w-
saturated 9B such that B < 2.

b) Let T be a complete theory in a countable language L and let ®(z) be
an L-type. Assume that ® is realized by at most two elements in every
model of T". Prove that there is some formula ¢(z) of L such that for

every & = T, % = %



. a) Assume that R C w X w is r.e. but not recursive and that Ry N R; =0
for all k # . Prove that (w\ U, B) is infinite.

b) Prove that {"o™: o is an open sentence and N k= o} is recursive.

. a) Let A, B C w be recursively inseparable r.e. sets. Assume that A<,,C
for some C' C w. Prove that (w\ C) contains an infinite r.e. subset.

b) Let f, g be total recursive functions of one argument. Let
Ify={ecw:{e}=fland I, ={e € w: {e} =g}
Prove that I;=,,1,.

. a)Let RCwxwbere Let A= {k € w: Ry is cofinite}. Prove that A
is arithmetic.

b) Prove that there are infinitely many e € w such that {e}(2e) = 3e.
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1. Let L be a countable .languege and let {7, }new be L;tlleories such that
Tn C Tnyi for alln € w. Let T* = [, T, and let ®(z) be an L-type.

Prove or d_iSbrove_ (with a counterexample) each of the following.
a)If each T}, has a modél realizing ® then T has'a model realizing .

b) If each T, has a model omitting ® then T* has a model omitting ®.

a) Let T be a theory in a language L and let *B be an L- structire. Assume
that ‘whenever 8 is a universal sentence of L and T }= 8 then B = 6.
Prove that B can be embedded in ‘someé model of T'. [Recall that 6 is
universal iff it has the form Vz . . Vxngo where  is an open formula]

b) Let T be a complete- theory: of L. Assume that 7" has s.ome' model

which realizes just finitely many complete types in one variable. Prove _
© that every model of 7" realizes just finitely many complete types | in one

Varlable

3 a) Let T be a complete theory ina countable lanﬁuage L and let <I>( )
be an L-typé. Assumeé-that any two countable models of T omitting B
are 1somorph1c Prove: that | every countable model of T omitting @ is -

prn’ne WVarnmg' you aré not given that- T has a pnme model]

" b) Recall that a countable model 21 i 1s w- homogeneous iff foralln € w and
all ag, - . Qs bo, . b € A thére is an automorpblsm h of 2 such that

ha;) = b for all 0 < 7 < 7 whenever tpg((lo, ey Q) = tpg[(bo, cey b))



Let 7" be a complete theory of a countable language L, and assume that
2A = T is countable, w-homogeneous, and wi-universal. Prove that A

is w-saturated.

4. a) Let f:w — w be a (total) function. Assume that there is some finite
X C w such that for all n € (w\ X) we have f(n+ 1) = f(n) +1.
Prove or disprove (with a counterexample): *f is recursive.

-b) Let T be a recursively axiomatizable theory containing the axioms for
@ such that 9t = T. Prove that there is some formula ¢(z) (of the
language for Q) such that 7" F ¢(n) for all n € w but T' I/ Vzp(z).

i

5. a) Let A C w be infinite and r.e. Prove that there are infinite recursive
sets By, By C A such that (Byn By) = 0.

b) Define sets A, B C w such that A is r.e. in B but (w\ A) is not r.e. in
(w\ B). [You must prove the sets you define have these properties]

6. a) Let 1 = {e: |W.| =1}. Prove that A<,,I for every r.e. AC w.

b) Prove that there is some n € w such that W, is the set whose only
element is 7.




DEPARTMENT OF MATHEMATICS
UNIVERSITY OF MARYLAND
GRADUATE WRITTEN EXAM

August 2006
LOGIC (Ph.D./M.A. version)

. a) Prove or disprove: {1} is definable (by an L-formula) in the structure
(Q, <,+) for the language L with L™ = {<, +}.

b) Assume that {7, : » € w} is a sequence of consistent theories in a
language L such that T,, € T,,4; for all n € w and T, ¥~ T,,41 for all
n € w. Prove that T* = Unean is a consistent theory and that 7™ is
not finitely axiomatizable.

. a) Let L be the language whose only non-logical symbol is the binary
relation symbol E. An L-structure 2 is called a graph provided
2 = Vavy(Fry — Eyx) and A = Ve-Ezz.

A graph 2 is connected iff for all a # a* in A either E%(a, a*) holds or
there are ai,...,a, € A for some positive integer n such that
F(a,a), E*(a;,a;;;) for all 1 < ¢ < n, and E*(a,, a*)

all hold. Prove or disprove each of the following:
a) Every elementary substructure of a connected graph % is connected.

b) Every elementary extension of a connected graph 2l is connected.

. a) Let T be a complete theory in a countable language L which has a prime
model 2. Assume further that 2 realizes every L-type (in finitely many
variables) consistent with 7". Prove that T is w-categorical.



b) Let T be a complete theory in a countable language L and let ®(z)
be an L- type consistent with 7" which is omitted in some model of 7T'.
Prove that ® is realized by infinitely many elements in some model of
T.

4. a) Let L be the language with L™ = {+,-,<,0,s} and let N = (w,+, -, <
,0,8). Let T be a recursively axiomatizable L-theory such that 91 = T,
let p(z) be a L-formula of L, and let D = ™. Assume that D is not
recursive. Prove that there is some 20 = T and some n € (w\ D) such
that 2L = (7).

b) Let A, B C w be disjoint r.e., non-recursive sets. Prove that (AU B)
Is not recursive.

5. a) Let R C (w x w) be r.e., and assume that Ry is infinite for all k € w.
Prove that there is some recursive C' C w such that (C'N Ry) # B for
all k € w and such that (w \ C) is infinite.

b) Prove that there is some f : w — w such that for every recursive
g : w — w there is some n € w such that g(k) < f(k) for all & > n.

6. a) Let A={e: {e}(k)=0forall k € w} and let B={e: {e}(k) =1 for
all k € w}. Prove that A=, B.

b) Let M be the standard model for arithmetic on the natural numbers,
and let T = {T¢7: 9N }= o}. Prove that A<, T for every arithmetic

set A.



DEPARTMENT OF MATHEMATICS
UNIVERSITY OF MARYLAND
GRADUATE WRITTEN EXAM

January 2006
LOGIC (Ph.D./M.A. version)

. a) Let L be a language containing (at least) the binary relation symbol
E. Let & be an L-structure such that E% is an equivalence relation
on A. Prove that every E*-equivalence class is finite iff every proper
elementary extension 8B of 2| conatins an element which is not E>-

equivalent to any element of 2.

b) Let T be a theory in a language L and let ®(z) and ¥(y) be L-types.
Assume that no model of T realizes both ®(z) and U(y). Prove that
there is some 6 € Sny such that whenever 2 =T and 2 realizes ®(z)
then 2 = 6, and whenever 20 = T and 2 realizes W(y) then U |= 6.

. a) Let & be an L-structure. Assume that Th(2l4) is axiomatized by some
2 C Snpay such that every sentence in 3J is either universal or the
negation of a universal sentence. Prove that Th(®4) is axiomatized
by some X* C Sny4) consisting solely of universal sentences. [Recall
that 6 is universal iff it has the form Vg ...V, o where ¢ is an open

formula. |

b) Let T be a complete theory in a countable language L. Assume that
there is some complete non-principal 1-type consistent with 7. Prove
that every model of T realizes infinitely many complete 1-types.

. Let 2 be an L-structure and let ®(z) be a complete L-type. Assume that
®(z) is realized by exactly three elements in 2.



a) Assuming, in addition, that ®(x) is principal, prove that ®(z) is re-
alized by exactly three elements in every L-structure 8 elementarily
equivalent to 2.

b) Assuming, in addition, that 2 is w-saturated (but not that & is prin-
cipal), prove that ®(z) is realized by exactly three elements in every
L-structure B elementarily equivalent to 2.

c¢) Give an example of L, L-structures 2l and B, and a complete L-type
®(x) such that &(z) is realized by exactly three elements in 2 and
2 =B, but &(z) is not realized by exactly three elements in B.

. a) Let S C (w x w) be r.e., and assume that | J,. Sk is recursive. Prove
that there is some recursive R C (w X w) such that Ry C 5, for all

kewand Jpe, Ri = e, Sk-

b) Let T be a consistent theory in a language with just finitely many non-
logical symbols, including at least the unary function symbol s and the
constant 0. Assume that every recursive relation is representable in 7.

Prove that 7' is undecidable.

. a)Let Ag = {e € w: Vk({e}(k) = 0)} and 4, = {e € w: Vk({e}(k) = 1)}.
Prove or disprove: there is some recursive B C w such that Ay C B
and (A] N B) = @

b) Let A, B C w. Explicitly define some C' C w such that the Turing
degree of (' is the least upper bound of the Turing degree of A and the
Turing degree of B. You must prove that C has these properties.

. a) Recall that INF = {e € w: W, is infinite}. Prove that
INF <., {e € w:Vk({e}(k) =0)}.

b) Define £ C (w x w) by E = {(e1,e2): {e1} = {e2}}. Place F in the
arithmetic hierarchy, that is determine (with proof) some n € w such
that either & € ¥, or F € II,,.

[\)
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. a) Let L be a language containing (at least) the unary function symbol s.
An L-structure 2 is pertodic iff for every a € A there is some positive
integer m such that (s¥)"(a) = a. Prove that there is no L-theory T
such that for all L-structures &, 2 |= T iff 2 is periodic.

b) Let T be a complete w-categorical theory in a countable language L.
Let o(z,y) € Fmp and let 2 be any model of T. Prove that there is
some n € w such that for every a € A either |¢%(z,a)| < n or p%(z,a)
is infinite.

. a) Let L be the language with L™ = {+,-, <, 0, s}, let
N=(w,+,,<,0,s), and let A be any proper elementary extension of
M. Let p(z) € Fmy. Prove that ©% is infinite if and only if there is

some a € A such that a € (¢*\ w).

b) Let T be a complete theory in a countable language L. Let ®(z) and
U (z) be types consistent with 7". Assume that every model of T realizes
either ® or ¥ (or both). Prove that either every model of T realizes ®

or every model of T realizes V.

. Let T be a complete theory in a countable language L with infinite models.

a) Prove that every countable model of T has a proper countable elemen-
tary extension.



b) Assume that % = T is countable and wj-universal. Prove that 2 is
isomorphic to some proper elementary extension of itself.

c¢) Assume that 2 = T is countable and isomorphic to every countable
elementary extension of itself. Prove that 2 is w-saturated.

. Let L be the language with L™ = {4,-,<,0, s} and let
N= ((/J, +> 5 <, 0) S)'

a) Define the function 7 : w — w by w(n) = the number of primes < n.
Prove or disprove: there is some ¢(z,y) € Fmy, which defines the graph
of  (that is, the relation w(n) =) in M. ’

b) Prove that there is some 8(y) € F'my such that for every %-formula
¢(z) and for every n € w we have 9 = 0([¢(R)]) if M | o(n).

. a) Assume that R C w x w is r.e.,, Ry is infinite for all ¥ € w, and
(Ry N R;) = 0 whenever k # l. Prove that there is some recursive

C C wsuch that |[CN Ry| =1 for all k € w.

b} Give an example of a theory T in a language L with just finitely many
non-logical symbols which is undecidable but not essentially undecid-
able (you must establish these properties of T').

. a) Prove or disprove: there is some arithmetic relation R C w X w such
that for every arithmetic X C w there is some k € w such that X = Rj.

Let A={e€w:0eW,}, B={ecw:1eW,} and let
C={ecw:0¢W.}. Prove that

b) A<, B, but

c) AL,.C.
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1. a) Let T be a theory in a language L and let ¢(z), Yx(z) € Fmy for all
k € w. Assume that T }= Va (¢ — ¥r1y) for all k € w. Assume further
that for every 2 =T and every a € A we have

A4 = ¢(a) iff there is some k£ € w such that A4 = 1, (a).

Prove that there is some k € w such that T |= Vz(p < 9%).

b) Prove that there is some 2 = (w, <) such that (R, <) can be isomor-
phically embedded into 2.

2. a) Let L be the language whose only non-logical symbol is a binary relation
symbol < and let B be the L-structure (Q, <). Let X C Q be finite.
Prove that the set Z is not definable in the L(X)-structure B x.

b) Let L be the language whose only non-logical symbol is a binary relation
symbol E. Let 2 be the L-structure such that
E™ is an equivalence relation on A,
there is exactly one n-element equivalence class for every positive
integer n, and
there are no infinite equivalence classes.

Is there is some proper substructure B8 of 2 such that 2 = B7 Prove
or disprove.

3. a) Let T" be a complete theory in a countable language L. Assume that T’
has no countable w-saturated model. Prove that every type consistent
with T is realized on at least two non-isomorphic countable models of
T.



b) Let T be a complete theory in a countable language L. Let ®(x) be a
complete non-principal type consistent with 7". Let 2l be an w-saturated
model of T. Prove that ® is realized by infinitely many elements of A.

4. a) Let T be a consistent recursively axiomatizable theory in the language
L for arithmetic, let ¢(z) € Fmy, and let A C w. Assume that A
is weakly representable in 7' by ¢ and A is not recursive. Prove that
there is some k € w such that k ¢ A, T I/ —~p(k), and T t/ (k).

b) Let L be alanguage with just finitely many non-logical symbols which
contains at least the unary function symbol s and the constant symbol
0. Let T be a consistent theory of L such that all recursive functions
and relations are representable in T'. Prove that T is undecidable.

5. a) Let A C w be an infinite r.e. set. Prove that there are infinite recursive
sets By and B contained in A such that (ByN By) = 0.

b) Let A, B C w. Prove that B isr.e. in A iff B<,,A".

-

6. a) Let A= {e € w: {e}(e) = e}. Prove that A is not recursive.

b) Let A={ecw: W <1} andlet B = {e € w: |W.| > 2}. Prove
that A=rB but A#,,B.
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. a) Let T'be a theory in a language L containing at least the binary relation
symbol E. Assume that for every % =T, E® is an equivalence relation
on A. Assume further that whenever 2l |= 7, 2l < B, and a € A then
{b € B : E®(a,b) holds} C A. Prove that there is some n € w such
that for every % = T every E®-class has < n elements.

b) Let T be a theory of L and let ®(z) and V(z) be L-types. We say that
a formula 6(z) of L separates ® and W if in every model of T every
element realizing ¢ satisfles @ and every element realizing ¥ satisfies
—0. Assume that no formula of L separates ® and ¥. Prove that T
has a model realizing (® U ).

. a) Prove that there is no formula ¢(z) which defines {1} in the structure

(Q, <, +).

b) Prove or disprove: Th((Q, +, -, <, 0, 1)) has a countable w-saturated
model.

. a) Let T" be a complete theory in a countable language. Assume that
there i1s some complete, non-principal type in one variable consistent
with 7. Prove that there are infinitely many complete types in one
variable consistent with 7'.

b) Let L be the language whose only non-logical symbol is the binary
rclation symbol <. An L-structure 2 is a linear order provided <% is a
linear order of A. Prove that there is some infinite linear order 2 such
that every L-sentence true on %l is also true on some finite linear order.



. a) Let A C w be an infinite r.e. set. Prove that there is some infinite
recursive set B C A.

b) Let L be the language for arithmetic on the natural numbers, that
is, L™ = {+,-,<,0,s}. Let A = {[o] : = o}. Prove that A is an
m-complete r.e. set.

ca)Let A={ecw: W, =0}and let B ={e € w: W, =w}. Prove
that A and D3 are recursively inseparable, that is there is no recursive
C Cwsuch that AC C and (BNC) = 0.

b) Prove that there is some B C w such that A<,, B for every arithmetic
set A C w.

. a) Define a partial recursive function g of one argument which cannot be
extended to a total recursive function, i.e., there is no total recursive
f:w - wsuch that f(n) = g(n) whenever g(n) |.

b) Prove that there are infinitely many e € w such that {e}(e + 1) = 2e.
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. a) Let L be a countable language containing at least the binary relation
symbol E. Let T be a theory of L such that in every model 2 of T,
E* is an cquivalence rclation on A. Let p(z) € F'm;. Assume that
no model 2 of T contains an element satisfving ¢ whose F%-class is
infinite. Prove that there is some n € w such that no model 20 of T
contains an element satisfying ¢ whose E%-class has > n elements.

b) Let A = (w, +,-) and let B be a proper elementary extension of 2.
Prove that there are infinitely many primes in (B \ w). [An element
b of B is prime if it cannot be expressed in B as the product of two
elements of B each of which is different than ¢]

. a) Let L™ = {E} where E is a binary relation symbol. Let 2 be the
L-structure such that E% is an equivalence relation on A with exactly
one n-element equivalence class for every positive integer n and with no
infinite equivalence classes. Let B be a countable elementary extension

of A. Prove that tpe(b)) = tpa(be) for all by, by € (B\ A).

b) Let L = (L, N Ly) and assume that (L; \ L) contains just constant
symbols, for 2 = 1,2. Let 7" be a complete theory of L and let T} be a
theory of L; for 1 = 1,2. Assume that some model of T" can be expanded
to a model of 7}, and also that some model of T can be expanded to a
model of T5. Prove that there is some model 2l of T such that 2 can be
expanded to a model 2, of T} and A can also be expanded to a model
912 of Tz.



3. a) Let L be a countable language containing at least the binary relation
symbol E. Let T be a theory of L such that T' = VzVy(Fzy — Eyz).
IfA =T and a,0" € A with ¢ # a" we say that a,a” are connected
if either £*(a,a”) holds or there are a;,...,a, € A for some positive
integer n such that

E*a,ay), E*(a;,a:4,) for all 1 <4 < n, and E*(a,,a”)

all hold. Assume that in every model of 7' there is a pair of distinct
elements that is not connected. Prove that there is some ¥ (z,y) € F'm
consistent with T such that for every 2 = T and every a,a* € A, if
A, | ¥(a,a*) then a # a* and a,a* are not connected.

b) Let T' be a complete theory in a countable language L. Let 2 be a
prime model of 7" and let ®(x) be a complete type of L. Assume that
® is realized by exactly two elements in 2. Prove that ® is realized by
exactly two elements in every model of 7.

4. a) Let R C w X w be r.e. and assume that UkEw Ry is recursive. Prove
that there is some recursive S C w X w such that S, C Ry forall k € w

and Upe, St = Upeu Bs-

b) A total function f : w — w is monotone iff for all m,n € w, if m < n
then f(m) < f(n). Let f be a recursive monotone function. Prove that
the range of f is recursive. [Warning: f need not be strictly increasing]

5. a) Give an example of a theory T" which is undecidable but not essentially
undecidable. [You must prove both assertions about 7|

b) Prove that there are r.e. sets A, B C w such that (AN B) = 0 but
there is no recursive C C w such that AC C and (BNC) =0.

6. a) Prove that {¢: 2 € W,}=,.{e:3 € W.}.

b) Let [ = {e € w: W, = {3}}. Determine some n € w such that either
I €%, or [ €Il,. [You need not prove your choice of n is minimal]
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1. a) Let T be a theory of a language L. Assume thal there is some 0 € Sny,
such that for every model %1 of 7", 2 is infinite iff A |= 6. Prove that
there is some n € w such that every finite model of T has at most n
elements.

b) Prove that (Q,4+,-,0,1) is a prime model of its complete theory.

2. a) Let 9 = {(w, +,-,<,0,s) be the standard model for arithmetic on w and
let B be some fixed proper elementary extension of . Let p(z) € Fim,,
and assume that ¢ = ©®. Prove that ¢™ is finite.

b) Let L™ = {E£} where £ is a binary relation symbol. An L-structure 2
is a graph provided 2 |= VavVy(Ezy — Eyx). A graph %L is connected
iff for all a,a* € A with a # a* there are a,,....a, € A for somen € w
such that

E*a,a1), E¥*(ai,aipy) for all 1 <4 < n, and E%*{a,,a*)

all hold. Let T be an L-theory such that every connected graph is a

model of T". Prove that there is some graph which is a model of T but
is not connected.

3. a) Let T be a complete theory in a countable language L. Assume that
for every w(z) € Fimy consistent with T there is some ¥(z) € F'my,
such that both (p A%) and (@ A —) are consistent with 7. Prove that
T does not have a prime model.



b) Let T be a complete theory in a countable language L. Let 2 = T
be countable and assume that 2l is isomorphic to each of its countable
elementary extensions. Prove that 7" has a countable w-saturated model
and that A itself is w-saturated.

4. a) Let L be a language with just finitely many non-logical symbols, in-
cluding at least the unary function symbol s and the constant 0. Let
T be a theory of L such that every recursive relation is representable
in T. Prove that T is undecidable.

b) Let A = {[o] : ¢ is a X-sentence and N |= o}, where N is the usual
model for arithmetic on w. Prove that A is not Il;.

5. a) Let R Cwxwbere Assume that Ry # 0 forall k € w, J ., Re = w,
and for all k.] € w either R, = R; or B, N R, = 0. Assume further that
there is some recursive C' C w such that for all £ € w, |R. N C| = 1.
Prove that R is recursive.

b) Let A = {e € w: W, is either finite or cofinite}. Find an n so that
A € A,. [You need not prove your n is the least possible|

6. a) Let A, B C w be recursively inseparable r.e. sets (so AN B = § and
there is no recursive set A* with A C 4* and A*N B = §.) Assume
that A<,,C where C C w. Prove that there is some infinite r.e. set
D C wsuch that CnND = 0.

b) Let [ = {e € w: |W,.| = 1}. Prove that every r.e. set is many-one
reducible to /.
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. a) Prove or disprove: (Z, +) has a proper elementary substructure.

b) Assume that 2 and B are L-structures and % = 8. Prove that there is
some € such that both % and B can be elementarily embedded in €.

. a) Let L be a countable language containing (at least) the binary relation
symbol E. Let T be a complete w-categorical L-theory, let 2 be a
countable model of T, and assume that E* is an equivalence relation
on A. Prove that there is some n € w such that for every a € A the
E*-class of a is either infinite or has fewer than n elements.

b) Let T be a complete theory in a countable language L and let ®(x)
be a complete L-type. Assume that 7" has some model which contains
exactly one element realizing ® and also some model which contains
exactly two elements realizing ®. Prove that T has a model omitting

o.

. a) Let L™ = {¢, : n € w}. Let « be an L- structure such that ¢,* # ¢,*
for all n # m and such that there is exactly one element o € A such
that a* # ¢, for all n € w. Prove that there is no formula ¢(z) of L
such that ¢* = {a*}.

b) Let 2 be a countable w-saturated structure for a countable language
L. Let ag € A be such that h(ag) = ao for every automorphism A of 2.
Prove that there is some formula ¢(z) of L such that ¢ = {ao}.



. a) Let T be a recursively axiomatizable theory true on N, the standard
model for arithmetic on the natural numbers. Let X C w be r.e. but
not recursive, and assume that X = ¢ for some Z-formula ¢(z). Prove
that there is some 8 = T such that B8 = ¢(7) for some n € (w\ X).

b) Let R C (w x w) be re. Assume the R,’s are infinite and pairwise
disjoint. Prove that there is some recursive C C w such that |R,NC| =
1 foralln €w.

. a) Let L™ = 0. Give an example of a theory T of L which is undecidable
but all its complete extensions (in L) are decidable.

b) Let T be a recursively axiomatizable theory in a language L with just
finitely many non-logical symbols. Assume that 7 has just finitely
many complete extensions (in L). Prove that T is decidable.

. a) Recall that
FIN = {e: W, is finite} and INF = {e: IV, is infinite}.

Prove that FIN < INF but FIN £, INF.

b) Recall that REC = {e : W, is recursive}. Prove that REC is arith-
metic, that is, that REC is in £, or [I, for some n € w. Although you
should try to make n as small as possible, you do not need to prove
your choice of n is minimal.
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. a) Let a theory T and sentences o, of a language L be given. Assume
that T | (0n — On41) for all n € w. Assume further that for every
% = T there is some n € w such that & = ¢,. Prove that there is some
no € w such that T = (Opg41 = Ong)- [In fact, T = (0 — 0y,) will
hold for all m > ng.]

b) Let Ly be the language containing just the binary relation symbol <,
let L be a language containing Ly, and let 7" be a theory of L. Assume
that (w, <) embeds into the Lo-reduct of some model of 7. Prove that
(Q, <) can be embedded into the Ly-reduct of some model of T

. a) Let 2 be (w,+,-,<,0,5). In 2 the set of primes is definable by the
following formula ¢(z):

(sO0<z)AVYz(z =y -2 = (z=y)V(z =2))
Let B be any proper elementary extension of . Prove that 8 contains
a new prime, that is,.some element b satisfying ¢(z) which is not in w.

b) Let L be the language whose only non-logical symbol is the binary
relation E and let T be the L-theory axiomatized by sentences saying
that £ is an equivalence relation on the universe with infinitely many
equivalence classes, each of which is infinite. Prove that 7 is model
complete, that is, for all models % and B of 7', if # C 8 then 2 < B.



. a) Let T be a complete theory in a countable language L. Assume that
there is some non-principal complete type in one variable consistent
with T. Prove that every model of T realizes (at least) three different
complete types in one variable. [In fact each model of T' will realize
infinitely many, but you need not prove this.]

b) Let % be an w-saturated L-structure and let ¢(z,y) be an L-formula.
Assume that for every a € A the set ¢®(z, a) is finite. Prove that there
is some n € w such that for every a € A the set ¢©%(z,a) contains at
most n elements.

. a) Assume that R C w X w is r.e. and that R, is infinite for every n € w.
Let g : w — w be any recursive function. Prove that there is some
recursive function f :w — w such that f(n) € R, and g(n) < f(n) for
all n € w.

b) Let L be the language whose only non-logical symbol is the binary
relation £ and let Ty be the L-theory axiomatized by sentences stating
that £ is an equivalence relation on the universe. Prove that T has a
complete undecidable extension.

. a) Define f:w — w by
f(n) = (uk)[{n} = {k}].

Prove that f is not recursive.

b) Assume that B C w is such that A<, B for all r.e. sets A. Prove that
B contains some infinite r.e. subset.

. a) Let A, C w be given for all n € w. Prove that there is some B C w
such that A,<7B holds for all n € w.

b) Let A = {e € w: {e}(5) = 7}. Prove that A=, K. [Recall that K =
{e:{e}(e) L}]
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Let T be acheorv of L, ler ®(z) and W(x) be types of L. Assume thag
for every 2 = 7 and all ¢ £ 4, a realizes @ i o does not realize ¥
Prove that thers is some (z) € Fmy, such that ©* = <™ for every

modsel A of T

Let L be a language containing (at least) the binary relation svmbol
E Let % be an -saturated L-structure in which E™ is an equivalence
relation on 4 wich exactly one inflnite squivalence class. Prove thac
there is some n € w such that sverv finite E™-class has at most n

elements.
Prove or disprove: (w, +) has a proper elementary substructure.

Let T be an L-theory. L2t % be an L-structure wnich cannot be em-
bedded in anv model of 7. Prove that there is an sxistential senteace
g of L (that is, 4 has the form 3z,...2z,¢ where o is an open formula
of L) such that x =9 but T = —6.

Prove that the structure (w,!) has uncountably many automorphisms

(where nlk if < =n [ for some [ & ).

b) Let T be a complece theory 1n a countable language L and let ®(z) be

an L-tvpe which is omiited on some model of 7. Assume further that
anv two countable models of T omitting © are isomorphic. Prove that
every countable model of T omitting ® is prime.

[VWarning: You cannot assume that T has a prime model]



4. a) Assume that R Cw xw isr.e. and that Uge, R = w. Prove that there
is some recursive 5 € R such that Uge, Sk =+

b) Let L be a language with only finitely mary non-logical symbols and
lev L' = LU {c} where ¢ is a constant symbol aot in L. Let T'be a
Onitely axiomatizable undecidable theory of L' and let T =T'N Sny.
Prove that T is also undecidable.

3. Recall that subsers 4 and B of w are called recursively inseparable if thers
is no recursive C T wsuch that A C Cand BNC =10.

a) Prove that chere are disjoint r.e. subsets 4 and B of w which are
recursively inseparable.

b) Assume that 4 and B are disjoint r.e. subsets of w which are recursively
inseparable. Prove that w\ (4 U B) is (nfinite.

6. a) Let 4 = {[¢]: 7 € Snp and Q - o} (where L is the usual language for
arithmetic on the natural aumbers). Prove that 4 is an m-complete
r.e. set.

b) Prove that there is some 4 C w such that 4 € 53 but 4 £ [I,.
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. a) Let T be a theory of a language L, and let ¢;(z) be formulas of L for
all 7 € w. Assume that for all © € w

T =V92(pin(z) = 9ilz)) and T = =Yz (pi(z) = vini(2)).
Prove that T has a model 2 with an element a such that % & ¢;(a) for
all 7 € w.

b) Let T be a complete theory in a countable language L, and assume
that for each n > 0 there are just countably many complete types in n
free variables consistent with 7'. Prove that T has a prime model.

. a) Prove or disprove: (Z, <) has a proper elementary submodel.

b) Does Th((Z,+,1)) have a countable w- saturated model? Prove your
answer.

. a) Let % be the unique countable model of a a complete w-categorical
theory T in a countable language L, and let ¢(z,y) € F'm.. Prove that
there is some n € w such that for every a € A, either |p*(z,a)| < n or
©*(z,a) is infinite.

b) Let T be a complete theory in a countable language L having infinite
models. Assume that for every p(z) € Fmy and for every % = T,
©? is either finite or cofinite (meaning its complement is finite). Prove
that there is exactly one non-principal complete type ®(z) in the single
variable z consistent with 7.



. a) Let T be a consistent recursively axiomatized theory containing the
axioms for Q. Prove that there is a formula ¢(z) such that
T = ¢(7) for all n € w but T & Vzo(z).

b) Let R C w x w be r.e., and assume that |w \ Re| = 2 for every & € w.
Prove that R is recursive.

. a) Assume that A C w is such that
{e:W,=0}CAand {e: W, =w}NA=0.

Prove that A is not recursive.

b) Assume that A C w is such that K <,; A. Prove that A contains an
infinite r.e. subset.

[Recall that K = {e: e € W,}]

. a) Let T be a consistent, decidable theory in a language L with just finitely
many non-logical symbols. Prove that 7" C T for some complete,
decidable theory T* of L.

[Hint: Let {0, : n € w} be a recursive list of all sentences of L ...]

b) Prove that TOT =,, INF.
[Recall that TOT = {e: W, =w} and INF = {e: W, is infinite}]
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. a) Assume that L C L', let 7" be an L'-theory and let 2 be an L-structure.
Assume that there is no 8’ |= 7" such that 2 is elementarily equivalent
to the L-reduct of 8’. Prove that there is some o € Sn; such that
AEoand T' = —o.

b) Let L™ = {F} where E is a binary relation symbol. Let K be the class
of all L-structures 2 for which £ is an equivalence relation on A with
at least one finite £%-class. Prove that there is no theory T of L such
that K = Mod(T).

[Hint: Assume that X' C Mod(T) and find 2 = T such that 28 ¢ K]

. a) Let L contain at least the binary relation symbol E, and let % be an
infinite w-saturated L-structure such that £* is an equivalence relation
on A. Assume that whenever 2 < 8 and a € 4 then

{b€ B: E®(a,b) holds} C A.

Prove that there is some ng € w such that every E®-class has at most
ngo elements.

b) Let L be a countable language containing at least the unary relation
symbols P, for n € w, and let T be a theory of L. Assume that 7" has a
model 2 such that for every ¢(z) € Fmy if ©* # 0 then there is some
k € wsuch that (@*N P.*) # 0. Prove that T has a model 8 such that
B = UpewPi™.

. Let 7" be a complete theory in a countable language L. Recall that a com-
plete type ®(z) consistent with T is said to be non-principal provided
it does not contain a complete formula ().



a) Assume that ®(z) is a non-principal complete type consistent with T
Prove that 7" has some model which contains infinitely many elements
realizing ®(z).

b) Assume that there are no non-principal complete types ®(z) in the
single free variable z consistent with 7. Prove that there are only
finitely many complete types in the single free variable z consistent
with 7.

. a) Let A and B be r.e. subsets of w. Assume that (4 U B) is recursive.
Prove that there are recursive sets A” C A and B’ € B such that
(AuB)=(4"UB').

b) Let A be an infinite r.e. subset of w. Prove that there is an infinite
recursive set B with B C A.

. a) Give a theory T in a language L with just finitely many non-logical
symbols which has an r.e. set of axioms but is such that
{n € w: T has a model & with |A| = n}

is not recursive. Prove that it has these properties.

b) Assume that R C w xw isr.e. Let A = {k € w: Ry is infinite}. Prove
that A is [1,.

. a) Recall that K = {e € w : e € W,} and that INF = {e € w: W, is
infinite}. Prove that K<, INF.

b) Let F be a non-empty set of partial recursive functions of one argument
and let [ = {e € w: {e} € F}. Prove that I£,,(w\ ).
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. a) Let T be a theory of a language L containing (at least) the binary
relation symbol £ and so that for every 2 = T, E* is an equivalence
relation on A. Assume further that whenever 2 =7, % < B, a € A
and b € (B\ A) then Bp |= ~E(a,b). Prove that there is some ng € w
such that for every 2 = T all E®-classes have < ng elements.

b) Let the only non-logical symbol of L be the binary relation symbol E.
Let % be the L-structure in which E* is an equivalence relation on A
with infinitely many 2 element classes and infinitely many 3 element
classes and no other classes. Let % C B where B adds exactly one more
2 element class and nothing else. Prove that 2 < . [Hint: why are 2
and B elementarily equivalent?]

. a) Is the structure (R, +, -, 0, 1) w-saturated? Explain.

b) Assume that the L-structure 2 realizes exactly three different complete
L-types in one free variable. Prive that the same is true of every model
of Th(2).

. a) Let T be a complete theory in a countable language L, and let ®(x)
be an L-type. Assume that in every model of T" the type ¢ is realized
by at most 2 elements. Prove that there is a formula ¢(z) of L such
that for every o = T, % = %,



b) Let T be a complete theory in a countable language L which has
no prime model. Let ®(z) be an L-type omitted on some model of T
Prove that T has at least two nonisomorphic countable models omitting
P.

4. a) Assume that R C w X w is r.e. and that Ry is infinite for all £ € w.
Prove that there is a strictly increasing recursive function f on w such
that f(k) € Ry for all k € w.

b) Prove that there is a function ¢ : w — w such that for every recursive
function f on w there is some nyg € w so that for all n > ng we have

f(n) < g(n).

5. a) Assume that R C w x w is r.e. but not recursive and that Uy, R is
recursive. Prove that R N Ry # () for some k # [.

b) Let f, and f, be partial recursive functions and assume that f; # fs.
Let By = {e: {e} = fi} and let B, = {e: {e} = fo}. Prove that there
is no recursive set A4 such that B, C A and By N 4 =90.

6. a) Prove that {e: 0 € W,} is an m-complete r.e. set.

b) Let REC = {¢ : W, is recursive }. Use Post’s Theorem to prove that
REC is r.e. in ("
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1. a) Let a theory T and sentences o, for n € w be given. Assume that
T E (0n = 0azy) a0d T % (0pe) — o) for all n € w. Prove that T
has a model % such that 4 = —o, foralln € w.

b) Let L be a language contalning at least the binary relation symbol £,
and let 2 be an L-structure so that £% is an equivalence relation on A.
Assume that for every elementary extension % of 2 and every 6 € B
there is some a € A such that £*(a,b) holds. Prove that £% has just
finitely many equivalence classes.

o

. a) Prove that (Q, <) is isomorphically embeddable in some B = (w, <).
b) Prove or disprove: (Z, +) has a proper elementary submodel.

3. a) Let L be a countable language containing at least the binary relation
symbol F, and let T be a theory of L such that for every model 2 of
T, E® is an equivalence relation on A. Assume that for every model &
of T some E® class is infinite. Prove that there is some formula o(z)
of L consistent with 7" so that whenever 2 is a model of T, a € A and
2, = (@) then the E®-class of a is infinite.

b) Let T be a complete theory in a countable language L, let ®(z) and
U(z) be L-types, and let % be an w- saturated model of 7. Assume
that ®* = (4\ ¥*). Prove that there is some formula ¢(z) of L such
that for every model B8 of T, % = 3.
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4. a) Let R Cw x w be re. and assume that Ry # @ for all k£ € w and that
R.N R =0 forall & [ Prove that there is some re. € C w such
that [ReNC| =1 forall k € w.

b) Let X C w and a formula ¢(z) of the language of arithmetic be given.
Assume that ¢ weakly represents X in every consistent theory T con-
taining Q). Prove that X 1s recursive.

5. a) Let T be a recursively axiomatizable theory and assume that T has
just finitely many complete extensions (in the same language). Prove
that T is decidable.

b) Define f :w — w by f(e) = the least d such that {d} = {e}. Prove
that f is not recursive.

6. a) Give an example (with proof) of a set X C w which is [T} but not ;.

b) Prove or disprove: {[o] : M = o} is arithmetic.
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1. a) Let T and 7' be theories of L such that for every L- structure 2, A = T
iff & b= T'. Prove that T is finitely axiomatizable.

b) Prove that every countable linear order can be isomorphically embed-
ded in (Q.<).

o

a) Prove or disprove: (R\{0}. <) is an elementary substructure of (R, <).

b) Let T be a complete w-categorical theorv in a countable language L.
Prove that there is an integer £ such that for every model « of 7" and
every formula ¢(x) of L with just one free variable, if ©* has more than
k elements then * is infinite.

3. Let T be a complete theory in a countable language L, let 2 be an w-
saturated model of T, and let ®(z) be a type in one free variable con-
sistent with 7. Assume that @ is realized in 2 by ezactly two elements
of 4. Prove that & is realized by exactly two elements in every model
of T.

4. a) Assume that R C w x w is r.e. and Ui, Rx = w. Prove that there is
some recursive S C R such that Uge, Sk = w and Sy NS, = 0 whenever

k1.



b) Let T be a consistent recursively axiomatizable extension of the theory
@. Find a formula ¢(z) such that T &= o(7) for all n € w but T }
Vzo(z). (Besure toshow that the formula vou define has this property.)

. a) Let L be a language with just finitelv manyv non-logical svmbols and
let L' = L U {c} where ¢ is a constant symbol not in L. Assume that
T’ is a finitelv axiomatizable essentiallv undecidable theorv of L' and
let T =T'NSn;. Prove that T is essentially undecidable.

b) Prove that 4 = {e € w: {e}(e) = e} is not Tecursive.

. An r.e. set 4 Cw issaid to be simple if (w\ 4) is infinite but does not
contain an infinite r.e. subset.

a) Prove that the intersection of two simple r.e. sets is simple.

b) Show that K = {e:e € 11} is not simple.
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. a) Let L be a language containing at least the binary relation symbol £
and let T be a theory of L so that in every model % of T, E® is an
equivalence relation on A. Assume that in every model & of T, every
E*-class is finite. Prove that there is some n € w so that in every
model 2 of T, every E®-class contains at most n elements.

b) Let £, and £, be sets of sentences of L such that there is no sentence
6 of L so that £, = 6 and X, = —0. Prove that (£, UZX,) has a model.

. a) Let % be an L-structure and let ¢(z) be a formula of L. Prove that ¢
is finite iff there is no B so that % < B and ©* # 3.

b) Let {gi(z):7 € w} be an infinite set of L-formulas and let & be an w-
saturated L-structure. Assume that for every a € A there issome: € w
such that 2, = ¢;(@). Prove that for every L-structure B elementarily
equivalent to %, for every b € B there is an ¢ € w such that Bz = @;(b).

. a) Let T be a complete theory in a countable language L that has an
infinite model. Prove that T is w-categorical iff all models of T realize
precisely the same n-tvpes for each n € w.

b) Let L be a countable language and let % be an infinite, countable, sat-
urated L-structure. Prove that there is a proper elementary extension
B of A that is isomorphic to 2.



. a) Let T be a theory in a language L O {S,0} that contains only finitely
many non-logical symbols. Assume that every recursive relation is rep-
resentable in 7. Prove that T is undecidable.

b) Let L be a countable language and let L' = LU{c}, where cis a constant
symbol not in L. Let £ be a set of sentences of L, let T = C'n(X) and
let 7" = Cnyp (). Prove that T is undecidable iff 77 is undecidable.

. a) Let £ Cw X w ber.e. Assume that E is an equivalence relation on w
and assume that ¢ C w is an r.e. set that contains exactly one element
from each E-class. Prove that £ is recursive.

b) Let 4 C w be non-empty. Carefully prove that A is the domain of
some partial recursive function iff 4 is the range of some total recursive
function.

. a) Let A4 be a non-empty, proper subset of w. Assume that A is recursive.
Prove that there are numbers a € A and b € (w\ A) such that W, =1V,

b) Let X be a non-empty subset of w. Assume that X isr.e. Let [ =
{e € w: W, = X}. Prove that every r.e. subset 4 of w is many-one
reducible to I.
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.a) Let T be a theory of L and let o bhe a sentence of L. Assume that
for every model A of T, 2 |= o iff A is finite. Prove that there is some
n € w such that everv model of T with at least n elements is infinite.

b) Let % be a proper elementary extension of (w, <). Prove that there
is an infinite sequence {a,}.c., of elements of A such that a,.; <* a,
holds for all n € «.

2. a) Let A be an mfinite L-structure. Assume that for every formula o()

ol L, either % is finite or (—~y)* is finite. Prove that there is exactly

one complete l-type ['(«) consistent with 7 that can be realized by
imfinitely many elements in some model of T.

b) Let T he a complete theory in a countable language L and let ®(z) be
a type consistent with 7. Assume that & is omitted in some model of
7. Prove that there is another model of T in which & is realized by
mfnitely many elements.

. a) Let T be a complete theory in the language L = {+,-,<,S,0} such
that @ € T but (w.+.-.<,5,0) = T. Prove that there is some formula
2lx) of L such that T |= Juwp(x) but T |= ~p(R) for every n € w.

b) Let 2 be the countable model of an w-categorical theory in a countable
language L. Prove that 2 has a non-trivial automorphism.



4. a) Provethat evervinfiniter.e. A C w contains an infinite recursive subset.
h) Let R C w X« be r.e. and satisty the tollowing conditions:

U R.=« and RN R =0 whenever k # [.

ke

Prove that R is recursive. (Recall that R, = {/: R(&.[) holds}).

5. a) Let X' C «w be r.e. but not recursive. Let oo(z) be a E-formula in the
language L = {+,-, <, 5.0} that defines X in (w,+.,<,5.0). Prove
that there is some consistent theory T 2 @ such that T F (7) for
some n & X

) Prove that there is a partial recursive function f that cannot be ex-
tended to a total recursive function (i.e.. there is no total recursive
function ¢ such that g(k) = f(k) whenever f(%) is defined).

6. a) Prove that there is some ¢ € w such that {e}(2¢) = 3¢ + 1.

b) Let A= {[s] : 0 isasentenceof L = {+.-.<.5.0} and |= ¢}. Prove
that 4 is a complete v.e. set.
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a) Let L be a countable language containing at least the binary relation
symbol E, and let T be a theory of L so that Elé is an equivalence
relation on A for every modelAof T. Assume that whenever A is a
model of T and B 1s an elementary extension of A then every element
of (B — A) has Its EE -class contained in (B =— A). Prove that
there is some integer n such that in every model A of T every
EA -class has size < n.

b) Let T be a consistent theory in the countable language L and let

deo andfP&vbe types consistent with T. Assume that for every model
A A
A of T we have GE‘ = A ——EE_' . Prove that there is some formula

A A
(?@O such that #~ = ¥~ for every model A of T.

Let T be a complete theory in a countable language L and let & (x)
be a complete type of T. Assume that T has models A and B so that
\ggé\ = 1 and 12£§|= 2.

a) Prove that T has a model omitting EE.

b) Prove that T has a model C so that ZEQ' is infinite.

a) Prove that (&), +) has no proper elementary substructures.

b) Let T be a complete & -categorical theory in a countable language.

Prove that there is an integer n such that for every formula f?(x)

and every model A of T, if @4 is finite than [¢f|< n.



logic -- 2

For any R& wxw we define R = {1 : R(k,1) holds}. Assume that R

is r.e. and &E{JRK = . DProve that there is some recursive S< R

such that kJ/S = w and further S, n S, = @ whenever k # 1.
Weos K k. 2
Let A, B € w and assume that B is r.e. but not recursive and that

B <, A. Prove that A contains an infinite r.e. subset.

Prove that {e : Wo #w} <5, (e : We is finite}.
Let A, Dbe arbitrary subsets of ¢« for every n in « . Prove that

there is some B & W such that A ST B for every n.

o
Prove that REC = {e : We 1is recursive} is 5;3 .

prove that A <__ {'¢': N k£ ¢ } for every arithmetic A Sw, where

-

N is the standard model of arithmetic on the natural numbers.



a)

b)

a)

b)
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Let L be a language containing at least the binar'y relation symbol

E. Let A be an L-structure in which E is interpreted as an
equivalence relation on the universe. Assume that every element

of every elementary extension of A belongs to the E-class of some
element of A. Prove that there are just finitely many E-classes in A.
Let L and L' be languages with L < L'. Let T' be an L'-theory, and let
A be an L-structure. Assume that there is no model of T' whose L-

reduct is elementarily equivalent to A. Prove that there is some

L-sentence ¢ such that A f o and T' £ o=

Let T be a complete theory of a language L and let &$ (x) be an L-
type. Assume that & is realized by at most one element in every
model of T. Prove that there is some formula (70 (x) such that
EA = boé for every model A of T.

Let A be the countable model of an (w-categorical theory in a countable
language L. Let X be a subset of A fixed by all automorphisms of A
(that is, if a &€ X then h(a) € X for every aL.lt:omorphism h of 3a).
Prove that X is definable in A by some L-formula. (You may assume

that if (A,a) = (A,b) then (a,a) & (A,b), and also the Ryll-Nardzewski

characterization of W -categorical theories).



a)

b)

a)

b)

a)

a)

b)

Prove that Th((Z,+)) does not have a countable ) -saturated model.
Let; L be a countable language containing at least a binary relation
symbol E. Let T be an L-theory stating (among other things) that E
is an equivalence relation on the universe. Assume that T has a
model A with the property that every L-formula Y (x) satisfiable on
A is satisfiablé by some element of A from a finite E-class. Prove

that T has a model in which all E-classes are finite.

Let R be a binary relation on W which is r.e. but not recursive.
Assume that R n R, =g for all k # 1 (where Ry = {n: R(k,n) holds}).

Prove that U Rk is not recursive.
kew

Let A= {FTc 7 : Q} o } where Q is the theory of the language of
arithemetic used in undecidability results. ‘Prove that every

r.e. set of natural numbers is many-one reducible to A.

Assume X &« is such that {e: We =0} € X and {e: Wo = {J}aX = ¢.
Prove that X is not recursive.

Prove that B = {e: {e}(2e) = 3} is a complete r.e. set.

Assume that B Sw is infinite but contains no infinite r.e. subset.
Assume that A is r.e. and A g,, B. Prove that A is recursive.

Recall that COF = {e: (W — We ) is finite} Prove that COF is

r.e. inﬁ’ v
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Prove that (Z,<) has no proper elementary submodels.

Let T be a complete theory in a countable language L containing
(at least) a binary relation symbol E such that in every model

of T, E is interpreted as an equivalence relation on the universe.
Assume that in every W -saturated model of T there is exactly

one infinite E-class. Prove that there is some integer n such

that in every model of T every E-class with > n elements is infinite.

Let T be a consistent theorxry in a countable language L. Assume
that for all formulas \P(x) of L we have

T kE Vx P (x) 1iff T F Y(c) for all comnstants c of L.
Prove that T has a model A such that A = U:A : ¢ & L}.
Let A be any L-structure and assume that A realizes exactly three
different complete types. Show that the same is true for every

L-structure B elementarily equivalent to A.

Let T be a complete theory in a countable language L and let A
be a countable atomic model of T. Assume that a and b are elements
of A with the same complete type. Prove that A has an automorphism

f such that f(a) b.

Let T be a complete theory in a countable language L. Assume
there are only finitely many complete types EE(X) in a single
variable x consistent with T. Prove that there are only finitely

many formulas QP(X) of L up to equivalence with respect to T.



logic -- page 2

Let A and B be disjoint r.e. sets of natural numbers, and assume
neither of them is recursive. Prove that (AWB) 1s not recursive.
Prove that any theory T with an r.e. set of axioms also has a

recursive set of axioms.

Let T be a theory in a countable language L and assume that
{(n€w: T has a model of cardinality n} is not recursive.
Prove that T is undecidable.

Let T be a consistent recursively axiomatizable theory in the usual
language for arithmetic on the natural numbers. Assume that X

is weakly representable in T by ¢ (x) and that X is not recursive.
Prove that there is some consistent recursively axiomatizable
theory T’ containing T such that X is not weakly representable

in T’ by 97(x).

Prove that there are r.e. subsets A and B of (J which are disjoint
but there is no recursive set C with A & C and (BNAC) = ¢

Prove that {e : Wo 1is infinite} g {e : Wg =w }.

m

(Hint: first define a partial recursive function gf(e,x) which

converges iff {e}(y) converges for some y > Xx]
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Let A be an L-structure and let L?(x) be a formula of L. Prove

A B |
that kSDA‘ is finite iff L?" = xf" for every elementary extension

B of A.

——

Let T be a complete theory in a countable language L, let A be an
tw -saturated model of T, and let § (x) and 9 (x) be L types.

Assume that gfé = A — EA . Prove that there is some formula

A
SO(X) of L such that §é= L?— .

Let T be a countable language whose non-logical symbols include the
binary relation <. Let T be a consistent theory of L such that <A
is a linear order of A for every model A of T. Assume that whenever
A is a model of T there are a,b in A such that the < -interval
between a and b is infinite. Prove that there is some formula

50 (x,y) of L consistent with T such that whenever A is a model of

— A
T and AAI: \_9 (a,b) then the <« -interval between a and b is infinte.

Let L and L’ be languages with LCL’, let T\’ and TZI be theories of

L’ which contain precisely the same sentences of L, and let T be a

theory of L. Prove that some model of T can be expanded to a model

of T\/‘ iff some model of T can be expanded to a model of TZ’.

Let A be any L-structure, let L’ = L(A) and let T’ = Th (AA) .
Let B’ be an L’'-structure which is a model of T’. Assume that B’
is an atomic model of T’. Prove that B, the L-reduct of B’, is

isomorphic to A.

Let T be a complete w -categorical theory in a countable language L.
Prove that there is some integer k such that for every formula ¢ (x)

: A A
of L and every model A of T, if I\SD—| > k then T is infinite.



b)

Assume that R € Wxwis r.e. and defines a strxict linear order on
(W with no last element (so R(k,k) fails for all k). Prove that
there is a strictly increasing recursive function f such that

R(f(k),£(k+1)) holds for all k.

Let the non-logical symbols of L be {+,¢,<,s,0} and let N be the
standard L-structure for arithmetic on the natural numbers.
Prove that there is no listing {, (x):n €w )} of all the formulas

of L with x free such that X = (n:N [ q%\(ﬁ)} 1s recursive.

Let L have as its only non-logical symbol the binary relation E

and let T, be the L-theory asserting that E is an equivalence

relation on the universe with infinitely many classes. Prove that

there is a complete L-theoxry T which extends To and is undecidable.

Let A be a non-empty r.e. subset of W and define I = {e : A = we'}.
Prove that every r.e. set B is many-one reducible to I.

Let L be a language with finitely many non-logical symbols and

let L’ = LuU{c}) where ¢ is an individual constant symbol not in L.

Let A’ be a strongly undecidable L’-structure and let A be its

reduct to L. Prove that Th(A) is an undecidable L-theory.

Let REC = {e : W, 1is recursive}. Prove that REC is r.e. in §”.
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Let L be a language whose non-logical symbols include the binary
relation E. Let T be a theory of L such that Efi is an equivalence
relation on A for every model A of T. Assume that in every model
A of T there is exactly one infinite Ef&—class. Prove that there
is some n in ¢« such that in every model A of T all finite EAL-
classes have at most n elements.

Let T be a complete theory of some language L and let‘gf(x) be an
L-type consistent with T. Assume that E?is omitted on some model
of T. Prove that Ei is realized in some model of T by at least two

different elements.

Let T be a complete theory in a countable language L and let A be

the prime model of T. Letzﬁ.tx) be any L-type. Prove that there

- A
is some L-type ¥ (x) such that S‘f—: A~ D,
Let L be a countable language and let L’ = LlJ{C‘ /+--1C } where
c| y---,Cyg are individual constants not in L. Let T and T’ be

complete theories of L and L’ respectively and assume T & T'.

Prove that T has a countable universal model iff T’ has a countable

universal model.

Let L be a countable language. An L-structure A is said to be

locally finite iff every element of A belongs to a finite L-definable

subset of A. Let T be a complete L-theory and assume that no model
of T is locally finite. Prove that there is some L-formula 9)(x)

consistent with T such that for every L-formula gf(x) and every
A
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a)

Let T be a complete theory in a countable language L. Let A be
a countable model of T which is not prime and let E(x) be a
type omitted on A. Prove that there is some countable model of
T which also omits & but is not isomorphic to A.

[(Warning: You cannot assume that T has a prime model.]

Assume that A and B are r.e. subsets of w such that AuUB 1is
recursive. Pro'\}e that there are recursive sets A’S A and B'S B
such that AuVB = A’v B’.

Recall that if L?(x) is a 2 -formula (in the language for arithmetic
on the natural munbers) and if Q | dx ¢ (x) then Q | W (7) for

some n in &} . Prove that there is no total recursive function £
such that whenever \p(x) is a 2,-formula and Q l— Ax f(x) then
Q}—‘]O(m) where k = T ™. |

(Hint: Let SZJ (x,y) be a 3, -formula representing in Q the relation

"x is the Godel number of a proof from Q of the sentence whose

Godel number is y" and consider the formulas nfl(x) = W (x,—l-) o]
Given a language L, let L, =L, U {c} where ¢ is an individual
constant not in Lfl.' Let T, be a finitely axiomatizable essentially

undecidable theo of L and let T = Th NSn .Prove that T
is also essentially undecidable.
Prove that {e : Wgq # w | £ {e : Wa 1is finite}.

(Hint: First define a partial recursive function f(e,x) which

converges iff (e} (y) 'converges for all v < x.]

Let A and B be subsets of wW . Prove that B is A-r.e. 1iff B S A

where A’ is the jump of A.

Let C = {Fg? : Nk G } where N is the standard model of arithmetic
on the natural numbers. Prove that A STC for all arithmetic sets

A, and use this to conclude that C is not arithmetic.
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a) Given a theory T and a sentence & of L, assume that for every model
Aof T, A }:5 iff A is finite. Prove that there is some n € W

such that for every model A of T, A }:ﬁ iff A has at most n elements.

b) Let A and B be L-structures and assume that B is a proper elementary
extension of A. Ass.ume further that there is an L-formula >0(x,y)
such that A = {béB: Bg }sz(b,bo)} for some b, in B.

Prove that b, ¢ A.

a} Let T = 'I‘h((@,+,-,<,0,1)). Prove that T does not have a countable

saturated model.

b) Let T be a complete L-theory, let L’ be a language containing L and
let T’ be an L’-theory containing T. Assume that A is a model of T
which has an elementary extension which can be expanded to an L’-
structure which is a model of T'. Prove that every model B of T

has an elementary extension which can be expanded to a model of T'.

Let L be a countable language containing (at least) a binary relation
symbol & and individual constants c¢,, for all n€w. Let T be a
complete theory of L containing (at least) the axioms that « 1is

a linear order of the universe and Ch < Sn4) for all n € W.

Call a model A of T standard if for every a € A there is some n € W
such that A A }:—55 €y, - Let A* be an (J -saturated model of T.
a) Prove that if A* is standard then there is some n € W such that
Ax va (x £ ¢y ).
b) Assume that for every L-formula (f (x) such that A* ]: % >0(x)
there is some n&€ «w such that Ax ’:3 X [UO(X) AN X g cp]. Prove

that T has a standard model.




Let T be a recursively axiomatized extension of the theory Q which is
true on N = (w,+,2,<,0,8). Let R & WX be representable in T by
the 2, -formula @(x,y). Let X = (k : 31 R(k,1) holds}.

Show X is weakly representable in T by Ay Yix,y).

Assume X is not recursive. Prove that there is some k € «J such that

T k4 Lfﬁ(i,f) for all 1€ but T/{/Vy—, kja(i,y).

Let ?; be a set of partial recursive functions of one argument, and

let I={e:(e}e'}}. Prove that I%m(w- I).

Let A and B be subsets of (J . Assume B 1s r.e. but not recursive

and that B <m A. Prove that A contains an infinite r.e. subset.

~

Let Lo be the language with no non-logical symbols.
i) Show that there is a theory Ty of L, which is undecidable.
ii) Can there be an undecidable L, -theory Ty which has only finite

models? Explain.

Let X be an r.e. subset of (J. Let I = -{e : we :1(}.

Prove that I is }Iz‘
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