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1. (a) Suppose T is a theory in a language with only finitely many
non-logical symbols. Prove that if T has infinitely many non-
isomorphic models, then T has an infinite model.

(b) Suppose L ⊆ L′ are languages, A is an L-structure, and T ′ is a
consistent L′-theory. Additionally, assume that there is no model
of T ′ whose reduct to L is elementarily equivalent to A. Prove
that there is an L-sentence θ such that A |= θ, but T ′ |= ¬θ.

2. (a) Let L = {E}, where E is a binary relation, and let T be the L-
theory asserting that E is an equivalence relation with infinitely
many classes, and that each class is infinite. Prove that T is model
complete, i.e., for all models A,B |= T , A ⊆ B implies A � B.

(b) Let A be any proper elementary extension of N = (ω,+, ·, <). An
initial substructure is a substructure (not necessarily elementary)
B ⊆ A in which the set B is a <-initial segment of A. Prove that
for any a ∈ A there is an initial substructure B ⊆ A with a ∈ B,
but B 6= A. [Possible hint: Recall that there is an L-formula
ϕ(x, y, z) such that kℓ = m if and only if N |= ϕ(k, ℓ,m) for all
k, ℓ,m ∈ ω.]

3. Suppose that T is a complete theory in a countable language.

(a) Prove directly from the definitions that if A |= T is countable and
atomic, then it embeds elementarily into every model of T . It is
not sufficient to simply quote theorems from class.

(b) Suppose that some atomic A |= T has a proper, elementary sub-
structure. Prove that T has an uncountable, atomic model.
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4. (a) Assume that R ⊆ ω2 is recursively enumerable and that the sets
{Rk : k ∈ ω} are all infinite and are pairwise disjoint. Prove that
there is a recursive set C ⊆ ω that intersects each Rk in exactly
one point.

(b) Prove that every decidable theory in a language with finitely many
non-logical symbols has a complete, decidable extension.

5. Let Fmx denote the set of formulas in the language L = {+, ·, <, s, 0}
whose free variables is precisely {x}. For each ϕ(x) ∈ Fmx, let dϕ
denote the sentence ∃x(x = pϕq ∧ ϕ(x)). Let f : ω → ω be the
(recursive) function

f(n) =

{

pdϕq if n = pϕq for some ϕ ∈ Fmx

0 otherwise

and let T be any theory in which f is represented.

(a) Prove that for every formula θ(x) ∈ Fmx there is a sentence ψ
such that T ⊢ ψ ↔ θ(pψq).

(b) Prove that if T is a consistent theory in which every recursive
function is represented, then T is undecidable.

6. (a) Prove that {k ∈ ω : ϕ2k(3k) ↑} is Π1 but not ∆1.

(b) Prove that INF is many-one reducible to ZERO, where INF =
{e ∈ ω : We is infinite} and ZERO = {e ∈ ω : ∀nϕe(n) = 0}.
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1.	 (a) Let Q( and SB· be elementarily equivalent structures in the same 
language L. Prove that there is an L-structure Q:: and elementary 
embeddings f : Q( ---7 Q:: and 9 : SB ---7 Q::. 

(b) Let L = { <, U}, where U is unary and < is binary. Let Q( be any 
L-structure with universe the rationals Q, where <'U is interpreted 
as the us~al ordering on Q and u'U is any dense, codense subset, 
e.g., 

u'U = {; : n, k are integers} 

Prove that Th(Q() is w-categorical. 

2.	 (a) Let L = {+,', 0, 1} and let SJt = (w, +",0,1) be the standard 
model of arithmetic. Let cp(x) be any L-formula defining the set 
of prime numbers in w. Prove that if Q( is an elementary extension 
of SJt and Q( =!= SJt, then there is a E A \ w such that Q( 1= cp(a). 

(b) Prove	 that every model (even the uncountable ones) of an w

categorical theory in a countable language is atomic. 

3. Let T be a complete theory in a countable language. 

(a)	 Prove that if 2( is a countably universal model of T, then 2( has 
an w-saturated elementary substructure. 

(b)	 Prove that if Q( is an infinite, countable, w-saturated model of 
T, then 2( has a nontrivial automorphism, i.e., an isomorphism 
f : 2( ---7 Q( such that f (a) =I=- a for at least one a E A. 

1
 



4.	 Let L = {f}, where f is a binary function symbol, and let ValidL 

denote the set of valid sentences in this language. 

(a) Prove that ValidL is not essentially undecidable. 

(b)	 Find an L-sentence (J rt ValidL, yet holds in every finite L(J 

structure. 

5.	 (a) Suppose that every recursively enumerable set A is many-one re
ducible to a fixed set B ~ w. Prove that B contains an infinite, 
recursively enumerable subset. 

(b) Let	 A = {e E w : We is finite} and B = {e E w : We is infinite}. 
Prove that A is Turing reducible to B) but not many-one reducible 
to B. 

6.	 (a) Prove or disprove: If a binary relation R is I.e. and IRkl ~ 2 for 
each k, then R is recursive. 

(b) Let	 A ~ w be weakly represented, but not represented by a for
mula !p(x) with respect to Q. Prove that there is a consistent, 
recursively axiomatizabletheory T :2 Q such that A is not weakly 
represented by <p(x) .with respect to T. 

2
 



DEPARTMENT OF MATHEMATICS
 
UNIVERSITY OF MARYLAND
 
GRADUATE WRITTEN EXAM
 

August 2008
 

LOGIC (Ph.D./M.A. version)
 

1.	 (a) Prove that if 2( :::S ~ and A is finite, then 2( = ~. 

(b) Suppose	 that 2( and ~ are structures in the same language L 
that satisfy the same universal sentences. Prove that there is an 
L-structure Q: into which both 2( and ~ embed isomorphically. 

2.	 (a) Find (with proof) all automorphisms of the structure 2( = (Z, +). 

(b) Recall that a countable 2( F T is w-homogeneous iff for all nEw 
and all ao, . .. ,an, bo, . .. ,bn E A there is an automorphism h of 2( 

such that h(ai) = bi for all 0 ::; i ::; n whenever tp2J.(ao, . .. ,an) = 
tp2J.(bo, ... ,bn). 

Prove that if 2( and ~ are both countable, w-homogeneous models 
of T, 2( embeds elementarily into ~, and ~ embeds elementarily 
into 2(, then 2( ~ ~. 

3. Let T be a complete theory in a countable language. 

(a) Prove that if T does not have a prime model, then T has uncount
ably many nonisomorphic countable models. 

(b) Let	 X be a countable set of I-types such that for every finite 
F ~ X there is a model 2(F F T omitting every 1? E F. Prove 
that there is a model ~ F T omitting every 1? EX. 
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4.	 (a) Suppose that T is a recursively axiomatizable theory in a finite 
language L that has no infinite models. Prove that T is decidable. 

(b) Let	 L = {+,., 0, s, <} and let ValidL denote the set of valid L
sentences. Prove that ValidL is undecidable, but not essentially 
undecidable. 

5.	 (a) Let T be any consistent, recursively axiomatizable extension of 
Robinson's Q and let ThmT = {r(J I : T f- (J}. Prove that ThmT 
is weakly represented in Q, but is not represented in Q. 

(b) Let	 PA denote Peano's Axioms. Use Godel's 2nd Incompleteness 
Theorem to prove that if PA is consistent, then 

PAu {Con(PA + -,Con(PA))} 

has a model. 

6. Let K = {e E w : {e}(e) l} and Even = {e E w : We = {2n : nEw}}. 

(a) Prove	 that there is an infinite, I.e. B such that K and Bare 
recursively inseparable.. 

(b) Prove that Even ~T 0". 
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1.	 (a) Let T be any theory in a language L that has an infinite model. 
Prove that T has a model I2t with an element a E A such that 
a :f. c21	 for every constant symbol eEL. 

(b) Suppose	 that I2t is a saturated model of Th(l2t) , and that a com
plete I-type <P(x) is realized by only finitely many elements of 12t. 
Prove that there is a formula cp(x) E <P (x) such that cp is realized 
by only finitely many elements of 12t. 

2.	 (a) Let Lnl = {+,', 0, I, ::;}. Prove that any proper elementary ex
tension 23 >- (JR, +, ,,0, 1, ::;) contains an element b E B such that 
23 B F b > f for every r E R 

(b)	 Recall that a countable modell2t is w-homogeneous iff for all nEw 
and all ao, ... ,an, bo, ... , bn E A there is an automorphism h of I2t 
such that h(ai) = bi for all 0 ::; i ::; n whenever tp21(ao,· .. ,an) = 
tP21 (bo, . . . , bn ) . 

Prove that every countable model in a countable language has a 
countable, w-homogeneous elementary extension. 

3.	 Let Lnl = {E}, where E is a binary relation symbol. Let T be the 
theory asserting that E is an equivalence relation with exactly two 
classes, both of which are infinite. 

(a) Prove that T is a complete L-theory. 

(b)	 Prove that if I2t and 23 are models of T and I2t ~ 23, then I2t -< 23. 
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4.	 (a) Suppose that T is a recursively axiomatizable theory with a model 
Q( F T that embeds elementarily into every model of T. Prove 
that T is decidable. 

(b) Assume	 that A ~ w is recursive, R ~ w x w is Le.) and that 
UkEW Rk = A. Prove that there is a recursive S ~ R such that 

UkEWSk = A. 

5. Let :F = {all functions f : w w such that f(n + 1) = nf(n) for all ---7 

but finitely many nEw}. 

(a)	 Prove that every f E :F is recursive. 

(b)	 Prove that there is a recursive function 9 : w w such that for---7 

every f E :F there is an NEw such that g(n) 2 f(n) for every 
n2 N. 

6.	 (a) Let T be a consistent, recursively axiomatizable theory contain
ing the axioms for Q. Prove that for every formula <p(x) of the 
language for Q there is a sentence (J" such that T f- (J" t-t <p(' (J" '). 

(b)	 Recall that K = {e : {e}(e) nand K = w \ K. Prove that K is 
not many-one reducible to K. 
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1. a) Prove or disprove: (Z, <) has a proper elementary substructure. 

b) Let Lnl = {E} where E is a binary relation symbol. Let 2t be the 
countable L-structure in which Ef)}. is an equivalence relation stich that 
Ef)}. has no infinite equivalence classes and for every n 2: 1 there is 
exactly one Ef)}.-class with exactly n elements. Prove that Th('11.) has 
exactly one countable model with infinitely many infinite equivalence 
classes. 

2.	 a) Let T be a theory in a language L. Assume that whenever 81 and 82 

are universal sentences of Land T F (81 V 82 ) then either T F 81 or 
T F 82 , Prove that for any '11., ~ F T there is some ([ F T such that 
both '11. and ~ can be embedded in ([. [Recall that 8 is universal iff it 
has the form VXl ... Vxn<p where <p is an open formula] 

b) Let T be an w-categorical theory in a countable language L. Prove 
that every uncountable model of T is w-saturated. 

3.	 a) Let T be a complete theory in a countable language L. Let '11. be 
a countable wI-universal model of T. Prove that there is some w
saturated ~ such that ~ -< '11.. 

b) Let T be a complete theory in a countable language L and let <I>(x) be 
an L-type. Assume that <I> is realized by at most two elements in every 
model of T. Prove that there is some formula <p(x) of L such that for 
every '11. F T, <I>2t = <pf)}.. 
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4.	 a) Assume that R ~ w x w is I.e. but not recursive and that Rk n R1 = 0 
for all k =1= t. Prove that (w \ UkEWRk) is infinite. 

b) Prove that {r(J I : (J is an open sentence and 91 F (J} is recursive. 

5.	 a) Let A, B ~ w be recursively inseparable I.e. sets. Assume that A~mC 
for some C ~ w. Prove that (w \ C) contains an infinite I.e. subset. 

b)	 Let f, 9 be total recursive functions of one argument. Let
 

If = {e E w: {e} = f} and I g = {e E w: {e} = g}.
 

Prove that If=mIg.
 

6.	 a) Let R ~ w x w be I.e. Let A = {k E w : Rk is cofinite}. Prove that A 
is arithmetic. 

b) Prove that there are infinitely many e E w such that {e}(2e) = 3e. 
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L Let Lbe a countable larigi.lage and let {Tn}nE~be L-theorLes suchthat 
Tn .~ Tn+f £or8:11n Etu. Let T* = Un~;,.,Tn and let <J? (x) be 'an L-type: 

Prove or disprove (with a cOt.interexa~ple) ea'ch of the following. 

_ a)' If each Tn ha,s a rri9d~1 realizmg <J? th~p. T* has' a ll).{)del realizing <I>. 

b) If each T~ ha,s a mo'del omitting 1> :then T* has. a model oniitting: <I> , 

2.	 a) LetT bea theoIJ\ irialanguag~ L apd let ~ be anL-structure,:~s~ume
 
that ''\;\,Thenever f) is a universal s,entence of Land T pf) then ~ p e.
 
Prove tli~t ~C9ll be erribedd~'q. jh 'soin~ m()delof T. [Recall that e is
 
univers8!'mit has the fortnVi1 ... Vxntp where tp is all open formula] ,
 

. .' .. ': . . . : 

b) Let T be a' complete' theory of L; Assume that 'T has' s~rne model 
.which realize!' just fimtelYlllanycomplete tyPes' in ~ne variable.' Prove. 
tha£eYery-'rri~delofTrec;illzes just finitely many cornplete'typesin one; 
val-iaQle'. ' " . ,' , ' 

;",:" 

3. a)	 Let:T t.ea-complete theoryinacountabl~'tal1gll<ig~:la~d i~t:<l?(x)' . 
'.' bean' L-typk .AssilriJ,e:that .~ny two -coUlitabl~nio(1elt6f.Tbm{ttihg'<I>,' -, 
are iS6ITlorph:ic.':Prov~"that~yery countable model'oft oDiittmg <I> is' 

, b) Recall tha,t a counta,bieiriodel2tisw-homogeneQusm for'all'riE w and
 
, ·alla()·,;~,., an, bo;. : , ,b~E A there IS all autOnibrPIDSrIl h'of21 such that
 

. h(ai) .. bi 'for ail a s, i'snwh~n.evertP21(ao,... ,an): tp~(b6:) ... , b;J
 

.. :. 
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Let T be a complete theory of a cOlmtable language L, and assume that 
ill F= T is countable, w-homogeneous, and wruniversal. Prove that 2t 
is w-saturated. 

4.	 a) Let f : W ---+ W 1Je a (total) function. Assume that there is some finite 
X ~ w such that for all n E(w \ X) we hayef(n + 1) = f(n) +1: 
Prove or disprove (",:,ith acounterexample): I is recursive. 

. b) Let T be a recursively axiomatizable theory containing the axioms for 
.Q such that SJ1 F= T. Prove that there is some formula tp(x) (of the 
language for Q) such that T f-' tp(n) for all nEw but T IfVxtp(x). 

5.	 a) Let A ~ w be infinite and I.e. Prove that there are infinite recursive 
sets Bo,B 1 ~ A such that (Bon B 1 ) = 0. 

b)	 Define sets A, B ~ w such that A is I.e. inE but (w \ A) is not r.e. in 
(w \ B). [You must prove the sets you define have these properties] 

6. a)	 Let 1= {e: lWei = I}. Prove that A:SmI for every I.e. A ~ w. 

b) Prove that there is some nEw such that Wn is the set whose only 
element is n. 
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1.	 a) Prove or disprove: {I} is definable (by an L-formula) in the structure 
(Q, <, +) for the language L with Lnl = {<, +}. 

b) Assume that {Tn : nEw} is a sequence of consistent theories in a 
language L such that Tn ~ Tn+1 for all nEw and Tn ~ Tn+1 for all 
nEw. Prove that T* = UnEwTn is a consistent theory and that T* is 
not finitely axiomatizable. 

2. a) Let L be the language whose only non-logical symbol is the binary
 
relation symbol E. An L-structure 2( is called a graph provided
 

2( 1= VxVy(Exy ~ Eyx) and 2( 1= Vx-,Exx.
 

A graph 2( is connected iff for all a =J a* in A either E 21 (a, a*) holds or 
there are aI, ... , an E A for some positive integer n such that 

E 21 (a, al), E 21(ai' ai+l) for alII:=:; i < n, and E21(an1 a*) 

all hold. Prove or disprove each of the following: 

a) Every elementary substructure of a connected graph 2( is connected. 

b) Every elementary extension of a connected graph 2( is connected. 

3.	 a) Let T be a complete theory in a countable language L which has a prime 
model 2(, Assume further that 2( realizes every L-type (in finitely many 
variables) consistent with T. Prove that T is w-categorical. 
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b)	 Let T be a complete theory in a countable language L and let <I> (x) 
be an L- type consistent with T which is omitted in some model of T. 
Prove that <I> is realized by infinitely many elements in some model of 
T. 

4.	 a) Let L be the language with Lnl = {+, " <,0, s} and let SJ1 = (w, +,', < 
,0, s). Let T be a recursively axiomatizable L-theory such that SJ1 F T, 
let ~(x) be a 2:-formula of L, and let D = ~rn. Assume that D is not 
recursive. Prove that there is some 2{ F T and some n E (w \ D) such 
that 2{ F ~(n). 

b) Let A, E ~ w be disjoint I.e., non-recursive sets. Prove that (A U E) 
is not· recursive. 

5.	 a) Let R ~ (w x w) be I.e., and assume that Rk is infinite for all k E w. 
Prove that there is some recursive C ~ w such that (C n Rk ) i- 0 for 
all k E w and such that (w \ C) is infinite. 

b)	 Prove that there is some f : W -7 W such that for every recursive 
9 : W -7 w there is some nEw such that g(k) < f(k) for all k 2 n. 

6.	 a) Let A = {e: {e}(k) = 0 for all k E w} and let E = {e: {e}(k) = 1 for 
all k E w}. Prove that A-mE. 

b) Let SJ1 be the standard model for arithmetic on the natural numbers, 
and let T = {'0' -, : SJ1 F O'}. Prove that A::;mT for every arithmetic 
set A. 
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1. a) Let L be a language containing (at least) the binary relation symbol 
E. Let 2t be an L-structure such t.hat E2J. is an equivalence relation 
on A. Prove that every E 2i-equivalence class is finite iff every proper 
elementary extension 2) of 2t conatins an element which is not E'.B_ 
equivalent to any element of 2t. 

b) Let T be a theory in a language L and let <I>(x) and w(y) be L-types. 
Assume that no model of T realizes both <I>(x) and w(y). Prove that 
there is some eE SnL such that whenever 2t F T and 2t realizes <I>(x) 
then 2t 1= 8, and whenever 2t 1= T and Qt realizes W(y) then Qt f= -,8. 

2.	 a) Let 2t be an L-structure. Assume that Th(2tA ) is axiomatized by some 
I; ~ SnL(A) such that every sentence in .B is either universal or the 
negation of a universal sentence. Prove that Th(QtA ) is axiomatized 
by some I;* ~ SnL(A) consisting solely of universal sentences. [Recall 
that e is universal iff it has the form VXo ... VXk <p where <p is an open 
formula.] 

b) Let T be a complete theory in a countable language L. Assume that 
there is some complete non-principal I-type consistent with T. Prove 
that every model of T realizes infinitely many complete I-types. 

3.	 Let, Qt be an L-structure and let <I>(x) be a complete L-type. Assume that 
<I>(x) is realized by exactly three elements in Qt. 

I 



a) Assuming, in addition, that <I>(:r) is principal, prove that <I>(x) is re
alized by exactly three elements in every L-structure 'E elementarily 
equivalent to 2L 

b) Assuming, in addition, that 2( is w-saturated (but not that <f> is prin
cipal), prove that <f>(x) is realized by exactly three elements in every 
L-structure 'E elementarily equivalent to 2(. 

c) Give an example of L, L-structures 2l. and 'E, and a complete L-type 
<f>(:r) such that <f>(x) is realized by exactly three elements in 2( and 
2( == 'E, but. <I>(x) is not realized by exactly three elements in 'E. 

4. a) Let S ~ (w x w) be I.e., and assume that UkEwSk is recursive. Prove 
that there is some recursive R ~ (w x w) such that Rk ~ Sk for all 

k E wand UkEwRk ==-= UkEwSk. 

b) Let T be a consistent theory in a language with just finitely many non
logical symbols,' including at least the unary function symbol s and the 
constant O. Assume that every recursive relation is representable in T. 
Prove that T is undecidable. 

5. a) Let Ao '= {e E w: \fk({e}(k) = On and A1 = {e E w: \fk({e}(k) = In· 
Prove or disprove: there is some recursive B ~ w such that Ao ~ B 
and (A 1 n B) = 0. 

b) Let A, B ~ w. Explicitly define some C ~ w such that the Turing 
degree of C is the least upper bound of the Turing degree of A and the 
Turing degree of B. You must prove that C has these properties. 

6.	 a) Recall that INF = {e E w : We is infini te}.Prove that 

INF ::;;m {e E w: \fk({e}(k) = On· 
b) Define E ~ (w x w) by E = {(el, e2): {ed' {e2}}. Place E in the 

arithmetic hierarchy, that is determine (with proof) some nEw such 
. that either E E En or E E TIn. 
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1.	 a) Let L be a language containing (at least) the unary function symbol s. 
An L-structure 2t is periodic ifffor every a E A there is some positive 
integer n such that (s21)n(a) = a. Prove that there is no L-theory T 
such that for all L-structures 2t, 2t F T iff 2t is periodic. 

b) Let T be a complete w-categorical theory in a countable language L. 
Let <p(x,y) E FmL and let 2t be any modelof T. Prove that there is 
some nEw such that for every a E A either 1<p21(x,a)1 < n or <p21(x,a) 
is infinite. 

2.	 a) Let L be the language with Lnl = {+,', <,0, s}, let 
SJ1 = (w, +, " <, 0, s), and let 2t be any proper elementary extension of 
SJ1. Let <p(x) E FmL' Prove that <p'JI is infinite if and only if there is 
some a E A such that a E (<p21 \ w). 

b) Let T be a complete theory in a countable language L. Let cI>(x) and 
\II(x) be types consistent with T. Assume that every model ofT realizes 
either cI> or \II (or both). Prove that either every model of T realizes cI> 
or every model of T realizes \II. 

3. Let T be a complete theory in a countable language L with infinite models. 

a) Prove that every countable model of T has a proper countable elemen
tary extension. 

1 



b) Assume that 21 F T is countable and wruniversal. Prove that 21 is 
isomorphic to some proper elementary extension of itself. 

c)	 Assume that 21 F T is countable and isomorphic to every countable 
elementary extension of itself. Prove that 21 is w-saturated. 

4. Let L be the language with LnZ = {+, " <,0, s} and let
 
SJ1 = (w, +,', <,0, s).
 

a) Define the function 1r : w ----t w by 1r(n) = the number of primes :S n. 
Prove or disprove: there is some <p(x, y) E FmL which defines the graph 
of 1r (that is, the relation 1r(n) = l) in SJ1. ' 

b) Prove that there is some B(y) E FmL such that for every ~-formula 

<p(x) and for every nEw we have SJ11= BU<p(n)l) iff SJ1 F <p(n). 

5. a)	 Assume that R ~ w x w is I.e., Rk is infinite for all k E w, and 
(Rk n Rz) = 0 whenever k =I l. Prove that there is some recursive 
G ~ w such that IGnRkl = 1 for all k E w. 

b) Give an example Of a theory T in a language L with just finitely many 
non-logical symbols which is undecidable but not essentially undecid
able (you must establish these properties of T). 

6. a) Prove or disprove:	 there is some arithmetic relation R ~ w x w such 
, that for every arithmetic X ~ w there is some k E w such that X = Rk . 

Let A = {e E w: 0 EWe}, B = {e E w: 1 E We}, and let
 
C = {e E w : 0 (j. We}. Prove that
 

b)	 A:SmB, but 
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1.	 a) Let T be a theory in a language L and let <p(x) , 'l/Jk(X) E FmL for all 
k E w. Assume that T 1= \:fX('l/Jk ---t 'l/Jk+l) for all k E w. Assume further 
that for every Qt 1= T and every a E A we have 

QtA 1= <p(a) iff there is some k E w such that QtA 1= 'l/Jk(a). 

Prove that there is some k E w such that T 1= \:fx(<p t-+ 'l/Jk). 

b)	 Prove that there is some Qt =(w, <) such that (lR, <) can be isomor
phically embedded into Qt. 

2.	 a) Let L be the language whose only non-logical symbol is a binary relation 
symbol < and let ~ be the L-structure (Q, <). Let X ~ Q be finite. 
Prove that the set Z is not definable in the L(X)-structure ~ x. 

b) Let L be the language whose only non-logical symbol is a binary relation 
symbol E. Let Qt be the L-structure such that 

Ef)J. is an equivalence relation on A, 

there is exactly one n-element equivalence class for every positive 
integer n, and 

there are no infinite equivalence classes. 

Is there is some proper substructure ~ of Qt such that Qt _ ~? Prove 
or disprove. 

3.	 a) Let T be a complete theory in a countable language L. Assume that T 
has no countable w-saturated model. Prove that every type consistent 
with T is realized on at least two non-isomorphic countable models of 
T. 

1 



b) Let T be a complete theory in a countable language L. Let 1>(x) be a 
complete non-principal type consistent with T. Let!2t be an w-saturated 
model of T. Prove that 1> is realized by infinitely many elements of A. 

4.	 a) Let T be a consistent recursively axiomatizable theory in the language 
L for arithmetic, let <p(x) E FmL, and let A ~ w. Assume that A 
is weakly representable in T by <p and A is not recursive. Prove that 
there is some k E w such that k rf. A, T 17 '<p(k), and T 17 <p(k). 

b) Let L be a language with just finitely many non-logical symbols which 
contains at least the unary function symbol s and the constant symbol 
O. Let T be a consistent theory of L such that all recursive functions 
and relations are representable in T. Prove that T is undecidable. 

5.	 a) Let A ~ w be an infinite I.e. set. Prove that there are infinite recursive 
sets Bo and B1 contained in A such that (Bon B 1) = 0. 

b) Let A, B ~ w. Prove that B is I.e. in A iff B~mA'. 

6. a)	 Let A = {e E w : {e}(e) = e}. Prove that A is not recursive. 

b) Let A = {e E w : IWe I ~ 1} and let B = {e E w : IWe I ;:::: 2}. Prove 
that A=TB but A¢mB. 
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1.	 a) Let T be a theory in a language L containing at least the binary relation 
symbol E. Assume that for every Q( F T, E21 is an equivalence relation 
on A. Assume further that whenever 2i F T, 2i -< ~, and a E A then 
{b E B : E'13(a, b) holds} ~ A. Prove that there is solme nEw such 
that for every Q( F T every E21-class has < n elements. 

b)	 Let T be a theory of L and let <I> (x) and W(x) be L- types. We say that 
a formula B(x) of L separates <I> and W if in every model of T every 
element realizing <I> satisfies B and every element realizing W satisfies 
-,B. Assume that no formula of L separates <I> and W. Prove that T 
has a model realizing (<I> u W). 

2.	 a) Prove that there is no formula <p(x) which defines {1} in the structure 
(Q,<,+). 

b) Prove or disprove: Th((Q, +, ., <,0, 1)) has a countable w-saturated 
model. 

3. a) Let	 T be a complete theory in a countable language. Assume that 
there is some complete, non-principal type in one variable consistent 
with T. Prove that there are infinitely many complete types in one 
variable consistent with T. 

b) Let L be the language whose only non-logical symbol is the binary 
relation symbol <. An L-structure Q( is a linear' order provided <21 is a 
linear order of A. Prove that there is some infinite linear order 2i such 
that every L-sentence true on Q( is also true on some finite linear order. 
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4.	 a) Let A ~ w be an infinite 1'.e. set. Prove that there is some infinite 
recursive set B ~ A. 

b) Let L be the language for arithmetic on the natural numbers, that 
is, Lnl = {+," <,0, s}. Let A = H(J1: 1= (J}. Prove that A is an 
m-complete Le. set. 

5. a) Let	 A = {e E w : We = 0} and let B = {e E w : We = w}. Prove 
that A and B are recursively inseparable, that is there is no recursive 
C ~ w such that A ~ C and (B n C) = 0. 

b) Prove that there is some B ~ w such that A:::;rrtB for every arithmetic 
set A ~ w. 

6.	 a) Define a partial recursive function 9 of one argument which cannot be 
extended to a total recursive function, i.e., there is no total recursive 
f : w -l- w such that f(n) = g(n) whenever g(n) 1. 

b) Prove that there are infinitely many e E w such that {e}( e + 1) = 2e. 
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1.	 a) Let L be a countable language containing at least the binary relation 
symbol E. Let T be a theory of L such that in every model 2t of T, 
E'21 is an ('quivalence relation on A. Let :p(x) E Pml,. Assume that 
no model 2t of T contains an element satisfying :p whose E'21-class is 
infinite. Prove that there is some nEw such that no model 2l of T 
contains an element satisfying :p whose E'21-class has> n elements. 

b) Let 2t = (w, +, .) and let 23 be a proper elementary extension of 2t. 
Prove that there are infinitely many primes in (B \ w). [An element 
b of B is prime if it cannot be expressed in 23 as the product of two 
elements of B each of which is different than b] 

2.	 a) Let Lnl = {E} where E is a binary relation symbol. Let 2t be the 
L-structure such that £'21 is an equivalence relation on A with exactly 
one n-element equivalence class for every positive integer n and with no 
infinite equivalence classes. Let 23 be a countable elementary extension 
of 2L Prove that tpI13(b1) = tpI13(b2 ) for all b1, b2 E (B \ A). 

b) Let L = (L 1 n L2 ) and assume that (Li \ L) contains just constant 
symbols, for i = 1, 2. Let T be a complete theory of L and let T;, be a 
theory of L i for i = 1,2. Assume that some model ofT can be expanded 
to a model of T1, and also that some model of T can be expanded to a 
model of T2. Prove that there is some model 2t of T such that 2t can be 
expanded to a model 2t1 of T1 and 2t can also be expanded to a model 
2t2 of T2 . 
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3.	 a) Let L be a countable language containing at least the binary relation 
symbol E. Let T be a theory of L such that T F VxVy( Exy -+ Eyx). 
If Qt F T and a, a* E A with a =1= a* we say that a, a* are connected 

if either E 21 (a,a*) holds or there are at, ... ,an E A for some positive 
integer n such that 

E'21(a, at), E'21(ai' ai+t) for all 1 ::; i < n, and E'2J.(an , a*) 

all hold. Assume that in every model of T there is a pair of distinct 
elements that is not connected. Prove that there is some ?j;(x, y) E FmL 

consistent ,vith T such that for every Qt F T and every a, a* E A, if 
2t,..\ F 'l/;(a, a:*) then a =1= a* and a, a* are not connected. 

b) Let T be a complete theory in a countable language L. Let Qt be a 
prime model of T and let <I>(x) be a complete type of L. Assume that 
<I> is realized by exactly two elements in Qt. Prove that <I> is realized by 
exactly two elements in every model of T. 

4. a) Let R S;;; w x w be r.e. and assume that UkEW Rk is recursive. Prove 
that there is some recursive S ~ w x w such that Sk S;;; Rk for all k E w 

and UkEW Sk = UkEW Rk . 

b) A total function f : w -+ w is monotone iff for all m, nEw, if m ::; n 
then f(m) ::; f(n). Let f be a recursive monotone function. Prove that 
the range of f is recursive. [Warning: f need not be strictly increasing] 

5.	 a) Give an example of a theory T which is undecidable but not essentially 
undecidable. [You must prove b~th assertions about T] 

b) Prove that there are Le. sets A, B S;;; w such that (A n B) = 0 but 
there is no recursive C S;;; w such that AS;;; C and (B n C) = 0. 

6. a) Prove that {e : 2 E We}=m{e : 3 EWe}. 

b) Let I = {e E w : We = {3}}. Determine some nEw such that ei ther 
I E En or I E IIn. [You need not prove your choice of n is minimal] 
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1.	 a) Let T be a theory of a language L. Assume that there is some 0 E S'17,L 

such that for every model 2l of T, 2l is infinite iff 2l F e. Prove that 
there is some 17, E w such that every finite model of T has at most n 
elements. 

b) Prove that (Q, +",0,1) is a prime model of its complete theory. 

2.	 a) Let 5J1 = (w, +,', <,0, s) be the standard model for arithmetic on wand 
let 2) be some fixed proper elementary extension of 5J1. Let ~(x) E Fml
and assume that ~'Jl. = ~fJ3. Prove that ~'Jl. is finite. 

b) Let Lnt = {E} where E is a binary relation symbol. An L-structure 2l 
is a graph provided 2l F VxVy( Exy ---* Eyx). A graph 2l is connected 
iff for all a, a* E A with a =J a* there are aI, ... , an E A for some '17, E w 
such that 

E 21 (a,al), E21 (ai,ai+Jl for all 1 ::; i < '17" and E 21 (an,a*) 

all hold. Let T be an L-theory svch that every connected graph is a 
model of T. Prove that there is some graph which is a model of T but 
is not connected. 

3.	 a) Let T be a complete theory in a countable language L. Assume that 
for every ~(x) E FmL consistent with T there is some 1p(X) E Fml
such that both (~/\'I/J) and (~/\''I/J) are consistent with T. Prove that 
T does not have a prime model. 
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b) Let T be a complete theory in a countable language L. Let 2l 1= T 
be countable and assume that 21 is isomorphic to each of its countable 
elementary extensions. Prove that T has a countable w-saturated model 
and that 21 itself is w-saturated. 

4.	 a) Let L be a language with just finitely many non-logical symbols, in
cluding at least the unary function symbol s and the constant O. Let 
T be a theory of L such that every recursive relation is representable 
in T. Prove that T is undecidable. 

b) Let A = {Io-l : 0- is a E-sentence and 5)1 1= o-}, where 5)1 is the usual 
model for arithmetic on w. Prove that A is not TIl' 

5.	 a) Let R ~ w x w be r.e. Assume that Rk i= 0 for aU k E w, UkEW Rk = w, 
and for aU k, I E 'J) either Rk = Ri or Rk n Ri = 0. Assume further that 
there is some recursive C ~ w such that for all k E W, IRk n CI = l. 
Prove that R is recursive. 

b) Let A = {e E w: We is either finite or cofinite}. Find an n so that 
A E 6.n . [You need not prove your n is the least possiblej 

6.	 a) Let A, B ~ 'J) be recursively inseparable I.e. sets (so An B = 0 and 
there is no recursive set A* with A ~ A* and A* n B = 0.) Assume 
that A:::;mC where C ~ 'J). Prove that there is some infinite r.e. set 
D ~ w such that C n D = 0. 

b) Let [ = {e E 'J) : IWe I I}. Prove that every I.e. set is many-one 
reducible to 1. 
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1. a) Prove or disprove: (Z, +) has a proper elementary substructure. 

b) Assume that 2t and a3 are L-structures and 2t == a3. Prove that there is 
some Q: such that both 2t and a3 can be elementarily embedded in Q:. 

2. a) Let L be a countable language containing (at least) the binary relation 
symbol E. Let T be a complete w-categorical L-theory, let 2t be a 
countable model of T, and assume that E'l1 is an equivalence relation 
on A. Prove that there is some nEw such that for every a E A the 
E'l1-class of a is either infinite or has fewer than n elements. 

b) Let T be a complete theory in a countable language L and let <p(x) 
be a complete L-type. Assume that T has some model which contains 
exactly one element realizing <P and also some model which contains 
exactly two elements realizing <P. Prove that T has a model omitting 
<P. 

3.	 a) Let Lnl = {cn : nEw}. Let 21 be an L- structure such that Cn21 =1= Cm 21 

for all n =1= m and such that there is exactly one element a* E A such 
that a* =1= Cn 21 for all nEw. Prove that there is no formula cp(x) of L 
such that cp'l1 = {a*}. 

b) Let 21 be a countable w-saturated structure for a countable language 
L. Let ao E A be such that h(ao) = ao for every automorphism h of 21. 
Prove that there is some formula cp(x) of L such that cp'l1 = {ao}. 
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4.	 a) Let T be a recursively axiomatizable theory true on 91, the standard 
model for arithmetic on the natural numbers. Let X ~ w be Le. but 
not recursive, and assume that X = cp'n for some I::-formula cp(x). Prove 
that there is some ~ p= T such that ~ p= <p(ii) for some n E (w \ X). 

b) Let R ~ (w x w) be Le. Assume the Rn's are infinite and pairwise 
disjoint. Prove that there is some recursive G ~ w such that IRn nCI = 
1 for all nEw. 

5.	 a) Let Lnt = 0. Give an example of a theory T of L which is undecidable 
but all its complete extensions (in L) are decidable. 

b) Let T be a recursively axiomatizable theory in a language L with just 
finitely many non-logical symbols. Assume that T has just finitely 
many complete extensions (in L). Prove that T is decidable. 

6. a) Recall that 
FIN = {e : We is fini te} and INF = {e : vVe is infini te}. 

Prove that FIN ~T INF but FIN 1:. INF.m 

b) Recall that REG = {e : We is recursive}. Prove that REG is arith
metic, that is, that REG is in En or fIn for some nEw. Although you 
should try to make n as small as possible, you do not need to prove 
your choice of n is minimal. 
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1.	 a) Let a theory T and sentences O"n of a language L be given. Assume 
that T 1= (O"n -+ O"n+l) for all nEw. Assume further that for every 
21 1= T there is some nEw such that 21 1= O"n. Prove that there is some 
no E w such that T 1= (O"no+l -+ O"no)· [In fact, T 1= (O"m -+ O"no) will 
hold for all m > no.] 

b) Let La be the language containing just the binary relation symbol <, 
let L be a language containing La, and let T be a theory of L. Assume 
that (w, <) embeds into the La-reduct of some model of T. Prove that 
(Q, <) can be embedded into the La-reduct of some model of T. 

2. a) Let 21 be (w, +, ., <,0, s). In 21 the set of primes is definable by the 
following formula cp(x):
 

(sO < x) J\ VyVz(x = y. z -+ (x = y) V (x = z))
 

Let 113 be any proper elementary extension of 21. Prove that 113 contains 
a new prime, that is,.some element b satisfying cp(x) which is not in w. 

b) Let L be the language whose only non-logical symbol is the binary 
relation E and let T be the L-theory axiomatized by sentences saying 
that E is an equivalence relation on the universe with infinitely many 
equivalence classes, each of which is infinite. Prove that T is model 
complete, that is, for all models 21 and 113 of T, if 21 ~ 113 then 21 -< 113. 

1
 



3.	 a) Let T be a complete theory in a countable language L. Assume that 
there is some non-principal complete type in one variable consistent 
with T. Prove that every model of T realizes (at least) three different 
complete types in one variable. [In fact each model of T will realize 
infinitely many, but you need not prove this.] 

b) Let 21 be an w-saturated L-structure and let cp(x, y) be an L-formula. 
Assume that for every a E A the set cp2l(x, a) is finite. Prove that there 
is some nEw such that for every a E A the set cp'.'l (x, a) contains at 
most n elements. 

4.	 a) Assume that R ~ w x w is Le. and that Rn is infinite for every nEw. 

Let 9 : w ---t w be any recursive function. Prove that there is some 
recursive function f : w ---t w such that f(n) E Rn and g(n) < f(n) for 
all nEw. 

b) Let L be the language whose only non-logical symbol is the binary 
relation E and let To be the L-theory axiomatized by sentences stating 
that E is an equivalence relation on the universe. Prove that T has a 
complete undecidable extension. 

5. a) Define f : w ---t w by 
f (n) = (J.Lk) [{n} = {k}].
 

Prove that f is not recursive.
 

b) Assume that B ~ w is such that ASmB for all Le. sets A. Prove that 
B contains some infinite Le. subset. 

6.	 a) Let An ~ w be given for all nEw. Prove that there is some B C w 

such that AnSTB holds for all nEw. 

b) Let A = {e E w: {e}(5) = 7}. Prove that A=mK. [Recall that K = 
{e: {e}(e) -l-}] 
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1.	 a) Lec T be a cheory of L, ~ec cP(x) and \¥(x) be cypes of 1. .-\ssume chac 
for every 21. :- T and all a. E A, a realizes <P iff a does noe realize IIi 
Prove that ehere lS some y(x) E FmL such chac cPC! = c;:::t for every 
model 21. of T. 

b) Let L be a language containing (ae least) the binary relation symbol 
E. Let 21. be an ..;.,'-saeurated L-struccure in which E~ is an equivalence 
relation on A '.vieh exactly one infinite equivalence class. Prove that 
chere is some nEw 5uch that every finice E~-class has at mos;; n 
elements. 

2. a) Prove or disprove: (W,7) has a proper elementary substructure. 

b) Let T be an [-cheary. Lec 21. be an L-structure which cannot be em
bedded tn any illodel of T. Prove chat there is an existential sentence 
8 of L (chat is, 9 has the form :1Xl···jXn Cl where Ct is an open formula 
of L) such ehac ,~ := e bUG T: -;8. 

3.	 a) Prove that the suuccure (w, /) has uncountably marlY aucomorphisms 
(INhere n!k iiT,~ = n . I For some t E w). 

b) Lee T be a cornplece cheory in a countable language L and let <p(x) be 
an L-type which is omitted on some model of T. ...I...ssume further that 
any two countable models of T omitting ¢ are isomorphic. Prove that 
every countable model of T omitting ¢ is prime. 

[VVarning: You cannot; assume that T has a prime model] 

1
 



4.	 a) Assume that R ~ I.;.) X w is r.e. and that UkE'.,j Rk = w. Prove that there 
is some recursive S ~ R such that UkE0J 5.\: = w. 

b) Let L be a language \'lith only finitely many non-logical symbols and 
let L' = L u {c} \'lhere c is a constant symbol not in L. Let Tlbe a 
nnitel)' axiomacizable undecidable theory of LI and let T = T' n 5nL. 
Prove that T is also undecidable. 

;). Recall that subsecs A and B of ware called recursively i'nseparable if chere 
is no recursive C ;; :.:.; such thac A ~ C and B Ii C = 0. 

a) Prove chat chere are disjoint r.e. subsecs A and B of ".:..-' \vhicn Me 
recursively inseparable. 

b)	 Assume chac A e.nd Bare disjoinc reo subsets of~' which are recursively 
inseparable. Prove che.t :.:; \ (A. u B) is infinite. 

6.	 a) Let A. = Uol u E SnL and Q f- O"} (where L is the usual language for 
arichmecic on the natural Qumbers). Prove that A is an m-complete 
Le. set. 

b)	 Prove chac there is some A ~ w such' that A E L:3 but A 'f. I1 2 · 
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1. a) Let T be a theory of a language L, and let cpi(X) be formulas of L for 
all i E w. Assume that for all i E w 

T F V'X(cpi+l(X) -+ cpi(X)) and T F -,'v'X(cpi(X) -+ cpi+l(X)), 

Prove that T has a model 21 with an element a such that 21 F cpi(o.) for 
alliEw. 

b) Let T be a complete theory in a countable language L, and assume 
that for each n > 0 there are just countably many complete types in n 
free variables consistent with T. Prove that T has a prime model. 

2. a) Prove or disprove: (Z, <) has a proper elementary submodel. 

b) Does Th((Z, +,1)) have a countable w- saturated model? Prove your 
answer. 

3.	 a) Let 21 be the unique countable model of a a complete w-categorical 
theory T in a countable language L, and let cp(x, y) E FmL. Prove that 
there is some nEw such that for every a E A, either Icp21(x, 0.)1 < n or 
cp21(x, a) is infinite. 

b) Let T be a complete theory in a countable language L having infinite 
models. Assume that for every cp(x) E FmL and for every 21 F T, 
cp'J. is either finite or cofinite (meaning its complement is finite). Prove 
that there is exactly one non-principal complete type ¢(x) in the single 
variable x consistent with T. 
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4.	 a) Let T be a consistent recursively a.."'(iomatized theory containing the 
a.."'(ioms	 for Q. Prove that there is a formula <p(x) such that 

T F <p(n) for all nEw but T F Vx<p(x). 

b)	 Let R ~ w x w be r.e., and assume that Iw \ Rkl = 2 for every k E w. 
Prove that R is recursive. 

5.	 a) Assume that A ~ w is such that 
{e : We = 0} ~ A and {e : We = w} n A = 0.
 

Prove that A is not recursive.
 

b) Assume that A ~ w is such that K ~m A. Prove that A contains an 
infinite r.e. subset. 

[Recall that	 K = {e : e E vVe }] 

6.	 a) Let T be a consistent, decidable theory in a language L with just finitely 
many non-logical symbols. Prove that T ~ T" for some complete, 
decidable theory T" of L. 

[Hint: Let {O"n: nEw} be a recursive list of all sentences of L ... j 

b) Prove that TOT =m INF. 

[Recall that TOT = {e : vVe = w} and INF = {e : We is infinite}] 
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1.	 a) Assume that L ~ L', let T' be an L'-theory and let 2l be an L-structure. 
Assume that there is no 2)' F T' such that 21 is elementarily equivalent 
to the L-reduct of 2)'. Prove that there is some (J E SnL such that 
21 F (J and T' F '(J. 

b) Let Lnl = {E} where E is a binary relation symbol. Let K be the class 
of all L-structures 21 for which E'2l is an equivalence relation on A with 
at least one finite E'2l-class. Prove that there is no theory T of L such 
that K = 1'vlod(T). 

[Hint: Assume that K ~ 1'vlod(T) and find 21 F T such that 21 ~ K.] 

2.	 a) Let L contain at least the binary relation symbol E, and let 21 be an 
infinite w-saturated L-structure such that E'11 is an equivalence relation 
on A. Assume that whenever 21 -< 2) and a E A then 

{b E B : E'13(a, b) holds} ~ A. 

Prove that there is some no E w such that every £,21-class has at most 
no elements. 

b) Let L be a countable language containing at least the unary relation 
symbols Pn for nEw, and let T be a theory of L. Assume that T has a 
model 21 such that for every ep(x) E FmL if ep'11 =F 0 then there is some 
k E w such that (ep'21 n Pk '11) =F 0. Prove that T has a model 2) such that 
B = UkEw Pk'13. 

3.	 Let T be a complete theory in a countable language L. Recall that a com
plete type <I>(x) consistent with T is said to be non-principal provided 
it does not contain a complete formula <p(x). 
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a) Assume that <I>(x) is a non-principal complete type consistent with T. 
Prove that T has some model which contains infinitely many elements 
realizing <I>(x). 

b) Assume that there are no non-principal complete types <I> (x ) in the 
single free variable x consistent with T. Prove that there are only 
finitely many complete types in the single free variable x consistent 
with T. 

4.	 a) Let A and B be Le. subsets of w. Assume that (A U B) is recursive. 
Prove that there are recursive sets A' C A and B' C B such that 
(A U B) = (A' u B'). 

b) Let A be an infinite Le. subset of w. Prove that there is an infinite 
recursive set B with B ~ A. 

5.	 a) Give a theory T in a language L with just finitely many non-logical 
symbols which has an r.e. set of axioms but is such that 

{n E w : T has a model Q! with IAI = n}
 

is not recursive. Prove that it has these properties.
 

b)	 Assume that R ~ w x w is Le. Let A = {k E w : Rk is infinite}. Prove 
that A is fI2 . 

6.	 a) Recall that K = {e E w : e E vVe} and that INF = {e E w: We is 
infini te}. Prove that K :SmINF. 

b) Let F be a non-em pty set of partial recursive functions of one argument 
and let 1= {e E w: {e} E F}. Prove that Itm(w \ 1). 

2
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1.	 a) Let T be a theory of a language L containing (at least) the binary 
relation symbol E and so that for every 2t F T, E'2J. is an equivalence 
relation on A. Assume further that whenever 21 F T, 2t -< '13, a E A 
and b E (B \ A) then 'BB F .E(a, b). Prove that there is some no E w 
such that for every 2t F T all £21-classes have:::; no elements. 

b) Let the only non-logical symbol of L be the binary relation symbol E. 
Let 2t be the L-structure in which E 21 is an equivalence relation on A 
with infinitely many 2 element classes and infinitely many 3 element 
classes and no other classes. Let 2t <;;; '13 where '13 adds exactly one more 
2 element class and nothing else. Prove that 2t -< 'B. [Hint: why are 21 

and '13 elementarily equivalent?] 

2. a) Is the structure (R, +, ., 0, 1) w-saturated? Explain. 

b) Assume that the L-structure 2t realizes exactly three different complete 
L-types in one free variable. Prive that the same is true of every model 
of Th(2t). 

3.	 a) Let T be a complete theory in a countable language L, and let <I>(x) 
be an L-type. Assume that in every model of T the type <I> is realized 
by at most 2 elements. Prove that there is a formula <p(x) of L such 
that for every 2t F T, <I>'2J. = <p'1l. 

1
 



b) Let T be a complete theory in a countable language L which has 
no prime model. Let <I>(x) be an L-type omitted on some model of T. 
Prove that T has at least two nonisomorphic countable models omitting 
<I>. 

4.	 a) Assume that R ~ w x w is Le. and that Rk is infinite for all k E w. 

Prove that there is a strictly increasing recursive function f on w such 
that f(k) E Rk for all k E w. 

b) Prove that there is a function 9 : 0) -7 w such that for every recursive 
function f on w there is some no E w so that for all n 2 no we have 
f(n) < g(n). 

5.	 a) Assume that R ~ w x w is Le. but not recursive and that UkEW Rk is 
recursive. Prove that Rk n Ri =f- 0 for some k =f- l. 

b) Let fl and h be partial recursi ve functions and assume that It =f- h· 
Let B l = {e: {e} = fd and let B2 = {e: {e} = h}. Prove that there 
is no recursive set A such that B l ~ A and B2 n .4 = 0. 

6. a) Prove that {e : 0 E We} is an m-complete Le. set. 

b) Let REC = {e: We is recursive}. Use Post's Theorem to prove that 
REC is r.e. in 0". 

2
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1.	 a) Let a theory T and sentences 0"71 for nEw be given. Assume that 

T F (0"71 -+ (iT'!-;-.d and T F (0"71+1 -+ 0"71) for all nEw. Prove that T 
has a model 2J. such that 2i F '0"71 for all nEw. 

b)	 Let L be a language containing at least the binary relation symbol E, 
and let 2i be an L-structure so that E'11 is an equivalence relation on A. 
Assume that for every elementary extension ~ of S and every b E B 
there is some a E .4 such that E'2J.(a, b) holds. Prove that E'11 has just 
finitely many equivalence classes. 

2. a)	 Prove that (Q, S) is isomorphically embeddable in some 23 = (u, S). 

b)	 Prove or disprove: (Z, +) has a proper elem.entary submodel. 

3.	 a) Let L be a countable language containing at least the binary relation 
symbol E, and let T be a theory of L such that for every model 2i of 
T, E'11 is an equivalence relation on A. Assume that for every model 2i 

of T some E'lJ. class is infinite. Prove that there is some formula <p(x) 
of L consistent with T so that whenever 2i is a model of T, a E A and 
2LA F <p(a) then the E'11-class of a is infinite. 

b) Let T be a complete theory in a countable language L, let 1>(x) and 
w(x) be L-types, and let 2i be an w- saturated model of T. Assume 
that 1>'11 = (.4 \ \}'21). Prove that there is some formula <p(x) of L such 
that for every model 23 of T, 1>'13 = <p'13. 

1 



4.	 a) Let R ~ w x w be Le. and assume that Rk =!= (/) for all k E wand that 
Rk n R1 = 0 for all k =!= l. Prove that there is some Le. C ~ w such 
that IRk n CI = 1 for all k E w. 

b)	 Let X ~ wand a formula cp(x) of the language of arithmetic be given. 
Assume that cp weakly represents X in every consiste'nt theory T con
taining Q. Prove that X is recursive. 

5.	 a) Let T be a recursively 3..,'(iomatizable theory and assume that T has 
just finitely many complete extensions (in the same language). Prove 
that T is decidable. 

b) Define f : w -+ w by f (e) = the least d such that {d} = {e}. Prove 
that f is not recursive. 

6. a)	 Give an example (with proof) of a set X ~ w which is IT l but not E t . 

b)	 Prove or disprove: Uul : 1)1 F u} is arithmetic. 

2
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1.	 a) Let T and T be theories of L such that for every L- structure 21, 21 F T 
iff 2l FT. Prove that T is finitely axiomatizable. 

b) Prove that every countable linear order can be isomorphically embed
ded in (Q,:S;). 

2. a)	 Proveordispro\·e: (R\{O},:S;) isan elementary substructure of(R, :S;). 

b) Let T be a complete :.v·-categorical theory in a countable language L. 
Prove that there is an integer k such that for every model 21 of T and 
every formula ~(x) of L with just one free variable, if y~ has more than 
k elements then y~ is infinite. 

3.	 Let T be a complete theory in a countable language L, let 21 be an w
saturated model of T, and let <I>(x) be a type in one free variable con
sistent with T. Assume that <I> is realized in 21 by exactly two elements 
of A.. Prove that <I> is realized by exactly two elements in every model 
of T. 

4.	 a) Assume that R ~ w x w is Le. and UkEw Rk = u.:. Prove that there is 
some recursive 5 ~ R such that UkEW 5k = wand 5k n 51 = 0 whenever 
k i= t. 

1 



b) Let T be a consistent recursively axiomatizable extension of the theory 
Q. Find a formula y(x) such that T F 9(n) for all n E '.1.-' but T F 
\t':ry(x). (Be sure to show that the formula .you define has this property.) 

5.	 a) Let L be a language with just finitel:" many non-logical symbols and 
let L' = L u {c} where c is a constant symbol not in L. Assume that 
T' is a finitely axiomatizable essentially undecidable theory of L' and 
let T = T' n SnL. Pro\"e that T is essentially undecidable. 

b) Prove that .-1. = {e E '.1.-' : {e}(e) = e} is not ·recursive. 

6.	 An Le. set .-1. ~ w is said to be simple if ('.1.-' \ .-1.) is infinite but does not 
contain an infinite Le. subset. 

a) Prove that the intersection of t\\"O simple Le. sets is simple. 

b) Show that K = {e : e E We} is not simple. 

2
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1.	 a) Let L be a language containing at least the binary relation symbol E 
and let T be a theory of L so that in every model 21 of T, E']l is an 
equivalence relation on A. Assume that in every model 21 of T, every 
£']l-class is finite. Prove that there is some nEw so that in every 
model Q1 of T, every £']l-class contains at most n elements. 

b) Let L: 1 and L2 be sets of sentences of L such that there is no sentence 
e of L so that Ll F e and L:2 F .....,e. Prove that (Ll U L: 2 ) has a model. 

2.	 a) Let Q1 be an L-structure and let cp(x) be a formula of L. Prove that cp']l 
is finite iff there is no ~ so that Q1 -< ~ and cp'1J. =1= cp'13. 

b) Let {CPi(X): i E w} be an infinite set of L-formulas and let 21 be an w

saturated L-structure. Assume that for every a E A there is some i E w 
such that 21.4. F CPi(a). Prove that for every L-structure ~ elementarily 
equivalent to 21, for every b E B there is an i E w such that rB B F CPi (b). 

3.	 a) Let T be a complete theory in a countable language L that has an 
infinite model. Prove that T is w-categorical iff all models of T realize 
precisely the same n-types for each nEw. 

b) Let L be a countable language and let 21 be an infinite, countable, sat
urated L-structure. Prove that there is a proper elementary extension 
~ of 21 that is isomorphic to 21. 

1 



4.	 a) Let T be a theory in a language L :2 {S, O} that contains only finitely 
many non-logical symbols. Assume that every recursive relation is rep
resentable in T. Prove that T is undecidable. 

b) Let L be a countable language and let L' = Lu {c}: where c is a constant 
symbol not in L. Let 2:: be a set of sentences of L, let T = Gnd2::) and 
let T' = Gnu (2::). Prove that T is undecidable iff T' is undecidable. 

5.	 a) Let E ~ w x w be Le. Assume that E is an equivalence relation on w 
and assume that G ~ w is an Le. set that cont~ins exactly one element 
from each E-class. Prove that E is recursive. 

b) Let A ~ w be non-empty. Carefully prove that A is the domain of 
some partial recursive function iff A is the range of some total recursive 
function. 

6.	 a) Let A. be a non-empty: proper subset of w. Assume that A is recursive. 
Prove that there are numbers a E A and b E (r..,·\A) such that }Va = ~'Vb' 

b) Let X be a non-empty subset of w. Assume that X is Le. Let I = 
{e E w : ~Ve = X}. Prove that every Le. subset A of w is many-one 
reducible to I. 

2
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1.	 a) Let, T be a theory of [ and let 17 be a sentence of L. Assume that 
for every model III of T. III 1= 17 iff A is finite. Prove that there is some 
n E ..;.' such that every model of T with at least n elements is infinite. 

b) Let III be a proper elementary extension of (w, <). Prove that there 
is an infinite sequence {a,,}nEw of elements of .4 such that an+l <~ an 
haIcl s fa l' ,til n E u.:. 

2.	 a) Let III be oil infinite [-structure. Assume that for every formula <p(.I:) 
of L, either -?~ is finite or (-''P)~ is finite. Prove that there is exactly 

one complete I-type f(;r) consistent with T that can be realized by 
infinitely many elements in some model of T. 

b)	 Let T be a complete theory in a countable language L and let 1>(x) be 

a type consistent with T. Assume that 1> is omitted in some model of 
T. Prove that there is another model of T in which <I> is realized by 
infinitely many elements. 

3.	 a) Let T be a complete theory in the language L = {+,', <, S, Ci} such 
that Q S;;; T but (~. +. '. <, S, 0) F T, Prove that there is some formula 

.p(.r) of L such that T 1= ::lr<p(.r) but T 1= -'<p(n) for every nEw. 

b)	 Let III be til(' counta hie model of an ,..".:-categorical theory in a countable 

li1l1gU<lgE' I.. Pro\'e t hat III has a non-trivial automorphism. 

1
 



4. a) Prove that every infinite Le. A ~ u.-' contains an infinite recursive subset. 

b) Let R ~ v.-' x v.-. be r.e. and satisfy the following conditions: 

U Ri; = ....' and Ri; n RI = 0 whene\-er k =f. I. 
k-E..; 

Prone' that. R is recursi\-e. (Recall that Ri; = {l: R(k, I) holds}). 

·5. a) Let .\" ~ '"'-' be roe. but not recursive. Let y(x) be a ~>formula in the 
language L = {+,., <,5, O} that defines .X- in (v.-', +,., <,5,0). Prove 
that there is some consistent theory T :2 Q such that T r y( n) for 

some II tJ. X. 

b) Prove that there is a partial recursive function f that cannot be ex
tended to a total recursive function (i.e., there is no total recursive 
function 9 such that g(k) = f{k) \vhenever f(k) is defined). 

6. a) Prove that there is some e E w such that {e }(2e) = :3e + 1. 

b) Let A = {r (J l : (J is a sen tence of L = {+,., <.5.0} and 1= (J}. Prove 
that .-\ is (1 complete Le. set. 

2
 



DEPARTMENT OF MATHEMATICS 
UNIVERS ITY OF MARYLAND 

GRADUATE WRITTEN EXAMINATION 
January 1998 

LOGIC 

1. a)	 Let L be a countable language containing at least the binary relation 

A
symbol E, and let T be a theory of L so that E - is an equivalence 

relation on A for every modelAof T. Assume that whenever A is a 

model of T and B is an elementary extension of ~ then every element 
D 

of (B A) has Its E- -class contained in (B ~ A) . Prove that 

there is some integer n such that in every model A of T every 

E 6 -class has size < n. 

b) Let T be a consistent theory in the countable language L and let 

~(-,<.") and 'f&.i be types consistent with T. Assume that for every model 
CJ]A _ ):' A 

A of T	 we have ~- = A ~ Prove that there is some formula 
.	 A A 

f(rx)	 such that "J? - = 'f - for every model A of T. 

2.	 Let T be a complete theory in a countable language L and let~ (x) 

be a complete type of T. Assume that T has models A and B so that 

\~6\ 1 and \~~ 1= 2.= 
a) Prove that T has a model omitting ..P .
 

C

(Bb)	 Prove that T has a model C so that is infinite. 

3.	 a) Prove that (CJ, +) has no proper elementary substructures. 

b) Let T be a complete ~-categorical theory in a countable language. 

Prove that there is an integer n such that for every· formula f (x) 

and every model ~ of T, if f8 is finite than Iell < n. 



logic - 2 

4. a) For any RC. w>,-W we define Rk = {l : R(k,l) holds}. Assume that R 

is r.e. and U R kk£W 
= w. Prove that there is some recursive S ~ R 

such that ~Sk = wand further Sk (\ S--e. = JI whenever k f 1. 

b) Let A, B ~~ and assume that B is r.e. but not recursive and that 

B ~~ A. Prove that A contains an infinite r.e. subset. 

5. a) Prove that {e : We J. w }i < .... yYl 
{e: We. is finite}. 

b) Let A h be arbitrary subsets of c..J for every n in uJ Prove that 

there is some B ~ W such that A'(\ ~T B for every n. 

6. a) Prove that REC = {e : We is recursive} is ~ ~ . 

b) Prove that A ~\ {r(J"': N 1= ()} for every arithmetic A~W, where 

N is the standard model of arithmetic on the natural numbers. 
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1. a) Let L be a language containing at least the binary relation symbol 

E. Let A be an L-structure in which E is interpreted as an 

equivalence relation on the universe. Assume that every element 

of every elementary extension of !:.. belongs to the E-class of some 

element of A. Prove that there are just finitely many E-classes in~ 

b) Let Land L' be languages with L £L'. Let T' be an L'-theory, and let 

A be an L-structure. Assume that there is no model of T' whose L

reduct is elementarily equivalent to A. Prove that there is some 

L-sentence (J such that A ~ cr and T IF'" cr: 

2. a) Let T be a complete theory of a language L and" let ]P (x) be an L

type. Assume that ~ is realized by at most one element in every 

model of T. Prove that there is some formula ~ (x) such that 
~A A 
~ = j for every model A of T. 

b) Let A be the countable model of an cu-categorical theory in a countable 

language L. Let X be a subset of A fixed by all automorphisms of~ 

(that is, if a E X then h (a) e X for every automorphism h of .b) . 

Prove that X is definable in~by some L-formula. (You may assume 

. that if (A,a) E (A,b) then (A,a) ~ (A,b) , and also the Ryll-Nardzewski- - - -
characterization of W -categorical theories). 



3. a) Prove that Th ( (Z, +» does not have a countable 6J - saturated model. 

b) Let L be a countable language containing at least a binary relation 

symbol E. Let T be an L-theory stating (among other things) that E 

is an equivalence relation on the universe. Assume that T has a 

model!;. with the property that every L-forrnula 'f (x) satisfiable on 

A is satisfiable by some element of A from a finite E-class. Prove 

that T has a model in which all E-classes are finite. 

4. a) Let R be a binary relation on uJ which is r.e. but not recursive. 

Assume that Rk" R..Q. = % for all k f I (where Rk = {n: R(k,n) holds}). 

Prove that U RkKE-LJ 
is not recursive. 

b) Let A = {r 0-" : Q r cr } where Q is the theory of the language of 

arithemetic used in undecidability results. Prove that every 

r.e. set of natural numbers is many-one reducible to A. 

5. a) Assume X C w is such that {e: We =W} C X and {e: We = 1}nX = 1. 
Prove that X is not recursive. 

b) Prove that B = {e: {e} (2e) = 3} is a complete r.e. set. 

6. a) Assume that B ~w is infinite but contains no infinite r.e. subset. 

Assume that A is r. e. and A ~ Wl B. Prove· that A is recursive. 

b) Recall that COF = {e: (cJ - We) is finite} Prove that COF is 

r. e. in jf I I 
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1. a) Prove that (2,<) has no proper elementary submodels. 

b) Let T be a complete theory in a countable language L containing 

(at least) a binary relation symbol E such that in every model 

of T, E is interpreted as an equivalence relation on the universe. 

Assume that in every tv-saturated model of T there is exactly 

one infinite E-class. Prove that there is some integer n such 

that in every model of T every E-class with> n elements is infinite. 

2. a) Let T be a consistent theory in a countable language L. Assume 

that for all formulas ~ (x) of L we have 

T 1= 'Vx i' (x) iff T F 'f(c) for all constants c of L. 

A 
L} .Prove that T has a model A such that A = {c  c E 

b) Let A be any L-structure and assume that Jl. realizes exactly three 

different complete types. Show that the same is true for every 

L-structure ~ elementarily equivalent to A. 

3. a) Let T be a complete theory in a countable language"L and let A 

be a countable atomic model of T. Assume that a and b are elements 

of A with the same complete type. Prove that A has an automorphism 

f such that f(a) = b. 

b) Let T be a complete theory in a countable language L. Assume 

there are only finitely many complete types ~ (x) in a single 

variable x consistent with T. Prove that there are only finitely 

many formulas If(x) of L up to equivalence with respect to T. 



logic - page 2 

4. a) Let A and B be disjoint r.e. sets of natural numbers, and assume 

neither of them is recursive. Prove that (AVB) is not recursive. 

b) Prove that any theory T with an r.e. set of axioms also has a 

recursive set of axioms. 

5. a) Let T be a theory in a countable language L and assume that 

{n € W: T has a model of cardinality n} is not recursive. 

Prove that T is undecidable. 

b) Let T be a consistent recursively axiomatizable theory in the usual 

language for arithmetic on the natural numbers. Assume that X 

is weakly representable in T by yP (x) and that X is not recursive. 

Prove that there is some consistent recursively axiomatizable 

theory T' containing T such that X is not weakly representable 

in T' by f (x) . 

6. a) Prove that there are r.e. subsets A and B of UJ which are disjoint 

but there is no recursive set C with A £. C and (B n C) = 1 
b) Prove that {e : We is infinite}.:::...., {e : We = w }. 

[Hint: first define a partial recursive function g(e,x) which 

converges iff {e} (y) converges for some y > x] 
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1.	 a) Let A be an L-structure and let If(x) be a formula of L. Prove 

that 'fA is finite iff tf-A = f-13 
for every elementary extension 

B of A. 

b)	 Let T be a complete theory in a countable language L , let A be an 

w -saturated model of T I and let ~ (x) and'±' (x) be L types. 

Assume that 9? A = A - ~A Prove that there is some formula 

:;:hA	 __ loA 
~(x) of	 L such t hat ~ J 

2. a)	 Let T be a countable language whose non-logical symbols include the 

A
binary relation <. Let T be a consistent theory of L such that < 

is a linear order of A for every model ~of T. Assume that whenever 

~ is a model of T there are a,b in A such that the <~-interval 

between a and b is infinite. Prove that there is some formula 

:P (x/y) of L consistent with T such that whenever A is a model of 
A 

T and A ~ LO (a,b) then the <--interval between a and b is infinte.-A ) 

b) Let	 Land L ' be languages with L C 
-

L' 
I 

let T / 
\ 

and T~' be theories of 

L ' which contain precisely the same sentences of L , and let T be a 

theory of L. Prove that some model of T can be expanded to a model 

of 'T'- \
/ iff some model of T can be expanded to a model of T2./ . 

3 . a)	 Let J:;. be any L- structure let L ' = L (A) and let T I = Th (A A) .I 

Let B' be an L/-structure which is a model of T / . Assume that ~' 

is an atomic model of T ' . Prove that B, the L-reduct of ~' isI 

isomorphic to~. 

b)	 Let T be a complete w -categorical theory in a countable language L. 

Prove that there is some integer k such that for every formula tf (x) 
A

of L and every model A of T I if IfA I > k then f- is infinite. 



J 

4. a) Assume that R C wxwis r.e. and defines a strict linear order on 

0J with no last element (so R(k,k) fails for all k) . Prove that 

there is a strictly increasing recursive function f such that 

R(f(k) ,f(k+l)) holds for all k. 

b) Let the non-logical sYmbols of L be {+, .,<,s,a} and let N be the 

standard L-structure for arithmetic on the natural numbers. 

Prove that there is ~ listing {'-?n (x) :nEW} of all the formulas 

of L with x free such that X-== {n:N F l.j7n (n)} is recursive. 

5. a) Let L have as its only non-logical sYmbol the binary relation E 

and let To be the L-theory asserting that E is an equivalence 

relation on the universe with infinitely many classes. Prove that 

there is a complete L-theory T which extends TO and is undecidable. 

b) Let A be a non-empty r. e. 

Prove that every r.e. set 

subset of Wand define 

B is many-one reducible 

I = {e 

to I. 

A 

6. a) Let L be a language with finitely many non-logical symbols and 

let L' L V {c} where c is an individual constant symbol not in L. 

Let b..' be a strongly undecidable L'-structure and let A be its 

reduct to L. Prove that Th(A) is an undecidable L-theory. 

b) Let REC = {e We is recursive} . Prove that REC is r.e. in ¢ 'I • 
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1. a) Let L be a language whose non-logical symbols include the binary 

relation E. Let T be a theory of L such that E A is an equivalence 

relation on A for every model~ of T. Assume that in every model 

~of T there is exactly one infinite E~-class. Prove that there 

is some n in w such that in every model A of T all finite E~-

classes have at most n elements. 

b) Let T be a complete theory of some language L and let ]2 (x) be an 

L-type consistent with T. Assume that J2is omitted on some model 

of T. Prove that ][ is realized in some model of T by at least two 

different elements. 

2. a) Let T be a complete theory in a countable language L and let.!!:.. be 

is some L-type.P (x) such that 

the prime model of T. Let § (x) be any L-type. 

~ 
A _A 
-=A-<P- . 

Prove that there 

b) Let L be a countable language and let L' = Lv {c \ , ... , c k.} where 

c I , ... , c ~ are individual constants not in L. Let T and T' be 

complete theories of Land L' respectively and assume T ~ T' . 

Prove that T has a countable universal model iff T' has a countable 

universal model. 

3. a) Let L be a countable language. An L-structure A is said to be 

locally finite iff every element of A belongs to a finite L-definable 

subset of A. Let T be a complete L-theory and assume that no model 

of T is locally finite. Prove that there is some L-formula ;P (x) 

consistent with T such that for every L-formula ~(x) and every 

n A 
I - If A,'" "\ _, "" '.c'.... , T'l T , n, I p '-" -" nrnv, nPn . , t ;c:: nnt: ~mnt"v 



b) Let T be a complete theory in a countable language L. Let A be 

a countable model of T which is not prime and- let ~(x) be a 

type omitted on A. Prove that there is some countable model of 

T which also omits ~ but is not isomorphic to A. 

[Warning: You cannot assume that T has a prime model.] 

4. a) Assume that A and Bare r.e. subsets of W such that AvB is 

recursive. Prove that there are recursive sets A'c A and B'S B 

such that AvB = A'u B'. 

b) Recall that if 'f (x) is a L.-formula (in the language for arithmetic 

on the natural munbers) and if Q t 3x f(x) then Q r- 'f (n) for 

some n in 6J. Prove that there is no total recursive function f 

such that whenever 'P(x) is a l,-formula and Q ~ 3x f(x) then 

Q ~ 'f (f (k)) where k = i' -17'. 

[Hint: Let YJ (x,y) be a ~ -formula representing in Q the relation 

"x is the Godel number of a proof from Q of the sentence whose 

Godel number is y" and consider the formulas ft (x) = tj/ (x,l) .] 

5. a) Given a language L1. let L2.. = L:l.LJ {c} where c is an individual 

constant not in L 1... - Let T 2 be a finitely axiomatizable essentially 

undecidable theory of L ~ and let T:l = T2..() Sn . Prove that T i 
L1.. 

is also essentially undecidable. 

b) Prove that {e: We f W } ~ YI"I {e : We is finite}. 

[Hint: First define a partial recursive function f(e,x) which 

converges iff {e} (y) converges for all y < x.] 

6. a) Let A and B be subsets of W Prove that B is A-r. e. iff B ~ m.. A' 

where A' is the jump of A. 

b) Le t C = {r c::r-, B. ~ u } where E- is the standard model of arithmetic 

on the natural numbers. Prove that A ~lrC for all arithmetic sets 

A, and use this to conclude that C is not arithmetic. 
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l. a) Given a theory T and a sentence e of L, assume that for every model 

A of T, A I=e iff A is finite. Prove that there is some n E W 

such that for every model ~ of T, A F& iff A has at most n elements. 

b) Let A and B be L-structures and assume that ~ is a proper elementary 

extension of A. Ass''':'''-:1e further that there is an L-fo=rnula y:; (x,y) 

such that A = f bE B: ~B ~ 'f (b,b o )J for some b o in B. 

Prove that b o 1 A. 

2. a) Let T = Th((~,+,· ,<,0,1)). Prove that T does not have a countable 

saturated model. 

b) Let T be a complete L-theory, let L' be a language containing Land 

let T' be an L'-theory containing T. Assume that ~ is a model of T 

which has an elementary extension which can be expanded to an L'

structure which is a model of T'. Prove that every model ~ of T 

has an elementary extension which can be expanded to a model of T'. 

3. Let L be a countable language containing (at least) a binary relation 

symbol ~ and individual constants cl"\ for all nEW. Let T be a 

complete theory of L containing (at least) the axioms that ~ is 



4. Let T be a recursively axiomatized extension of the theory Q which is 

true on N = (w, +, ~ ,<,0, s). Let R t;; w x W be representable in T by 

the 2;" -formula f (x,y). Let X = (k : ::J 1 R(k,1) holds}. 

a) Show X is weakly representable in T by 3 y 'f(x,y). 

b) Assume X is not recursive. Prove that there is some k E W such that 

T p.., f (k, 1) for all 1 E vJ butTy VY ., f (k, y) . 

5. a) Let ~ be a set of partial recursive functions of one argument, and 

let I = { e : {e} E j: ]. Prove that I t rn (CAl - I). 

b) Let A and B be subsets of 0J . Assume B is r.e. but not recursive 

and that B ~m A. Prove that A contains an infinite r.e. subset. 

6. a) Let La be the language with no non-logical symbols. 

i) Show that there is a theory To of L 0 which is undecidable. 

ii) Can there be an undecidable La -theory To which has only finite 

models? Explain. 

b) Let X be an r.e. subset of W. Let I = {e 

Prove that I is lT2 . 
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