UMCP Department of Mathematics Qualifying Exam
Partial Differential Equations, January 2011

(1) Solve all six problems. Each main problem will be assigned a grade from zero to ten.

(2) Begin your answer to each question on a separate sheet.

(3) Write your code number on each page of your answer sheets. Do not use yow name.

(4) Keep any scratch work on separate sheets, which should not be submitted.

(5) Carefully explain all your steps. If you invoke a “well-known” theorem, you must make clear

which theorem you are using and justify its use.

1. Consider the conservation law

ug + flu)y =0 inRx(0,00), (1)

where f € C}(R).

(a) Define an integral solution of (1).

(b) Derive the jlﬁnp {Rankine-Hugoniot) condition satisfied by a piecewise smooth integral
solution u across a C! curve where this « has a discontinuity

(¢c) Find an integral solution to (1) when f(u) = w? + u with u(z,0) = 1 if z < 0, u(z,0) =
-3 ifz>0

2. Prove or disprove: Let IV C R" (n > 2) Be an open, bounded set with O boundary. Suppose
u € WU}, Then, u € L®(U) and there exists a constant €' > 0 such that

[ullzeo@ny < Clluflwrny

8. Consider u : U — R where u € C{U) N C{U) and the set U C R™ is open, bounded This u
satisfies Lu = (0 in U where

F£ n .
Ly = — Z 0¥ (2t + Zbi (#)ug; + e(z)u .
i,j=1 =1
Assume that the operator L is uniformly elliptic; and o (), b*(z) and c(z) are smooth with
e(w) >0in U :
Let v:= ¢(u) > 0 where ¢ : R — Ry is C? and convex with $(0) = 0. Show that

maxv —=maxv .
7 U

4. Show that there is at most one smooth (up to the boundary) solution to the equation wug— e =
us — w3 in the domain (0,1) x (0, 00) with initial conditions u{z, 0) = g(x), us(z,0) = h(z) and
boundary conditions u(0,t) = u(1,2) =0

CONTINUED ON REVERSE




5. Let D be the unit disc in R?, ie, D = BY(0,1) C R%. Given f,g € L*(D), let (¥) €
HY(D) x H'(D) satisfy the boundary value problem (BVP)

Ugy = Vgy , U = —Ug, on 0D

{ —Au=f ~Av=g for z = (z1,29) €D, )

The weak formulation for this problem is defined by the 1elation

B [(z) Gj)] - /D (JU + gV)dz for all (g) € H'(D) x H(D), (%)

where the bilinear form B[, ] is

B K“’) (U)} = /D ((tag = Vay) Uy — Vioy) + (U + V) (Usy + Viry)) dz .

v v

(a) Check that if u,v € C°°(D) and satisty BVP (*), then relation (**) is true for all

U,V e Co(D).
(b) Prove or disprove: There exist constants v > 0, C > 0 such that

(e + oty + 2 | (1), (2)| 2 Clluling + Iblfaco)

for all () € HY(D) x HY(D).

6. Let f : R — R be smooth, and define the domains Uy C R2 by U, = {y > f(x)} and
U.={y < f(z)} LetI' = {y= f(z)} be the common boundary of these domains, and

define the vector N = (—f'(z),1)
Consider functions u;. : Uy — R. Assume that vy are (or have extensions) smooth up
to the boundary and are harmonic. Define

_ [ u(zy) ity < f(z) :
ul@y) = { u(z,y) if y > f(z) =

Prove or disprove: If uy. =u_ on I'and N - Vuy = N Vu_ on T, then u is harmonic
(ie., uis C%*(R?) and Au=0in R?).




UMCP Department of Mathematics Qualifying Exam
Partial Differential Equations, August 2010

(1} Solve all six problems. Each main problem will be assigned a grade fiom zeto to ten

(2) Begin yow answer to each question on a separate sheet.

(3) Wiite your code number on each page of your answer sheets Do not use your name.

(4) Keep any scratch work on separate sheets, which should not be submitted.

(5) Cazefully explain all your steps If you invoke a “well-known” theor em, you must make cleat

which theorem you aie using and justify its use.

1. A superharmonic v € C*(U) satisfies —Au > 0 in U, where here I ¢ B" is open, bounded

(a) Show that if u is super harmonic, then

w(z) > )( udy for all Blz,v) C U,
Blz,z)

where B(z, 1) is the closed ball with center o and radius r > 0, and £ f dy denotes the average

of fover B

(b) Prove that if u is superhaimonic, then ming u = mingy u

(c) Suppose U is connected. Show that if there exists @o € U such that ufzg) = ming u then u

is constant in U.

2. {a) Let F: R® x R x R™ be a smooth function of (p, z,z).
Prove that, if the following statements are satisfied:

= u is a smooth solution to F(Du,u,z) = 0,
« z(s) is a smooth curve, p(s) = Du(z(s)), #(s) = u(z(s)) and zi(s) = %,

then p(s) = — £ — 9'p,
(b) By using the method of characteristics, find an explicit local solution to
ug + ©H g5y ; ith initial conditi =
¢ 7 =0il{ >0, 2 € R, with initial condition u(z,0) = &
3. Suppose u : R™ x [0, 00) —+ R is a smooth solution of
ug +Lu=0 in B™ x (0,00) ,

whete Lu = — 370 a¥(2) ugye, + o(x)u with a¥ = a¥, smooth ¢ and ¢, and elz) = 0.
Assume that 377, a¥(z)£€; 2 6]¢f? for some 8 > 0, and all o, £ € R™,
For any lixed (wo,t0) € B" x (0, 00), consider the region Cy := {&|g(z) <o — £, 0 < ¢ < £}
where g is smooth in " ~{zo} and solves 3 7., @9g gz, =1, > 0in R™ ~ {25} and g(zg) = 0
Prove that if u =, = 0 on Cp, then u = 01in C := {(z,8) | g(x) < tp - ¢}
Hint: Define an appropriate energy E(£) = (1/2) Jo,ui + . dz and consider its derivative
Note: Partial credit will be given for treating only the case with ¢ = 0 For full credit, include
ac(z) >0

CONTINUED ON REVERSE



4. Consider an open, bounded U/ C R™ with a smooth boundary 8U/.

(a) Give the definitions of the Sobolev spaces W2P(U) and Wy?(U) where 1 < p < oo Define
the corresponding notms

(b) Prove or disprove: For any u € W*(U) N W, #(U) and 2 < p < oo,

| Du ”iv{U) < Cllull sy 1 D*ufl gy - Hint: Consider a (smooth) approximation for « and first
compute div(u Du |DulP—2)

(c) Prove or disprove: For any u € HZ(U/), there exists €' > 0 such that |[ul] mw) < Cllduliew)

. Consider the boundary value problem (BVP)

Outydu=f il
du
ﬂ=é}—u=0 on T ,

whete U C R™ is open, bounded with smooth boundary, f € L2(U), and 7 < 0 is a constant
(a) Provide a weak formulation for this BVP if u € HZ(U).

(b) Use the weak formulation of part 5(a) to prove the existence of a unique weak solution to
the above BVP

- Let 2 C R™ be open, bounded and consider f, g : B* — R with f, ¢ € C1(R2). Suppose
u, v: Q2% (0,T) — R satisfy the reaction-diffusion equations

w=Au+ flu,v),  wv=Av+glu,v) in 1% (0,7),
u=v=h>0 on 90 .

Assume that f(0,v) > 0 for all v € R and g(u,0) > 0 for all u € R. Prove that if u(z,0) > 0
and o(%,0) > 0 for all z € ©, then u > 0 and v > 0 for all (z,) € 2 x (0,7) Hint: For partial
credit, first consider the given problem for n = 0, ie., without any z dependence of u, v (so
that the PDEs reduce to ODEs)



UMCP Department of Mathematics Qualifying Exam
Partial Differential Equations, January 2010

(1) Solve all six main problems. Each main problem will be assigned a grade from zero to ten

(2) Begin your answer to each question on a separate sheet.

{3) Wiite your code number on each page of your answer sheets Do not use your name

(4) Keep any scratch work on separate sheets, which should not be submitted.

(5) Carefully explain all youz steps. If you invoke a “well-known” theorem, you must make clear
which theorern you are using and justify its use.

1. Let U= {z € R® : |z| > 1}. Suppose that u € C?(U) N C(T) is a bounded solution of the
following exterior Dirichlet problem: Au=0in¥U,andu=fon T ={z € R" : |z = 1} where
f(=) is continuous on I
(a) Consider n = 2. Show that there exists ai most one solution of the above problem.

Hint: First, you might want to consider an appropiiate maximum principle in U by using
v=uyxelnlg

{(b) Now consider n = 3 Show that it is possible to have more than one bounded solutions
of the above problem. What additional condition should you impose so that the solution u be
unique in this case ?

2. Consider the initial value pioblem

(um1)2 (uwz) =& "i‘x in R?
u—azl/2 on R x {zg =0},

With ug, (21,0) > 0 for all 1 € R; « is a positive constant (@ > 0).
Find a smooth solution u(z, z2) of this ploblem for any given o > 0. For what value(s) of & is

% = 0 on the parabola I' = {(z1,z2) € R? : 2y = —23} ?
3. Consider the following Cauchy problem for u(z, t):

ug — g(2)Au + v =0 in R3 x {0, 00) ,
u=4f, w=h on R? x {t =0},

where f(z) and h(z) are smooth with compact support, g(z) € C(R3) with 0 <dy < g(z) < dy
for all z € R®, and m is a positive integer  Suppose that u is C2.

(a) Find a conserved energy for this problem, assuming that u has compact support in z for
each ¢. Hint: You are asked to find an expression of the form E(¢ = fos p(u, ug, Du) dz that
is conserved, whete p > 0 and p; +div,q = 0 for appropriate vectox Valued g (which you should
find). 'You may want to first divide the given PDE by g

(b) Assume that f and h are compactly supported in B(0,a), ie, in the ball of radius a (o > 0).

Show that u(z,t) = 0 for |z| > a +{+/dz for t > 0. Hint: You may use the result of part 3(a).

You may want to appropriately integrate over the intersection of any slice R3 x [0,7] with the
exterior of the spacetime cone || — £/dz = a; and thereby derive a suitable bound for E(T)




4. Let ©2 C R® be open, bounded and contain the origin. Show that u(z) = |z|~! belongs to the
Sobolev space W1*(Q) Note: For full credit, you should study the weak derivative of u(z) by
including the origin, not just the usual calculus derivative (away from 0).

. Let €2 be a smoothly bounded subset of the unit ball centered at zp in R™.

a) If 2o = 0, prove that fox every f € L?(Q) there exists a unique solution u € H3(£) to the
equation

—%Au+9u +z Du=f (1)

b) What happens if gy is different from 0 and possibly large? Is it still true that for every
f € L?(Q2) there exists a unique solution u € HE{S2) to problem (1)? Prove your claim, or give
a counterexample

. Consider the following initial boundary value problem for the vertical displacement u(z,t) of a

thin plate:
up +A%u=0 inQx(0,7),
u=0ufdv=>_0 ondQx[0,T],
{v=guw=hr onQx{t=0},

where (2 C R? is open, smoothly bounded with outward normal v; and g € HE(Q), h € L2(Q)
Give a weak formulation for this problem whete u and the test function v satisfy |[Dful;z +
| Diullzz < C and || Dgv|z2 + |DSvllz2 < € if [al < 1 and || < 2 together with additional
boundary conditions which you must find and which must make sense in this low 1egulaiity
setting.




Department of Mathematics Qualifying Exam
Partial Differential Equations, August 2009

(1) Answer all six questions Each will be assigned a grade from zero to ten,

(2) Begin your answer to each question on a separate sheet.

(3) Write your code number on each page of your answer sheets Do not use your name.

(4) Keep any scratch work on separate sheets, which should not be submitted.

{5) Carefully explain your steps. If you invoke a “well known” theorem, you must make
clear which theorem you are using and justify its use.

(1) Let f € C,(R) For every (z,y) € R x Ry let
_ [Tyl
’U;(ZE,y) - /—oo (.’1'7 o 2)2 . yz dz
Show that u satisfies
Azu =0, over (z,y) e RxR,,
111[1)1+ u(z,yy = flz), lorevaryz€R.
y““—‘

(2) Let @ C R be a smooth bounded domain and T > 0. Let f € C(Q x [0,T}),
g € C{oQx[0,T]), and hy, hy € C(Q) with ha(z) = hy(z) = g(,0) for every x € 6.
Suppose that u, us € C*{ x (0, 7)) N CHQ x [0,T]) solve
dpuy — Nguy = f over (z,t) € & x (0,77,
U = g, over (z,t) € 002 x (0,7),
ui{z,0) = hy(z),  for every z € 2,

Let v = (ug — u1)/M where M = max{|hy(z) — h1(z)| : = € 2}. Given the fact that
w = log(1 + v?) satisfies

51521) = Aww—i—Q(l_}_—Uz)szmUl s

show that if uy (2,77} = us(z,T) for every z € ) then
u1(z, 1) = ua(z, b)), for every (z,t) € @ x {0,7).

(3) Let the function G be defined over R? x R by
1 1
— e fort> |z,
Gla,t) = { 27 \JE o’
0 otherwise .

Show that 82G — A,G = §(z) §(t) — i.e. show that for every ¢ € CP(R? x R)
/ / G (826 — Aud) dadt = 6(0,0)
JRZxR

You may take as given that G(z,1) satisfies the wave equation in the region ¢ > [z].
Hint: G(z,t) is singular where ¢ = |z{, so be careful when integrating by parts.




(4) Let 2 C R® be a smooth bounded domain. Let 8Q = I'y UT'; where I'y and Iy each
have positive surface area and a smooth boundary Consider the boundary-value

problem
Vo (A@)Ver) +e(z)u= f(z) inQ,
©w=10 on I,
n(z) {A(z}Vu) =0 onI'y,

where A, ¢, and f are smooth over 2, n is the outward unit normal on 89, ¢ is
positive, and the D x D matrix-valued function A is symmetric and satisfies the
uniformly ellipticity condition ~— namely, that there exists an @ > 0 such that

T A(2)€ > ale]? for every £ eRP and x € Q0.

Give a weak formulation of this problem and use the Lax-Milgram theozern to show
the existence of a weak solution in H(£).

(5) Consider the initial-value problem
Bu — Ayu=sin(u), over RP? x Ry,
ulz:ozh? over R?

where h € L*(R”). Show that for every T > 0 there exists a unique mild solution
to this problem in C([0,77]; L*(R?)). Recall that a mild solution is one that satisfies

the integral equation
t
u(z, 1) = g % h{z) + / gs *sin(u{ ,t —s)){z)ds,
0

where * denotes convolution over R? and g; is the fundamental solution for the linear
heat equation, which is given by

2 .
exp ( — ﬂ) , for evary (z,%) e RP x R,

1
W)= me? it

(6} Let u be an absolutely continuous function over R, with a derivative u’ such that
o] 00
/ zu’ dz < 0o, / w3 (uw)? dz < oo |
Jo 0

Show that
{a) u is uniformly Hélder continuous away from the origin;

{(b) lim zu(z)=0;
(¢) z|u(z)| is uniformly bounded over R

Hint: Because u is absolutely continuous, the fundamental theorem of calculus implies
3

ulzy) —u(z) = / u'(z) dz

Ja




DEPARTMENT OF MATHEMATICS
PDE EXAM JANUARY 12 20@

Instructions
1 . Answer all six questions. Each will be assigned a grade from zero to ten.
2 . Begin your answer to each question on a separate answer sheet. Write your code
number on each page of your answers sheets. Do not use your name.
3 . Keep scratch work on separate sheets, which should not be submitted.
4 . Carefully explain your steps. If you invoke a "well known” theorem, it is your respon-
sibility to make clear which theorem you are using, and to justify its use.

1 : a) Find the function G(z) that satisfies

~G"+G=6(z), —c0o < T < +00 (1)
G(z) —» 0 as |z| — o0 (2)

where the first equation is understood in the sense of distributions. Explain, which problem
you solve in order to find the proposed solution, and next show that the function G(z)

that you obtained satisfies (1) in the sense of distributions.
b) Use part (a) to write down a formula for the solution of

—u" +u=f(z), -—-oc0o<z<+oo (3)

2 : Consider the equation
U — Au+V(z)u=h(z) z€Q,t>0 (1)

where Q-is a bounded smooth domain and V(z) and h(z) are smooth functions with

V(z) > 0 on §2. The initial conditions are

u($>o) = f(CE) ’ ut(az,O) = g(x) (2)
and the boundary conditions are
Ju
— = Q.
U+ o 0, z€0 (3)



a) Assume that h = 0 and derive an energy equation for an appropriately defined energy.
b) State and prove a uniqueness theorem using the energy equation in part (a).
c) Repeat parts (a) and (b) with h # 0.

3 : Let 0 C R" be a bounded open set with smooth boundary 8. Show that C? solutions

of the initial-boundary value problem

— Au+cos(u) =0 inQ x (0,400) (1)
u=0 on 90 x (0, +o0) (2)
u(z,0) =wug(z) in (3)

are unique.

4 : Prove that the function
1
u(z,y) = 5~ log (Va2 +9?) (1)

satisfies in the sense of distributions the equation,
H* H?
=4 2
(31‘2 0 2> ‘= Qd((x y)) @)

where 824((z,y)) is the Dirac measure in 2-space dimensions defined by its action on test

functions

(82a((2,v)),¢) = #(0,0) Vo € C(R?) (3)

5 : Let L be a strongly elliptic operator in R™ with C'° coefficients. To keep notation

Za (i(0) g )+t )

and assume ), . a;;(2)6:&; > |€[* for all z and &,
a) Prove there eXlStS U a ball of radius € > 0 centered at 0 such that for every f € L*(U),

the equation Lu = f has a unique solution in u € H3(U).
b) Explain briefly why this result might not be true if ¢ = 1.

simple, assume

6 : Let B be the unit disc in R?, 4B its boundary.
a) Prove directly that there exist constant C such that for any u smooth up to the boundary

of B
[wllZ2amy < C (”“|[L2(B + ||u”L2(B)H ‘ L2(B)) W

2



b) Prove that the trace operator T : H'(B) +— L%(8B) is compact.
HINT : For part (b) you can assume the estimate

”T(u)”iz(aB) <C (||U||2L2(B) + ||UHL2(B)HVUHL2(B))

for all w € H*(B), which follows easily from part (a) of this problem.



Qualifying PDE Exam, August 2008

1. Answer all six questions. Fach will be assigned a grade from zero to ten.

2. Begin your answer to each question on a separate sheet. Write your code
number on each page of your answer sheets. Do not use your name.

3. Keep scratch work on separate sheets, which should not be submitted.

1. Let B be the unit ball in R™ and let u : [0,00) x B — [0, M] be sufficiently
smooth up to the boundary. M is a fixed number. . Assume u satisfies uy — Au +
42 = 0 in (0,00) x B with Dirichlet conditions on the side boundary, 4 = 0 on
OB x (0, c0). Prove there exists T such that u= 0 on B X [T, 00).

HINT. Let v solve v + v¥/2 = 0, v(0) = M, and look at w = v — .

2. Find a smooth solution to uz+ (uz)* = 0, z € R, t > 0, with initial conditions
u(z,0) = 3243,

3. Show that there is at most one smooth (up to the boundary) solution to the
equation ug+cus —uyy = f(z,t) in the domain (0, 1) x (0, co) with initial conditions
u(z, 0) = g(z), us(z,0) = A(z) and boundary conditions u(0, ¢} = u(1, ¢) = 0. Three
points credit will be given for the easy case ¢ > 0, but the case ¢ < 0 is alsorequired.

4. Let U be a smoothly bounded domain in R™.

(a) Find the weak formulation of u — Au = 0 in U with boundary conditions
U, = g on OU. (u, = normal derivative). Your weak formulation for u € H*(U)
should be equivalent to the classical formulation under the additional assumption
that all functions considered are smooth up to the boundary.

(b) Prove that for every g € L?(8U) the above weak formulation has a unique

solution u € HY(U).

5. Let 6 € C®(R), 6(z) = 1 if |z| > 2, 6(z) = 0 if |z < 1. Let 6(z) = (1),
Let h € L*(R™), smooth away from 0, and assume [|6Vh||12(mn) < 1 for all € > 0.

Prove or disprove: h € H(R")

(a) in the case n =1

(b) in the case n = 3.

HINT: You can use without proof Sobolev type inequalities

llullLee v,y < Cllullwrru,) where Ue = {|z] > €}, 0 < € < 1, and C independent

of €.

6. Let U be an open set in R™, assume 0 € U.
(a) Prove that H = {u € L2(U)| Au = 0in the sensé of distribution theory} is

a closed subspace of L2(U).
(b) Prove there exists a unique v € H such that «(0) = [, u(z)v(z)dz for all
u € H. For part (b) you can assume the elements of H are automatically smooth.
(c) Find v explicitly if U-is the unit ball centered at 0.



DEPARTMENT OF MATHEMATICS
PDE EXAM JANUARY 12 2007

Instructions
1 . Answer all six questions. Each will be assigned a grade from zero to ten.
2 . Begin your answer to each question on a separate answer sheet. Write your code
number on each page of your answers sheets. Do not use your name.
3 . Keep scratch work on separate sheets, which should not be submitted.
4 . Carefully explain your steps. If you invoke a "well known” theorem, it is your respon-
sibility to make clear which theorem you are using, and to justify its use.

1 : a) Find the function G(z) that satisfies

~-G"+ G =46(z), —c0o <z < +00 (1)

G{z) — 0 as |z — (2)

where the first equation is understood in the sense of distributions. Explain, which problem
you solve in order to find the proposed solution, and next show that the function G(z)

that you obtained satisfies (1) in the sense of distributions.
b) Use part (a) to write down a formula for the solution of

~u" +u= f(zr), -—oco<z<+400 (3)

2 : Consider the equation
up —Au+V(z)u=h(z) z€Q,t>0 (1)

where § is a bounded smooth domain and V(z) and h(z) are smooth functions with
V(z) > 0 on 2. The initial conditions are

w(z,0) = f(z), wu(z,0)=g(z) (2)
and the boundary conditions are

Ju
u+(—9;—0, T €00 . (3)



a) Assume that h = 0 and derive an energy equation for an appropriately defined energy.
b) State and prove a uniqueness theorem using the energy equation in part (a).
¢) Repeat parts (a) and (b) with h # 0.

3 : Let 2 C R" be a bounded open set with smooth boundary Q. Show that C? solutions

of the initial-boundary value problem

up — Au+cos(u) =0 in Q x (0, 400) (1)
u=0 on 90 x (0, +o0) (2)
u(z,0) =uo(z) in (3)

are unique.

4 : Prove that the function
1
u(z,y) = 5-log (V2* +¢°) (1)

satisfies in the sense of distributions the equation,

(88—; + ;—;) u = 624((x,y)) (2)

where (52d((:z:,y)) is the Dirac measure in 2-space dimensions defined by its action on test

functions

(s2a((,v)), 6) = #(0,0) V9 € C(R?) (3)

5 : Let L be a strongly elliptic operator in R® with C* coefficients. To keep notation

Lu=— ZJ a% (aij(z)g—;) +e(z)u (1)

and assume Ei,j a;;(2)€:&; > |€]? for all z and €.

a) Prove there exists U a ball of radius € > 0 centered at 0 such that for every f € L2(U),
the equation Lu = f has a unique solution in u € H}(U).

b) Explain briefly why this result might not be true if e = 1.

simple, assume

6 : Let B be the unit disc in R?, 8B its boundary.
a) Prove directly that there exist constant C such that for any u smooth up to the boundary

of B
1
L2(B)) W

du
lullZ2(6m) < C (HUH%Z(B) + HUHLZ(B)HE(

2



b) Prove that the trace operator T : H*(B) = L?(0B) is compact.
HINT : For part (b) you can assume the estimate

“T(U)Hiﬂ(ag) < ¢ (HUH%Q(B) + ||u||L2(B)”quL2(B))

for all w € H'(B), which follows easily from part (a) of this problem.



Department of Mathematics
Qualifying Exam in Partial Differential Equations, January, 2008

Carefully explain your steps. If you invoke a ”well-known” theorem, you
must make clear which theorem you are using and justify its use. ;

1. Let U be a smooth bounded domain in R™ and let

T = — Zn: a,.(z)aQ_“ + ib'("’) ou
N e 4 31'7;81']' — ¢ a.’Z,‘i
2,5=1 =1
be a uniformly elliptic operator with smooth coefficients. In particular, (a;;(z)) is

positive definite.

Suppose L has a Green’s function G(z,y). In other words, if f € C§°(U) and
u(z) = [, G(z,y) f(y)dy, then u € C*(U), u is continuous up to the boundary and
solves L{u) = f, with u = 0 on the boundary of U. Assume G(z,y) is integrable in
y for fixed z, and smooth for z # y.

Prove G(z,y) > 0forallz,y € U, z # y.

2. Let u be a C? solution of uyy — Au =0 for t > 0, £ € R% Let H, be the
surface {t? — |z|> = r2,¢ > 0}, with the usual surface measure of surfaces in R? (the
kind you learned in Calculus). Assume the support of u intersects each H,, r > 1,
in a compact set.

a/. Prove that the vector field

1 1
(%: I/’17 ‘/2) = (5(”!)2 + §|vu|2a _utuz“ _‘Utuzg)

satisfies
0 Vy + 89;11/1 + (9121/2 =0

b/. Find an “energy”

1 t
E(T) = /Hr (5 ((Ut)2 + |V'LL|2) —m +-- ) ds

which is constant as 1 < r < co. Prove that E(r) > 0 for any such u.
3. Consider the equation

—(ug, )2 4 (ug,)? +22=0, z;€ER, 23>0

with initial condition u(z1,0) = g(z1), with g(z1) € C* strictly increasing. Also
assume g, (z1,0) > 0.
a) Find explicitly the characteristics @;(y, s), 22(y, s) starting at the point (y, 0).
b) In the (admittedly easy) case g(z1) = x1, sketch the characteristics and write
down an explicit solution. Your answer can involve I(s) = fos sin?(r)dr which you
need not evaluate.



4. Let B = {z € R® : |z| < 7}, and let u be smooth up to the boundary in B,
u = 0 on the boundary of B. Let Au+u = f.

Prove that inla]
sin |z
flx)dx =0
/B ]

HINT. Show first that 212l is an eigenfunction of A. You may use without

[Ed]
proof the expression of A in spherical coordinates.

5. Let w € WP(Q), v € Wh9(Q) with 1 < p, ¢ < oo such that 7 + ¢ = 1. Show
that wv € WH1(Q) and that its weak derivative satisfies the product rule

D(uv) =uDv +vDu

6. Consider the boundary value problem
-—Au=f inQ

— +a(z)u=g(z) on o

where (2 is a smooth, bounded domain in R™ and a(z) € C(Q).

a/ State the definition of a weak solution for the above boundary value problem.
Make sure that you list the regularity requirements for the data f and g as well as
the regularity of the (defined) weak solution w.

b/ Consider the case a(z) > 0 on 9. Let u, v be two functions that satisfy your
definition in a/., with the same data f and g. Prove or give a counterexample that
u=v a.e in Q.

¢/ Consider the case a(z) = 0 in 9, and let u,v be as in b/. Prove or give a
counterexample that v = v a.e. in Q.



DEPARTMENT OF MATHEMATICS
QUALIFYING PDE EXAM, AUGUST 2007

Instructions
1 . Answer all six questions. Each will be assigned a grade from zero to ten.
2 . Begin your answer to each question on a separate answer sheet. Write your code

number on each page of your answers sheets. Do not use your name.

3 . Keep scratch work on separate sheets, which should not be submitted.

4 . Carefully explain your steps. If you invoke a ”well known” theorem, it is your respon-
sibility to make clear which theorem you are using, and to justify its use.

1 : It is given that the eigenvalues and eigenfunctions of the boundary value problem
y' -2y =Xy, —o0<&<+00

are A\, = —2n and y,(§) = Hp(£), n = 0,1,.... The functions H,(£) are called Hermite

polynomials of degree n generated by the relation

n €2 ar , 2
Hy(€) = (—=1)"e* dg—“(e <)

a) Show that the Hermite polynomials satisfy the orthogonality conditions,

+co
Hn(O)H,(E)e 7 de =0 for n#m.

—co
b) Consider the initial value problem

At + 1)thy = theg + 2€0h¢ EeR, t>0
P(&,0) = o(€) (ER.
Solve this problem via the method of separation of variables.
Note : For part (b), you may use the fact that {Hne_fz/Q}zozo is a complete orthogonal

system in L?(R).
Hint : In part (b) consider eigenfunctions of the form ]17,,1(5)63_“52 with the parameter a

suitably chosen.



2 : For the canonical quasi-linear PDE u; +uu, = 0in —co <z < +ocoand t > 0 :
a) Find (more than one) z-integrals that are conserved during the time evolution of this

PDE (asuming that v — 0 sufficiently fast as |z| — o0).
b) Find the (generalized) solution to that PDE when

w(z,0) = z if 0<z<a
Ao az:—z if a<z<bd
with u(z,0) = 0 for z < 0 or > b. Draw three sketches of the solution: (1) a characteristic

sketch in the z,t plane, (2) two representative sketches in the z,u plane.
¢) Show which of the conserved ihtegrals are indeed preserved by your generalized solution.

3 : Let f € WHP(R™) and assume that ¥ : R — R is a continuously differentiable
function that satisfies ¥(0) = 0 and sup,cg |¥’(s)| < M, for some M > 0. Show that the
composition g(z) := ¥(f(z)) belongs to W»?(R™), and that the chain rule holds i.e.

DV (f(z)) =V (f(z))Dif(z) .

4 : Assume that u € H*(Q) is a bounded weak solution of

—Z ”uzz =0 inQ

1,J=1

with a® € C'(Q) a symmetric, strictly positive matrix. Let ¢ : R — R be convex and
smooth, and set w := ¢(u). Show that w is a weak subsolution; that is, it satisfies

n
Blw,u] := Z 0wy, vy, dz <0
b =1

for all v € H} (Q) with v > 0.

5 : Suppose that you want to solve the one dimensional wave equation in the region z > at,
where a is some constant such that 0 < a < ¢, with zero initial data and Neumann type

boundary condition i.e.
Ugp — CUgy =0 for ¢>0 z>at
u(z,0) =us(2,0) =0 for z>0
—ug(at, t) +aug(at,t) = g(¢) for t>0.

2 +



You may use any method you wish, or you may use the following suggestions. Recall
that the Riemann-Green function for the one dimensional wave equation is

1
R(CL‘,t) = %g(t)X[—ct,ct](x)

1 i £20
Q(t)‘{o if t<0}'

Make a guess that the solution is of the form

where,

u(z,t) = /R(:c —as,t — s)h(s)ds -

0

check that this is indeed a solution and find what function A(s) will satisty the boundary
condition ug(at,t) — aus(at,t) = g(t).

6 : Suppose that u(z,t) is a smooth solution of the parabolic PDE,

u — Au+c(z)u=0 (z,t) € Q x (0,400)
u=0 (z,t) € 9Q x (0, 4+00)
u(z,0) = f z €

where (2 is a bounded domain in R™ with smooth boundary. Assume that ¢(z) satisfies the
lower bound ¢(z) > ¢o > 0 for some ¢y positive constant. Prove that the solution u(z,t)

satisfies the bound,
lu(z, t)| < Ce™®"  (2,t) € Q x [T1, T3]

where 0 < T; < 15 are two arbitrary positive times.



DEPARTMENT OF MATHEMATICS
PDE EXAM JANUARY 12 2007

Instructions
1 . Answer all six questions. Each will be assigned a grade from zero to ten.
2 . Begin your answer to each question on a separate answer sheet. Write your code
number on each page of your answers sheets. Do not use your name.
3 . Keep scratch work on separate sheets, which should not be submitted.
4 . Carefully expllain your steps. If you invoke a ”well known” theorem, it is your respon-
sibility to make clear which theorem you are using, and to justify its use.

1 : a) Show.that the function G(z) = (1/2)e~!?! is the solution in the distribution sense

of the equation,
-G"+G=6(z) ; —co<z<+00.

b) Use part (a) to write a solution of

—u"+tu=f(z) ; —-o0<z<+00.

2 : Consider the diffusion equation

8tu—6$(d(x)3xu) =0 : t>0 O0<z<«l
u(0,2) = f(2) 5 ws(0)=us(1)=0.

' where d(z) is a strictly positive continuously differentiable function.
a) Assume that you know all the eigenfunctions and. eigenvalues of the operator

Lu = 0, (d(2)051) 1z (0) = ug(1) =0

Write a formula for the solution u(t,z) of the initial- boundary value problem above.
b) Does the solution u(t,z) tend to a limiting value ue () as t — co? Carefully justify

yOUT answer. _ o
c) If the limit in part b) exists, what is the limiting function ue(z)?




3 : Let B be the unit ball (disc) in R?. Prove that there exists some constant C such that
for any function u € H!(B) the following inequality is true,

lullzzzy < € ([Vull o gy + Iellzcom) ) -

4 : a) Let B be the unit ball (disc) in R? and f, g two continuous functions in B. Find
the weak formulation of the system

—Aututv,=f
—Av+v—u, =g,

where (z,y) € B with Dirichlet boundary conditions u = v = 0 for (z,y) € 9B.
b) Show that the weak problem has a unique solution.

5 : The solution of the wave equation in three space dimensions, namely the problem

ug —Agu=f ; t>0 z€ RS

u(0,2) = 1(0,z) =0

is:given by the formula,

u(t,7) = 0/ o | fewaseyds,

ly—z|=s

where dS(s,y) is surface measure on the sphere of radius s. Use this formula in order to
solve the same problem in two space dimensions,

g —Ngu=7f ; t>0 ze&R*

u(0,2) = uw(0,2) =0 .

6 : Let B be the unit ball in'R3. Consider the eigenvalue problem,
“Au=Xu zeB |
Sut+u=0 x€dB,

where 0, denotes the normal derivative on the boundary 8B. Show that all eigenvalues
are positive and that eigenfunctions corresponding to different eigenvalues are orthogonal

to each other..



Department of Mathematics
Graduate Written Examination in Partial Differential Equations
August 2006

Instructions
1 . Answer all six questions. Each will be assigned a grade from zero to ten.
2 . Begin youwr answer to each question on a separate answer sheet. Write your code
number on each page of your answers sheets. Do not use your name.
3 . Keep scratch work on separate sheets, which should not be submitted.
4 . Carefully explain your steps. If you invoke a ”well known” theorem, it is your respon-
sibility to make clear which theorem you are using, and to justify its use.

1 : Assume f € C!(R). Solve the initial value problem, for z € R and t € R. For what
values of ¢ is the solution defined?
U + TUy — uw? =0

u(z,0) = f(x) .

2 : Let u(x) be harmonic for x € R®. Suppose that Vu € L2(R3). Prove that u is a

constant.

3 : Let 9(s) be a C* function with k£ > 2 and compact support in [1,2]. For x € R® with

x# 0andt e R set
t
u(x,t) = M r=1/a? + 23 + 2.

a) Verify that u is a solution of the wave equation uy — Auw =0 for t < 1.

b) How is the solution continued beyond ¢ = 17 Provide a formula.

¢) Does u continue to be of class C* in x and ¢? In particular, check the regularity in the
interval 1 <t <2 atr=0.

d) What is the energy of u? Verify directly that the energy is conserved.

4 : Assume f : R v R is C' and f’ is bounded. Suppose U is a bounded open
subset of R™ and v € WYP(U) for some p € (1,+0c0). Show that f(u) € WLP(U).



5 : Assume U is an open bounded subset of R™ with C! boundary. Suppose that the
boundary is the disjoint union of two smooth subsets of positive measure, i.e., U = C1UCy
with C1 NCy = ¢, and |C1| # 0 and |Cy| # 0. Consider the following problem

—Au=f in U
v=0 on
ou

520 on 02

Find the weak formulation of this problem in an appropriate Sobolev space. Show that
the problem above has a unique weak solution for a given function f € L?(U). Show in
what sense the weak solution satisfies the boundary condition du/0v = 0 on the part of
the boundary Cs.

6 : Let U be an open bounded subset of R® with C* boundary 8U. For f € L?*(U)
consider the solution of

ug—Au=0 in U x[0,400)
u(x,0) = f(x) and u=0 on OU

a) Show that for ¢t > 0 the function x — u(x,t) is C*°

b) Show that [|u(-,t)|le — 0 as t — +o0.

Hint : Use the eigenfunction expansion and the fact that the eigenfunctions are C'°°. State
clearly what estimates you need on the eigenfunctions.



Department of Mathematics
Graduate Written Examination in Partial Differential Equations
January 13 2006

Instruction
1 . Answer all six questions. Each will be assigned a grade from zero to ten.
2 . Begin your answer to each question on a separate answer sheet. Write your code
number on each page of your answers sheets. Do not use your name.
3 . Keep scratch work on separate sheets, which should not be submitted.
4 . Carefully explain your steps. If you invoke a "well known” theorem, it is your respon-
sibility to make clear which theorem you are using, and to justify its use.

Problem 1. Consider the heat conduction problem with Dirichlet type boundary condi-

tion,
u—Au=0 , xelU , t>0

u(0,x) = f(x) , xeU
uw(t,x)=0 , x€dU , t>0,

where U is a bounded subset of R™ with smooth boundary. Let I' C U be a portion of
the boundary of the domain U. The total heat flow throurgh I' is given by the integral

+o00
Ju
Q:/ /Ewdt
0 r

where Ou/0v is the derivative of w in the direction normal to the boundary. Show that the
total heat flow through I' is also given by the integral,

@ =~ [ F6oh(x)dx
U

where h is the harmonic function,

Ah=0 , xeU
1t xel
h&>_{0 if xeaU\P}'

Hint : Apply Green’s identity to the pair of functions u and h.




Problem 2. Find the solution in the first quadrant z > 0 and t > 0 of the Wave equation
with boundary conditions at z = 0,

Ugt — gy = 0 , >0 , t>0
U(O,l‘) = f($) ) ut(o) x) = g(l')
we(t,0) = aug(t,0) , a# —c

where f(x) and g(z) are C? functions which vanish near z = 0. Show that no solution
exists in general if @ = —c¢. Hint : The solution can be written in general as u = F(x +

ct) + G(x — ct).

Problem 3. Let n > 2 and 0 < A < 1. Consider the following equation

n—1\ z;z;

where Dl‘j = 82/81171‘812]'.
a) Check that the equation above is uniformly elliptic.
b) Show that v = 1 and w = |x|* are both solutions of the equation i.e. Lu = 0 and

Lw = 0 in B := B(0,1) which are both in W?%2(B) and have the same boundary data.
(Make sure that w is indeed in W*?(B).)

Problem 4. A weak solution of the biharmonic equation,

A2u=f |, xeU

ou
_—8_1/_0 y XEBU,

u
is a function u € HZ(U) such that

/AuAvdx = /fvdx forall ve HZ(U) .
U U

Assume that U is a bounded subset of R™ with smooth boundary and use the weak
formulation of the problem to prove the existence of a unique weak solution.

Problem 5. Assume that f € C!'(R). Starting from the identity

z+1 2

Pw= [

Yy
fly) - / £(s)ds

5



and using the inequality 2ab < a? + b? show that

sup | f(z)] < \/5(/|f|2+/|f’|2)1/2 -

b) Use induction to show that if x := (21, z2,...2,) then

1/2

sup | f(x)| < 2°/2 Xj/UWﬂQ

|| <n

Problem 6. Consider the initial value problem
wtu(u—Du =0 ; u(0,z)= f(x),

where f(z) =2forx <2, f(z) =2—2zfor 0 <z <1, and f(z) =0 for x > 2.

a) Sketch the characteristics emanating from the interval [0, 2].

b) What is the first time, say ¢, such that the solution is no longer single valued for t > ¢,7
What is the z coordinate of the point where this occurs?

¢) Find a formula for the solution which is valid in the region {2t < & < 2} NU where U
is a suitable neighborhood of {(z,0) : 0 <z < 2}.

d) Find a formula for the curve of discontinuity that issues from the point (¢, z.).




Department of Mathematics
Graduate Written Examination in Partial Differential Equations
August, 2005

e Answer all six questions. Each will be assigned a grade from 0 to 10.

e Begin your answer to each question on a separate answer sheet. Write your
code number on each page of your answers. Do not use your name.

e Keep scratch work on separate sheets, which should not be submitted.

e Carefully explain your steps. If you invoke a “well known” theorem, it is
your responsibility to make clear exactly which theorem you are using, and to
justify its use.

1: a) Let ¢ > 0 be constant. State what is meant by a weak solution of the PDE
U + cuy, = 0 on R%

b) Show that if f(-) is a continuous function of one real variable, then f(z —ct)
is a weak solution of the PDE u; + cu, = 0 on R

Hint : In the weak formulation use new coordinates s = ¢ — ¢t and y = z.

2: Suppose that you want to solve the following Neumann problem in two space
dimensions,

—Au = f ; xz€D
@ = g ; z€J9D
ov
where D C R? is a bounded open set with smooth boundary 4D. We let du/ov
denote the derivative of v in the outward normal direction on the boundary of D.
a) What compatibility condition must the data f and g satisfy to ensure the
existence of a solution?
b) Derive a weak formulation of the problem above using an appropriate space
of functions.
¢) Use functional analysis (Lax-Milgram) to prove that the weak problem has
a solution, provided the compatibility condition of part a) is satisfied. Show that
the solution is unique up to a constant.

You may use the fact that a Poincare type inequality holds for functions in
HY(D) that have average value zero.

3: Let D C R® be a bounded open set, and let ¢ : R® — R be a C'* function such
that ¢(z) > 0 for z € D, and ¢(z) = 0 for z € 9D. Let Sy = {(z,¢) : t = A\o(z)}
denote a hypersurface in (z,¢) space with A > 0 and denote

1
Qx = 3 (U? + 02|Vu|2) + A2, Vu - Vo .



a) Show that the integral

E)\ Z’—“/Q,\ds
S

is independent of A\. Hint : Integrate u,(u; — cQAu) over the space-time domain
Az, t) :z € D0 <t < \p(z)}.

b) A smooth hypersurface S in R? is space-like for the wave equation u, —
c?Au = 0 if the unit normal v = (v,,v;) satisfies c|v,| < |v] at each point of S.
Show that @, is positive definite as a quadratic form in (u;, Vu) on Sy when Sy
is space-like.

¢) Show that the intial data on Sy uniquely determine the solution on S for
all sufficiently small \.

4: Let U C R™ be a bounded open set with smooth boundary OU. Let 2 — P(z) :
U — R™ " be a smooth family of symmetric n x n real matrices that is uniformly
positive definite. Let ¢(z) > 0 and f(z) be smooth functions on U. Define the
functional

Iu] = /U (%(vu,mm)ww%c(x)u?— f(x)u) iz

where ( ) is the scalar product on R™. Suppose that u € C*(U) N C*U) is a
minimizer of this functional subject to the Dirichlet condition

u=g¢g on OU, with ¢ continuous.

a) Show that u satisfies the variational equation

/U(Vu,P(x)Vv) + c(z)uv = /va

for any
v € V = {v Lipschitz : v =0 on oU}

b) What is the PDE satisfied by u?

¢) Suppose f,g > 0. Show that v = min(u, 0) is an admissible test function, and
use it to conclude that u > 0.

Hint: You may use the fact that Vv = x(u<0)Vu a.e.

d) Show that there can be only one minimizer of I[u] or, equivalently, only one
solution u € C*(U) N C°(U) of the corresponding PDE.



5: Suppose that you want to solve the Dirichlet type problem for the unit disc in
two space dimensions,

—Au = 0 forze{z:]|z| <1}

u = f on|z|=1.

a) Show that the solution in polar coordinates (r,8) is given by an infinite sum of
the form

= Z (A, cos(nf) + B, sin(nd))

n=0

and give formulas for the coefficients A, and B, in terms of f(6).
b) Compute the “energy” i.e. show that

E = / |Vu|2dx=7rz (A2 +B2).

{Ix|<1}

6: Let 2 C R™ be an open bounded set with smooth boundary 92. Let f: R — R
be a C! function with |f’| bounded. Show that C? solutions of the initial-boundary
value problem

w(z,t) — Au+ f(u) = 0 inQ x (0, 00),
u = 0 ondN
u(z,t) = up(z) inQ

are unique.



Department of Mathematics
Graduate Written Examination in Partial Differential Equations
January, 2005

Instructions

e Answer all six questions. Each will be assigned a grade from 0 to 10.

e Begin your answer to each question on a separate answer sheet. Write your
code number on each page of your answers. Do not use your name.

e Keep scratch work on separate sheets, which should not be submitted.

e Carefully explain your steps. If you invoke a “well known” theorem, it is
your responsibility to make clear exactly which theorem you are using, and to
justify its use.

1. Let u(z,y) be a harmonic function on R? and suppose that

// |Vu|*(z, y)dzdy < oo.
R2

Show that u is a constant function.
2. Let u(z,t) be a piecewise smooth weak solution of the conservation law
w+ flu), =0 —oo<z<oo, t>0.

a) Derive the Rankine-Hugoniot conditions at a discontinuity of the solution.
b)Find a piecewise smooth solution of the IVP

w+ (ur+u), =0, —oo<z<o00,t>0

1, x <0
“(””’0):{ ~2, >0

3. Consider the evolution equation with initial data
Uy — Ugg + Uy = (Uy), for0 <z <1, ¢>0.
u(z,0) = f(z), w(z,0)=g(z), u(0,t)=u(l,t)=0.
a) What energy quantity is appropriate for this equation? Is it conserved, or

is it dissipated?
b) Show that C? solutions of this problem are unique.

4. Let 2 C R™ be a bounded open set with smooth boundary 6€2. Consider the
initial boundary value problem for u(z,t),



u — V- (a(z)Vu) +bz)lu=¢q, 2€Q,t>0

u(z,0) = f(z), z€Q
u+0u/on+u=0, €, t>0.

The function du/8n is the exterior normal derivative. Assume that a,b € C*(Q)
and that a(z) > 0 for z € Q. Show that smooth solutions of this problem are

unique.

5. Let © C R™ be a bounded open set with smooth boundary. Let K = {u €
Hy(Q):u>0 in Q}.
Let f € Ly(§2) and define the functional

I(u):(1/2)/Q|Vu|2dx—/qudz.

Show that u is a minimizer of I over K if and only if u satisfies the variational
inequality

/Vu-V(u—v)dxg/f(v—u)dx for all v € K.

Q Q

Hint: If u,v € K, then g(t) = (1 -tjlu+tv € K for 0 <t < landif uis a
minimizer of I over K, then I(g(t)) > I(g(0)) = I(u) for 0 <¢ < 1.

6. We shall write points in R™ as (z,y) where z = (z4,...,2,-1) € R*}, and
y €R.

a) Let Q ={(z,y) : |z <1land 0<y <1}. Let'={z e R"':|z|] <1}
Prove there is a constant C > 0, independent of u, such that for all ©w € H(f),

[u(, 0)ll Loy < Cllwllaey-

b) Refine the argument to show that the same inequality (with perhaps a
different constant C) holds when Q@ = {(z,v) : |z|* + 3?2 < 1,y > 0.}

~



Department of Mathematics
Graduate Written Examination in Partial Differential Equations
August, 2004

Instructions

e Answer all six questions. Each will be assigned a grade from 0 to 10.

e Begin your answer to each question on a separate answer sheet. Write your
code number on each page of your answers. Do not use your name.

e Keep scratch work on separate sheets, which should not be submitted.

e Carefully explain your steps. If you invoke a “well known” theorem, it is
your responsibility to make clear exactly which theorem you are using, and to
justify its use.

1. Let f € CY(R") and suppose that for each open ball B that there exists a
solution of the boundary value problem

—~Au=f inB, Ju/On=0 ondB.
Show that f = 0.
2. Suppose that u(z,t) is a smooth solution of

u+uu, = 0 forzeR, t>0
u(z,0) = fl(z) forxzeR.

Assume that f is a C! function such that

0 for x < —1 ,
f(x)z{l for 7> 1 and f'(z) >0 for|z| < 1.

Show that for ¢ > 0,

0 forz <0
lm u(rz,rt) =< z/t forO<xz <t
ree 1 forz > ¢

3. Let D C R? be the open disk D = {z? + y? < 1} and let C = {2® +y* = 1}.
Using polar coordinates, let u, = du/0r and ugy = du/ 8.
a) Find the weak formulation of the oblique derivative problem

—Au+Iu=f inD, u+u=0 onC. (1)



In other words, find a bilinear form ay(u,v) continous on H'(D) x H!(D) such
that
ax(u,v) = / fv dzdy for all v € H'(D) (2)
D

is equivalent to (1) if u € C?(D). You may assume the trace theorem
/ uvg d0 < Cllullwypyl|vllgrpy for w,v € H(D).
c

b) Show that for f € Le(D) and for A > 0, there is unique solution v € H'(D)
of (2).

4. Forx € R, ¢ > 0, solve the problem

Uy — Uy = 0 for |z| <t
u(—t,t) = «t) for t>0
w(t,t) = p(t) for ¢>0,

where a and 3 are smooth functions.

5. Let 2 be a bounded open set of R™ with smooth boundary 9. Let u{z,t) €
C*Q x (0,00)), with u continuous on € x [0,00), be a solution of the initial-
boundary value problem

w—Au = sin(u) forz e, t>0
u(z,t) = 0 for z € 90N
w(z,0) = f(z) forz € Q.

Show that if f(z) < 1, then u(z,t) < et for all z € Q,t > 0. Hint: Note
that sinz = z(sinz)/z and that (sinz)/z is bounded. Look for a way to use the
maximum principle.

6. Let F': R — R have two continuous derivatives, with F(0) = 0 and suppose
that there is constant M such that |F(z)| + |F'(z)| + |F"(z)| < M for all z € R.
Let u € C*(R) with compact support and set v(z) = F(u(z)).

Show that there is a constant C, independent of u such that

vl 2@y < Cllullmemy (1 + [|ul g mw))-




Department of Mathematics
~ Graduate Written Examination in Partial Differential Equations
January, 2004

Instructions

e Answer all six questions. Each will be assigned a grade from 0 to 10.

e Begin your answer to each question on a separate answer sheet. Write vour
code number on each page of your answers. Do not use your name.

e Keep scratch work on separate sheets, which should not be submitted.

e Carefully explain your steps If you invoke a “well known” theorem, it is
your responsibility to make clear exactly which theorem you are using. and and
to justify its use.

1. Let @ C R” be a connected, bounded, open set with smooth boundary 9.
Let u(z) be a smooth solution of

Au=u'—u, inQ wuwu=0 ond
Show that |u(z)| <1 for all z € Q.
2. Consider the initial value problem (IVP)

wy+uu, = 0 forzeR 0<t <.
u(z.0) = f(z) forzeR

Find functions a = a(t) and 3 = 3(¢) so that whenever u is a solution of the
above IVP, the function

v(z.t) = alt)|z + ula(t)z. 5(t))]

satisfies
utre, = 0 forxe R t2>0
v(x.0) = a4+ f(z) forzéeR.

3. Consider the initial value problem (1VD)
t, = (i, + (sina)u). ulr 0) = fir)

w(r +2n ) =ulr f) forall re Rt > 0.



a) Using Fourier series, show that if ¢ € C!'(R) and has period 27, and
gdz = 0, then the Poincare inequality is

2m 27
/ oPis < [ lg(@)fda
0 0

b) Show that if u is a C? solution of the IVP, then for all ¢ > 0,

27
0

2T 2m
/ u(z, t)dr = flz)dz.
0 0

l
'¢) Show that if w is a C? solution of the IVP with fozw w(z.0)dz = 0, then
|

2w
lim/ lw(z,t)|?dz = 0.
0

{t—o0

d) Let
f()2ﬂ f(I)dl:| GCOS.’L‘
j;}gﬂ eCosx ’

Show that if u is a solution of the IVP, then

v(r) = [

t—o0

lim /- lu(z. ) — v(z)|*dr = 0.
0

4. Let © C RY be a bounded open set with smooth boundary 9Q. Let u € C*(Q)
with v = 0 on 99 and let
f=-Au+u

Let v € C%(Q2) satisfy
—~Av+r=f forxeQ, du/dn=0 ond.
Let @ be the quadratic form
Q) = (1/2) /[u)'2 + | Vwl|?|da - | fur dr
Ja - Ja
a) Show by a direct calculation that for an appropriate Sobolev space A,

Qlw) > Qv) for all w & H.

) Using this result. show that

/ [+ 1Vl de < / (02 + |Vl da.
Jo Ja




5. Let f(x) be continuous on R and suppose that

[ st in -t

for all ¢ € C&(R). Show that f(z) = az + b for some constants a and b.

6. Let u(xr.1) € C*(R?). Show that u satisfics the wave equation uy — uge = 0 if
and onlv if u satisfies the difference equation

wlr—kt=h)+ulz+ht+h)=ulz+ht+k)+ulz—ht-k)

for all i, k> 0. (Hint: For the 'ift part set h =0 and use a Tavlor expansion.)



Department of Mathematics
Graduate Written Examination in Partial Differential Equations
August, 2003

Instructions

e Answer all six questions. Each will be assigned a grade from 0 to 10.

e Begin your answer to each question on a separate answer sheet. Write your
code number on each page of your answers. Do not use your name.

o Keep scratch work on separate sheets, which should not be submitted.

e Carefully explain your steps. If you invoke a “well known” theorem, it is
your responsibility to make clear exactly which theorem you are using, and and
to justify its use.

1. Let Q be a bounded, open set in R*® with smooth boundary 9. Let G(x,y)
be the Green’s function for the Laplacian with zero boundary conditions. Show
that G(x,y) >0 for x,y € Q, x # y.

2. Consider the initial value problem for (z,t) € R?,
ue +uluy =0,  wu(z,0) =z

a) Sketch the characteristics emanating from (zg, 0) for several values of zy < 0
and for several values of zo > 0.

b) Find the solution in closed form. Verify that the initial condition is satisfied.
What is the set of (z,t) € R? where the solution exists ?

c) Let z(t,zo) be a characteristic emanating from (zg,0) with zo < 0. Verify
that the solution of part b) is constant on this characteristic for 0 <t < —1/(2z).
Explain why the solution is not constant on this characteristic for ¢t > —1/(2xg).
Explain why this solution does not become discontinuous.

3. Let u(z,t) be a C? solution of the initial-boundary value problem
Uy — Uz, =0, O<z <L, t>0
u(0,t) =u(L,t)=0, t>0
u(z,0) = f(z), 0<z <L

Show that if there is a constant C such that for t > 0,

Julz, )| < Ce™?,




then f(z) =0forO<z < L.

4. Let Q be the square. = {0 < r,y < 1}. Show that C® solutions of the
following initial-boundary value problem are unique:

u’tt_—ul‘r_u'yytzov (Ivy)EQy t>0

u(r.y.0) = f(z.y), w(z,y.0)=glzy),
w(0.y.t) =u(l.y. t) =0. wuy(z,0.t) =uy,(z,1,¢) =0.

5. Let u(x.t). x € R*.t € R be a C? solution of
up — Au =0, u(x,0)=0, wu(x.0)=g(x)

with [3; g%(x) dx < oc. Show that

>C 1 5
/ w2 (0.8)dt < — | ¢*(x) dx.
0

T J33

6. Let © be the open unit ball in R® and let I" be the boundary of 2.
Fork=1.23....,let [y =T'N{z, <1-1/k}.
Let Vi={ug H(Q):u=00nTI}%} . Let f € L}(Q).

a) Give the weak formulation of the boundary value problem

(%) —Au = f inQ
u=0 on [y, Ou/dn =0 on '\l

b) Show that for each k£ > 1, there is a unique weak solution u; € V} of the
boundary value problem (*). You may use without proof the following inequality

lvllay < CllVY|l L2

for all v € Vi, with the constant C independent of k.

c) Let u € Hy(9) be the unique weak solution of ~Au = f,u =0 on I'. Show
that there is a subsequence k;, k; — co, such that ux, converges to u weakly in
H'(Q) and strongly in L*(9) as k; — oo.




Department of Mathematics
Graduate Written Examination on Partial Differential Equations
January 2003

Instructions

¢ Answer all six questions. Each will be assigned a grade from 0 to 10.

e Begin your answer to each question on a separate answer sheet. Complete
the top of the first page of each answer sheet. Write your code number
on each page of each answer sheet; do not use your name.

e Keep scratch work on separate sheets, which should not be submitted.

o Carefully explain your steps. If you invoke a “well-known” theorem, it is
your responsibility to make clear exactly which theorem you are using, and
to justify its use.

1. Suppose that f: R — R is a bounded and incréasing C! function and that
Tg}"(x) =K >1 with K < co.
Consider the initial value problem
u —uly +u =0 in R x (0,cc),
u(z,0) = f(z) forze R

Show that there is no classical C'! solution defined globally for all ¢t > 0. Find the
time T (in terms of ') at which the classical solution breaks down.

2. Consider the operator A : D(4A) — L*(R"*), where D(A) = H*(R*) ¢ L*(R")
and
Au=Au foru e D(4).

Show that
a) the resolvent set p(A) contains the interval (0, o0}, i.e., (0,00) C p(4);
b) the estimate

AL = 4)7Y < for A > 0

> —

holds.
3. Let 2 be a bounded domain in R* with smooth boundary.
a) For f € L*() show that there exists a u; € H}(Q) such that
110 = luslli ey = (Frup)exe)-
b) Show that L3() is compactly embedded in H~!(f2). You may use the fact that
H{(Q) is compactly embedded in L?(Q2).
4. Let f be continuous on R with f(z) = 0 for |z| > a. Let u(z,t) be the unique
bounded solution of the heat equation
up — kuzz =0 in R x (0, 00),
u(z,0) = f(xr) forzeR.



2

In the following, justify all steps in your calculation.
a) Show that
Q= /u(z,t)dr
R
is a constant independent of ¢.
b) Show that
m = /xu(:c, t)dz
R
is independent of ¢.
¢) Let
p(t) =/12u(z,t)dz.
e .
Show that p(t) = p(0) + 2kQt.

5. Let Q= {z € R™ : |z| > 1}. Let u € C*(2) N C(NQ) be a bounded sglution of
Au =0 with u(z) > 0 for all z € Q.

a) Show for n = 2 the following maximum principle:
(1) sup u(r) = maxu(x).
z€eN Jz]=1
Hint: consider u x ¢lnr,r = |z].
b) Show by a simple example that (1) does not hold for n > 3.

6. Let u be a C? solution of
uy — Au =0 in R*> x R,
u(z,0) =0 for z € R?,
u,(z,0) = g(z) for z € R?,
where ¢g(z) = 0 for [z| > a > 0.

a) Use the method of descent to derive Poisson's formula

u(I‘t) = i/ _L d
27 Jlz—yige VEE = |z - yP?

b) Show that there exists a ¢onstant C such that

weni< S fore > 2(jel +a)

¢) Show that for each z € R?,

1
lim tu(z,t) = —/ 9(y) dy.
t—oo 2T Jz2



Department of Mathematics
Graduate Written Examination on Partial Differential Equations
August, 2002

Instructions

e Answer all six questions. Each will be assigned a grade from 0 to 10

e Begin your answer to each question on a separate answer sheet. Com-
plete the top of the first page of each answer sheet. Write your code number
on each page of each answer sheet; do not use your name.

e Keep scratch work on separate sheets, which should not be submitted.

e Carefully explain your steps. If you invoke a “well-known” theorem,
it s your responsibility to make clear exactly which theorem you are using,
and to justify its use.

1. Let 2 be an open set in R% Let H = {u € Ly(£2) : u is harmonic in Q}.
Show that H is a closed subspace of Ly(§2).

2. Let © be a bounded, open set of R® with smooth boundary I". Let
q(z), f(z) € L2(2) and suppose [, q(z)dz = 0. Let u(x,t) be the solution of
the initial-boundary value problem
u—Au = q, Tz€RE>0
u(z,0) = f(z), z€Q
Ou/On = 0, on I.
Show that |lu(. ,t) — v||giq) — O exponentially as ¢ = co, where v is the
solution of the boundary value problem
-Av = q, z€Q
ov/on = 0, onT

/Qv(a:)d:r = /Qf(r)d:v.

3. Let 2 be a bounded, connected, open set in R™ with smooth boundary.
Let V' be a closed subspace of H!(Q) that does not contain nonzero constant
functions. Using the compactness of the embedding of H'(2) into Lo(2),
show that there is a constant C, independent of u, such that for u € V|

/QW dz < C/Q Vau|? dz.

1



4. Let Q2 be a bounded, open set in R® with smooth boundary I'. Suppose I' =
[ouUT,, where Iy and I'y are nonempty, disjoint, smooth n — 1 dimensional

surfaces in R™.
a) Find the weak formulation of the boundary value problem

—Au=f € L[Q), in N

Ouf/dn = 0 on I

u = 0 on Ig.

b) Using the result of Problem 3, prove that for f € L,(Q), there is a
unique weak solution u € H(Q).

5. Let u(r,t), ¢ € R®, t € (—00,00), be the solution of the initial value
problem for the wave equation

uy — Au=0
u(z,0) = (), w(z,0) = 9(a)
Assume that f,g € C* with
(1/2) [ 195 @)F +lg(@)7] do < oo.
a) Show that the energy
B(t) = (1/2) [ [1Vu(z, ) + |u(z, 0] dz

is finite for all ¢ > 0 by showing E(t) < E(0).
b) Show that E(t) = E(0) for all ¢.

6. Let f(z) be continuously differentiable and bounded on R. Let u(z,t)
be the solution of the initial value problem

u +uu, =0, u(zr,0)= f(z).

Suppose that m = infg f'(z) is finite with m < 0. Find the maximal interval
[0, T") such that u exists as a C'! function for 0 € ¢ < T. Show how T depends
on m.



Department of Mathematics
University of Maryland
Graduate Written Examination on Partial Differential Equations
January 2002

Instructions

o Answer all six questions. Each will be assigned a grade from 0 to 10.

e Begin each question on a separate answer sheet. Complete the top of the first
page of each answer sheet. Write your code number on each page of each
answer sheet; do not use your name.

s Keep scratch work on separate sheets, which should not be submitted.

e Carefully explain all your steps. If you invoke a “well-known” theorem, it is
your responsibility to make clear exactly which theorem you are using and to
justify its use.

1. Let v satisfy

(1) Vit + av = Pvgg, —x <z <oo, t>0,
(2) v(z,0) = 0 = vz, 0), —o0 <z < 00,
(3) for each t, wv(-,£) has compact support,

where a and c¢ are constants. By using the energy functional

E(t) := /00 [ve(z,8)? + g (z, )% + v(z, 1)?] dz,

—00

show that v(z,t) =0 for —co <z < o0, t>0.

2. Let B be the unit ball in R2. Prove that there is a number C such that

llull2sy < CUIVullLasy + llull2am)) Yu € CH(B).

3. Let u be a harmonic function on R™ and let there be a number M such that
u(x) < M for all x € R*. Prove that u = constant on R”.



4. Consider Burgers’ equation
uy + uty =0, —o<r<oo, t>0.

(a) Formulate the Rankine-Hugoniot condition for weak solutions of this equa-
tion with shock discontinuities.

(b) Construct the entropy solution of the initial-value problem for this equation
subject to initial data

1 for z <0,
u(z,0) = g(z) =< % for 0<z<1,
0 for > 1.

Sketch the characteristic curves of the solution. Make sure that your sketch
shows the characteristics of the solution for all times.

5. Let B be the unit ball in R* and let u be a smooth function satisfying
u—Au+u?=0, 0<u<M on Bx(0x),

ur =0 on OB x (0,00).

Here M is a positive number and u, is the radial derivative on 0B. Prove that
there is a number T" depending only on M such that w = 0 on B x (T, 00). (Hint:
Let v be the solution of the initial-value problem

d
d—zt’ Fol/2=0,  o(0)=M,

and consider the function w = v — .)

6. Let B be the unit ball in R?. (a) Find the weak formulation of the boundary-
value problem

—Au=f in B, utu,=0 on IB.

Here u, is the radial derivative of u on 9B.

(b) Decide for which choice of + this problem has a unique weak solution u €
HY(B) for all f € L?*(B). For this purpose you may use without proof the
estimate -

lullzzsy < CUIVullLzsy + lulli2emy) Vu € CY(B).

(c) For the other sign and for f = 0, find two smooth solutions of this boundary-
value problem.



DEPARTMENT OF MATHEMATICS
UNIVERSITY OF MARYLAND
GRADUATE WRITTEN EXAMINATION: PARTIAL DIFFERENTIAL EQUATIONS
15 AUGUST 2001
Instructions to the student

a. Answer all six questions. Each will be assigned a grade from 0 to 10.

b. Begin each question on a separate answer sheet. Complete the top of
the first page of each answer sheet. Write your code number on each
page of the answer sheet. DO NOT USE YOUR NAME.

c. Keep scratch work on separate sheets; these should not be submitted.

d. Carefully explain all your steps. If you use a “well-known” theorem
in your solution to any problem, it is your responsibility to make clear
exactly which theorem you are using and to justify its use.
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1. Let g € C(R3) with g > 0 and g = 0 for |z| > a > 0. Let u(z,t) be the
solution of the initial-value problem

ug —Au=0, u(z,0)=0, w(z,0)=g(z).

a) Show that u(z,t) = 0 in the set {(z,t) : |z| < t—a, t > a}.
b) Suppose that there is a point zy such that u(zy,t) = 0 for all £ > 0.
Show that u(z,t) = 0.

2. Suppose that u € H'(R) and for simplicity suppose that u is continuously
differentiable. Prove that > °2 _ |u(n)|? < co.

n=—oo

3. Let §2 be a bounded domain in R* with a smooth boundary. Use a sharp
version of the Maximum Principle and an energy method to show that the
only smooth solutions of the boundary-value problem

Au=0 in €, n-Vu=0 on 90N

(where n is the unit outer normal to 9€2) have the form u = const.



4. Let Q be a bounded domain in R® with a smooth boundary. Consider the
initial-boundary-value problem

ug = Au+ V- f(Vu), xe€Q,
u(x,t) =0, x €01, (1)
u(x,0) = p(x), u(x,0) =11(x)
where  and v are given well-behaved functions, and where f : R* — R" is
a given continuously differentiable function for which

[f(z) —f(y)]- (z—y) >0 for z#y.

Prove that this problem has at most one classical solution.

5. Let 2 be a bounded domain in the plane with smooth boundary. Let f be
a positive, strictly convex, smooth function over the reals. Let w € L?(2).
Show that there exists a unique u € H*(Q) that is a weak solution to the
equation
—Au+ f'(u) =w, u( =0.
f(u) .

6. Let
0, <0

={7 5

Consider the initial-value problem
u+uu, =0,  u(z,0) = f(z).
a) Show that this initial value problem has more than one weak solu-
tion. Make sketches in the (z,t)-plane showing characteristics and lines of

discontinuity to illustrate your solutions.
b) Find the unique weak solution satisfying the entropy condition.

¢) Let
1
J@) = T
Using the entropy condition, show that for € > 0, there is a unique smooth
solution u.(z,t) of the initial value problem

u+uu, =0, u(z,0) = f(z).

d) Show that for each (z,t), ¢t > 0, u, converges as € — 0 to v(z, t) where
v is a weak solution of the initial value problem of part a). Does v satisfy
the entropy condition?



DEPARTMENT OF MATHEMATICS
UNIVERSITY OF MARYLAND
GRADUATE WRITTEN EXAMINATION
JANUARY 2001
MATH/MAPL 673-674
Instructions to the student

a. Answer all six questions. Each will be assigned a grade from 0 to 10.

b. Use a different booklet for each question. Complete the top of the first page of each
booklet. Write your code number on each page of the booklet. DO NOT USE YOUR
NAME.

c. Keep scratch work on separate pages of the booklet.

d. If you use a “well-known” theorem in your solution to any problem, it is your respon-
sibility to make clear exactly which theorem you are using and to justify its use.
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1. Let A be a compact self-adjoint operator in a Hilbert space H. Let {ux}2, be an
orthonormal basis of H consisting of eigenvectors of A with associated eigenvalues {\;}32,.
Prove that if A # 0 and A is not an eigenvalue of A, then A — Al has a bounded inverse and

1

— 0 < .
infk|/\k—/\| &0

I(A = AD~1 <

2. Let U be a bounded domain in R" with smooth boundary and suppose ¢:U — R is
smooth and positive. Given fi, fo: U — R, show that there can be at most one C? solution
u:U x [0,00) — R to the initial value problem

up = g(x)Au forzelU,t >0,
u(z,0) = filz), w(z,0) = fo(x) forz € U,
u(z,t) =0 forze oU, t > 0.

(Hint: Find an energy E for which dF/dt < CE.)

3. Let Q be a bounded domain in R™ and let f € L2(2) be fixed. Let H denote the Hilbert
space Hi () with norm ||v|| = (f [Vv[2)/2 for v € H. Let

A\ = inf 2. H and =1}
inf{[[v]]? : v € H an /va }

(a) Show that the infimum is attained, i.e., that there exists u € H(Q)) with f, fu =1
such that A = [, |[Vul?.

(b) Show that this minimizing u is a weak solution of the boundary value problem

“Au=\f  inQ,
u=0 on ON).



4. Let Q be the unit ball in R Suppose that u,v: — R are smooth and satisfy

Au=Av inf
u=0 ondf.

(a) Prove that there is a constant C' independent of u and v such that
lullmr ) < Cllvllg ).
(b) Show there is no constant C independent of u and v such that
ull 22¢02y < Cllvl 2.
(Hint: Consider sequences satisfying u,, — v, = 1.)
5. (Maximum principle in a punctured disk.) Let U = {z : 0 < |z| < 1} € R? Suppose
that u: U — R is continuous and is harmonic in the interior of U. Prove that if u is bounded

then u(z) < maxjy=; u(y) for all z € U. Give a counterexample to show that the conclusion
can be false without the assumption that u is bounded.

6. Find a classical solution to the initial value problem
u — (ug)? =0, wu(z,0) =22

For what (z,t) is the solution defined?
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DEPARTMENT OF MATHEMATICS
UNIVERSITY OF MARYLAND
GRADUATE WRITTEN EXAMINATION
AUGUST 2000

MATH/MAPL 673-674
Instructions to the student

a. Answer all six questions. Each will be assigned a grade from 0 to 10.

b. Use a different booklet for each question. Complete the top of the first page of each
booklet. Write your code number on each page of the booklet. DO NOT USE YOUR

NAME.
c. Keep scratch work on separate pages of the booklet.

d. If you use a “well-known” theorem in your solution to any problem, it is your respon-
sibility to make clear exactly which theorem you are using and to justify its use.
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1. Let © = B(0,1) be the unit ball in R*. For any function u: Q@ — R define the trace Tu
by restricting u to 0, i.e., Tu = ulgq. Show that T: L*(Q) — L?(92) is not bounded.

2. Let U C R™ be open and suppose that the operator L, formally defined by

n
Lu =~ Z aUuIte

i,7=1

has smooth coefficients a”: U — R. Suppose that L is uniformly elliptic, i.e., for some ¢ > 0,
YrioyaE&; > cléf for all € € R” uniformly in U. Show that if A > 0 is sufficiently large
then whenever Lu = 0 we have

L{|Dul® + Mul*) < 0.

3. Let U be a bounded domain in R™ with smooth boundary and let
A = inf{/U|Du|2 u € Hy(U) and /Uu2 = 1}.
Using an energy method, show that if u:U x [0,00) — R is C? and satisfies
w=Auin U, wuw=0ondU,
then |lu(,t)|| < e~*¢||lu(-,0)||, where || - || denotes the L? norm on U.

4. Suppose u: R x [0, 7] — R is a smooth solution of u; + uu, = 0 that is periodic in z with
period L, i.e., u(z + L,t) = u(z,t). Show that

max u(z,0) — min u(z,0) <

M|~



5. Suppose that ¢: R* — R is continuous with ¢(z) = 0 for |z| > a > 0. Let u(z,t) be the

solution of .
uy — Au = e*'q(z), u(z,0) = u,(z,0) = 0.

a) Show that e **u(x,t) — v(z) as t — oo uniformly on compact sets, where

Av+wv=gq.

b) Show that v satisfies the “outgoing” radiation condition

as r = |z| = oo.

6. Find a solution of
(uz—y)2+u§ =1

which is smooth and positive in the first quadrant of the unit disk in R? and which vanishes
for y = 0. Show that the (projected) characteristics are circular arcs.



DEPARTMENT OF MATHEMATICS
UNIVERSITY OF MARYLAND
GRADUATE WRITTEN EXAMINATION
JANUARY 2000
MATH/MAPL 673-674
Instructions to the student

a. Answer all six questions. Each will be assigned a grade from 0 to 10.
Use a different booklet for each question. Complete the top of the first page of each
booklet. Write your code number on each page of the booklet. DO NOT USE
YOUR NAME.
c. Keep scratch work on separate pages of the booklet.
d. If you use a “well-known” theorem in your solution to any problem, it is your respon-

sibility to make clear exactly which theorem you are using and to justify its use.

o

1. Let Q = B(0,1) be the unit ball in R™. Using iteration and the maximum principle
« (and other results — state them clearly and justify their use), prove that there exists some
solution to the boundary value problem

—Au = arctan(u +1) n
u=0 on 05l

2. Writing the PDE u; + v?u; = 0 as a conservation law, find a weak solution in the
quarter plane z > 0, ¢ > 0 that contains a rarefaction wave and a shock wave satisfying
the entropy condition, having the form

, _ [ flz/t) 0<z< X(t),

vt z) = {o x> X(t),

such that [5~ u(t,z)dz =1forallt> 0.

3. Suppose g : R'— R is smooth with compact support and u : R x R> — R satisfies

U — Au = 0, t>O,:f:ER3,
u(0,z) =0, u(0,z)=g(z), ze€R’

For every z € R?, show that A(z) = lim,—. tu(t, (1 + t)z) exists, and find h(z).
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4. For an arbitrary continuous periodic function ¥ : R — R with period 1, the unique
l-periodic solution of the heat equation

U =Uwr * —00 < T <00, t>0,
v(0,z) =¢(z) —oco<z <00 t=0,

can be expressed in two ways: (i) as a Fourler series of the form

[e0]
u(t,z) = —ag + Z(ak cos 27k + b sin 2mkz)e "<
k=1

O | —

and (ii) using the heat kerzel ®(¢,z) = e*Iz/“/\/%t. Using both of these methods to
describe u(t, 0), prove that

o) o

2.2 l £)?
§ 6_77 < CCOS?T‘[’/’CI = — ; 6_(I+&) /C’ t > O, T e O) 1].
Y T k=-occ [ }

k=—c0

5. (a) Show that the closed unit bell in the Hilbert space & = L%([0, 1], R) is not compact.
(b) Suppose that ¢ : [0, 1] — R is a continuous function and define the operator 7 : H — H
by '

(Tu)(z) = g(z)u(z) forz</0,1].

Prove that 7" is a compact operator if and onlyv if the function ¢ is identically zero.

6. Let # = H*{[0,1]) and let Tu = u(1).

(a) Explain precisely how T is defined for all w € H, and show that T is a bounded linear
functional on H.

(b) Let (-,-)g denote the standard inner product in H. By the Riesz representation
theorem, there exdsts a unique v € H such that Tu = (u,v)y forall w € H. Find v.
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1. Prove that if Q is an open ball in R™ and v € H'(Q) with Du = 0 in the sense of
distributions, then u is a constant.

2. Let O C R? be a smooth domain and let Lu = —uz; — uy,. A barrier at a point
zo € O is a C? function w such that Lw > 0in O, w > 0 on 99 and w(ze) = 0.
(a) Suppose that f and u: R? — R are smooth and Lu =sin f in (0 with u = 0 on 9.

Prove that
Ow

Duzo)] < | o (o)

for any barrier at zq.
(b) Show that a barrier exists at any point zo € 992.

3. Suppose v : R x R® — R is C? and satisfies
uee = Au, u(0,z) =0, u(0,z)=~h(z) (z<R?).

Prove or give a counterexample: If lim|zj—oo h(z) = 0, then lim;— e u(t,z) = 0 for all z.

4. Let § C R" be a bounded open set and a* € C(Q) for 4,5 = 1,...,n, with
207 (2)6&; = [§)° for all £ € R™, 2 € Q. Suppose uw € H'(2) N C(Q) is a weak

solution of

- 9;(a8u) =0 inQ.
3%
Set w = u’. Show that w € H'(Q), and show that w is a weak subsolution; i.e., prove that

B(w,v) = /QZaijajw Givdr <0
4]

for all v € H}(Q) such that v > 0.




5. Let e > 0 and consider the equation
uy + (1) — gz = 0.

Let vy, vr be distinct real numbers. Show that there is a smooth solution of the form
u(z,t) = v(z — ct) given implicitly by (s = z — ct)

v ey
= - b
s /a poR— (a,b constant)

with the property that
Vg asS § — —OQ

U(S)_’ {'vr as § — +00,

if and only if

2 9
v; — vl
ve >v, and ¢c= 4T,
'Ug—'Ur

6. Let T be a bounded linear operator in a Hilbert space H. Prove that T is compact if
and only if the Hilbert adjoint 7™ is compact.
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1 : Suppose u: R® — R is harmonic in B(0, R). For 0 <a<c< R let
Pl = [ weyu(e) 4.
yl=1

Show that F(a,c) = F(b,b) if b* = ac. (Hint: Show that F(a,b?/a) is independent of a
using Green’s identity.)
2 : A smooth function u on the first quadrant of the z;z2 plane satisfies

Su Su
:1:16—1:2 —CL‘26 +2u=0, u(z,0)=uz.

Determine u(0, z3).

3 : Let Q C B(0, Ry) be a compact set in R® with smooth boundary. Suppose that for all
R > Ro there is a function ug : R? — R that is continuous and satisfies

Au=0in B(O,R)\ @, wu(z)=0for|z| >R, wu(z)=1forz €.
(a) Show that for all z, if Ry < Ry < Rz then
0 < ug,(z) <up,(z) <1.

(b) Show that u(x) = limpr—.co ur(z) is harmonic and that lim;|_ u(z) = 0.
(Note: 1/|z| is harmonic.)




4 : Assume u: R X R? — R is smooth and satisfies
up = Au, u(0,z) =0, u(0,z) = h(z)
forz € R®. Fiz t > 0 and let
b(z) = ult —lz|,x), é(z) =u(t —|zl, ).
(a) Show that
v (Ve v+ e) o

(b) Integrating the identity in (a) over € < |z| < ¢, derive the Kirchhoff formula

u(t, 0) = 1/ h(z) dS(z).

4rt

5 : Assume u : R™ — R is continuous and its first-order distribution derivatives Du are
bounded functions, with |Du(zx)| < L for all z. By approximating u by mollification, prove
that u is Lipschitz, with

lu(z) —u(y)] € Lz —y| for all z,y € R™.

8 : On the Hilbert space H'(0,1) consider the functional

I(u) = u(0)? +/0 (u’(a:)2 - 2f(x)u(:1:)) dz

where f € L?(0,1) is given.

(a) Suppose u* is a function in C2([0, 1]) that minimizes I over all of H*(0,1). Derive a
classical boundary value problem satisified by u*.

(b) Show that for all u € H(0,1),
1 1
/ w(z)? da < 2u(0)? + 2 / (z)? do
0 0

(c) Find the weak form of the boundary value problem satisfied by v* in part (a), and
prove that this problem has a unique solution.
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1: Let u, v € CY(Q) be conjugate harmonic functions, i.e., u; = v, and u, = —vy, in a
simply connected domain Q with C! boundary. Show that on the boundary curve 89,

du _ dv dv _ du

dn  ds' dn  ds’
where d/dn denotes differentiation in the direction of the exterior normal and d/ds differen-
tiation in the counter-clockwise tangential direction. Show how these relations can be used

to reduce the Neumann problem for u to the Dirichlet problem for v, and conversely.

2 : Let n =2 and 2 be the half-plane z; > 0. Prove the maximum principle

SUpu = SuUpu
Q aQ

for u € C*(2) N C°(Q) harmonic in Q, under the additional assumption that u is bounded
in Q.
Hint: Take for ¢ > 0 the harmonic function

u(zy,z3) — elog(xf + (z2 + 1)2).

3 : Let  C R™ be open (perha_ps not bounded, nor with smooth boundary). Show that if
there exists a function u € C?(Q) vanishing on 89 for which the quotient

fQ |Vu|2
fn u?

reaches its infimum A, then u is an eigenfunction for the eigenvalue A, so that Au+ Ay =0
in Q2.



SDE
/quus‘f 199 &

4 : Let S denote a space-like hyperplane with equation ¢ = yz; in z — ¢ space. Show that
the Cauchy problem u; — ¢®Au = 0 with data on S can be reduced to the initial-value
problem for the same equation by introducing new independent variables by the Lorentz
transformation

t—yzx)

JI-ve

I_:rl_/c2t ro_ ro_ ’_
T, = — Tp =2Tq, T3=23, t =

JT—7d

5 : Let u be a C! solution of u, + uu; = 0 in each of two regions separated by a C' curve
z = £(t). Let u be continuous but u; have a jump discontinuity on the curve. Prove that

€ _
dt

U

on the curve and hence that the curve is a characteristic.
Hint: From the equation show

u —u; +ulul —u;)=0
and moreover u(£(t),t) and d/dt(u(é(t),t)) are continuous on the curve.

6 : Consider the discretization of the problem

U — Ugy = 0 for0<t<T, —co<z< o0,
u(z,0) = f(x) for —0o < z < 0.

Let X denote the lattice points (z,¢) with z, ¢ of the form £ = nh and ¢t = mk, n, m integers,
and v the solution of

v(z,t+ k) —v(z,t) v(z+ht)—2v(z,t)+v(z—ht)
k B h? =0

with v(z,0) = f(z). Show that for A := k/h%? =1/2,

vih,mk) =273 (7 fi(n = m + 258

j=o M

and then show that
sup lv| < sup|f].
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PDE EXAM (FALL-108T7)

L. Suppose yau wanc to solve Laplace's equation ia the unit disc D = R

-2u=0 in z&€0 ={z] <1} (ie)
wih daca cqutinuous on the tcuondary 0.
(L.9)

D= (=l =1}

Q

v=/ focr &

Below (s an outlin2 of zhe solution, you ace asked 10 §ll the details

a) Chack that the {unctica
. ((z -yl ny)
Kz, y) = -~ —
|z —yl?

Hint: Start with A logliz —y|) =0 fcz F y.
b) Therefore it makes sense 10 trv 10 iad a solutica v by

o(z) = / (=, v)g(v)dS(y)
a0

Whars 45(y; is che measure ca the surfaca 60 and g is some funcion to 5e computad. Write K(r, 4 — @),
using poias coordinates, = = r2¥? y = 2'® and verify that &X(r,8) > 1/2 and
1 —r

< -
~ 2r(L —cos(?))

X(r,8) - é

<) Assume che followiag

/K(r,ﬁ)dé’ =27
0

and show that if ¢(d) is contiauous thea

T . , 1
i [ K(r8 - 9)g(8)ds = mg(0) + 3 [ g(e)co
J s}
Zint: Start with tke igregral
[ &8 -) = 1/2(50) - g()ds
bl
and show tkat it coavergss to zerg as r — L.
d) Solve the integral equation
L
60) = mg(d0) + 5 [ 9(6)e8
0

and conclude that you can always solve probte (1) I f(d) is continuous.



PDE EXAM {(SUMNMIER 1997)

2. Consider the elliptic equation in divergence form

n

[,(u) = - Z (ati(z)uzi):,

l.}:[
over a domain 0 € R". A barrier at zp £ 02 is a C! funccion w satisfying in a weak sense
Lw)y>1 in

w(rg) =0 and w>0 on 30

a) Let u be a C*(0) weak solution of L{u) = f € C(Q) with » = 0 on dQ. Show that

Sw
<C B_U(IO)

Ju

=—(zo)

Gv

foc all directions v pointing inwards with respect to  at = = z5. 8 pts.
Hint: Use the weak maximum principle.
b) Let © be convex. Show thac there exists a barrier w for all zy € Q. 7 pts.

Hiur: Use cthat © is on one side of a hyperplane passing through zg € 90,

PDE EXAM (SUMMER 1997)
3. Consider the equation u, + tuz = 0. Verify that the function

2
u(t,r)=—§(t+\/31'+t'3) if t2+4z>0
u=0 if t*+4z<0

is a weak solution of u, +uuz = 0. 10 pts.

PDE EXAM (SUMMER 1997)
4. Show that a solution of Au+u = w(z) in B := {|z| < 7} with z € R® and boundary data u(z) =0

/w(r)Mdr =0

|]
B

if |z| = = has a solution only if

10 pts.



PDE EXAM (SUMMER 1997)
5. Let w and v be smooth functions. Let D a subset of R™ and call 0 = D x (0,T] a cylindrical domain

i B” x R7. Integrate by parcs the following
/U(u, — Au)dzdt
Q

ro oheain a Green.s identicv.

Use the above to solve the following problem

up—u: =0 in ¢>0 : >0
u(0.zr) =0 for >0
u(t,0) = h(t) for t>0
15 pes.
Hint: Try v(t,z) = K{z,y,T -t +¢) = K(z. =y, T — t + ¢) where ¢ is small positive and

—(z —y)2>

1
K(z,y,t):= T exp < pr

and let ¢ — 0.

PDE EXAM (SUMMER 1997)
6. a) Show the Sobolev type inequality. for a smmoth function g(z) with z € R,

giz) < 2 ( / g ly)dy + / (Dg(y))zdy> , (4)

R R

starting from che identicy (3), which you have to verify.
=1 v -
g'(z) = / <g(y) —/9’(Z) :> dy . (3)

b) Prove by induction over the dimension n that if x = (z;,z5,...z,) then

G prs.

Py Y /(D°9(y))2dy

lal<n

4 pts.
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PDE EXAM (SUMMER 1997)

1. Coansider the noalinear equation

Uy — Uy = 28% (2)
atdd the linear equation
We — Wez =0 . (3)
a) Set
w? — 2
u = IOg t—)z
w?

and show that if w satisfies the linear equation {3) then u defined above satisfies the nonlinear equation (2).

7 pts.
Hint: [t is convenient to use the coordinates + := ¢t +z and £ := ¢ — z and factor log(ab) = log(a) +log(b).

) Now the general solution of equation (3}, w can be written as

wi= f(t+z)+g(t -2

where f and g are arbitrary functions. Find a choice of f and g such that (¢, z) is bounded when ¢t =0 but

u blows-up in finite time. What is the blow-up profile? This means the set in R? where © = co. 8 pts.




2. Coansider again the same scoblem

1"(:) = }:(I) EO(' T £ D - {{:§ - 7}

cr

Bare D 5 ta2 unic disc wa A7 and vou can use polar cocrdinates
conclauous and supposa thal vou want o0 solve the atove problem v Hils

1) Show that the solution mus: be of che form {for - < 1),

o )
uir d) = _/; {eocos{c7) = o sin(<8)) 7 wners F(8) = 3 @, Cos{ &3] = b sin(ksd)
=3 k=3

t) Show zhac the Dirichlzs intagral is given by

el Fa

: >
/|Vuzd:=rer(ai:—bz)
D

c) Show tnac there is concinuous f{F) for which the Didichl

Hint: Find a sequenca {gg, ):) »iich are absolutely summadia

> (laxl +ol) < 0
—
=
while the Diricilet tategral diverzes.
d) Conclude that you canzac solve the problem (1) by Hiibert space methods for arbicrary concinuous
data f.

N2



3. Let f be a bounded aad locally Hélder coatiauous function (®ith expoaent & < 1} . Assume chat

2 - .
o he sotudl — fis a C* fuactica and moceovec
f has compact suppact. Show that che soiutioa of Au =7

Diju(z) = /De;‘f(r ~ ) (ly) = F(=)dy — f(z) /D.;[‘(: - y)u, (1)dS(y)
n an

1 1 1S o N : ancial.
where (O is any smooth domaia 2ad [(z) is che Newton potentias

L -
c. the area of the unit spner2i2 ar.

Hine : Coansider the function

(¢) is Ct with 0 <7 <1 0<n <2, n(y=0uUesl and n(¢) = Lii ¢ > 2. Secn(l=l) = n(lzl/e).
whare () L 4 <np<Sl,0s7 24

4 : Let @ be a coastant # —c . Find the solution of v, — Cuz= = 0 la the quadraat =z > 0,¢>0 e
which
v=f , u=g¢g foc t=0 >0
and
v.=cu. oc z=0 ¢t>0
wheare f, g are C? for T > 0 aad vacish aear = = 0. Show that in general no solution axisis whea o = —c.

5 : Let the operators L, L~ be defined by

Liv=qau; +ou, +cu Lou =dus +eu, = fu

wiere a, 8, ¢, d, e, f are coastaat aad ae — 6d # 0. Prove that
a) the equations Liu = w , Lau = w» have common solutioa u if Lyws = Law.

b) The general solution of L, Lau =0 has the focm u =y + vy where Liuy =0 and Lous = 0.
6 : Let Au = finQ asubset of R*. Show that the Kelvin traasiocm of u defined oy

u(z) == 12" Pu(z/[z]?) for zlz| £ Q

satisfes

Ay(z) =27 (/)27
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1. Consider the initial value problem

uytuu;,+u=0 (—o0o<z<o0,t>0)
u(z,0) = asinz

Find the characteristic curves explicitly. Show that if @ > 1, then a global smooth solution
does not exist. Also, find the time of breakdown, i.e., the maximal time of existence of the

smooth solution.

2. Prove that the initial boundary value problem

Uit = Uzz T Uze (0< 2 <1, t>0) (1)
u(z,0) = g(z), uz,0)=h(z) (0<z<1) (2)
u(0,8) =0, uwen(l,t)+uz(l,t) +un(l,t)=0 (¢t>0) (3)

has at most one classical solution, assuming y and h are well-behaved functions.

4. In proving uniqueness for an initial boundary value problem for sorie nonlinear PIDE,
one encounters the following problem: Suppose w(z,t) is a well-behaved function which

satisfles
t 1 t 1
//wt(x,r)2d:cd7'§// lw(z, )||lwe(z, )| dz dr
o Jo o Jo

forall t > 0, and w(z,0) =0 for 0 < z < 1. Prove that w(z,t) =0forO0<z < 1,¢t>0.

4. Let ¢(z,t) be a smooth function for 0 < z < 1 which is periodic in ¢t with period 7. For
any € > 0, take for granted that there is a smooth solution u = u®(z,¢) of the boundary
value problem

—eugy —ug, +ug =¢{z,t) for0 <z <1, oo <t < oo,
u®(0,t) = u®(1,t) =0 for all ¢,

which is periodic in ¢ with period 7.



(a) Let Qr =(0,1) x(0,T). Using energy methods (multiply by u* and by u¢), show that
u¢ and uf¢ are uniformly bounded in L?(Q27) independent of ¢ > 0.

(b) Describe the sense in which the bounds obtained in part (a) justify passing to the limit
e | 0. Describe precisely in what weak sense the limiting function that you obtain
satisfies the boundary value problem above with ¢ =

5. Suppose f : R" — R is continuous, nonnegative and has compact support. Consider
the initial value problem

u—Au=1u?, forzeR"0<t<T,

Y

u(z,0) = f(z) forz € R"

Using Duhamel’s principle, reformulate the initial value problem as a fixed point problem
for an integral equation. Prove that if 7 > 0 1s sufficiently small, the integral equation has
a nonnegative solution in C(R™ x [0,T7]).

6. Let @ C R™ be a bounded domain with smooth boundary, and let u(z,t) be the
solution of the initial-boundary value problem

uy — c*Au = gq(z,t) forz € Q, ¢t >0,
u=0 forzed,t>0
u(z,0) = u,(z,0) =0 forz € Q.

Let {¢n(z)}7L, be a complete orthonormal set of eigenfunctions for the Laplace operator
A in Q with Dirichlet boundary conditions, so —A¢, = Ap@n. Set w, = c/A,. Suppose

az,8) = 3 ga(t)n(z)

where each ¢n(t) is continuous, . ga(t)? < co and |ga(t)| < Ce™™. Show that there are
sequences {an} and {b,} such that Y (a% + b2) < co and if

v(z,t) = Z an c08(wnt) + b, sin(wnt)]|da(z),

then

[u(8) =v(-, )| =0

at an exponential rate as t — co. || - || is the L? norm in Q.
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1. Let  C R™ be a bounded domain with smooth boundary, and let a : R™® — R™ and

f:Q — R be smooth. Consider the boundary value problem
3}

2220 ondQ, (P)

Au+a(z) -Vu=f in{, 7

and the associated homogeneous adjoint problem

Av — V- (a(z)v) =0, S—Z —n-a(z)v=0 on 9N (Q)

(a) Assume that u € C*Q) satisfies (P) and that f > 0. Show that u is constant and
f=0.

(b) It is possible to show that the solution space of (Q) is one-dimensional, and further-
more that (P) has a solution if and only if

/va:o

for every solution of (Q). Taking these facts for granted, show that any C? solution
of (Q) is either non-negative or non-positive.

2. Suppose u € C?*(R?) satisfies Au > 0 and that u is not harmonic. Show that
supu(z) = 4oco. (Hint: Consider means over circles centered at the origin.)

3. Suppose 2 C R™ is a bounded domain with smooth boundary. Show that the initial-
boundary value problem

u,:Au+/u2d:z in Q for t > 0,
Q

u=0 on dN for t > 0, u(0,z) =up(z) forz €N
may have at most one solution u € C%([0,T] x Q), for any T > 0.

1



4.

(b)

(a)
(b)

Suppose g : R? — R is smooth, has compact support, and ¢g(z) > 0 for all z € R3.
Let u(z,t) be the solution of
ue = Au in R® x R,
u(z,0) =0, wu,z,0)=g(z) forz € R’
Show that if u(zg,%) = 0 for some zq and for all ¢, then v = 0.

Consider the scalar conservation law
uy+(uwd—u); =0, —c0<z<00, t>0
with Riemann initial data u(z,0) = ue(z).
For what values of a does the initial value problem have a centered rarefaction wave

solution, if
a z <0

to(z) = {—l z > 0.
For what values of a does the initial value problem have a simple shock solution

) = U_. z <8t
u(z,t) = uy > st

satisfying the Lax entropy condition, if

uo(z) = {

1 z<0
a z>0.

Show that if
1 z <0

wid = {1, 250

then there is a weak solution consisting of a centered rarefaction wave in combination
with an admissible shock solution (which is marginally admissible in the sense that
the Lax inequalities are not required to be strict.)

Let & C R? be a bounded set which is strictly convex and has smooth boundary.
Define the inner product space

V(Q) = H}Q) N {ue L*(Q) | usz € LH(Q)},
with inner product
(u,v)y = / UgVz + UyVy + UzzVzz -
Q
Here points in R? are denoted (z, y).

Show that V is a Hilbert space. (In particular, show that V is complete.)
Given f € L?(Q), show that there exists a unique v € V such that

/ UgVz + UyUy + UzpVpy = / fv forallv € V(). (K)
0 0

Suppose f € C(Q) and suppose u € C*(Q) satisfles (K). Then u satisfies a boundary
value problem consisting of 2 PDE and two boundary conditions. Find this boundary
value problem and show that u is a solution.
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. Let @ C R? be a bounded domain with smooth boundary. Suppose u € C%(Q)NC(Q)

satisfies
u,,+u2uyy+1+u—u3:0 in Q, u=0 on 0.

Prove that u(z,y) < 2 for (z,y) € Q.
. Consider the Cauchy problem

up = c’Au—g(z)u, z€ R’ t>0,
u(z,0) = f(z), w(z,0) =g(z),

where f and g are smooth with compact support and g(z) > 0 and ¢ > 0 is a constant.
Use an energy method to show that this problem has at most one C? solution. (You
may assume finite speed of propagation.)

. Consider the following boundary value problem for Laplace’s equation in the infinite
strip Q@ = {(z,y) € R? | —c0 < 2 < o0, 0 < y < 1},

Uzz +Uyy, =0 in Q,

u(z,1) = f(z), S—Z(x,O) =0, (—o0 <z < 00).

Here n denotes the outward unit normal on the boundary 2. The Diricklet-Neunann
map T is defined (when possible) by

(Tf)(l') = %(Z,l) —o00 <z < co.

Show that if f € S is a function in the Schwartz class S of smooth, rapidly decreasing
functions on R, then Tf € S. Show that T may be extended by continuity to be a
bounded map T : H'(R) = L*(R). (Hint: Use the Fourier transform.)

1




4. Consider the conservation laws
1
Ue + (—Uz) =0 y (1)
2 z
ve + (—;va/z) =0. (2)

(1) If v is a C! positive solution of (1) for —co < z < o0, 0 < t < T, show that
v = u? satisfies (2).

(i) Find global weak solutions of (1) and (2) which satisfy the Lax entropy condition,
and which take the respective initial values

2 z <0 4 z <0
u(:z:,O):{Q—z 0<z<l, v(z,O):{(2-—z)2 0<z<l
1 z2>1 1 z21

Sketch the characteristics and any shock curves which arise. Is the following
statement true or false? (Justify your answer.)

v(z,t) = u(z,t)? for —co <z < 00,0 <t < 0.

5. Let & C R™ be a connected domain with smooth boundary, and with volume equal
to 1.
(a) Let A > 0, and consider the boundary value problem

—Au+/\/u=f in Q, 6_u=0 on 9. (1)
0 an

Describe the weak formulation of this problem. (Do not solve it.)
(b) Show that a weak solution of problem (1) is also a weak solution of the problem

Ou
—Au = —/ in{, — =0 ondQ. 2
u=f-|f 0, @)

(c) The solution of problem (1) depends on A. Suppose u = u; is a weak solution
for A = A1, and u = us is a weak solution for A = \;. What is u; — u2? (Hint:
solutions of problem (2) are not gquite unique.)

6. Consider the first order equation
ue +a(z)uy, =0

where a is a smooth function on R.
(1) Define what a weak solution of this equation is.
(ii) Suppose u is a piecewise smooth weak solution which is discontinuous along the
curve C described by z = s(¢). Show that C must be a characteristic of the PDE.

2
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1. The equation
P2+l =y’ +1

is the eikonal equation from geometrical optics in a certain stratified 2-dimensional medium.
Consider this equation with initial conditions given for x = 0,

y2
¢<Ouy) = _2—7 ¢x(0)y) >0

for all y € R. Find ¢(z,y). Sketch the characteristics. Do they focus or defocus as
x — too?

2. Recall that if f : R? = R is C? with compact support, then u(z) = [, G(y) f(z —y) dy
satisfies Au = f, where the Green’s function G(y) = —(27)"!In|y|. Let v : R? — R? be
a C® vector field with compact support, v = (v1,v2). We seek to write v = w + V¢ where
divw = 0. Hence we wish to solve A¢ = divv and compute V¢. Prove that

2

9 .
¢_ = cvi(z) + hmZ/ Bij(y)v;(z — ) dy , (1)
axl E—)0]=l |y|>€

for some constant ¢, and find ¢. Here

= o _ L Yilyj
5410 5,0 = ~aym (258

where 0;; = 1 if 2 = j, 0 otherwise. Note that B;; is not absolutely integrable in a
neighborhood of y = 0 in R2.




3. Fore > 0, let f.(u) = Vu? +e. Note fo(u) = |u]. For ¢ > 0, consider the Riemann

problem

u_. <0
up + fe(u)z =0, u(az:,O)z{u+ 2> 0.

Assume that u_ <0 < ugy.
(a) Find a discontinuous weak solution of this problem, and determine whether the Lax

shock condition holds.
(b) Show that a continuous solution u®(z,t) exists in the form of a centered rarefaction
wave. Find u®(z,t) = lim._o u®(z,t), and prove that u° is a weak solution of

4. Let  be a bounded domain in R™ with smooth boundary, and suppose u € C?(Q)

satisfies

Au+Zb ax] (z)u=Au in Q, %zO on 012,

where ¢ and b; (j = 1...n) are given smooth functions on Q. Suppose that A > maxgq ¢(z).
Prove that u can have no positive maximum on 9€2. (Take care, u is not defined outside Q.
Consider u(z(t)) for various curves z(t).) Deduce that u = 0 using the maximum principle.

5. Consider the initial value problem in R?* x R,
- Au=gq(z,t), u(z,0) =0, uz,0)=0, (P)

where ¢ is smooth with g(z,t) = 0 for |[z| > p > 0. Show that if ¢ has the form ¢(z,t) =
e™tqo(z) then there is a function v(z) such that for each z € R3,

u(z,t) —v(z)e™t -0 ast— oo.

6. Let §2 be a bounded domain in R™ and consider the elliptic system

—Auy + a(z)ur + Buz = fi,
_AUZ = f2 y

with the boundary conditions
up =0, uy=0 on 99.

(a) What is the weak formulation of this boundary value problem?

(b) Assuming that o > 0 is continuous on Q, show that if |3| is sufficiently small, then
for each f = (f1, f2) € L%(Q) x L?(Q), there exists a unique weak solution to this
problem.
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1. Let € > 0, ¢ € R. Solve the initial value problem

weten e, u(@0)={; 2270 Y

The solution depends on ¢, so we write u = u.. Find lim,_.¢+ u.(z,t). For each fixed ¢t > 0,
determine whether the convergence is uniform in z, and justify your answer. Discuss in
what sense, if any, the limit is a solution to u, + cu, = 0. (Hint: Change to a moving
coordinate system.)

2. A simple model for traffic flow, in which one assumes that cars move more slowly in
denser traffic, leads to this conservation law for u(z,t), a normalized density of cars per
unit length along a highway:

uy + f(u); =0, where f(u) = (1 — u)u. (2)

As a model for a traffic stream that has been partly stopped at a traffic light, and starts
up again at time ¢ = 0, consider the initial value problem for (2) with initial data

0 forz>1,
u(a:,O):{l for0<z <1,
a for z <0,
where a € (0,1) is the density of a uniform stream of cars approaching from the left.
(a) Find a solution to this problem, valid for 0 <t < 1/(1 — a), in terms of a shock wave
and a rarefaction wave. Sketch the characteristics. Verify that any discontinuities
satisfy the appropriate jump and entropy conditions.

(b) What happens at ¢ = 1/(1 — a)? Describe how to continue the solution beyond this
time.



PDE
_SCU\»A.Q.(V) qug

3. Suppose f : R® — R is C? and has compact support.

(a) Prove that if u is defined by
1
we)= [ Ty (3)

Y
s |z —y|

then u satisfies the Poisson equation Au = cf for some constant ¢, and find c.
(b) Show that there is a function g(r) such that |u(z)| < g(|z]) — 0 as |z| — oc.
(c) Show that u as given by (3) is the unique solution of Au = ¢f having the property in

(b).

4. Let Q@ = R" x (0,7]. Suppose u € C*(2) N C(Q) is a bounded solution of the heat

equation uy = Au. Prove that

sup u(z,t) < sup u(z,0) .
(z,1)eR z€RR

(Hint: Consider the function v = u — ¢(2nt + |z|?).)
5. Suppose f € C[0,1], and consider the ODE boundary value problem

v +p(x)y’ +q(x)y = f(z), y(0)=y(1)=0.
Suppose p € C1[0,1], ¢ € C[0,1] and p' — 2¢ > 0. What is the weak formulation of this
problem as an elliptic boundary value problem? Using the Lax-Milgram theorem, prove
that a unique solution exists.
6. Consider the nonlinear PDE

ur—Au+ui=0, zeR3 teR.

(a) Assuming u is smooth and has compact support in z for each ¢, what is the energy

expression
E@t) = /// q(u,us, Vu)dz
R3

E.(t) = ///lzlsaq(u,u,,vu)dx

be the energy contained in the ball of radius @ > 0. Show that for any T > 0,

which is conserved?

(b) Let

E.(T) < Eat1(0) .
(¢) Show that if u(z,0) = u(x,0) = 0 for |z| > a, then u(z,t) =0 for |z| > a+1¢,t > 0.

2
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