TOPOLOGY/GEOMETRY QUALIFYING
EXAMINATION

JANUARY 10, 2011
MATHEMATICS DEPARTMENT
UNIVERSITY OF MARYLAND

Unless otherwise stated, you may appeal to a “well known theorem” in
your solution to a problem, but if you do, it is your responsibility to make it
clear which theorem you are using and why its use is justified. In problems
with multiple parts, be sure to go on to the rest of the problem even if there
is some part you cannot do. In working on any part, you may assume the
angwer to any previous part, even if you have not proved it.

Problem 1.

A continuous map between Hausdorff spaces is closed if the image of each
closed set is closed. A continuous map is proper if the inverse image of each
compact subset of the range is compact.

a) Let X, ¥ be metric spaces. Show every continuous proper map
f+ X =Y is closed.
b) Give an example of a map which is not closed and explain.

Problem 2.

In what follows, “surface” will mean a connected compact surface-with-
boundary. x denotes Euler characteristic. Prove or disprove the following
statements (using standard results, which you can assume, of course).

(1) Two orientable surfaces A and B with 8(A) = 8(B) = @ are home-
omozphic if and only if x(A) = x{B). '

(2) Let E < 0 be an integer. The number of homeomorphism classes of
orientable surfaces 4 with x{A) = F equals 1 — F.

(3) If A is an orientable surface and B is a nonorientable surface then
A cannot be homotopy-equivalent to B.

(4) If A is an orientable suiface and B is a nonorientable swface then

A cannot be homeomorphic to B.
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Problem 3.

Let X be a loeally path-connected space and
fi: X —>8'={zeC|l|=1}, j=0,1,
be two continuous maps. Show fp and fi are homotopic if and only if there

is a continuous function e : X — R such that fo(x) = f1(x) exp 2mia(z) for
all z € X.

Problem 4.
Fix n > 1, and let X, denote the space obtained by attaching an {n+1}-cell
to S™ by a map of degree p, wheze p is a prime.
a) Compute H.(X, x X, Z). Here p may or may not be equal to g.
b) It 7 is a prime (possibly equal to p} and Z, is the cyclic group of
order r, compute H.(X, X Xp, Z, ).

Problem 5.
If X is a topological space, the n-th symmetric power S"X of X is defined
to be the quotient of X™ = X x X x - .. x X (n factors) by the action of the
symmetric group X,, acting by permutation of the factors. The quotient
space is given the quotient topology.

(1) Show that if X = CP! =2 $2, then S"X is homeomorphic to CP™.
(Hint: the elementary symmetric functions o1(z1, ,2,) = 21 +
ot zp, e, on{z1, 0y 2} = 21 - 2, give a homeomorphism from
&™C to C" and you just need to extend it.)

(2) Compute (as explicitly as possible) the map of cohomology rings
H*(CP™Z) — H*((§%)™;Z) induced by the quotient map X" —
8" X, X = $2. In other words, give the structure of each eochomology
ring (for this you can use standard results instead of computing from
seratch), and then explain what each generator maps to.

Probiem 6.
a) Let N™ be an orientable compact connected n-manifold without
boundary. Show H™{N, Z) ~ Z.
b) Suppose M™ is another n-dimensional connected compact manifold
without boundary and f: M — N is a continuous map such that
fer Hp{M, Z) — H,(N, Z)

is onto. Show M is orientable and f.: H,(M, Z) — H,(N, Z) is
onto for ali » > 0.
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MATHEMATICS DEPARTMENT
UNIVERSITY OF MARYLAND

Unless otherwise stated, you may appeal to a “well known theorem” in
your solution to a problem, but if you do, it is your responsibility to make it
clear which theorem you are using and why its use is justified In problems
with multiple parts, be suie to go on to the rest of the problem even if there
is some part you cannot do In working on any part, you may assume the
answer to any previous part, even if you have not proved it.

Problem 1.
True-false: If true give a quick reason why If false, give a counterexample.

a} It X is a metric space with metric d and d(z,y) < 1 for all 2,y € X,
then X is compact.

b) Every connected topological space is path-connected

¢) If g: X — ¥ is a continuous one-to-one surjection, then X and ¥
are homeomor phic.

d) Hf R? -» R is given by f(=,y, 2, w) = a® + 2zy + 2° + w?, then
1(1) is a smooth submanifold of R?

&) Thele exists a 2-manifold A {without boundary) with M x M ho-

motopy equivalent to M

Problem 2.

a) Let X be a closed, oriented sutface and suppose there exists a covering
space p : ¥ — X such that ¥ is homeomorphic to X but p is NOT a
homeomorphism. Show X is homeomorphic to 51 x S!

b) The compact surface S pictured below has boundary homeomorphie
to a citcle (Note that there is a half-twist in the “bridge”} If M is the
space obtained from the disjoint union of a 2 disk D and § by identifying
the boundaries of each, we obtain a compact surface. What smface is it?
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Problem 3.

Let 3% be the unit sphere in B4 and let S be embedded in 5% as the
intersection of S with a two-dimensional plane thiough the origin Let M
be the space obtained by fiom $% by identifying the embedded S? to a point
Let G be a non-zero abelian group.

a) Compute the homology groups of M with coefficients in G.

b) What is the Euler characteristic of M?

c¢) Show M is not a manifold.

d) Ifp : 8% — M is the quotient map, show p. : H3(8%, G) — Hs(M, G)
is not the zero map.

Problem 4.
Let X be the quotient space of % x [0,1] with (2,0) ~ (¢(z),1), where
o is the antipodal map on S°
a) Show that X can also be writben as the quotient of S% x R by the
action of Z generated by (z,t) = (o(z), ¢ +1)
b) Show that X is an orientable closed 4-manifold.
¢) Compute the integral homology groups of X
d) Compute the cohomology ring H* (X, Z) with Z coefficients.

Problem 5.

a) If n is even, show there does not exist a map CP® — CP™ of degree
—1.

b) Let r : €% — {0} — €™ — {0} be given by r{z,21, . ,2n) =
(—#0,21, .. ,2.) Then r induces a map 7 : CP* —» CP" What is the
degree of F7

Problem 6.

a) Suppose M is a compact, contractible, orientable n-manifold with

boundary Show &M is a homology (n — 1)-sphere, that is, has the inte-

gral homology groups of a sphere.
b) Suppose f : M — N is a degree one map of closed, connected, ori-

entable manifolds Show f, : m (M) — m(N) is onto. Hint: Aigue by
contradiction.
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Unless otherwise stated, you may appeal to a “well known theorem” in
your solution to a problem, but if you do, it is your responsibility to make it
clear which theorem you are using and why its use is justified. In problems
with multiple parts be sure to go on to the rest of the problem even if there
is some part you cannot do. In working on any part, you may assume the
answer to any previous part, even if you have not proved it.

Problem 1.

Let G be a topological group acting the topological space X . Let G, = {g €
G|lgr =z} and O(z) = {gz|g € G}.
(2) Show thete exists a continuous bijection 7 : G/G, — O(z) which is
a hormeomorphism if G is compact.
(b) Let X/G denote the orbit space, i.e., the set of equivalence classes of
the equivalence relation z ~ y if and only if there exists ¢ € G with
« = gy. Bquip X/G with the quotient topology and let p : X — X/G
be the natural map. Show p is an open map.
(c) Suppose G and X/G are connected. Show X is connected.

Problem 2.

Let €, be the set of points (21, 22) € C? with 2¥ = 2} + a, where ¢ € C is
fixed.
(a) Show that for a # 0, C, is a smooth submanifold of C2,
{b) Show that when a = 0, w — (w?,w?) is a surjective map from C to
Co.
{c) When a =0, is Cp a topological manifold? Why or why not?

Problem 3.

a) Let X be a path—connected locally path-connected space and suppose
HYX,Z)=0. Show that every map f: X — S! is null homotopic.

b) Let T, denote the compact oriented swface of genus ¢ > 1 (without
boundary). Foz' all n > 1 show there exists a unique T}, which is a regular
n-fold covering space of T, and determine £ as a function of ¢ and n.
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Problem 4.

A complex line in the complex plane C? is given by the equation az +bw = ¢
where a,b,¢ € C and a and b are not both 0.
{a) Show that if two complex lines are disjoint they are parallel, i.e,
given by az 4+ bw = c and oz + bw = d for some a, b,¢,d € C with a
and b not both 0 and ¢ # d.
(b) Show that if §, ... I, are n disjoint lines in C2 then =; (C2 — {UL}) is
1somorphic to the free group on n generators.

Problem 5.

Let X be the two-dimensional CW complex obtained from 5! by attaching
two 2-cells by maps of degree a and b respectively where a and b are relatively
prime. s

(a) Show X is simply connected.

(b) Compute the integral homology groups of X.

(c) Show X is homotopy equivalent to $2.

Problem 8.

Let M be a connected compact 4-manifold without boundary. (It need not
be orientable.) Let Fy = Z/(2) be the field with two elements.

(a) Show that H4(M,Fs) is one-dimensional.

(b) Show that there is a unique class w € H?(M,Fs) such that z Uw =
zUz. (Hint: show that z — (z Uz, [M]) is a linear functional on
I (M ,Fa).)

{¢) Assume now (in addition) that M is orientable. Show that if T is the
torsion subgroup of H(M, Z) and W is the image of H2(M, Z) under
the “reduction mod 2 map” r: H3(M, Z) — H?*(M,¥;), then rT and
W are each other’s annihilators under the cup product pairing

(d) When M is orientable, use the result of (¢} to show that w is the
reduction mod 2 of a class in 7%{M, 7).
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Unless otherwise stated, you may appeal to a “well known theorem” in your solution to a problem,
but if you do, it is your 1espons1b111ty to make it clear which theorem you are using and why its
use is justified. In problems with multiple parts, be sure to go on %o the rest of the problem even
if there is some part you cannot do In working on any part, you may assume the answer to any
previous part, even if you have not proved it

Problem 1.

Consider two topological spaces A and B with the same underlying set [0, 1] ., consisting of all
_sequences T = (Zy,), where n = 1,2,3, .. and z, lies in the intexval [0, 1}. Give A the weak topology,
that is the smallest topology for Whlch the projections @ —— ,, are continuous Cive B the métric

topology, defined by the metiic

d(m y ZZ nlmn ynP

Prove o1 disprove the following statements:

(a) The identity map A — B is contimuous.
(b) The identity map B ~— A is contimious.
(c) A and B are homeomorphic.

Problem 2.

Let G denote the set of all motions of the plane R? of the form
fn s (#,9) = (-1)"z + n,y +m),
where m and n are integers It is easy to verify (don’t bother with th15gyou can take it on faith)

that G is a group under ¢omposition

(a) For which m and n does Jm,n preserve orientation? N

(b) Show that G acts properly discontinuously and freely on B2, that the quotient R2 /G is a
closed surface S, and that the quotient map ¢: R? — § is a covering space.

(c) For any integex k, let gy, : [0,1] — R? be the map defined by ge(t) = (¢, kt) Let hy: [0,1] — &
be the composition ¢ o g,. Show that hy defines a nontrivial element of the fundamental

group 71 (S, ¢(0)).
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Preblem 3.

Let RIP" denote, as usual, the real projective n-space. Corresponding to the inclusion R™ «— R%H1

is an inclusion RP™ «— RP™1. Prove or disprove the following statements.
(a) The complement RP"1 \ RP™ is disconnected.
(b) RP" is two-sided in RP**! (That is, it has a tubular neighborhood N such that N \ RP™

is disconnected.)
(¢) Suppose A and B are manifolds of respective dimensions n and n+ 1, and A — B is the
embedding of a submanifold Suppose that A is two-sided in B. Then B\ A is disconnected.

Problem 4.

If'Y is a connected topological space, a regular infinite cyclic cover of ¥ is a connected regular
covering space Y — Y whose group of covering transformations is isomorphic to the integers Z.
(a) Let X be a connected CW-complex Show HL(X, Z) # 0 if and only if there exists a regular
infinite cyclic cover of X. _
(b) Suppose X is a finite connected CW-complex and X2 Xbea 1egular infinite cyclic cover
of X LetT: X — X bea generator of the group of covering transformations and let € (f )
(tesp., C(X)) be the cellular chain complex of X (resp, X). Show there exists an exact
sequence of chain complexes

00X IS8 o) 2 ox) —o
(c) Suppose X is as in (b) and > dim@Hz-(f ,Q2) < co. Show the Euler charactetistic, x(X),

is ze1o.
{d} Let M, be an oriented surface of genus g > 2. Show that if M -+ My is an infinite cyclic

cover of M, then Hl(Mg, Z) is not a finitely generated abelian group
Problem 5.

Let f : §%~1 — §7 be defined as follows: Give $™ the usual cell decomposition with one O-cell *
and one n-cell, and give S™x S™ the product cell decomposition with n-skeleton the one-point union
5" v 8% and with one additional 2n-cell. Let c: 8D%® = §2~1  §7 v §" he the attaching map
of the top cell of 57 x 5%, and let f be the composition of ¢ with the folding map §™ v 8" —» §»
Let X = 5™y D

(a) Show that X can also be identified ag S™ x ™/ ~, whete (z,%) ~ (%, ).

(b) For n > 1, calculate the integral cohomology 1ing of X

(¢) Show that X is not homotopy equivalent to a closed manifold for any n > 1.

Problem 6.

Let S, be the closed oriented surface of genus g Let C be a simple closed curve in S;. Prove that
Sy IetI acts to C if and only if €' does not separate Sy (Hints: 1. One way to do thls is to use
duallty to analyze Ho(S, \ C). 2. Let T denote the umt circle in the complex plane, with its usual
group structure. You may use the standard fact that the set of homotopy classes of maps from a
space X (say with the homotopy type of a CW comiplex) to T, with the group structure coming
from pointwise multiplication of T-valued functions, is isomorphic to H1(X,Z) )
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JANUARY 14, 2009
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Unless otherwise stated, you may appeal to a “well known theorem” in
your solution to a problem, but if you do, it is your responsibility to make it
clear which theorem you are using and why its use is justified. In problems
with multiple parts, be sure to go on to the rest of the problem even if there
is some part you cannot do. In working on any part, you may assume the
answer to any previous part, even if you have not proved it.

Problem 1.

Let X,Y be locally compact Hausdorff spaces. Recall that a closed map
is a continuous map that sends closed sets to closed sets. Prove or give a
counterexample to each of the following statements:
a) The Cartesian projection. X X ¥ — X is a closed map.
b) Assume X is compact The Cartesmn plojectlon X XY —Xisa
closed map: - - : ' e
c) Assume Y is compact The Ca1 tesian prOJectlon X X Y — X isa

closed map.
d) Assume both X and Y are compact. The Cartesian projection X X

Y — X is a closed map.

Problem 2.

a) Let X be a path connected, locally path connected, and locally simply
connected space. Let p: X - Xbea simply connected covering space of X
and let A C X be a path connected, locally path connected subspace of X
with A C X a path component of p~1(A4). Let zp € A. Show p: A— Aisa
covering space of A and corresponds to the kernel of the map m1(4, zg) —
™ (X, .’220).

b) Let g and h be positive integers with h > 1 and let M}, denote the
closed oriented surface of genus k > 0. Show M, is a covering space of My

if and only if there exists n > 0 such that g =n(h —1) +1.
Problem 3.

Let M, (R) be the space of n x n real matrices topologized as R™. Let
S(n) be the subspace of symmetric matrices and £ : M,(R) — S(n) be the

(smooth) map F(A) = AA" where A' is the transpose of A.
1
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a) If DaF : M,(R) — S(n) is the tangent map of F' at A € M,(R),
show D4 F sends B — AB! + BA!.

b) Show Id € S(n) is a regular value of F.

¢) Show O(n) = F~1(Id) = {A € M,(R)|AA! = Id} is a submanifold
of M,(R) and determine its dimension.

d) Determine the tangent space to O(n) at the identity matrix as a
subspace of M,(R).

Problem 4.
a) Let X be a CW-complex of dimension n. Show H,(X, Z) is free abelian.

b) Let X be a 2-dimensional CW-complex with 1 zero-cell zp, 2 one-cells
and 3 two-cells. Suppose further 71 (X, zg) = 53, the symmetric group on 3
letters, i.e., the unique non-abelian group of order 6. Let X be the connected
cover of X corresponding to the unique subgroup of S3 of index 2. Determine
H,(X) and H,.(X).
Problem 5.

Let n > 1 be an odd integer, S™ the n-sphere, RP™ the real projective n-
space and p : 87 — RP” the natural projection. Suppose we are given
continuous maps g : S — S” and f : RP™" — RP" such that pg = fp. Le,
the following diagram commutes:

s —L gn

NS

RIP;n _f—) .RIP)"L"( R

a) Show degree(g) = degree(f).
b) Prove there exists a map f’ : RP® — 5" such that pf’ = f if and
only if degree(f) is even. (You may find cohomology with mod 2

coefficients useful).
¢) Prove that if h : S — S™ commutes with the antipodal map of S™

then degree(h) is odd.
Problem 6.

Let M™ be a compact, connected manifold of dimension n. We do not
assume M closed or orientable unless this is explicitly stated.
a) If nis odd and OM = 0, show the Euler characteristic x(M) = 0.
b) If n is odd and M # @, show x(0M) is divisible by 2.
¢) If n = 3, M is not orientable and OM = 0, show Hy(M, Z) is infinite.
d) If M is orientable, contractible, and OM # @, show OM has the same
integral homology groups as S™~!.
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Unless otherwise stated, you may appeal to a “well known theorem”
in your solution to a problem, but if you do, it is your responsibility to
make it clear which theorem you are using and why its use is justified.
In problems with multiple parts, be sure to go on to the rest of the
problem even if there is some part you cannot do. In working on any
part, you may assume the answer to any previous part, even if you
have not proved it.

Problem 1.

Let (M, d) be a metric space.

(a) Show that the topology on M induced by the metric is Haus-

dorff.

(b) Show that d: M x M — R is continuous with respect to the
product topology on M x M.

(c) Find an example for which M is a smooth manifold, but d: M x
M — R is not smooth.

Problem 2.

Let X and Y, be manifolds, and let U and Z be submanifolds of Y.

(a) Assume that f: X — Y is a smooth map transversal to Z in Y,
so that W = f~1(Z) is a submanifold of X. Prove that T, (W)
is the preimage of Ty(;)(Z) under the linear map df, : T;(X) —
Ty (Y)-

(b) Assume that U is transversal to Z. Show that for y € U N Z,
T,(U N 2) = T,(U) N T,(2).

1
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Problem 3.

(a) Compute the fundamental group of the space obtained from the
disjoint union of two spaces, each homeomorphic to the torus
S1 x 8% by identifying a circle S* x 1 in one torus with the
corresponding circle S x 1 in the other torus.

(b) Let X C R™ be the union of convex open sets X1, -, X, such
that X; N X; N X, # 0 for all 4,5,k =1,...,n. Show that X is
connected and simply-connected.

Problem 4.

Let TopPair be the category of pairs of topological spaces and contin-
uous maps (as usual, we identify a single space X with the pair (X, 0))
and let ChCompl be the category of chain complexes C, of abelian
groups (with C,, = 0 for n < 0) and chain maps. Let F': TopPair ~~
ChCompl be a functor and define a “homology theory” H¥ by HF(X) =
H.(F(X)), HF (X, A) = H,(F(X,A)). Assume that for each (X, A) €
TopPair, one has a natural short exact sequence

0— Fo(A) — Fo(X) = Fo(X,A) = 0.
Also assume that if X is contractible, then

. | Z (with a natural choice of generator), n =0,
H’Ij(X) - {0 ) n>0

(a) Suppose z,y € X lie the same path component of X. Show that
the images of Hf (z) and of Hf (y) in HE(X) must be equal.

(b) Let Sing: TopPair ~» ChCompl be the singular chain functor.
Show that there is a natural transformation ®: Sing — F' in-
ducing an isomorphism H, — HZ on contractible spaces. (Hint:
Naturality is key; use the method of acyclic models.)

(c) Now assume in addition that the natural map (D", 5™ 1) —
(S™, pt) (obtained by collapsing S™! to a point) induces an
isomorphism on the relative HZ groups for all n > 1. (This is a
weak form of the excision axiom.) Also assume that F(X1IY) =
F(X)@® F(Y). (Here II denotes the disjoint union of spaces.)
Deduce that ® induces isomorphisms H,(S™) — HZF(S™) for
each n. (Hint: Start by proving this for » = 0, and proceed by
induction on n.)
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Problem 5.

Let n > 3 and suppose X is a CW complex with one 0-cell and all
other cells of dimension > n — 1. Suppose

H.(X,Z)=Z" & F,

where I is a finite abelian group which is the direct sum of & finite
cyclic groups.

(a) Show that you can attach m + &k (n + 1)-cells to X, obtain-
ing a new CW complex Y with H,(Y,Z) = 0 and H;(Y,Z) =
H;(X,Z) for j # n,n+ 1. (Hint: The property you need for
the attaching maps of the cells has something to do with the
Hurewicz map.)

(b) What is Hp11(Y, Z)?

(c) Show that if X =S™, Y can be taken to be D™*1.

Problem 6.

Suppose M™ is a compact orientable topological n-manifold with
boundary OM a rational homology sphere, i.e., with H,(OM,Q) =
H,(5"1,Q).

(a) Assuming n is odd, use Poincaré duality (with coeflicients Q)

to show that M has Euler characteristic x(M) = 1.

(b) Assuming n = 2 (mod 4), show that the Euler characteristic
x(M) of M is odd. You will need the fact (which you can
assume) that if a finite-dimensional vector space over Q admits
a non-degenerate skew-symmetric bilinear form, then the vector
space has even dimension.
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Unless otherwise stated, you may appeal to a “well known theorem” in
your solution to a problem, but if you do, it is your responsibility to make it
clear which theorem you are using and why its use is justified. In problems
with multiple parts, be sure to go on to the rest of the problem even if there
is some part you cannot do. In working on any part, you may assume the
answer to any previous part, even if you have not proved it.

Problem 1.
Let S! denote the circle and C = R x S? be the cylinder.

(a) Find an example of a surjective continuous map R — S! which is
a local homeomorphism but not a covering space.

(b) Show that for any local homeomorphism f : R — S!, the induced
map 71 (f) : m1(R) — m1(S?) is injective.

(c) Find an example of a local homeomorphism f : X — C for which
the induced map m1(f) : m(X) — m1(C) is not injective.

Problem 2.

Let ¥ be a closed orientable surface of genus g, where g > 3. An orientation-
preserving homeomorphism 8 : ¥ — X of order n is said to act freely if for
all z € &, 0%(x) = z if and only if n| k.
(a) Show that if there exists an orientation-preserving homeomorphism
of ¥ acting freely, then n|(g—1).
(b) Show that there exists an orientation-preserving homeomorphism 6 :
3. — ¥ of order g — 1 which acts freely on Z.
(c¢) Suppose g = 2. Does there exist an orientation-preserving homeo-
morphism 6 : £ — ¥ of order 2 acting freely?

Problem 3.
Let X be a topological space and let Y C X be a subspace. Then Y is a
retract of X if and only if there exists a continuous map r : X — Y such
that r(y) =y forally € Y.
(a) Let Y be a retract of X. Show that if X is contractible, then Y is

contractible.
1
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(b) Let Y be a retract of X. Show that if X is connected, then Y is
connected.

(c) A space Z is said to have the fixed point property if every continuous
map h : Z — Z has a fixed point. Give an example of a pair Y C X
where Y is a retract of X, Y has the fixed point property and X
does not.

Problem 4.
If X is any locally compact Hausdorff space, a singular n-cochain on X,
[ :Cr(X) — Z, is said to have compact support if there is a compact subset

Y C X such that f vanishes on any singular simplex ¢ : A" - X — Y.
Let Al = {(to,%1) | to +t; = 1,¢; > 0} be the standard 1-simplex and let

eo = (0,1), e; = (1,0). Define a singular 1-cochain f € C}(R, Z) by
1 o(eg) <0 < o(er)
flo)=<¢ —1 ogle1) <0< a(ep)
0 otherwise

for any singular 1-simplex ¢ : A’ — R.
(a) It is a fact that f is a 1-cocycle. Show that f has compact support.
(b) Write f as a coboundary, i.e. find a O-cochain g € C'(R, Z) such that

f=1dg.
(c) Show that there is no 0-cochain A with compact support such that
f =énh.

Problem 5.
(a) Let M™ be a connected, compact, non-orientable n-manifold. Show that
HY(M, Z) ~1Z/2.
(b) Show that if a closed (i.e., compact, connected with no boundary) ori-
entable manifold of dimension 2k has Hyx_1(M, Z) torsion free, then Hy(M, Z)
is also torsion free.

Problem 6.

(a)(3 points) For each n > 0, show that the complex projective space CP"
can be obtained from CP"! by attaching a cell of dimension 2n. (Hint:
View CP"~! as the subspace of CP™ consisting of points with homogeneous
coordinates [zp, . . ., zp—1,0].)

(b)(7 points) In the situation of a), show that the attaching map, h :
82—l CP™!, of the 2n-cell is not homotopic to a constant, provided
n > 1, by using the structure of the cohomology ring H*(CP", Z).
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Unless otherwise stated, you may appeal to a “well known theorem”
in your solution to a problem, but if you-do, it is your responsibility to
make it clear which theorem you are using and why its use is justified.
In problems with multiple parts, be sure to go on to the rest of the
problem even if there is some part you cannot do. In working on any
part, you may assume the answer to any previous part, even if you
have not proved it.

Problem 1.

Let U be a connected open set in R™.
(a) Show that any two points in U can be connected by a piecewise
straight line. Define dist(p, ¢) to be the infimum of the lengths

of all such curves joining points p and ¢ in U.
(b) Show that dist is a metric on U and that dist > D, where D is

the Euclidean distance.
(c) Show that dist defines the same topology as D.
(d) Show that D = dist if and only if the closure of U is convex.

Problem 2.
Represent the two-torus as the quotient Lie group
T° .= R*/7%.
(a) Prove that the map
v, g2
(z,y) — (-2, -y)
defines a diffeomorphism 77 L7 of period 2.

(b) Notation as in (a), let G be the cyclic group of diffeomorphisms
of T? generated by f. Prove or disprove: The quotient map

X 35 X/G is a covering space.
(c) Prove or disprove: X/G is a (topological) manifold.

(d) Prove or disprove: X/G is homeomorphic to a 2-sphere.
1
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Problem 3.
In this problem, assume X is a connected finite CW-complex with one
O-cell, two 1-cells, three 2-cells, and some 3-cells.

(a) Suppose X has the homotopy type of a closed 3-dimensional
manifold. How many 3-cells are there? (Hint: Euler character-
istic

(b) If X)1 is the 1-skeleton of X, show that X' = S'v S! and that
m1(X?) is a free group on two generators a and b represented by

the two 1-cells in X.

(c) If the three 2-cells are attached by (based) maps ¢g; : S* —
St v 8t and [g:] = wi(a,b) € m (X)), (wi(a,b) is a word in a
and b), give necessary and sufficient conditions on {w;} so that
H(X,Z) =0.

Problem 4.

(a) Suppose M™ is any connected, oriented, closed n-manifold. By
considering a small disc about a point p in M, show there exists
amap f: M — S" which induces an isomorphism on H,.

(b) Suppose M™ and f are asin (a),n = 3, and H,(M,Z) = 0. Show
that f: M*® — S® induces an isomorphism on all homology
groups. Does f have to be a homotopy equivalence?

(c) Show by example if M™ is a connected, oriented, closed n-
manifold, there need not be a map g : S™ — M™ which induces
an isomorphism on H,.

Problem 5.
Suppose M is a compact 5-manifold such that Ho(M) = Z, Hy(M) =
Z/3 and Hy(M) = Z.
(a) Is M orientable?
(b) What are H3(M), Hy(M) and Hs(M)?
(c) Assume that M can be chosen to be of the form $?x N for some
3-manifold N. What would the homology groups of NV be? Find
such an V.

Problem 6.
Let V' be a closed orientable 2n — 2 submanifold of CP", not necessarily
connected.
(a) Prove or disprove: The complement of V' in CP™ is connected.
(b) Show by example that the complement of V' in CP™ need not
be simply connected. Hint: What happens in the case n = 17
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d) Let S be the unit circle in the complex plane. Show that
for any continuous f: (8% 1) — (X, ) there is a continuous

g'(Sl) (Yy)sothatpog(z) f(z 3)fora]lz€.5’1

4! Let RP? denote the real’ prolectlve plane
a) Prove RP? is homeomorpblc to a space obtamed from the MObIU.S
band by addmg a cone to the boundary. _
b) Using a), show that RP? embeds in R* C 5% (The embédding
need not be smooth.). . : :
c) Détermine the homology groups H*(SS‘ RP?) Wlth Z and: Zs
coeﬂiolents for any embeddmg of RP? in S*. ,

5. Tet A be an abehan group and n > 2 an integer. A CW—complex
M(A n).is called a Moore space of type (4,n) if HO(M(A n), Z) = Z,
H; (M(A n), Z) = AandH(M(A n), Z) —Oforj#() n
.a) Let Zy be the cyclic group of order k> 1. Show there exists a
simply Connected M (Zk,n) of dimension n '+ 1.
b) Show the one-point, union (i.e., wedge), of a Moore spa,ce of type-
(4, n) and & Moore space of type (B, n) is a Moore space of type
(A® B,n). If A is any finitely generated abehan group show
there exists a simply connected M (4, n) of dlmensmn <n+ls
¢) Determine all ﬁmtely generated abelian gToups Ay, Ag; .o, As
and ny, ng; . . <, ms 50 that: '

M(Al,nl) VZW(AQ,TLQ) V- VM(AS,TLS) .
has the homotopy type of a closed orlentable 4—mamfold

e 6. Recall that pomts in (CIP’” can be represented by eqmva.lence classes
T [_.zod‘z_l, zn]f- Where z] € (C are not all ZETO,. a,nd [20,21, ,._,zn] '

i O -_1' cfenerator of HZ(CE”é Z) Use your mewer ir (b) to
determmef ( ) TR A B L0
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Unless otherwise stated, you may appeal to a “well known theorem”
in your solution to a problem, but if you do, it is your responsibility to
make it clear which theorem you are using and why its use is justified.

Problem 1.

Let X and Y be CW-complexes. A map f : X — Y is a local
homeomorphism if Vo € X, U open neighborhood of z € X such that
the restriction of f to U is a homeomorphism. A map f: X -— Y
evenly covers Y if Vy € Y, 3V open neighborhood of 4y € Y such that
for each connected component U of f~1(V), the restriction of f to U
is a homeomorphism onto V.
Prove or disprove the following statements:
(1) A map is a local homeomorphism if it evenly covers its image.
(2) A map is a local homeomorphism only if it evenly covers its
image.
(3) Suppose the surjective map f: X — Y evenly covers Y. If Y
is 1-connected and X is connected, then f is a homeomorphism.

Problem 2.

Let X be a compact metric space and X L X an isometry. Prove that
f is onto. (Hint: Look at the iterates of f acting on a point.)

Problem 3.

Suppose k > 0 is an integer, n = 4k + 2. Let M™ be a compact n-
dimensional manifold with M = (. Let bg1 = dim H**1(M; Q) be
the (2k 4 1)-st rational Betti number of M.

Prove or disprove:

(1) If M is orientable, then bory 1 is even.
(2) If M is nonorientable, then bgx1 is even.

1
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Problem 4.

Let M, N be compact connected 2-dimensional manifolds, possibly with
boundary. Such a manifold is said to be closed if its boundary is empty.
Suppose that f: M — N is a homotopy-equivalence.
Prove or disprove:
(1) M is closed if and only if IV is closed.
(2) Suppose that M and N are both closed. Then M is orientable
if and only if NV is orientable.
(3) Suppose that neither M nor N is closed. Then M is orientable
if and only if /V is orientable.

Problem 5.

Consider a two-by-two integer matrix
a b
of determinant 1. Let 72 be the quotient torus R?/Z* ~ S* x S

Let 7% 74 T2 denote the map induced by A on the quotient R?/Z?.
Consider two closed solid tori M; = S x D? M, = D? x S! with
respective boundaries OM; = S* x ST ~ T2 for i = 1,2. Let M(A)
denote the identification space of M) [] M by the equivalence relation
T~ Ty < xo = fa(xy) for z; € IM;.
Prove or disprove:

(1) fa is always a homeomorphism.

(2) M(A) is always a manifold.

(3) The fundamental group 7, (M(A)) is always cyclic.

(4) The fundamental group m (M (A)) is always finite.

(5) The homology group Ha(M(A);Z) is always trivial.

(6) M(A) is never simply-connected.

Problem 6.

Let X be the space obtained from S'V S' by attaching two 2-cells
by the words a°b~3 and b3(ab)~? in m1(S* vV S) = the free group with
generators a and b. Recall that a space is acyclic <= it has only trivial
homology groups in positive dimensions. Prove or disprove:

a) X is acyclic.

b) The map a +— (1,2,4,5,3) and b — (2,3, 4) defines a homomor-

phism 7;(X) — As, the alternating group on 5 letters.
c) X is contractible.
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Unless otherwise stated, you may appeal to a “well known theorem”
i your solution to a problem, but if you do, it is your responsibility to
make it clear which theorem you are using and why its use is justified.
In the problems with multiple parts, you may assume the answer to
any previous part, even if you have not proved it.

Problem 1.

This problem concerns five statements. Some of these statements are
true, some of them are false, and some might even be unknown! Prove
the correct statements and disprove the false ones. You are not ex-
pected to prove or disprove the ones which are unknown.

(1) A path-connected space is connected.

(2) A connected manifold is path-connected.

(3) A CW-complex with one 0-cell is connected.

(4) A CW-complex with one 1-cell is connected.

(5) A CW-complex with one 0-cell and no 1-cells is simply con-
nected.

Problem 2.

Let G be a Lie group, i.e. (G is a smooth manifold and a group, and the
group operations p: G X G — G and 7 : G — G given by u(g,h) = gh
and 7(g) = g~* are smooth maps. Let e denote the identity of G.

(1) Show that pu.(X,Y) =X +Y where X, Y € T.G.

(2) Show that i,.(X) = —-X for X € T.G.

(3) Show that i : G x G — G is a submersion.

Problem 3.

Let p : X — Y be the double cover of the wedge of two circles pictured

below.
1
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Here p(A) = a, p(B) = b, etc.
(1) Determine X up to homotopy type.
(2) In terms of appropriate generators of 7 (X, z0) and m (Y, o),
compute p, : m (X, z9) = 71(Y, %)

Problem 4.

Recall that for K™ and L™, smooth connected n-manifolds without
boundary, we can form a new m-manifold, denoted K#L, called the
connected sum of L and IV, by taking smooth embeddings f: R* —
K and g: R® — L and gluing K — {f(0)} to L — {g(0)} by identifying
f(tu) with g(¢t~'u) for v in the unit sphere S* ! and ¢ € (0,00). Let
M be the connected sum of RPP* and S* x 2.

(1) Determine m; (M) and the integral homology groups of M. (Re-
call that Hy(RP*) = Z for ¢ = 0 and ¢ = n if n is odd, Z, if ¢
is odd and 1 < ¢ < n — 1 and zero otherwise.)

(2) Is M orientable?

(3) Find the cohomology ring H*(M, Z,).

Problem 5.

Let I' be the cyclic group of order 2.

(1) Use cup products to show that any action of I' on CIP? preserves
orientation, and then use the Lefschetz Fixed-Point Theorem to
show that there is no free action of I' on CP2.

(2) More generally, suppose M is a compact, oriented, topologi-
cal 4-manifold without boundary and with finite fundamental
group. Show that if I" acts freely on M, preserving the orienta-
tion, then by(M) = dim Hy(M,Q) > 2. Show that this bound
is sharp, by exhibiting a free orientation-preserving action of I'
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on a manifold with by = 2. (Hint: M does not have to be very
cormplicated.)

Problem 6.
(1) Show that for any n» > 1 and any m, there exists a continuous )
map f :S™ — S™ of degree m. 7
(2) Let k and [ be integers and attach two (n+ 1)-cells to S™ by maps
of degree k and [ respectively. Let K be the resulting CW-complex.
Compute the integral homology groups H,.(K).

(3) Find all k, [ and n for which K has the homotopy type of a closed j
manifold of dimension n + 1. -



TOPOLOGY/GEOMETRY QUALIFYING
EXAMINATION

UNIVERSITY OF MARYLAND

Unless otherwise stated, you may appeal to a “well known theorem”
in your solution to a problem. If you do, it is your responsibility to
clarify exactly which theorem you are using and to justify its use. In
any part of a problem with multiple parts, you may assume the answer
to any previous part, even if you have not proved it.

(1)

Consider the following two topological spaces. Let A be the
union of an infinite number of circles in the plane, all tangent
at the origin,
A= J{lzy) |2+ y—1/n)’ =1/n%)
n=1
let K ={1,1/2,1/4,...} ={27" |0 < n € Z} and let B be the
quotient space of the half open interval (0,1] with K crushed
to a point
B=(0,1/K

Each of these spaces is a countably infinite number of circles
with a point in common.

(a) Which of A or B is connected?

(b) Which of A or B is compact?

(c) Are A and B homeomorphic?

Let Xo and X; be arcwise connected, locally arcwise connected,

locally relatively simply connected spaces and let p;: X; — X,

be their universal coverings. Suppose f: Xo — X is continu-

ous. )

(a) Show that there is a continuous map f: Xq — X; so that
prof=fopo. .

(b) If m (X1, 21) = Zg, how many different such f are there?

Date: 12 August 2005.
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Let f(z,y,2) ==z +61:7+y2 — 322

(a) Explain why M = f~1(10) is a smooth submanifold of R®.
(b) Find the tangent plane to M at the point (1,3,2).

(c) Is the vertical line z = 1, y = 3 transverse to M at (1, 3, 2)7

(3)

(4) Let M be a compact, connected, orientable, three dimensional
manifold with nonempty connected boundary dM. Suppose
that 7y (M, zo) = Z * Zg and Hy(M;,Z) = Z.

(a) Duality for manifolds with boundary implies that
N[M]: Hi{(M,0M;Z) — H**(M;Z)
is an isomorphism for all . Write down the long exact ho-
mology sequence for the pair (M, M) (with Z coefficients)

and evaluate all of its terms except for H;(OM; Z).
(b) Show that H,(0M;Z) is all torsion.

(5) Let A be the the unit circle in the zy plane in R® and let A,
and A_ be two of its semicircles,

A = {(z,y,2) | z=0,2" +y* =1}
Ay = {(a:,y,z)|z:0,x2+y2=1,120}
Al = {(z,y,2) | z=0,2" +y* = 1,2 < 0}

(a) Find H,(R3 — A,;7Z).
(b) Find H,(R* - A_;Z).
(c) Find H,(R* — A4;Z).

(6) Recall CP" is complex projective n space and S? is the two
dimensional sphere.
(a) Compute the cohomology ring H*(S? x CP?;Z).
(b) Suppose f: S? x CP? — CP® and a € He(S? x CP?* 7).
Show f.(a) is divisible by 3. (Hint: Use the cohomology
ring structure.)
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Unless otherwise stated, you may appeal to a “well known theorem”
in your solution to a problem, but if you do, it is your responsibility to
make it clear exactly which theorem you are using and why its use is
justified. In problems with multiple parts, you may assume the answer
to any previous part, even if you have not proved it.

Problem 1.

Let X and Y be locally compact Hausdorff spaces and let f: X — Y be
a continuous map. Recall that we say f is proper if f~!(K) is compact
for all compact subsets K C Y.

a) Let X*® = X U {00} and Y*° = Y U {oo} be the one point
compactifications of X and Y. Let f*°: X — Y* be defined
by f®|x = f and f*°(o0) = co. Show that f is proper if and
only if f° is continuous. (Note: It is not sufficient to say “This
is a theorem in Bredon”. You must prove this directly from the
definition of the one point compactification.)

b) Show that f is a homeomorphism if and only if f is proper, one
to one, and onto.

c) Give an example of locally compact Hausdorff X and Y and a
(nonproper) one to one onto map f: X — Y so that X and YV
are not homeomorphic.

Problem 2.

a) Let X and Y be non-empty, Hausdorf, path connected, and locally
path connected spaces. Suppose X is compact and f : X — Y a local
homeomorphism. Show f is onto and f : X — Y is a covering map.

b) Now suppose X and Y are non-empty smooth n-dimensional mani-
folds without boundary with X compact, connected and ¥ simply con-
nected. Let f : X — Y be a smooth map whose Jacobian f, : T,X —

TypY is non-singular for all p € X. Show f is a diffeomorphism.
1
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Problem 3.

a) Show the Klein bottle K (the rectangle with the sides identified as
shown) is the union of two M&bius bands with the boundary circles
identified.
b) Use a) and the van Kampen theorem to determine a presentation
of m (K, zp).
¢) Determine H,(K,Z) and H*(K, Z,).
Problem 4.

Let S™ be the n-sphere and f : S™ — S™ a continuous map.

a) Show that if f is not surjective, then f is homotopic to a con-
stant map.

b) Construct an example of a surjective map f : S™ — S™ which
is homotopic to a constant.

¢) Is every map f : S™ — S™ homotopic to a constant? (Either
give a proof or a counterexample.)

Problem 5.

Let S% = {(z,w) € C?||z]? + |w|?> = 1} and S? = C U {oo}. Define
maps f,g,h : S* — 8% by the following formulas i) f(z,w) = 0, ii)
g(z,w) = z and iii) h(z,w) = z/w. Denote by X the space S? Uy, e
where k is one of f, g or h.

a) Write down the cellular chain complexes for the spaces X (in-
cluding boundary maps) and compute the integral homology
groups of the spaces Xj.

b) Which of the spaces X are homotopy equivalent and which are
not? (The space X}, can be shown to be homeomorphic to CIP?
complex projective 2-space.)

Problem 6.

a) Show any map f : S*¥*' — S* x S! with k, I > 0 induces the zero
map f* : Hk+1(Sk+l,Z) — H}H_Z(Sk X SZ,Z).

b) Let M and N be k-dimensional compact, connected oriented
manifolds without boundary and let f : M — N be a continuous
map. Suppose M is simply connected and Hy_1(N,Z) # 0. Show
fo s He(M,Z) — Hi(N,Z) is the zero map. (This is really a covering
space problem.)

A
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Written Qualifying Examination
Geometry/Topology
Friday, August 20, 2004

Instructions. Answer each question on a separate numbered answer sheet. In problems
with multiple parts, whether the parts are related or not, the parts are graded indepen-
dently of one another. Be sure to go on to subsequent parts even if there is some part you
cannot do.

You are allowed to appeal to “standard theorems” proved in class or in the textbook,
but if you do so, it’s your responsibility to state clearly exactly what you’re using and why

it applies.

1. Let U be a connected subset of R*. Define d;: U x U — R by d;(z,y) = inf of the
lengths of all broken straight line segments joining z and y in U. (If there are no such
paths, let d;(z,y) = +00.)

(a) Prove that d; = min(d;,1) is a metric. |

(b) Let d be the ordinary Euclidean metric on U. Show that the identity on U, map-

ping from the topology induced by d; to the topology induced by d, is continuous.

(c) If U is open, show that the map in (b) is a homeomorphism.

(d) Give a counterexample to part (¢) if U is not assumed to be open.

2. Let h: M — N be a submersion from a smooth manifold M onto a smooth manifold
N.

(a) Show that h=1(z) is a smooth manifold without boundary, for each z € V.

(b) Suppose that h is proper, that is, h~1(K) is compact for any compact set K in N.
By (a), h~1(z) is a smooth compact manifold without boundary, for each z € N.
In this case, one can show (you do not need to do this) that for each z € IV, there
is an open neighborhood U such that h=}(U) is diffeomorphic to U x P, where
P = h~}(z), in such a way that the restriction of A to A™*(U) can be identified
with the projection U x P — U. In other words, h is locally the projection in a
product. Give an example where A is proper and is not globally the projection in
a product, 1.e., where M does not split as N x P for any P.

(¢) If ¥ = R and h is proper, show (using (b)) that A is homeomorphic to P x R
for some compact smooth manifold P.

(d) Give an example of a submersion h: M — R which is not proper and with M not
a product with R.

3. Let M be a connected manifold with H1(M,Z) = 0. Show that any continuous
f: M — T? is null homotopic, where 7 is the torus S* x S*.

4. A compact connected 7-manifold M (without boundary) has the following homology

groups:
Hi(M,Z) =7/3,

Hy(M,Z) =17,
Hy(M,Z) =7&7/3.



(a)
(b)
()

5.
(a)

Compute all the remaining homology groups of M.

Compute all the cohomology groups of M.
Give a concrete example of a manifold with these homology groups. You can take

M to be of the form N* x L3, with N simply connected.

Show that the 2-torus 72 and S! v S! v S? both have CW decompositions with
four cells: one 0-cell, two 1-cells, and a 2-cell. Recall that V denotes the “one-
point union” of two spaces, obtained from the disjoint union [] by identifying
basepoints. Then show that 72 and S! Vv S! Vv S? have isomorphic homology
groups.

Show that T2 and S* v S v S? have different fundamental groups, hence are not
homotopy equivalent.

Show that the suspensions

ST?, S(Stvstvs?) =82y Sty se

are homotopy equivalent. (The reduced suspension of a based space (X, z) is the
smash product with S?, ie., SX = (S' x X)/(S* x {z} U {*} x X).) Hint: ST?
has a CW decomposition with one O-cell, two 2-cells, and a 3-cell. The attaching
map of the 3-cell is the suspension of the attaching map of the 2-cell in T2. From
knowledge of the attaching map of the 2-cell in 7%, show that this attaching map
is null-homotopic. You may assume that m5(S?2V S?) 2 Z ¢ Z.

6. Let p be the quotient map from CP" to CP"/CP*, k < n.

(a)
(b)

(c)
(d)

Show that p* is a monomorphism on integral cohomology.

Describe the ring structure on H*(CP"*/CP*, Z). Give necessary and sufficient
conditions on n and & for all cup products to be trivial.

Show that there is no retraction from CP™/CP* to CP™/CP*, assuming that
n<2k+2<m.

Show that CP"/CP™~! is homeomorphic to S%7.
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In any problem you may assume the answer to a previous part, even
if vou have not proven it. H.(7) of a space Z alway means homology
with integer coeflicients.

1. Let Z be a space, mg(Z) the set of path components of Z and w,(Z)
the set of components of Z Suppose [ : X — Y is a continuous map.

a) Show f induces a map fz : mo(X) — 7o(Y) and that if f ~g¢
(homotopic) then fo = g=.

b) Show f induces a map fu : 7p(X) — 73(Y) and that if f ~g
(homotopic) then fa = g..

¢) Suppose Z is a space for which the path components and the
components coincide and let VW be homotopy equivalent to 2.
Show the path components and components of V" agree.

2. Let X = S x §' with base point (1,1) and A = (S' x {1})U ({1}
SH), the union of the longitude and meridian circles in X.

a) What are the fundamental groups of X and A?

b) Let X be the universal cover of X, p: X — X the projection
and A =p Y(A) C X Showp: A — Ais a connected covering
of A and draw a picture of A C X.

¢} Under the correspondence of coverings of A and subgroups of
7 (A) show that p : A — A corresponds to the commntator
subgroup of m(A).

d) Let Z be a path-connected, locally path-connected space with
71 (Z) finite. Show that every f: Z — X is null-homotopic.

3. Some of the following statements are true and some are false. Sep-
arate the true from the false and give reasons for your conclusions.

a) S — {three points} is simply connected.
b) S*—{three points} is homotopy equivalent to S% - {two points}.
¢) There exists a smooth map f : S* — S! x S? such that the
differential df;, : 7257 — Ty (S' x S?) is an isomorphism for
all z.
I
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4. Let X = S!' x S! and identify H(X) with Z x Z by choosing the
standard generators of the torus. Then any h : H)(X) — H(X) is
identified with a 2 x 2 matrix with integer coefficients.

a) Given any 2 x 2 matrix with integer coefficients A, show there
existsamap f: X — X with f, : H,(X) = H(X) equal to A.

b)If f: X — X and f. : H(X) — H(X) corresponds to the
matrix A (with respect to the standard generators) how does
one describe f* 1 HY(X) — H'(X) with respect to the dual
generators’

c) Let f: X — X be a map of degree d, 1.e., f.[X]| = d[X] where
[X] is the fundamental class of X. Show f, : H)(X) — H(X)
has determinant equal to d.

5. a)Letn > 3andr: S"! — S™ ! be the reflection in the hyperplane
w, = 0. Le, r(zy,...,24) = (21,...,Zn-1, —Zn). The mapping torus
of r is the identification space Y = S™7! x [0, 1]/ ~ where one identifies
(u,0) with (r(u),1). Y is an n-dimensional manifold. Use the Meyer-
Vietoris sequence to show Y is non-orientable with H,_(Y') = Z,.

b) Let f : S° -+ S° be a map of degree d and let X be RP° with a
G-cell attached by the map 7w o f where 7 : $° — RP® is the natural
projection. Determine the homology and cohomology groups of X.

6. Let M be a closed, connected 3-manifold. For all k, Hi (M) is a
finitely generated abelian group, and in particular H{(M) = Z" & I,
where £ is a finite group.

a) Show Hy(M) =~ Z" if M is orientable.

b) Show Hy(M) = Z"~! & Z, if M is non-orientable. (Hint: For
any abelian group G, H3(M,G) = {g € G|2g = 0} if M is
non-orientable.)

¢) Show that if M is non-orientable then 7 (M) is infinite.

d) Let U and V be connected n-manifolds with n > 3 and let U#V
be the connected sum. Show HY(U#V) =~ HYU) ® HYV)
and conclude that if » > 0 then there exists an orientable 3-
manifold M with Ho(M) =~ Z7. (Recall the connected sum of
two n-manifolds 1s obtained by removing the interior of a closed
n-disc from each and identifying the bounding (n — 1)-spheres.
The identification is done in such a way that the connected sum
of two orientable manifolds is orientable.)



TOPOLOGY/GEOMETRY QUALIFYING
EXAMINATION

AUGUST 18, 2003

MATHEMATICS DEPARTMENT
UNIVERSITY OF MARYLAND

Unless otherwise stated, you may appeal to a “well known theorem”
in your solution to a problem, but if you do, it is your responsibility to
make it clear exactly which theorem you are using and why its use is
justified. In problems with multiple parts, you may assume the answer
to any previous part, even if you have not proved it.

Problem 1. Let L be the set of all lines in the plane R? (not just the
ones passing through the origin). Let X be the set of ordered pairs of
distinct points in R?, ie., X = {(u,v) € R? x R? | u 3 v}, with the
subspace topology. Let 7w : L — L be the map that takes a line to the
line parallel to it through the origin. Let ¢/ : X — L be the map which
takes a pair of points to the line through the points.. We may define a
topology on L by saying a set U is open if ¥ ~*(U) is open in X.

a) Show that this defines a topology on L.

b) Show that 7 is continuous.

¢) Show that L is homeomorphic to a well known (non-compact)

two-dimensional manifold. Which one?

Problem 2. Recall that a genus n surface is the closed orientable
surface with n handles, i.e., obtained from the sphere by connected
sum with n tori.
a) Show by drawing a picture of the identifications made by the
non-trivial element of the deck group that a genus 3 surface is
a two-fold cover of a genus 2 surface.
b) Show again by drawing a picture, that a genus 3 surface can
cover a nonorientable surface.
¢) Deduce that there are two different closed surfaces with the
same Euler characteristic.
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Problem 3. View the vector space of real 2 by 2 matrices as R* (with
the usual topology).
a) Show that the space GL(2) of invertible matrices is an open
subset.
b) Show that the space SL(2) of matrices with determinant 1 is a
smooth submanifold of R*.
¢) Show that matrix multiplication in SL(2) is a smooth map.
d) Find the critical points for the distance function from the zero
matrix to points in SL(2).

Problem 4. Let X be the space obtained by attaching a closed
Mobius band to the real projective plane RP? by a homeomorphism
of the boundary of the closed Mobius band to any non-contractible
embedded S! C RP?.

a) Use the Meyer-Vietoris sequence to compute the integral ho-
mology groups of X.
b) Compute H.(X;Zs) and H*(X;Z) .

Problem 5. Recall that CP™*! is obtained from CP" by attaching a
(2n + 2)-cell by the canonical map S***' — CP". Let CP* = U,CP"
be the CW-complex whose 2n-skeleton is CP™.

a) Show H*(CP*;Z) = Z[u] as rings where Z[u]| is a graded poly-
nomial ring with u of degree 2.. (If you know it, you may assume
without proof the ring structure of H*(CP"; Z).)

b) Compute the cohomology ring H*(Y'; Z) where Y is the quotient

space Y = % and show it is isomorphic to the cohomology
ring of S$* x CP*.

Problem 6. Let M and N be closed, connected, oriented n-dimensional

manifolds.

a) Let f: M — N be a map of degree one, ie. f[M] = [N].
Show there exists a map v : H.(N;Z) — H,(M;Z) such that
fu« oy is the identity on H,(N;Z). (This map does NOT have
to be induced by a map of spaces.) (Hint: Use the cap product
and Poincaré duality).

b) Suppose m (M) is a finite group and H'(N,Z) # 0. Show that
if f: M — N is any continuous map, then f, : H,(M;Z) —
H,(N;Z) is zero. (Hint: Show N has a covering space with
group of covering transformations isomorphic to Z.)
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Unless otherwise stated, you may appeal to a “well known theorem”
in your solution to a problem. If you do, it is your responsibility to
clarify exactly which theorem you are using and to justify its use. In
any part of a problem with multiple parts, you may assume the answer
to any previous part, even if you have not proved it.

NOTE: On this exam not all the problems are equally weighted.
Problem 5 is worth 20 points and problems 1-4 are each worth 10.
(1) Let (X,dx) and (Y, dy) be metric spaces. Amap7: X — Y
is called a submetry if for every z € X, and any r > 0,

ﬂ'(D(CL‘, r)) = D(n(x),r)

where D(z,r) denotes the closed r-ball about z.

(a) Show that 7 is surjective if X is nonempty.

(b) Show that 7 is continuous.

(¢) Show that 7 is open. [A map f: A — B is open if and
only if for every open subset U C A, the image f(U) is
open in B.]

(d) Suppose that y;,y2 € Y. Suppose that z; € X satisfies
m(zy) = y;. Show that there exists z, € X such that
7(z2) = y2 and dx(z1,72) = dy(y1, 12).

(2) Let F: R* — R be the quadratic function
F(z,y,2,t) = 4% + 3y + 32 + t2.

Let f : S — R be the restriction of F to the unit sphere

S C R

(a) Let RP® be real projective space and let 7 : S — RP* be
the 2-fold covering map. Give RP? the unique differentiable
structure for which 7 is a local diffeomorphism.
Prove that f descends to a smooth function f on RP3;
that is, there exists a smooth function f on RP® such that
forn=f.

(b) Find the critical points of f.

Date: 22 January 2003,
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(3) The picture on the following page illustrates the mapp : X —
Y of adjunction spaces X, Y which we describe precisely as
follows. For n = 1,2,3,4,5 let C, denote the circle {(e,n) |
8 € R}. Choose basepoints

ay = (1,2) € Cy
b, = (—1, 2) € C,
a=(1,1) € C,
and
a; =(1,3) € C;

b2 = (827ri/3, 3) S Cg
Cy = (6—2m/3,3) € Cs.

Let X denote the identification space of C} [[C>[]Cs under
the equivalence relation defined by:

ay ~ aa,

bl ~ b?)

Cp ~ Co.
Let a,b,c € X be the corresponding images in X. Let Y de-
note the identification space of Cy [J] C5 under the equivalence
relation defined by (1,4) ~ (1,5) and let y € ¥ be the common

image of these points in Y.
There is a continuous map p : X — Y defined as follows:

(¢,4) ifn=1
(¢,n)— < (C34) ifn=2
(¢3,5) ifn=23.

Informally, p maps the circle C; once around Cy and C; twice
around Cy. The circle Cy is attached to Cs at the point y, and
p wraps Cy three times around Cs. The points a, b, ¢ comprise
the inverse image p~*{y}.

(a) Show that p is a covering space.

(b) Determine k such that X is homotopy equivalent to a

wedge of k copies of S*.
(c) Prove or disprove: p is a regular covering space.
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(4) Let p,q be relatively prime integers. Consider the following
CW-complex: X has one 0-cell zy, two 1-cells labelled a and b,
and two 2-cells labelled ¢,d. The boundary Oc is attached to
the 1-skeleton

X'=zoUaUb
by the map a”6?. That is, the attaching map for dc wraps p
times around the a-circle and then ¢-times around the b-circle.
The boundary 8d is attached to X! by the map aba~!b7!, that
is the map which wraps dd first around a, then around b, then
around a in the opposite direction, and finally around b in the
opposite direction.
(a) Compute the fundamental group and the integral homol-
ogy groups of X.
(b) Show X is homotopy equivalent to S? with two points iden-
tified. [Hint: Think about (p,q) = (1,0).]
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(5) In the following 20-point problem, any part may be used (even
if you didn’t prove it) in any later part. (x denotes Euler char-
acteristic. By definition a manifold is closed if it is compact
and has empty boundary.)

(a) Suppose that M is a closed, connected, orientable odd-
dimensional manifold. Show that x(M) = 0.

(b) Suppose X is a compact, connected, oriented n-manifold
with or without boundary. Use Poincaré-Lefschetz duality
to show H,_(X,Z) is free abelian. (You may assume all
homology groups are finitely generated abelian groups.)

(c) Let » > 1 be an integer. Show that there exists a con-
nected, closed, orientable n-dimensional manifold M with
x(M) = 0.

(d) If M#N denotes the orientable, connected sum of the
closed, orientable n-manifolds M and IV, show

X(M#N) = x(M) + x(N) = (1 + (=1)").

(The connected sum of M#N is obtained by gluing to-
gether complements M\D?, and N\D%, where D%, and
D7, are discs in M and N respectively, by an orientation-
reversing homeomorphism 9D}, =~ 0D}, of their bound-
aries.)

(e) Suppose there exists a closed, orientable n-dimensional man-
ifold with x(M) an odd integer greater than 1. Show that
for any integer [ there exists a connected, closed, orientable
n-dimensional manifold W with x(W) = L.

[Hint: Try to find closed orientable manifolds of arbitrarily
large even or odd Euler characteristic.]

(f) Suppose n is a positive integer divisible by 4 and m is
an integer. Show there exists an closed, orientable n-
dimensional manifold of Euler characteristic m.

(g) Suppose M is a closed orientable 2k-dimensional manifold
where £ is an integer > 1. Let F be a field of characteristic
# 2. Use the fact that if A is a m x m skew-symmetric
matrix with entries in F* having nonzero determinant then
m is even to show the following: Any closed orientable
4n + 2-dimenstonal manifold has even Euler characteristic.
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Unless otherwise stated, you may appeal to a “well known theorem”
in your solution to a problem, but if you do, it is your responsibility to
make it clear exactly which theorem you are using and why its use is
justified. In problems with multiple parts, you may assume the answer
to any previous part, even if you have not proved it.

(1) Let C* be the set of nonzero complex numbers. Let f : C* — C*
be given by f(z) = z?. Show that f is a 2-fold covering map.

(2) Recall the Theorem of “invariance of domain”: If A and B are
homeomorphic subsets of R* and A s open, then so s B.
(a) Use this to show that the sphere S? is not homeomorphic
to a subset of the plane R2.
(b) Show by example that invariance of domain need not hold
if R is replaced by a closed interval.

(3) Let X be a palmsesmmested topological space. Let 4, B C X be
open subsets such that X = AU B. Suppose that A and B are
each path-connected and simply connected.

(a) Prove that X is path-connected. 15 AN B 7= D.

(b) Assume A N B is path-connected. Prove that X is simply
connected.

(¢) Find an example where X is not simply connected.
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Let T = S!' x S! be the torus, let

M= ([o, 1] % [0 1])/ .

be the Mobius band, where the equivalence relation is defined
by:
(t,0) ~ (1 —1t,1)

for t € [0,1]. Let RP? be the projective plane.

(a) Let X be the space obtained by attaching the boundary of
M toT via a homeomorphism with 5! x {zy} where zo € S!
is a point. Compute the homology groups H.(X;Z).

(b) Compute the homology groups H.(X x RP? Z).

Consider a closed oriented 3-dimensional manifold M covered

by S° where the group G of deck transformations is a group

of order 120 which equals its commutator subgroup [G, G] (the

normal subgroup generated by {ghg='h~!| g,h € G}).

(a) Compute the integral homology groups of M. (Remark:
This part is independent of the next two parts.)

(b) If N is any oriented closed 3 manifold and d = 0 (mod 120)
show that there is a map f : N — M of degree d.

(c) If in addition N is simply connected, show these are the
only possible degrees d of maps f: NV — A.

Let f: 5% — 5% be a map of degree k£ > 1 and h: S°® — S?
be the Hopf map. Let X be the cell complex e’ U e? U e* where
the 2-cell e? is attached to the O-cell e® by the constant map
and the 4-cell ¢! is attached to the 2-skeleton ¢® U e? ~ S? by
the Hopf map h. Let Y be the cell complex e Ue? U e® U e’
where the 2-cell e? is attached by the constant map as for X,
the 3-cell €3 is attached to the 2-skeleton e® Ue? ~ S? by the
map f of degree k, and the 4-cell e* is attached by the constant
map Jet — €°.

(a) Compute the homology and cohomology of X and Y with
integer coefficients and show that H*(X;Z) = H*(Y;Z) as
rings.

(b) Show that H*(X;Z/k) and H*(Y;Z/k) are isomorphic as
groups but not isomorphic as rings.
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Unless otherwise stated, you may appeal to a “well known theorem”
in your solution to a problem, but if you do, it is vour responsibility to

make it clear exactly which theorem you are using and why its use is
justified. In problems with multiple parts, you mav assume the answer

to any previous part, even if vou have not proved it.
As in Bredon, the symbol Zj refers to the cyclic group of order &. For
real numbers a, b the symbol (a,b) refers to the open interval between

a and b.

(1) Let M be acompact, connected orientable smooth 6-dimensional
manifold without boundary. Suppose its universal cover p :
M’ — M is a 7-fold cover. Suppose also the Euler characteris-
tic of M is 5 and Hy (M, Z) =Z & Z,.

(a) Compute Hy(M;Z).

(b) Compute H*(M;Z).

(2) Let the CW complex Y be obtained from the 2-sphere S? by
attaching two 3-disks, one via a map of degree 6, and one via a
map of degree 9.

(a) Compute H.(Y;Z).

(b) Compute H.(Y; Z3).

(c) Compute H*(Y;Z,).

(3) Let W = S?v S* be the one point union of a 2-sphere and a
4-sphere. Let f: S* — W be inclusion.

(a) Show that f*: HY(W;Z) - H*(S% Z) is an isomorphism.

(b) If o, 3 € H*(W;Z) show that « U3 = 0.

(¢) Show that W and complex projective space CP? are not ho-
motopyv equivalent even though they have isomorphic ho-
mology and cohomology groups. (You may use standard
facts about CP?.)

Date: 18 January 2002.
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(4) Let L be the set of all lines in the plane (not necessarily passing
through the origin). Let [y € L be a line. Define U(ly) to be
the subset of L consisting of lines [ which intersect /y in exactly
one point. For { € U(ly), let i, (l) = (p.d) where p € [y is the
point of intersection of [ with [y and § € (0, 7) is the angle at
which [ intersects [y.

(a) Show that the collection of all (U, ,) gives L the struc-
ture of a (topological) manifold.

(b) Show that this manifold is homeomorphic to the open Madbius
band (the compact Mo&bius band with its boundary re-
moved).

(3) Prove or disprove: The fundamental group of a metric space is
commutative.

(6) Let X be a topological space and X1, C Xo € - C X, C ... a
sequence of subsets, each with the subspace topology. Suppose
that X' = UX;, and has the weak topology with respect to this
union: YO C X, O isopen & O N X; is open in X, Vi.

Recall that a topological space S is T\ < {p} is a closed

subset of S, for each p € S. Suppose that each X; is T}.

(a) Let S € X. Suppose that for each 4, the intersection SN.X;
is finite. Prove that S is closed.

(b) Suppose that each X; is 7). Suppose that K is sequentially
compact (that is, every infinite sequence has a convergent
subsequence). Prove that K C X, for some n.
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(1) (Math 730)Compute the fundamental group of the open sub-
set  of R? obtained by removing the three coordinate axes.

(2) (Math 730)We suppose that all topological groups are semi-
locally path-connected so that the theory of covering spaces
applies.

(a) Show that a discrete normal subgroup N of a connected
topological group G lies in the center of G.

(b) Let G, H be connected n-dimensional topological groups
and f : G — H a homomorphism which is a covering
space. Show that the kernel of f is abelian.

(c) Show that the fundamental group of a connected topolog-
ical group must be abelian.

(3) (Math 730)

(a) Let X,Y be topological spaces. Suppose that X is compact
and Y is Hausdorff. Let f: X — Y be continuous and
bijective. Prove that f is a homeomorphism.

(b) Find a counterexample when X is only assumed to be lo-
cally compact.
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(4) (Math 734)
Let f: X — CP" be a continuous map from a CW complex

X to complex projective n-space. Suppose that the map f, :

Hon(X;Z) — Hon(CP"; Z) is nonzero.

(a) If 3 is the generator of H?"(CP";Z), show that f*(3) # 0.

(b) Show that H2(X;Z) and Ho(X;Z) are both nontrivial groups.
(Hint: for the last part tensor with @ to obtain that f*J3
is not torsion.)

(5) (Math 734)
Let X be the topological space obtained by taking a solid
regular hexagon and identifying the opposite edges by parallel
translation.

Calculate the integral homology of X.

(6) (Math 734)

Recall that the connected sum M#N of two oriented n-
manifolds is obtained by removing an open n-disk from each
and identifying the boundaries of the disks by an orientation-
preserving homeomorphism.

(a) Express the Euler characteristic x(M#N) in terms of x (M)
and x(N).

(b) Suppose that n > 2. Express the fundamental group =) (M#N)
in terms of 7 (M) and m (V).
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Instructions
a. Answer all six questions.

b. Each question will be assigned a grade from O to 10. If some problems have multiple
parts, be sure to go on to subsequent parts even if there is a part you cannot do.

c. Use adifferent set of sheets for each question. Write the problem number and your
code number (not your name) on the outside sheets.

d. Keep scratch work on separate pages or on separate set of sheets.
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Unless otherwise stated, you may appeal to a “well known theorem”
in your solution to a problem, but if vou do, it is your responsibility to
make it clear exactly which theorem you are using and why its use is
justified. In problems with multiple parts, you may assume the answer
to any previous part, even if you have not proved it.

1. (a) Let (M,d) be a metric space. Define the topology on M in-

duced by the metric. Prove that this topology is Hausdorff.

(b) If (M,d) is a metric space, show that the distance function
d: M x M — R is continuous with respect to the product
topology on M x M.

(¢) Suppose that M is a smooth manifold with a metric (M, d)
compatible with the manifold topology. Find an example for
which d: M x M — R is not smooth.

2. (a) Let X be a topological space whose fundamental group 7 (X)
is abelian, and let 7 : ¥ — X be a covering space. Show
that 7 1s regular.

(b) Give an example of a covering which is not regular but for
which 7, (X) is finite.

3. Let X be a compact space and f : X — Y be a continuous map to
a Hausdorfl space Y. Show that the image f(.X) is homeomorphic
to a quotient space of X.
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. Let X = St'vS! sothat 7 (X) is free group on two generators, say
a and b. Let f:S! — X represent the element a~'aa™'b%a. (We
can write this out as a map on [0,1] subdivided into 6 subintervals.)
Let Z=XU; D*

(a) Show that x(Z), the Euler characteristic, is 0.

(b) Compute the fundamental group of Z.

(c) Determine H,(Z) as an abelian group.

(d) Determine H*(Z;Z/2) as a ring.

. (a) Let g - M — N be a degree one map of n-manifolds. Show
that gu : 71 (M) — m(N) is onto.

(b) Show that the homology groups of a closed connected ori-
entable 3-manifold M are determined by 7, (Af).

. Use cup products to compute the degree of the map CP" — CP"
which raises each coordinate to the d-th power. (Try this first for
n=1).
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Instructions

1. Answer all six questions. Each one will be assigned a grade from 0 to 10. In
problems with multiple parts, the parts are graded independently of one another. Be sure
to go on to subsequent parts even if there is some part you cannot do. You may assume
the answer to any part in subsequent parts of the same problem.

2. Unless otherwise stated, you may appeal to a “well known theorem” in your solution
to a problem, but if you do, it is your responsibility to make it clear exactly which theorem
you are using and why its use is justified.

1. Consider the following topological spaces:

a) the subset X of R? consisting of all rays {(z,z/n) : z > 0}, as n runs over the
positive integers, with the subspace topology from R?.

b) the subset Y of R? defined by

{(0,0)}U{(z,y): -1 <z <1,y >0},

with the subspace topology from R?.
¢) the quotient space Z = W/~ obtained from the subspace

W={(ny):neZycR)

of R? (with the subspace topology from R?), where (n,0) ~ (0,0) for all n € Z (and there
are no other identifications). Note that Z is to be given the quotient topology.

d) the quotient space Q = R/ ~, where z ~ y if 7~y is of the form n+mv/2, n,m € Z.
Note that () is to be given the quotient topology.

Which of these spaces are locally compact? Which are Hausdorff? Which are metriz-
able? Give explicit reasons for your answers.

2. Let M™ be a smooth connected m-manifold (without boundary), whose fundamental
group is finite of odd order.

a) If m < n, show that any continuous map f: M — RP™ is null-homotopic (homotopic
to a constant map).

b) If M is compact, m = n, and n is odd, show that there exists a continuous map
f:M — RP™ which is not null-homotopic. (This is also true if n is even, though you don’t
have to deal with this case.)



3. Let M™ and N™ be disjoint oriented compact connected smooth submanifolds of R¥*!,
with dimM + dim N = m +n = k. Define \: M x N — S¥ by
Mz, y) = u, T €M, y€eN.
|z =yl

Let Lk (M, N) = deg A (called the linking number of M and N in RFF!,

i) If M = OW, where W is a compact oriented manifold with boundary in R**!, and
W NN =0, show that Lk (M, N) =0.

ii) Compute (up to sign) Lk (S, S!) for the following link in R*:

CO

4. Recall that for K™ and L™, smooth connected n-manifolds without boundary, we
can form a new n-manifold, denoted K#L, called the connected sum of L. and N, by
taking smooth embeddings f:R* — K and ¢:R® — L and gluing K ~ f(0) to L ~ g(0)
by identifying f(tu) with g(¢~'u) for u in the unit sphere S™~! and t € (0,00). Let
M = RP4#CP2.
(a) Compute the fundamental group, m1(M) and the homology groups H, (M) of M.
You may use the fact that

Z, q=0, and if n is odd also g = n,
H(I(R‘Pn): ZZ) qud) 15(]377'_1
0 otherwise.

(b) Is M orientable?
(c) Compute the cohomology groups (not the ring structure) of M.

5. Let f : §?"~1 — S™ be defined as follows: Consider S?"~! to be the boundary of
D? = D™ x D™ where D" is the n-disk. If ¢ : D® — S™ is the map that collapses the
boundary to the base-point %, then ¢ x ¢ : D?* — 8™ x S™ carries S?"~! to the one-point
union S™V S™. Then f is the composition of this with the folding map S™ v §* — S™.
Let X = S™U; D",

(a) Show that X can also be identified as S™ x §™/~, where (z, *) ~ (x, ).

(b) For n > 2, calculate the integral cohomology ring of X. (Hint: use the map

S™x S* — X from (a).)
(c) Show that X is not homotopy equivalent to a closed manifold for any n > 2.

6. Recall that H*(CP") = Z[a]/(a™*}), for a € H?(CP").
(a) Determine the cohomology ring of CP? x CP2.
(b) Show that any homotopy equivalence f : CP? — CP? is orientation preserving.
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Answer all six questions. Each one will be assigned a grade from

0 to 10.

In problems with multiple parts, the parts are graded inde-

pendently of one another. Be sure to go on to subsequent parts even
if there is some part you cannot do. You may assume the answer to
any part in subsequent parts of the same problem. Unless otherwise
stated, you may appeal to a “well known theorem” in your solution
to a problem, but if you do, it is your responsibility to make it clear
exactly which theorem vou are using and why its use is justified.

1. (730) Let A and B be closed subsets of a topological space X,
so that X = AU B.

(a)

(o)

(¢)

[f Aand 3 are compact, is X necessarily compact? Ifso, prove
it. If not, give a counterexample and prove it under the sim-
plest additional hypothesis vou can think of which guarantees
that X is compact.

If 4 and B are connected, is X necessarily connected? If so,
prove it. If not, give a counterexample and prove it under the
simplest additional hypothesis you can think of which guar-
antees that X is connected. ,

[f A and B are Hausdorff, is X necessarily Hausdorff? If so,
prove it. If not, give a counterexample and prove it under the
simplest additional hypothesis you can think of which guar-
antees that X is Hausdorff.

2. (730) Let M be a connected smooth manifold (without boundary)
and let f: M — R be a continuous function such that f~!(—1)
and f~}(1) are both nonempty.

(2)
(b)

Show that f~'(0) separates M, i.e., that M — f71(0) is not
connected.

For this part assume in adddition that M is compact. (This
is not really necessary but avoids one technical problem.) For
any neighborhood U of f7*(0), show that there is a smooth
closed submanifold NV of M, of codimension 1, such that NV C
U and N separates M.
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(730) Let M™ and N™ be smooth connected n-manifolds without

boundary. Form a new n-manifold, denoted M#N, called the

connected sum of M and NV, by taking smooth embeddings

[ R*— M and g: R* = NV and gluing M — f(0) to NV —¢(0) by

identifying f(tu) with g(t~'w) for w in the unit sphere S™*~! and

t € (0,00). (See picture.) It turns out that the diffeomorphism

tvpe of M# NV may depend on the choice of embeddings if M and

N are both orientable.

(a) Show that if n > 3, then m (M#£N) (relative to a basepoint
located on f{S™ '} ) can be naturally identified with the free
product of m (M) and = (V) (taken relative to the correspond-
ing basepoints of M and V).

(b) Show that the result of (a) is false if n = 1. Where does your
proof of (a) break down when n =17

(¢) Show that the result of (a) is false if n = 2. Where does vour
proof of (a) break down when n = 27

(734) In parts (a) and (b), let m and n be positive integers.

(a) Show that there exists a map of degree m from the n-sphere

to itself.
(b) Show that there exists a finite CW-complex X such that

—~— va q:n
H,(X) = {o o
”

(c) Let {An}n>1 beasequence of finitely generated abelian groups.
Show that there is a space X such that H,(X) = A, for all
n>1.

(734) Let X be a finite CW-complex, and F, the field of p ele-

ments for some prime p.

(2) Show that x(X} = Taso(—1)" dimg, Ha(X; £7).

(b) Let X be an odd dimensional closed manifold (compact with-
out boundary), not necessarily orientable. Show x(X) = 0.

(c) Show that any non-orientable 3-manifold has an infinite fun-
damental group.

(734) Let p be the projection from RP" to RP*/RP*, k < n.

(a) Show p* : H*(RP"/RP*; Z,) — H*(RP"; Z,) is a monomor-
phism.

(b) Describe the ring structure of H*(RP™/RP*; Z,).

(¢) Assuming that m > 2k 4+ 2 > n, show that RP"/RP¥ is not a
retract of RP™/RP*.

M N

e .
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Instructions: You may use any standard theorem, providing vou
first quote it preciselv, and then explain how it applies in the particular
situation. In any part of multipart problem, you may assume the result
of a previous part, even if vou have not proved it.

1. (730) Suppose that .\ is a normal Hausdorff space, and a finite
group G acts freely on X (ie,ifz € X and g € G, g # 1, then
gz # ).

(2) Show that the quotient space .X/G is Hausdorff and that the
quotient map ¢ : X — X/G is a covering map.

{b) Give an example to show that both conclusions of (a) may fail
is GG is infinite, but the hypotheses are otherwise the same.

2. (730) For t > 0 let M, be the space of all real 2 x 2 matrices of
determinant 1 and trace t. Show that A/, is a manifold if ¢ < 2.
Can you argue analogously when ¢t = 27 Explain vour answer.

3. (730) Let X be a connected locally contractible Hausdorff space
(for example a smooth manifold) and denote by [.X, S'] the set of
homotopy classes of continuous maps from X to the circle. You
may assume the following standard fact: [X,S'| has a natural
abelian group structure coming from pointwise multiplication of
maps, when we identify S' with the set of complex numbers of
modulus 1 (which is a topological group under multiplication).
(a) Fix a basepoint z¢ in X. Show that there is a natural injec-

tive homomorphism ¢ from [X. S'] to Hom(# (X, z4), Z) that
sends the homotopy class of a map ¢ : X' — S! to

O. . '/Tl(z\r,l'o) — WI(SL,(ZS(:EO)) ~7.

N.B. You need to first show that & is well defined and a ho-
momorphism, and then show that it is injective.
(b) Suppose that X is an identification space

k

X=(StvStv-vShu,D?
1
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in other words the disjoint union of a one-point union of &

circles (a “k-petal flower” ) and D?, with dD? = S identified

to a subset of S' v Stv.--v Stviaamap f: S' = Stv

Stv ...v SY Prove that ® is an isomorphism. (The result

is actually true much more generally, but this is the crucial

case.)

. (734) Let Y be a 3-sphere with a 4-cell attached by a map of

degree 6, and let X = RP® x Y. Calculate the homology and

cohomology groups of X.

- (734)Let X be a CW-complex with one 0-cell, three 1-cells. two

2-cells, and no other cells. Assume that .\ is homotopy equivalent

to a compact orientable 3-manifold /.

(a) Show that d.M # 0.

(b) Show that if 2.1/ is connected, it is homeomorphic to a torus.

(¢) Show that in general either every component of 9\ is home-
omorphic to a torus, or at least one component is homeomor-
phic to a sphere.

. (734) Recall that the connected sum M # V5 of two closed n-

manifolds is gotten by removing open n-disks Dy, Dy from M, M/,

respectively, raking the union and identifying 9D, with 9D,.

(a) Let A be a connected orientable n-manifold, and D an open
n-disk (whose closure is a closed n-disk). Prove that (M —
D)= HYM) for t #n, and H*(M — D) = 0.

(b) Let A, M, be connected orientable closed n-manifolds. Prove
that the cohomology ring of M # M, is exactly the quotient
of H*(M)) & H*(M,) by the identification of the two multi-
plicative identities in H°, and the identification of the two n-
dimensional generators up to a sign (depending on the choice
of identification of D, with 9D5).

(c) Calculate the cohomology ring of CP?#CP?.

(d) Show that CP?#CP? and S? x S? cannot be homotopy equiv-
alent.
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a. Answer all six questions.

b. Each question will be assigned a grade from 0 to 10.
If some problems have multiple parts, be sure to go on to
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1. [730] Let A be an n x nomatrix all of whose entries are real and positive. Show
that 4 has a positive real eigenvalue A, and that 4 has an eigenvector v € R (for
this eigenvalue A) all of whose coordinates v, are positive. (Hint: Use Bronwer’s
fixed point theorem applied to a self-map induced by 4 of a suitable compact subser

of R".)

2. [730]Ler U be an open subets of R, and let f: U — R be a smooth map. Prove
that for every € > 0, there extsts ¢ € R® with |[e]] < <. sueh that = = f(r) + (r.0)
has isolated critical points. (Hint: Use Sard’s Theorem. Here (-.) denotes the
Eunclidean inner product and || - [} the Enclidean norm on R" )

3. [730] Compure the fundamental group 7 (L) of the open set L7 of R? obrained
by removing the three coordinate axes.

4. [734] Ler A% be a compact oriented manifold of dimension 2k. For a.b €
H*¥(ALR) define < b >=< aUb,[M] >€ R where [A/] is the fundamental class
of Af.
(a) Show that < . > satisfies

(1) <ab>=(-1DF <ha>.

(2) If @ # 0 rhen there exists b such that < a. b ># 0.
(b) Let AL be the connected sum CP? #(5%* x S**). Compute < e, e; > for
an appropriare basis of H**(A/). You may use the fact that the cohomology
ring of CP” is an integral polynomial ring on one generator o of degree 2 with
the relation o' = 0.

5. [734] For any map f: 5" = X, let Cp = X|J; D¥*! be the space obtained by
arraching a & 4+ l-cell to X via the map f.
Lot f:S5%=1 5 8" bhe any map.
(1) Caleulate the cohomology of C; and show that H*(C) and H?"(Cy) are
infinire cyclic.
Call their generators y and aq, respectively, and define H(f) € Z by the
equation ay Uay = H(f)a..
(1) Show that if f ~ g ave homotopic maps, then H(f) = £ H(y).
(¢) Show that if nis odd. H{f) =0 for all f.
() Show that if » = 2, there exists a map f: $° = S with H(f) = £1.

6. [734] Let X be a finite CWecomplex such that H'(N.Z) s Z for i = 0.2n_ i
the divect stun Z + Zg for + = n.and is 0 otherwise. Caleulate

(a) H(XN.Z);

(b)Y H(X:Z>),

(¢) the Euter characteristic of X,
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GEOMETRY/TOPOLOGY PH.D.
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(i) Let X and Y be manifolds, and let f: X — Y be a map transver-
sal to a submanifold Z in Y. Then W = f~}(Z) is a submanifold of
X. Prove that T;(W) is the preimage of Tf(;)(Z) under the linear map
dfp: To(X) = Ty (Y).

(ii) If X and Z are transversal submanifolds of ¥ and y € X N Z, prove
that Ty (X N Z) =T, (X)NTy(Z).

Let X be a compact space and f: X — Y a continuous map to a Hausdorff
space Y. Show that the image f(X) is homeomorphic to a quotient space
of X.

Show that there does not exist a smooth map f: S3 — S! x $2 such that
dfz: TS3 — T(S' x §%)4(zy s an isomorphism for every z € 5.

(a) Show there exists no map of CP™ — CP™ of degree —1 if n is even.

(b) Let 7 : C**t — {0} —» C**! — {0} be the map r(z0,21,...,2,) =
(=20,21,.-.,2,). Then r induces a map r; : CP* — CP™. What is the
degree of r,?

Let X be a CW-complex with one 0-cell, one 1-cell, and two 2-cells, one
attached by a map S! to S! of degree 4 and one by a map S! to S! of
degree 2, and one 4-cell.

(a) What is the Euler characteristic of X?

(b) Determine H.(X,Z) and H*(X,Z/2)

(c) Can X have the homotopy type of a 4-manifold?

Consider RP* C RP®. Calculate the cohomology ring H*(RP®/RP*;Z/2).
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Begin each problem on a separate answer sheet. Write the problem number and your code
number (NOT your name) on the answer sheets.
Justify your answers with clear, grammatical prose. Provide careful statements of any theorems
you invoke. No credit will be given for arguments that do not directly lead to a solution.
1. Let M and N be smooth manifolds, let f: M — /N be a smooth map, and let I" be the graph
of f.
(a) Show that I' is a smooth submanifold.
(b) Using the natural identification of T'(M X N}, .y with TM; x TNy, show that

TF(_.C,/(I)) CTM, x TNJ(I)
is the graph of df;.

2. Let A be a closed subset of a normal topological space X, and let f: A — S™ C R**! be a
continuous map.
(a) Show that there exists an open neighborhood U D A and a continuous extension of f to
amap U — S™.
(b) Illustrate with an example that, without further restrictions, f cannot always be extended
to a continuous map X — S™.
(¢) Show that if f is not onto, there exists a continuous extension to a map X — S™.

3. Let X be the subset of R® obtained by rotating the union of two tangent circles in a plane
around a disjoint axis in the same plane parallel to the line joining the centers of the two
circles:

N

Compute m(X).
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4. Consider the topological space X which is the quotient of a 2-simplex T’ (i.e.; a filled triangle)
by identifying the edges according to the pattern

Equivalently, X is the 2-complex obtained by attaching a 2-cell to the circle by a map of
degree 3.
(a) Compute the homology groups with Z coefficients and the cohomology groups with Z5

coefficients.
(b) Compute the cup product H'(X;Z3) x H(X;Za) = H*(X; Z3).

5. Suppose that M is a compact 5-manifold with HoM = Z, HiM = Z3, and H,M = Z.
(a) Show that M is orientable.
(b) Calculate the rest of the homology and cohomology with Z coefficients.

6. (a) Show that any compact 3-manifold (orientable or not) has Euler characteristic equal to
zero.
(b) Deduce that a connected, compact, non-orientable 3-manifold has an infinite fundamental

group.
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Your solutions will be evaluated as mathematical prose. Use clear
and correct mathematical English. Graders only see what you write
on the page. They cannot be expected to guess what you thought but
could not communicate.

1. Let G be a topological group and let (G) denote the space (given
the compact-open topology) of all continuous maps (S, s0) —
(G,e) where so € S' is a basepoint and e € G is the identity
element. If o, € (A(G), define their product ax3 € Q(G) by

axf(s) = a(s)B(s)

induces

(2) Show that * defimes a map
x:m(G,e) x T (G e) — m (G, e)

(b) Show that if a,b € m (G, e), then axb equals the usual product
ab in 7 (G, e).
(c) Show that a*b =b*a and m, (G, e) is commutative.

2. Let p: X — Y be a covering space and let Z be a;\’topological
space. Define arcwiise Cannected

G XxZ—YxZ
(z,2) — (p(2), 2)

(2) Show that ¢ is a covering space.

(b) If p is a regular covering space and G its group of covering
transformations, show that q is a regular covering space. Com-
pute the group of covering transformations of g.

3. (a) Construct a smooth map S' —» S* with exactly one critical

point.

(b) Let f: S' —+ R be a smooth map with finitely many critical
points, all of which are local maxima or minima. Show that
f has exactly as many local maxima as local minima.

Date: July 15, 1997.
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4. Let A be the cyclic group of order 45 and B the cyclic group of
order 21, considered as Z-modules. Write each of the following
Z-modules as a direct sum of cyclic modules:

s A® B,

e B® A,

e Hom(A, B),
o Hom(B, A),
o Ext(A,B),
o Ext(B,A),
s Tor(A,B),
e Tor(B,A).

5. Let f:S! — 5% be the usual embedding and let X = $%/f(S*)
be the quotient space of S? with f(S') collapsed to a point. Com-
pute the homology of X with coefficients in Z/2. Is X homotopy-
equivalent to a compact manifold?

6. Consider the identification space of the two nonagons pictured
below:

(a) Prove that X is a topological manifold.
(b) Prove that X is orientable.
(c) Compute the genus of X.
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a manifold and the quotient map X — X/G is a covering
space.)

5. Let K be a connected l-complex. Suppose that M is a com-
pact manifold (with empty boundary) homotopy-equivalent to K.
Show that M is homeomorphic to S*.

6. Let M and N be n-dimensional compact connected orientable
manifolds with fundamental classes ppr € Hn(M,Z) and gy €
H,.(N,Z) respectively. A map f: M — N has degree k if and
only if fupar =k - py.

(2) Suppose f has degree one. Show that the induced homomor-
phism f*: H*(N) — H*(M) is a split monomorphism, that
is, there exists a homomorphism p : H*(M) — H"(V) such
that the composition po f*

H(N) L5 B (a1) 2 HY(N)
is the identity H=(N) — H*(N).

(b) Suppose that m (M) is finite and H'(NV;Z) # 0. Show that

any map f : M — N has degree zero.
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Do ANY six problems. Only the first six problems which you do will be graded, so there is no
point in turning in more than six problems. This test is designed so that anyone who has covered
the syllabi for two of the basic courses (730,734,740,742) should be able to do six problems. The
indicated course numbers are included only as a guide and are not intended to restrict your choice
of problems (you may safely ignore them if you wish).

Your answers will be graded as mathematical prose. We expect grammatically correct sentences
and clear exposition.

1. (730) Let (X, d) be a complete metric space. Suppose A, B C X are compact subsets.

(a) Prove that, for every a € A, the minimum minyep d(a,b) exists (i.e., there is a point
b, € B such that d(a,b,) = minyep d(a,b)). Show that the maximum

h(A, B) = max min d(a, b)
acA beB

also exists.
(b) Show that A(A, B) = 0if and only if A C B.
(c) Let K(X) denote the set of all nonempty compact subsets of X. If A, B € K(X), define
D(A, B) = max(h(A, B),h(B, A))
One can show (but we don’t ask you to do this) that (K(X), D) is a complete metric

space.
Let f: X — K(X) be the map

flz) = {z}
Show that f is an isometric embedding of metric spaces, i.e., D(f(z), f(y)) = d(z,y).
(d) Let X, be the subset of [0, 1] consisting of rational numbers whose denominator divides
2". Show that X, is a Cauchy sequence in K([0, 1]), and compute its limit.
2. (730)
(a) Give an example of a surjective continuous map R — S! which is a local homeomorphism

but not a covering map.
(b) Let C =R x S* be the cylinder. Find an example of a surjective local homeomorphism
f: X — C, where X is a surface, for which the induced map

T (f) : m(X) — m (C)

is not injective.
(c) Show that a contractible topological space is path-connected.
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3. (730)
(a) Suppose X is a compact Hausdorff space and z € X. Show that the one-point compacti-

fication of the complement X — {z} is homeomorphic to X.
(b) Use the previous part to show the one-point compactification of the Euclidean space R”

is homeomorphic to the n-sphere
S ={z e R™![||z]| = 1}
(c) Suppose X is homeomorphic to a disjoint union of k circles, and that the cone on X is
homeomorphic to a manifold with boundary. Determine k.

4. (734) Let (X, z) and (Y,y) be pointed connected topological spaces (i.e., each is a connected
space together with a base point). We define the wedge X VY to be the topological space
obtained from the disjoint union X 1Y by identifying = and y to a single point z. We choose
the resulting point z as the base point for X VY.

Assume now that X and Y are manifolds.

(a) Is X VY a manifold?
(b) Show that there is an isomorphism of abelian groups

b HY(X VY, 2) = H*(X,2)® H*(Y,y)

(c) Compute the multiplication law induced on the direct sum by the cup product on H*(XV
Y, z), i.e., find a formula for

¢ (7 (a1,b1) U ¢7 ! (a2, b2))

for a;,a; € H*(X,z) and by, by € H*(Y,y).
(d) Deduce that S? x S? is not homotopy equivalent to S?Vv S? v S*.
5. (734) Let Z be a hexagon with opposite sides identified as shown. Calculate H*(Z).

6. (734) Let M be a compact 7 dimensional manifold without boundary. Suppose a € H,(M)
is nonzero, but 8a = 0.
(a) Suppose a € H,(M) is nonzero, but 8a = 0. If M is orientable, show that there is a
nonzero b € Hy(M) so that 86 = 0.
(b) If M is connected and not orientable, compute H?(M). Show that there is a class in
H®(M;Z,) that does not lie in the image of the natural map HS(M) — HS(M;Z,)
induced by the onto homomorphism Z — Z,.




TOPOLOGY EXAM 3

7. (740)

10.

(a) Let M be an n-dimensional Riemannian manifold with metric {( , ), and let o be a
differentiable real-valued function. Define a new metric ( , ) on M by

(,)=e(, ).

Denote by V and ¥ the Riemannian connections of ( , ) and (, ). Show that V and V
are related by the formula

(VxY,Z) = e¥ ((vxy, Z) + X (o)Y, Z)+ Y (0)(X, Z) - Z(0)(X, Y)) ,

where X, Y and Z are vector fields on M. 5
(b) The Riemann curvature tensors B and R of V and V are defined by

Rxy =Vixy;—[Vx,Vy] and Rxy = \~7[X,Y] —[Vx, Vy].
In the case that o is a constant function, show that
Rxy = Rxy.

(c) The Ricci curvature tensors p and p of R and R are defined by
p(X,Y) = Z(Rmy E) and  B(X,Y)=) (RypY, E,

where {F),..., Fn} is a local orthonormal frame for ( , ) and {E’l,...,E,,} is a local
orthonormal frame for (, ). In the case that ¢ is a constant function, show that p and

p are related by
pIX,Y) =p(X,Y).

. (740)

Let M be a Riemannian manifold. Two k-tuples (p1,...,px) and (qi,...,qk) of points in
M are said to be isometric if d(p;, p;) = d(gi,q;) for any 4,7 € {1,...,k}, where d denotes
the distance function of M. The manifold M is said to be k-point homogeneous if for any
two isometric k-tuples (py,...,px) and (q1, ..., &) of M there exists an isometry A : M — M
with A(p;) = A(gi) for1=1,... k.

(a) Show that any 1-point homogeneous manifold is (geodesically) complete.
(b) Show that any 2-point homogeneous manifold has the property that the covariant deriv-
ative of the curvature tensor of M vanishes.

740) Show that the following two statements are equivalent for a smooth n-manifold M:
) M admits an atlas where all coordinate changes are (restrictions of) affine maps of R™
) M admits a torsion free connection with zero curvature tensor.
742)
a) Let V be a real finite-dimensional vector space, A the diagonal of V x V. Suppose
A :V = V is an invertible linear map. Show that W = {(v, Av) [v € V'} is transverse to
A if and only if 1 is not an eigenvalue of 4.
(b) Let M™ be a compact smooth manifold without boundary, and f : M — M a smooth
map. Suppose that for each fixed point z € M, the linear map df; : TuM — T, M has no
eigenvalues equal to 1. Show that there are only finitely many fixed points for f.

(
(a
(b
(
(
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11. (742) Define an (n — 1)-form on R™ — {0} by

n

d AdziA---Nd . V2
w:Z(—l)izl P IANIE Z; In, where r = (Zx?) ,

rn

=1

and the “hat” over dz; indicates that dz; is omitted.

(a) Show that w is closed.

(b) Let S be a cube in R” containing the origin, and B a ball in R™ containing the origin.
Relate the integrals [, w and [;5w, where 0S and 9B have the orientations induced
from the standard orientation on R™.

(c) Show that w is not exact.

12. (742) Prove or disprove the following statements.

(a) For any closed, connected, oriented manifold M of dimension n, there is a degree one map
f:M—S™

(b) For any closed, connected, oriented manifold M of dimension n, there is a degree one map
f:8" > M.

(c) If M™ and N™ are closed and connected, and f : M — N has nonzero degree, then f is
surjective.
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Do ANY six problems. Only the first six problems which you do will be graded, so
there is no point in turning in more than six problems. This test is designed so that
anyone who has covered the syllabi for two of the basic courses (730,734,740,742)
should be able to do six problems. The indicated course numbers are included only
as a guide and are not intended to restrict your choice of problems (you may safely
ignore them if you wish).

(1) (730) Recall that a connected sum of two n-manifolds is obtained by remov-
ing an embedded n-ball from each one and identifying the resulting boundary
components, each of which is homeomorphic to S*~!. Compute the funda-
mental group of a connected sum M of real projective 4-space RP* with the
product S? x S2. Describe the universal covering space of M as connected
sum.

(2) (730) Let Z be a two-dimensional linear subspace of R®. Construct an iden-
tification of the set S of all one-dimensional subspaces transverse to Z with
the set of linear maps R3/Z — Z. Prove or disprove: the homomorphism
1 (S) — m (RP?) is injective.

(3) (730, 740) Consider the following two metric spaces S. and S,. Each metric
space has underlying set the unit circle S? in the complex line C. For S, the
distance is the chordal distance d. defined by

d.(e'®,e¥) = [e® — €|
and for S, the distance is the (Riemannian) distance defined by the covering
space
p:R— 5!
t — eit
as follows. If a,b € S!, then their distance d-(a,b) is the infimum of distances
|& — b| measured in R, where @ € p~!(a) and b € p~(b). Prove or disprove:

1
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(a) With the metric space topologies, S, and S. are homeomorphic.
(b) S, and S. are isometric.

(c) p is continuous with respect to the metric space topologies.

(d) p is an isometry.

(4) (734) Let M" be an n-dimensional manifold and suppose S? x D*7 — Jfn
1s an embedding with n > p > 0. Remove the embedded S? X D"~? from M™
leaving a manifold M with boundary diffeomorphic to S? x S*~?~! which is
also the boundary of DP*! x S"~7~!, Then define

M = MU (D x §7P

with the common boundary identified. (This is called a (p,n — p) surgery on
M)
(a) (734) If x(X) denotes the Euler characteristic of X show x(M) = x(M")
if n is odd and x(M) = x(M') £ 2 if n is even.
(b) Give an example of a (p,n — p) surgery with M’ not connected and M
connected.
(5) (734) Let X be a compact, orientable manifold of dimension n with or without
boundary.
(a) Show H,-1(X;Z) is torsion free.
(b) Prove that, if n is odd and 0.X = @ then the Euler characteristic of X is
Zero.
(c) Show any 3-dimensional non-orientable compact manifold without bound-
ary has infinite fundamental group.
(6) (734)
(a) Show H.(CP3,G) ~ H.(S? x S* G). for every coefficient group G but
that CP3 is not homotopy equivalent to 52 x 54,
(b) Show any continuous map f : CP™ — CP" where m > n induces the
zero map f~: H?(CP") — HP(CP™) for all p > 0.
(7) (730, T42) Show that the Mdbius band defined as the quotient of R? by the
cyclic group generated by the homeomorphism

(I)y) — (I + 1’ —y)

is a nontrivial real line bundle over the circle R/Z.

(8) (740, T42) Let G be an n-dimensional Lie group. Construct an isomorphism
of its tangent bundle with the product bundle GxR® — G. Find an example
of a connected Lie group G and a closed subgroup H C G such that the tangent
bundle of the homogeneous space G/H is nontrivial.

(9) (740) Let X be the product of two spheres. Show that through any point
z € X there exists an embedded totally geodesic flat torus.

(10) (740) Let V be the Levi-Civita connection on R® and let V be the Levi-Civita
connection on the cylinder C = {(z,y,2) € R® | 22 + y2 = 1}. Let ¢ be the
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vector fleld

5} a 0

I5§ 78z 8z
(a) Show that ¢ is tangent to C.
b) Compute the covariant derivative V£ on R3.
p Ve

(c) Compute the covariant derivative V¢& on C.
11) (742) Let f : R* — R? be the ma
(11) ( p

flz,y,z,w) = (z° - 3zy® + 2% — w?,32%y — * + 2zw)

(the map C? — C defined by (u,v) — u® +v?). Let W be the line {1}
R C R% Show that f~!(W) is a smooth submanifold of R* and compute :

dimension.
(12) (742,740) Let w be the 1-form zdy + dz in R® and £ the vector field
a )
I— — —
ox yay

(2) Find the flow {¢:}:er tangent to &.
(b) Using the preceding result, compute the pullback ¢;w.
(c) Using the preceding result, compute the Lie derivative Lew.
(d) Using the preceding result, verify the Cartan formula
SCOJ = dLeQJ + Ledcd

where ¢ denotes interior product with respect to &.




Geometry/Topology Ph.D Written Examination: August 1995

Instructions: Answer any six questions in separate answer booklets. Make sure
the front page of each booklet bears the question number and your examination code
number. Under no circumstances will more than six answer booklets be accepted
from any student or more than one question graded from any answer booklet.
Although your choice of six questions is unrestricted, each question has been labeled
for your guidance with the number of the course on which it is based. Recent MATH
730 students may wish to note that question 10 bears two labels.

1. [730] Let
X=(0,Hu2u(34)udsu.. U@Bn3In+1)Udn+2U...,and
Y =(0,1]Ju3,4)usuU.. uBn,3n+1)Udn+2U...,
where both X and Y are topologized as subspaces of R.

(a) Find continuous bijections f: X > Y and g:Y - X.
(b) Show that X and Y are not homeomorphic.

2. [730]
(2) Let p: R = X be a covering map. Show that X must be either R itself of
the circle S!.
(b) Let p: S™ — X be a covering map. The possible values of the Euler charac-
teristic x(X) depends on the value of n. Give examples of all possibilities.

3. [730] Let X be a disk with boundary Cy. Let D, and D, be disjoint closed
disks contained in the interior of X, and let Y be X with the interiors of D; and
D, removed. The boundary of Y consists of three circles: Cp, the outer circle, and
Cy and C», the boundaries of D; and D». Identify points on as Y follows: on Cj
identify antipodal points, on C) identify points 120° apart, and on C» identify points
60° apart; points not on the boundary of Y are identified only with themselves. Let
W be the resulting quotient space. Calculate the fundamental group of W.

4. [734] Let f: X — CP" be a continuous function from a CW complex X to
complex projective space CP" (which has real dimension 2n). Suppose that the
map f.: Hon(X,Z) = Hon(CP",Z) is nonzero.
(a) If B is the generator of H2"(CP",Z), show that f*(8) # 0.
(b) Show that H?(X,Z) and H»(X,Z) are both nontrivial groups. (Hint: The
cohomology algebra of CP" is generated by a single element in H?*(CP",Z).)

5. [734] Let Y be a CW complex so that

Z, ifi=0,20r4,
Hi(Y,Z)=<(Z/12Z, ifi=1,
0, otherwise.

(a) Calculate the cohomology groups H*(Y,Z) and H*(Y,Z/2Z).
(b) Could Y have the homotopy type of a compact orientable manifold without
boundary?
{¢) Could Y have the homotopy type of a compact nonorientable manifold with-
out boundary?
1
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6. [734] For any positive integer n, let Z, be the quotient space of the unit disk
{z € C with |z| < 1} with the identifications z ~ ¢2""/"z for all z with |z| = 1
and also 1 ~ e™/™_ Alternatively, Z, is the space obtained by gluing the disk to
a figure eight via a map which wraps the boundary of the disk n times around the
figure eight. Calculate H.(Z,,Z) and H.(Z,,Z/nZ) and m(Z,, 1).

7. [740] Let (z,y, z) be the standard coordinates on R3, and let ey, e2, and e3 be
the standard coordinate vector fields. Let p be the symmetric (0,2) tensor on R3
defined by:

0 if i # 7,
pleiej)=¢—1 ifi=j3=3,
1 otherwise.

Consider the submanifold H = {(z,y,z) € R3z2+y? — 22 = =1,z > 0}. The
restriction of p to H is a Riemannian metric on H.

{a) Show that reflection in the z-z plane is an isometry of H

(b) Write down a parametrization of the unit speed geodesic in H with initial
velocity (1,0,0) at the point (0,0, 1).

(c) Show that there are no closed geodesics in H through the point (0,0, 1).

8. [740] Let M be a complete Riemannian manifold, and N} and N, disjoint
compact submanifolds.

(a) Show that there is a length minimizing curve from N} to N,.

{b) Let v be a length minimizing curve from | to N2. Show that ¥ is a geodesic
and is orthogonal to both N; and N,.

(c) Suppose that dim(N;) + dim(N3) > dim(M). Show that there is a nonzero
parallel vector field along v that is tangent to N; and N, at the endpoints of

.

9. [740]

(a) Let M be a three-dimensional Riemannian manifold. Let X,Y,Z be an or-
thonormal basis of Tz (M). Give an expression forthe sectional curvature ofthe
plane spanned by X and Y in terms of the Ricci curvatures of X, Y and Z.

{b) A Riemannian manifold is said to be Einstein if Ric(X,Y) = ¢(X,Y), where
Ric is the Ricci tensor, ¢ is a constant, and (,) is the metric tensor. Show
that a three-dimensional Einstein manifold has constant sectional curvature.

(c) Show that a four-dimensional Einstein manifold does not necessarily have
constant sectional curvature by considering the manifold 5% x $2.

10. [730, 742] Consider the function f : R* - R defined by
f(z1,22,23,24) = 2,22 + Taz4.

(a) Find the set of regular values of f.
(b) Compute the tangent hyperplane to f~!(1) at the point (1,1,0,0).
(c) Let S° be the unit sphere in R*. Show that f~*(1) is transverse to S°.
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11. [742] Let D be the closed unit disk in R?, and S! = 8D. Let f and g be
smooth embeddings of S! in R3 such that f(S')Ng(S') = . Define A : S' x St — §?

by
Az, y) = LB =90)
=) eIl

(a) Show that A is a smooth map.

(b) Suppose f extends to a smooth map f: D — R3such that f(D) Ng(SY) =
and f|S* = f. Show that the degree of A is 0.

(c) Prove a partial converse of (b) by showing that if the degree of A is 0, then A

extends to a smooth map A:Dx D' = §%

[742] Let D* be the closed unit ball in R¥, and S* = §DF+!.
) Let h: D* = R”, k < n, be an embedding with A(0) = 0. Show that the map
H : D* x [ - R" defined by

-1
H(z:,t):{t h(tz), 0<t<1

12.
(a

Dh(0)z, =0

is an isotopy from A to a linear map.

(b) Let f,g: D* — M™ be embeddings. Suppose M™ is orientable and f and ¢
preserve orientation. Show f is isotopic to g.

(c) Let Diff +(S™) denote the group of smooth, orientation preserving diffeomor-
phisms of 5™, and G the subgroup consisting of restrictions of orientation
preserving diffeomorphisms of D"*!. Let f € Diff+(S™). Show that f € G if
and only if f is isotopic to the identity.



TOPOLOGY
MASTER’S QUALIFYING EXAMINATION

January 6, 1995

1.

Let K be a 4-dimensional simplicial complex which has 8 0-simplices, 12 1-simplices,
9 2-simplices, 10 3-simplices and 6 4-simplices. Suppose that

H(K)=2Z, H(K)=Z®ZSZ/2, H:(K)=Z®Z[3, Hs(K)=ZHZL[4

What is Hy(K)?

2.

Let X be a topological space and let ¥ C X be a subspace. Then Y is a retract
of X if and only if there exists a continuous map r : X — Y such that r(y) = y for
ally €Y.

(1) Let Y be a retract of X. Show that if X is contractible, then Y is contractible.

(2) Let Y be a retract of X. Show that if X is connected, then Y is connected.
(3) Show that every map f :[0,1] — [0,1] has a fixed point.

P o
8

i L

4 B

3.

Let P and L respectively be the identification spaces of the 2-disc as indicated in
the pictures. Let A and B be the indicated arcs on their respective boundaries.

(1) Compute m1(L) and m(P).

(2) The respective images A and B of the intervals A and B are homeomorphic
to circles. Let f : A — B be a homeomorphism. Let X be the identification

space X = P Uy L. Compute m(X).

1
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4.

(1) Let W be Hausdorff. For all n, let K, be a compact subset of W. Prove that
N>, K, is compact.

(2) Let f: K — R be continuous, where K is compact. Prove that there exists
zo € K such that for all z € K, we have f(z) > f(zo).

3.

(1) Let T be a closed orientable surface of genus 2 and ¢, € T a basepoint. Fix
an n > 1. Find a normal subgroup G of m1(T, o) of index n.

(2) Corresponding to G, there is a covering space p : S — T and some 35 € §
such that px(m(S, s0)) = G. What is the Euler characteristic of S?

(3) Show that every closed orientable surface of genus ¢ > 1 is a covering space
of a surface of genus 2.

6.
Let X be a topological space and consider the map
A X —XxX

z+— (z,z)

Show that X is Hausdorff if and only if A(X) is closed in X x X.
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TOPOLOGY (730)
PH. D. QUALIFYING EXAMINATION

January, 1995

1.

Let K be a 4-dimensional simplicial complex which has 8 0-simplices, 12 1-simplices,
9 2-simplices, 10 3-simplices and 6 4-simplices. Suppose that

HoK)=Z, H\(K)=Z®Z&®7Z]/2, HyK)=Z&ZJ3, Hy(K)=ZDZ/4
What is Hy(K)?
2.

Let X be a topological space and let ¥ C X be a subspace. Then Y is a retract
of X if and only if there exists a continuous map r : X — Y such that r(y) = y for
all y e Y.

(1) Let Y be aretract of X. Show that if X is contractible, then Y is contractible.

(2) Let Y be a retract of X. Show that if X is connected, then Y is connected.

(3) Show that every map f : [0,1] — [0, 1] bas a fixed point.

3.

Let P and L respectively be the identification spaces of the 2-disc as indicated in
the pictures. Let A and B be the indicated arcs on their respective boundaries.

(1) Compute (L) and m(P).
(2) The respective images A and B of the intervals A and B are homeomorphic
to circles. Let f : A — B be a homeomorphism. Let X be the identification

space X = P Uy L. Compute m(X). B
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734 PH.D. QUALIFYING EXAMINATION

January 1995

1. Let X, denote the space obtained by attaching an n-cell to S®~! by a map of degree p,
where p is a prime.

(a) Compute H.(X, x X,,Z) where Z denotes the integers.

(b) Calculate H*(X, x X,,Z).

(c) If r is a prime and Z, is the cyclic group of order r, compute H.(X, x X,,Z,).

2. The embedding C* — {0} — C" — {0} given by (z1,...,2k) — (21,...,2£,0,...,0)
induces an inclusion of CP¥ <« CP™ where CP* denotes complex projective space of
(complex) dimension ¢. Let m: CP™® — CP™/CP* denote the natural projection.

(a) Show 7 induces a monomorphism n* : H*(CP™/CP*,Z) — H*(CP",7Z).

(b) Show CP?/CP! is not a retract of CP*/CP?,

3. Suppose X is a finite 3-dimensional CW-complex with 1 zero cell, 2 one cells, 2 two cells
and 2 three cells. Moreover suppose 7 (.X:) is the non-abelian quaternion group of order 8
and the universal cover X of X has Ho(X) = 0. (Homology is with integer coefficients.)

(a) Compute H.(X).
(b) Show H;(X) and H2(X) are finite groups and determine H3(X).

Typeset by ApS-TEX
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Note: In the following problems, all manifolds should be assumed to be smooth and without
boundary.

1. Let M be an oriented codimension one submanifold of an oriented manifold N. Show
that there is a neighborhood U of M in N so that U is diffeomorphic to M x R.

2. Let M7 and N!® be compact connected manifolds of dimension 7 and 18 respectively.
Suppose that f: M — N is continuous. Show that for any ¢ > 0 there are smooth imbed-
dings fi: M — N and f2: M — N so that |f(z) — fi(z)] < € for all z € M and so that
fi(M) 0 f2(M) is empty.

3. Let M C R® be a compact 3 dimensional submanifold of R°. Show that there is a linear
map L: R® — R® so that the restriction L|ss is an embedding of M into R%.
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TOPOLOGY (Ph.D. version)
Instructions to the student

1. Select two of the four courses listed (730, 734, 740, 742) and
answer all three questions in each category. Only these six
questions will be graded.

2. Use a different booklet for each gquestion. Complete the top
page of the booklet and also write your code number on each page of
the booklet. Do not write your name anywhere.

3. Keep scratch work on separate pages in the same booklet.
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MATH 730 WRITTEN EXAM, AUGUST, 1994

PH.D ExaM

a) Prove that every finite covering space of a torus 7' = S' x S! is again a torus.

b) Find two four-fold covering maps f: 7 — T and ¢ : T — T such that there do not
exist homeomorphisms o : T — T and : T — T withao f =go [.

2) Let zo € RP?2. Then let RP? v RP? = RP? x {20} U {20} x RP? C RP? x RP2
a) Compute the fundamental groups of RP? v RP? and RP? x RP?.
b)  Prove that RP?V RP? is not a retract of RP? x RP2

3) Let the simplicial complex K be a triangulation of a solid torus with one 3-simplex (but
none of its faces) removed.

a) Compute the homology of |K|, the realization of K. _
b) Prove that any homotopy equivalence from | K| to itself has a fixed point.
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1. Let p: S™ — RP™ be the covering map and let ¢, : S* — 5™ be a map of degree k.
Let Xk = RP™ Upg, e™t1. le, attach an n+ 1 cell to RP™ by the map pex.

2)
b)

Determine the integral homology of Xk.
Show there exists a map f : Xx — RP™"! with f|[RP™ = id and determine the

induced map in homology.

2. Let (X, A) denote a pair of topological spaces.

a)

c)

oo
Suppose H.(X, A;Z) = 5, Hp(X, A;Z) is finitely generated (as an abelian group)

n=0

so that x(X,A4) = Y (—1)"rankH,(X, A;Z) is defined. Let F = Q, the rational
n=0

numbers or Fp, the field of p elements. Show H.(X, 4;F) is a fiitely generated
F-module and

X(X, 4) = (=) dimpHa (X, 4 F)

n=0

Suppose (X, A) is a pair of topological spaces and that two of the three pairs A =
(A,0), X =(X,0) or (X, A) has H.(—;Z) finitely generated. Show the third pair is
also finitely generated homology and x(X) = x(A) + x(X, 4).

Suppose M is a manifold which is the boundary of an odd dimensional manifold W.
Show x(M) is even.

3. Recall the connected sum M+#N of two oriented n-manifolds M and N is obtained by
removing an embedded open disc D™ from each obtaining manifolds with boundary M’
and N’ and then identifying the two boundary spheres by an orientation reversing diffeo-
morphism. It is known that M#N can be oriented so as to induce the given orientations
on M’ and N’

2)
b)

Let G be any abelian group. Show H.(CP?#CP?;G) ~ H,(S? x §%,G).
Show C P2?#C P? is not homotopy equivalent to S? x S? by using the cohomology ring
structure.
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740 PH.D. QUALIFYING EXAMINATION
FALL, 1994

1. Let M be a Riemannian manifold with metric (, ) and Levi-Civita connection V. If
f € C®(M), we define a vector field grad f by the formula ((grad f),, X) = X(f), for

all X € T,M.

(2)
(b)

v

(c)

Show that grad(fg) = fgradg + ggrad f.

Let ¢ € C°°(M) be a positive function. Define a new metric (,) = #(, ). Show
that the Levi-Civita connection of (, )" is

1 B} .
ViY = TxY + 5 (X()Y + Y (@)X — (X,T) grade),

where grad ¢ is taken with respect to the original metric.

Let v : [0,1] — M be a geodesic. Suppose that for some to € (0,1), there i1s a
minimizing geodesic « from v(0) to ¥(¢g) which is distinct from v (i.e., a 1s not a
reparametrization of a segment of v.) Show that for ¢t > to, v 1s not minimizing
between v(0) and ~(t).

Let S™ be the unit sphere in R"™! with the metric inherited from the Euclidean
metric on R™*!. Let v : [a,b] — S™ be a smooth function. Show that v is a unit
speed geodesic in S™ if and only if v"/(t) = —v(t) (considered as function into R™*1).

Write down the general form of a unit speed geodesic on S™ (give an expression in
coordinates in R™*1).

3. Let M be a manifold of dimension 2n + 1, and « a l-form on M. We say that o is a
contact form if a A (da)® = aAndaA--- Ada # 0 at each point of M.

(2)
(b)

()

Write down a contact form on R>.
Fix a point z € M. The kernel of da at z is the subspace of T, M defined by

kerda = {v € T: M |da(v,w) =0 VweT,M}.
Show that if o is a contact form,
kerda = {v € T:M |da(v,w) =0 VYw € kera},

where kera = {w € T:M |a(w) = 0}. (Hint: Use the fact that a A (do)™ # 0 to
show that if v # 0 and da(v,w) = 0 for all w € ker a, then v ¢ kera.)

Show that if « is a contact form, then there is a unique vector field X on M such
that «(X) = 1, and X is in the kernel of da at each point of M.

Typeset by ArS-TEX
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WRITTEN GRADUATE QUALIFYING EXAM
DIFFERENTIAL TOPOLOGY (MATHEMATICS 742)

August, 1994

1. Prove that if f is a smooth embedding of S™ into S™"** with k > 3, then
N7Fk = gn+k f(S™)is simply connected (or in other words, that every continuous
map of S! into N extends to a continuous map of the 2-disk D? into N). Be sure
to explain where the condition on % is used in your proof.

2. Let f: M7 — N* be a smooth map of smooth manifolds (without boundaries).
Let C be a connected closed curve in N (in other words, a compact connected 1-
dimensional submanifold, also without boundary) and assume f is transverse to C.
Suppose L* is a submanifold of M, also without boundary, and that f(L) C C.

(a)
(b)

(¢)

Show that L has a tubular neighborhood U in M suchthat L = UNf~1(C).
Suppose that f(L) & C. Show that one can choose U to be diffeomorphic
to L x R3.

Show by example that if f(L) = C, it may not be possible to choose U to
be diffeomeorphic to L x R3.

3. True/False. For each statement, state whether it is true or false and give a
brief justification.

(a)
(b)

Let ¢ and 7 be two non-trivial (real) vector bundles over S*. Then the
Whitney sum € @ 7 is a trivial bundle.

Let fi(zy, ..., za) = 0,..., fm(z1, ..., zn) = 0 be m equations in n
real variables. After arbitrarily small perturbations of the f;’s, the set of
solutions of these equations is an (n — m)-dimensional smooth submanifold
of R™ with trivial normal bundle. ov |§ Q_MP+3
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Instructions to the student

1. Select two of the four courses listed (730, 734, 740, 742) and
answer all three questions in each category. Only these six

questions will be graded.

2. Use a different booklet for each question. Complete the top
page of the booklet and also write your code number on each page of
the booklet. Do not write your name anywhere.

3. Keep scratch work on separate pages in the same booklet.



730 Ph.D. Written Qualifying Examination: January 1994

1. Let R denote the real numbers with the usual (interval) topology. Let Z denote the
integers. Let

X=(0U(1,2)xZ, and Y =(0U(1,2]x Z,
topologized as subspaces of R x R.
a. Prove that X and Y are not homeomorphic.

b. Prove that there exists a continuous bijection, f: X — Y.

2. Describe all compact surfaces without boundary which have Euler characteristic —4,
e.g. by giving a maximal set of pairwise nonhomeomorphic examples. Suppose that, for
such a surface X, the continuous map f : X — X is homotopic to the identity. Show
that f has a fixed point. Show by example that the hypothesis that f is homotopic to the
identity is essential.

3. Let S! be the unit circle, realized as the unimodular complex numbers. Let X and YV
be the subsets of S x S! x S! defined by

X=(S'xS'x{1Hu(S' x {1} xS'); Y =XU({1} xS' x S").

Compute the fundamental groups of X and Y.



734 Ph.D. Qualifying Examination: January 1994

1.
a) Give an explicit decomposition of S? x S* as a cell complex.

b) Compute the cohomology ring of S? x S4.
¢) Show that 52V S* is not a retract of $? x S4.

2. Let C. and D. be chain complexes and let f and g be chain maps from C,. to D..
Define a chain homotopy between f and ¢, and prove that if f and ¢ are chain homotopic
then

fo =g.: Ho(C.) = H.(D.).

3. Let S be the unit sphere in R%, and let S! be embedded in $* as the intersection of
$3 with a two dimensional plane through the origin. Let M be the space obtained from
S? by identifying the embedded S* to a point. Let A be a non-zero Abelian group.

a) Compute the homology groups of M with coefficients in A.

b) Compute the Euler characteristic of M.

¢) Prove that M is not a manifold.

d) Let IT: S® — M denote the quotient map. Show that II, : H3(S® A) — H3(M,A) is

not zero.



RIEMANNIAN GEOMETRY (MATH 740)
GRADUATE QUALIFYING EXAM

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF MARYLAND, COLLEGE PARK

March 28, 1994

Problem 1
Let k,! be positive real numbers. Let X be the Riemannian manifold whose under-
lying manifold is the interval {x € R | —{ < 2 < [} and whose Riemannian metric is

the tensor field
k2da?

I= =y

(1) For a,b € X compute their distance with respect to g.
(2) Prove that (X, g) is geodesically complete.
(3) Compute the curvature tensor of g.

Problem 2
Let £ = R* with the coordinates z,y, z, t.

(1) Let A: E — R denote the function
ha,y,z,t) = 2 +y* + 22 — ¢

Show that A = A7!'(=1) is a submanifold of E.
(2) For p=(x,y,2,t) € H, compute the tangent space T, H.
(3) Show that the restriction of the symmetric 2-tensor field on £

dzda + dydy + dzdz — dtdt

to A is a Riemannian metric g on H.
(4) Show that if A is an 4 x 4-matrix which leaves invariant A, for example

1 0 0 0
0 1 0 0
0 0 cosh(t) sinh(t)
0 0 sinh(t) cosh(?)
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then A induces an isometry of (H,g).

Problem 3
Let (u,v) be coordinates on R? and (z,y,z) be coordinates on R® Consider the
projection
P:R?®— R?
(z7y’ Z) — (x) y)
(1) Let w = udv. Compute the exterior derivative dw and the pull-back P~w.
(2) Verify that dP*w = P*(dw).
(3) Consider the 1-form @ on R® defined by:
w=dz —zdy

Let v(¢) = (u(t),v(t)) be a smooth curve for 0 < ¢ < 1 and 25 € R. Show that
there is a unique smooth curve (t) = (z(¢),y(t),2(¢)); 0 < ¢ <1 in R such

that
e 2(0) = u(0), y(0) = v(0), 2(0) = zo;
» Poy=r;
o Lw=0
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1. Let f: M — N be a differentiable map between compact connected orientable differ-
entiable manifolds of the same dimension.
a. Let @ C N be the set of points ¢ € N such that f71(q) is finite. Show that Q is dense
in N.
b. Show that @ has an open dense subset Q such that the cardinality of f7*(q) has
constant parity on Q).
c. Give an example for which the containments Q C Q C N are strict.

2. Recall that complex projective n-space, CP" is given by (C"*!\ {0})/ ~, where ~ is
defined by (zo,...,2n) ~ (Azg,...,Azy) for all (2q,...2,) € C**1\ {0} and all A € C\ {0}.
The image of (zo,...,2,) in CP" is customarily denoted [z, ..., z,]. Let o be a complex

number and let
M = {[z0,21,22] € CP?: 2} + 2122 + a2} = 0}.

Show that M is not a manifold if @« = 0, but that if  # 0, M is a smooth orientable
submanifold of CP? of dimension 2 (complex dimension 1).
3. Let M be a differentiable manifold of dimension n and let

f:B" =M

be a differentiable embedding of the unit ball into M. Let M’ be obtained from M and f
by removing f(B™ \ S*7!) and identifying f(z) with f(—z) for all z € S"~!. Prove that
M' is (1.e. admits the structure of) a differentiable manifold, and determine under what
conditions M’ is orientable.
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