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U-statistic

X1, ..., Xy LA, Funknown. i = (i1, ..., i),
X = (Xil, ...,X@m), Dn,m — {1 1<y < <y < n},

C,': combination number, F;,(x) = []iZ; F'(z;),

F, m(x): empirical distribution function of F;,, based on
{Xj:i€ Dpm}, Wwith mass 1/C7" at each point. h: m-variate

symmetric kernel. U-statistic:

Un = (CA1)™" Y h(X3) = Er, . h(X).

ieDn,m

Goal: estimate § = Er_h(X), U-statistic: the minimal vari-

ance unbiased estimator of 4.
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Empirical Likelihood (EL)

Since Owen (1988), EL has gained increasing popularity:
wide range of applications, simplicity to use, incorporate
side information. Side infor. be incorporated into EL through
a d-dimensional known function g(z) = (g1(x), ..., g4(x))" with

Eplg(X1)] =0.

Denote w; = F'({X;}). EL subject to the side information
constraints:

mawaz subject to sz—l and szg = (.

1=1 1=1
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Lett = (¢1,...,t4)": Lagrange multipliers, then

1 1

YT T (X))

t =t(Xy,...,X,) determined by

g(X;)
Z 1 —+ t’g(Xz-) -

1=1

Existence of ¢ as solution to the above equation can be

found, eg. Owen.
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Empirical Weights for U-statistic

wi = Fn({Xi}), w:=(wi:i€ Dy ).
Define EL subject to side infor. constraints as

max H w; Subject to Z w; = 1, Z wig(Xj) = 0.

iEDn,m iED’n,,m iEDn,m
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Similarly as before, we get

1

- my—1

t =tn(Xq,..., X;,) determined by

/ .
€D m L+ tg(Xs)
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U-statistic with Side Information

With wjy’s given in (2) and (3), we define the U-statistic with
side infor. given by the constraints g as

Un= Y wih(X;)=Ez h(X). (4)

n,m

iEDTL,m

Comparison: commonly used U-statistic U, has weight
(C™~1 at each observation h(Xj;), with side infor., the

weights are wj.
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Asymptotic Properties of U,

® Notations

As in Hoeffding (1948), for kernel h(-) with Er (h(X)) < oo,
let he(zy, ..., xc) = Eh(x, ..., 20, Xet1, ooy Xim), B2 = ho—0 be its
centered version (c = 1,...,m), h1(X1) = hS(x1), ha(x1,22) =

h(x1,x2) — hi(x1) — h(w2), hg(w1, w2, 23) = hi(z1,T2,23) —
5 - N
> im1 ha(zg) — Zl§i<j§3 ho(zi, x5),
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C
he(a1, ..., we) = ho(w1, .y xe) = Y ha(wi)
1=1

— Z iLQ(.f@,.fj) — e — Z Ec—l(x’ila "'7x’ic—1)

1§i<j§c 1< < <1_1<c

— [ et T] 460, 0) = F@). (e = 1),
s=1

(Korolyuk and Borovskich, 1994). h.: canonical forms of h. U,
isofrank k (1 <k <m)ifhy = - = h,_1 =0 and hy # 0.

When k£ > 1 we have § = 0, and U,, (or h) called degenerate.
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Similarly, for ¢, define
ge(1,...,cc) = Ep_g(x1, ..oy Te, Xet1, - Xm), (c=1,....m)

and canonical forms for g,

Je(21, .., / /gc YL, Ye) Hd v, (Ys) = F(ys))-

Likewise, let ¢. be the canonical forms of g(-)h(-)
(c=1,....,m). Let r, = min{rank(g1), ..., rank(gq) },

r = rank(h), r1 = min{rank(gih), ..., rank(gqh)}, and F,,, be
the empirical distribution with mass w; at the observation x;.
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# Regularity Conditions

(C1). = Elg(X)g¢'(X)] is positive definite.

(C2). E|lg(X)||* < oo for some a > 0 to be specified.

(C3). Ep |h(X)| < .
(C4) EthQ(X) < OQ.
(C5) Ep, [[lg(X)X) + lg(X)[[PR(X)]] < 0.

Note: (C2) with o > 4 and (C4) implies (C5).
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Lemma. Assume (C1) and (C2) for « > 2m/r,, we have (i)

where,

o 1 1
w; = W<1—9’ e 29X
nJEDnm

, { O(n=2(loglogn)'/?), r, = 1;

o(n~"/?logn), 1 <7ro <m.
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(1)
wy = C—lm (1 — 9/(X1)9_1$ Z 9(Xj)

" j€Dn.m

F9(X0)0p(n~ T D/2) 1 [g(Xy) + Hg(Xi)HQ]Op(n“))

The O, (-) terms above are uniformly for all the x;'s and i’s.

U-Statistic with Side Information — p.14/4



® Strong consistency of U,

Theorem 1. (i). Assume the conditions in the Lemma and (C3) and
(C5), if r = 1, then

~

ni(U, —0) — 0, a.s. forallq<1/2.

(ii) Assume conditions in the Lemma and (C4) and (C5), if » > 1, then

[ nd forall ¢ <1/2, rL=ro =1

i nmin{r/Q,l}/log n, 1 > Tp = 1;

anUn, — 0, (a.s.), ap = 4 pin{ro}/2 /oo . l=1r1 <7y
\ nmin{r,ro—i—Tl,QTo}/z/ ]Qg n, To,T1 > 1.
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(lil) Assume (C4) and conditions of Lemma (i), if r = 1, then

210glogn>1/2| N

lim sup (20 U,—0|=1, (a.s.)
n n
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® Asymptotic distribution of U,

W (A): Gaussian random measure, J.(h): Wiener-1to
Integral of order r (Koroljuk and Borovskich, 1994).

Theorem 2. (i) Assume (C4) and conditions of the Lemma, if r = 1,

ViU, —0) 2 N(0,02),

O =

)

5 m?(n — 2A'Q7 1A + AQ7 107 A), r, =1,
m*n?, ro > 1;

where 77% = EFB%(XH Q1 = Ep(g1(X )§/1g 1)),
A= Ep,[9(X)h(X)] and Ay = Er|g1(X1)h1(X1)].
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(II) Assume (C4), conditions of Lemma (ii) and r > 1, then

nb/QINJn 4 Z, where
(= 1, Z =md (AQ1g), ro =11 = 1;
b=2, Z =0p(1), L =r, <ry
b=r, Z =C" J.(h, — A'Q71§,), l=1r <ro=r;
b=r,, Z =-CreJ, (AQ1g,.), l=r <ro<r;
{ b=r, Z =C" J.(h,), L=ry <r<re;
b=r,, Z = Op(1), 1 <r, <min{ry,r/2};
b=r, Z=C" J.(h)—CrC™J, (G- T (Gr), 1<71,T0,7 =16+71;
b=r, Z =C" J.(h,), 1 <ry,ro,r <To+71;
b=r,+m1, Z=-C1C"J. (G- T (gr.), 1 <ri,70,7>1,+ 171,

\
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From Theorem 2 we see that the most interesting case is
r=r,=r; = 1, in which \/n(U,, — 6) is asymptotic
non-degenerate normal, with asymptotic variance being
smaller than that of \/n(U, — 0). % is the same as that of U,
eitherwhenry >1,A=0, orwhenr, >1, A1 =0 and

(2; = 0. Thus, for the side information to be of practical
meaning, we need r =r, = r; = 1.
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® An optimality property of U,
F(-16): density of X given 6, 6,, = 6 + n~/2p for some b € C.
An estimator 7,, = T,,(X1, ..., X},) IS regular, If under f(-|6,),

Wy = /n(T, —0,) LW for some W, iIndependent of {6, }.
Let Z @ U: convolution of Z and U, I(#): Fisher infor at 6,

and Z ~ N(0,171(0)). Convolution Theorem (Hdéjek, 1970):
for any regular 7;,, with weak limit 1/, there is a U such that

W=2Za&U.

The optimal weak limit: a normal random variable with
mean zero and variance 1~1(9).

Now let I(A|g): Infor. bound for estimating ¢ given side infor.

In g.
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Theorem 3. Assume r = r, = 1, (C4) and conditions in the Lemma ,
we have

(i 1(6]g) = nf— 440 ' Ay

Thus, if we set g(x) = (g(x1) + +g(:z:m))/m then rank(g) = 1,

A=mA, Q=m0 = mQI[(6’|g) and U,, is efficient.
(il) Assume further that f(-|@) has second order continuous partial
derivative with respect to 6, then for any regular estimator 7}, with weak

limit W of W,, := /n(1T,, — 6), W can be decomposed as, for some U,

W=7Z®U, with Z~ N(0,I(0|g)).
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U-statistic with side information of the form U, is regular,
thus is optimal in the sense of convolution under the
conditions of Theorem 3. Without side infor, asymptotic

variance of /n(U, — ) is n#; with side infor, asymptotic
variance of \/n(U, — ) is n? — A1Q;t Ay, with a reduction of
ALQTT AL
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I(6]g): length of projection of h;(X) onto [§:(X)], the lin-
ear span of the orthogonal complements of g;(X). Increas-
Ing the components in ¢ (and thus in g;) shrinks the space
[§1(X)+], and shortens the length of the projection or in-
creases the efficiency of U, or increasing the number of
Information constraints reduces the asymptotic variance of

the U-statistic.
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® Uniform SLLN and CLT of U,,-processes

Let Pn,m, Pn.m, Pn and P be the (random) probability
measures induced by Fn,m, Fn.m, Fn and F respectively.
For a function h, denote P, nh = > ;e wih(X;),

P,h = Ep h(X), Gpmh = v/n(Pymh — Pyh) and

Gnmh = /n(Pymh — Pyh). For fixed h and g, we have
shown that, under suitable conditions,

pn,mh — P h = Phy (a.s.) and @n,mh A N(0, 02)

with 02 = o2(h) = Ph? — P(§h1)Q; ' P(g1h1).
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In contrast, G, ,,h = N(0,72) with n2 = Ph2. So
Incorporating the side information ¢ reduces the asymptotic

variance by the amount P(§; h,)Q7 ' P(j1h).
It Is of interest to have a uniformly version of the above SLLN

and CLT over a class of functions H.
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Theorem 4. (i) Under the conditions of Theorem 1(i), and some further
conditions, we have

sup |Pomh — Pph| =0, (a.s.%).
heH

(i) Under the conditions of Theorem 3(ii), and further conditions, then

~

Cnm 2 G in L®(H),

where G is a Gaussian process indexed by H, with Ep(Gh) = 0 and
OOUP(Gh, Gq) = P(iLlcﬁ) — P(glliLl)Ql_lp(gqul) forall h,q € H.
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# Empirical Likelihood Ratio for U-stat. with Side Infor.

Let G(x|0) = (¢’ (x), h(x) — 0), then Er G(X|0) = 0. We
define the empirical log likelihood ratio of 6 with presence of
side infor by

Ra(0) = La(0)/(Ci) ™ = 1] (Chrw),

iEDn,m

Ln(0) = max [ w
ZiEDnﬂn wi:17ZiEDn,m le(Xl|9):O iEDn,m
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and denote

[(0) = —log Ra(0) = »  log[l + 'G(X;|0)].

iGDTL,m

X, ;; ), n? = Var(h(X));

and A, = Cou(G4), G4 the first canonical form (vector) of G.
Without side infor, G(-|0) reduces to h(-) — 4, and t Is a scalar
determined by > ;. p (h(X;) — 6)/[1 4+ t(h(X;) — )] = 0.
The corresponding log-likelihood ratio is

(0) = 3 log[1 +#(h(Xs) — 0)].

i€Dyp m

Let A = Er (G(x]0)G'(X]0)) = (
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Theorem 5. (i) Under conditions of Theorem 2(i) or Theorem 3(i) and
assume /\ to be positive definite, then

2N
m2Cm

D _
10) 2 20 MPATIN P Zagn, Zagr ~ N(O, Igpa).

(i) Assume (C4), then

n
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When m = 1, A% = A1/2 and the above result for U-statistic
automatically reduces to that for the common EL ratio, and

the right hand side in Theorem 5(i) Is X?z+1-
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Corollary. If Ep g(X) = d # 0, then
(i) Under conditions of Theorem 1(i),

U, —0 — A'Q715.
(i) Under conditions of Theorem 2(i),
ViU, — 6 — AQ716) =~ N(0,0?).
(iii) If B, G(X) = ¢ # 0, then under conditions of Theorem 5(i),

2n _ ~
_WRG(Q) R Z&+1A1/2A 1A1/22d+17 Zar1 ~ N(vni V25, Lat1),

n

when A = Ay, Z)  APATIAY? Za 00 = X2, (n6'AL6), the
chi-squared distribution of degree d + 1 with noncentrality parameter

nd’A=16.
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Examples

# Example 1

O(F) = [(x — p)*dF(z) be the variance, i the mean. Let
vk, k > 2 be the k-th moment of F'. For the kernel h(z1,22) =
(z1 — z2)%/2, we have hi(z1) = [(z1 — )% —0]/2, n*> = E(h?) —
0% = (g +62)/2, n? = E(h?) = (14 — 62)/4. Without side infor,
the asymptotic variance of U, based on kernel h(xq,x2) IS
oé = 4n3 = 4 — 0%, the same as that for the sample variance
estimator 6,, := > (X; — X).
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If we know that F' has median at 0: F(0) = 1/2, we take
g(x1,22) = [I(x1 < 0) 4+ I(xz2 < 0)]/2 —1/2. Then gi(z1) =
(21 < 0)=1/2)/2, A = E(gih) = 2 (z—p)%dF (x)—0/2] /4,
and Q; = E(§?) = 1/16. So by Theorem 3(i), the asymptotic
variance of U, is now o2 = of — A2Q7! = 4n? — [[°_(x —
n)?dF(x) — 0% /2]?, a deduction of [ffoo(a: — p)?dF(z) — 0% /2)?

from of.
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# Example 2

Wilcoxon one-sample statistic 8(F) = Pr(x1+x2 < 0), kernel
for corresponding U-statistic: h(x1,z2) = I[(x1+x2 < 0). Then
hi(x1) = F(=z1) = 0, 1f = Ep(hi(z1)) = [ F*(-2)dF(z) -
6%. Without side infor, asymptotic variance of U,, based on

h(azl,azg) 1S (78 = 477%.
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If we know the distribution is symmetric about a > 0: F(x —
a)=1—F(a—x) forall z. Take g(x1,22) = [I(x1 <0)4+1(x] <
2a) + I(xo < 0)+ I(22 < 2a)]/2—1, then gi(z1) = [[(:1;1 <0)+
I(a1 < 2a>]/2 —1/2, 0 = < /z Ay = ([ F(—a)dF(x) +
[ F(=z)dF(z)]/2 - [ F(— (z)/2, and the deduction of

asymptotic variance is A%Q 1.
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® Example 3

Gini difference: (F) = Er|x1 — z2|. corresponding kernel
for U-stat.: h(x1,z9) = |z1 — 22|. Then
hi(zy) = [ xdF(x) — [*) xdF(x) — 6,

1

2
= [ (foo rdF () — f%) dF(x1) — 602. Without side infor,

asymptotic variance of U,, based on kernel h(z1,z2) IS
2 2
oy = 4ny.
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If we know the distribution mean ., and take g(z1,z9) = (z1+
r2)/2 — p, then gi(z1) = (v1 — p)/2, % = [(z — p)?dF(v),
A=A xl[f;f zdF(z) — [*1_ xzdF(z)|dF(z1) — 0}/2, and the

deduction of asymptotic variance is A3Q 1.
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Simulation Studies

Consider Examples 1 and 2 above.
# Example 1

Table 1: asymp variance estimation of U-stat. X ~
exp(1l) — In(2)

Method n=50 n=100 n=150 n=200
Without side infor 8.5239 7.8569 7.3839 7.1557
With side infor 8.4572 7.5524 7.2673 7.0791
Variance reduction 0.0667 0.3045 0.1165 0.0766
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# Example 2

Table 2: asymp variance estimation of U-stat. X ~

N (1, 4)
Method n=50 n=100 n=150 n=200
Without side infor 0.2413 0.2208 0.2199 0.2203
With side infor 0.0548 0.0526 0.0527 0.0572
Variance reduction 0.1865 0.1682 0.1673 0.1631
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From Tables 1 and 2 we see reductions of the variance of
estimating . Sometimes the reduction is significant, like in
Example 2, which means the proposed method gives more

accurate estimation.
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Summary

U-stat side infor., via EL approach;

some asymp behavior

smaller asymp. variance.

efficiency

confi. intervals using such U-stat. via EL ratio.
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