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Let X be a nonsingular algebraic variety over C of dimension n.
Let T = C* be the k-dimensional torus acting on X (T x X — X

algebraic morphism...).
The following facts are well-known (E.g. Iversen):

@ The fixed point set X is a smooth subscheme.

o If Vi,...,V, are irreducible (connected) components of X
then
e(X)=e(Vi) +--- +e(V),

where e(—) is the Euler characteristic:

e(X) = alternating sum of of Betti numbers = [, cop(X).

The last equality only true if X is complete (compact).
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C* acts on P? = CP? by
QO t-(x0:x1:x)=(txo: tx : ) = (P?)T =P2
Ot -(x:x1:x)=(tx:txq:x)=

(P) ={(x0:x:0)} JI{(0: 0: 1)} =P'JJ{(0: 0: 1)}.

Q t- (x:x:x)=(bto:t2x :x) =

(P ={(1:0:0),(0:1:0),(0:0:1)}.

E.g. From (3) we see easily that e(IP?) = 3.
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Toric varieties

The nonsingular variety X is called toric if T = C*" C X is open
dense subset, and there is an action T ~ X extending the natural
actionof T~ T.
Eg. C"CC"cCP".
In a toric variety X:
o X consists of only isolated points, and |XT| = e(X).
@ X has a natural affine open covering by open subsets
Ut .., Uexy, where U; = C" is T-invariant and is centered
at the /-th fixed point.

@ The coordinate axes in each U; extend to T-invariant lines
joining pairs of fixed points in X. Newton polyhedron A(X) is
a polyhedron associated to X, whose vertices and edges
correspond respectively to the fixed points and the invariants
lines in X.




Example A(P3)

(P*7 = {P1, P2, P3, P4}
Six T-invariant lines {P1P2,...}
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Poincaré Polynomial

Let X be a variety over C of dimension n. The Poincaré
polynomial of X is defined by

2n
Px(z) =Y _ bi(X)Z'
i=0

where b;(X) = rank H;(X) is the i-th Betti number (Borel-Moore
homology if X is not compact).
Note:

e(X) = Px(-1).
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Bialynicki-Birula's theorem

Suppose that C* ~ X nonsingular projective variety, and
XT ={p1,...,pn} consists of only isolated points. Define

Ci = {x € X| lim tx = p;}.
t—0
T, X is a C*-representation and hence splits into eigenspaces
ToX =@,V

where for any v € V/, t- v = t?v. Note that because p is an
isolated fixed point a cannot be zero. Define

THX =@,50V,

Then Bialynicki-Birula's theorem proves that X has a
cell decomposition with the cells Cy,..., C,, and T, G = T;ITX.
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Corrolaries of BB decomposition

This means that there exists a filtration
X=X,D---DXoD>X_1=0

by closed subschemes with each X; — X;_1 is a disjoint union of
affine spaces called cells.
Consequences:

o H2,'+1(X,Z) =0.

@ Hyi(X,Z) is a Z-module freely generated by the classes of the
closure of the i-dimensional cells.

@ The cycle map A.(X) — H.(X) is an isomorphism.

° PX(Z): Z Z2dimT;?X.
pieXT



Example: P?

t-(x0:x1:x)=(txo: t?x1 : x2).

P3

2 1

P2 1 -1 P1

Cell decomposition: P3[[(P1P3 — P3)](P? — P1P3).

Ppo(z) = 14 22 + z*.



Generalization to non-isolated fixed point (Ginzburg)

Suppose C* ~ X and X is not necessarily isolated.



Generalization to non-isolated fixed point (Ginzburg)

Suppose C* ~ X and X is not necessarily isolated. Fix a
xr € FC X7 and let

ns = #f of positive weights in Ng/x|x,.
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Suppose C* ~ X and X is not necessarily isolated. Fix a
xr € FC X7 and let

ns = #f of positive weights in Ng/x|x,.

Then

hP9(X) = Z hP=NFa=NE(F).
F
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Equivariant Cohomology

Let T = C** ~ X as before. Define the equivariant cohomology
of X by

HF(X) = H*((C* — {0})* xT X).

Note that H(pt) = H*((P>)) = Z[s, . . ., sk], where
Si, ...,k € H2(pt) are the pullbacks of the hyperplane classes
from the factors P*°. They are called equivariant parameters.

e H3(X)is a Z[si,...,sk]-module and there is a natural
surjective map H%(X) — H*(X) that sets the equivariant
parameters equal to zero.

o If E — X is an equivariant vector bundle then we can define
equivariant Chern classes ¢ (E) € Hi-(X) to be the i-th
Chern class of the induced bundle (C* — {0})k xT E.

e If Y C X is a codimension d T-invariant subvariety then it
defines a class

[Y]=[(C* —{0})* xT Y] € HF¥(X).
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..... a,) = C is the representation of T = C*k of weight
(a1,...,ak) then it can be regarded as an equivariant line
bundle over a point. Then, C,'T(V(al,...,ak)) = a151 + - -+ + akSk.

@ The diagonal action of T = C*” on P"~! induces an action on
the tautological line bundle O(—1). Let & = ¢ (O(1)). Then,
it can be seen that

Zlsi,...,sn¢]

Hr ™) = (T + )

Under this
Vil =] +s)

iel

where V|, = {X,' = 0}/6/ c pr-1,
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Atiyah-Bott localization formula

Then we get an isomorphism S~ H%(X) — STIHH(XT).
Note: The condition above holds when X is a complete
nonsingular toric variety (by BB decomposition)

E.g. X =P!then S = {1,5 — 5, (51 — 52)?,... } and we get

Z[51752>£]51—S2
(€ +s1)(€ +2))

where £ — (—sz, —s1).

S_lH*T(]P)l) = = Z[Sla 52]51752 S Z[Sla 52151*52

Atiyah-Bott localization formula

If Y1,...Y, C X are T-invariants subvarieties such that
> dim Y; = dim X, then if X is complete

YiJU---U[Y,
degVi— Y, = 3 [ 1]UT UYille
rr F o €q (NFyx)

LHS is the ordinary degree of the products of the cycles. [ in RHS
is the equivariant push-forward S H%(F) — S™1H#(pt) (X does
not need to be compact, X compact is sufficient).
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C* P2 by t-(x0:x1:x)=(txo: t2x1 : x2).
(P2)C" = {py, p2, p3} as before.
(1)
/ o(TP?) = S (TaP?) | & (TpP?) | &) (TpP?)
P2 C2T(Np1/IF’2) C2T(Np2/]P’2) C2T(Np3/IF’2)
—s:s 2s-s —2s-(—s)

= =14+14+1=3.
—5‘s+25-s+—2s-(—s) T

@ What is the self-intersection of the invariant curve
xg — x1xp = 07
This is a section of T-equivariant line bundle O(2) with the
weights of action in the fibers over p1, p2, p3 are respectively
0,2,-2.

2 _ o (0Q)n) | & (0Q)n)* | & (O(2)]ps)?
/]P’2 C1(0(2)) B C2T(Np1/IP’2) " C2T(Npg/IP’2) " C2T(Np3/IP’2)
02 (252 (-2s)?

= =04+24+2=4.
—s-s 2s-s —2s-(—s) et
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We want to apply these ideas to the moduli spaces of coherent
sheaves on toric varieties.
The first example — Hilbert scheme of points on X:

Configuration space of m unmarked points on X in which we allow
the points to collide but we want to keep tracks of the directions
of approaches.

When X is a curve of genus g, for any pair of points there is only
one direction that they can approach each other, so we only need

to record the number of points that may collide at a given point of
X. Hence

Hilb™(X) = Sym™X.

Macdonald’s formula:

m_ (1+29)%
2P = g -y
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When X is a surface then we need to keep track of the directions
that points approach each other. We don't get symmetric product
anymore.

In fact there is a forgetful map (Hilbert-Chow morphism)

Hilb™(X) — Sym™X

being isomorphism on the open subset where the m points are
distinct.

Sym™X is not smooth when m > 1 but Hilb™X is.
Hilbert-Chow map is a resolution of singularities.

E.g. Hilb?(X) = (BlaX x X)/S,.
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Hilbert scheme on toric surfaces

If X is toric then T = C*?-action on X is naturally lifted to a
T-action on Hilb™X. Any T-fixed configuration of points must be
supported on

X7 = {p1,- -y pri-

More precisely, we have

(Hib™x)" = ] lL[(HiIb’""(Cz)T,

m=my+---my j=1

where C? in the i-th product is the T-invariant open affine
centered at p;.
So we need to understand Hilb™C? first...
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If we look at the moving m-points not only as subsets but as
“length m subschemes of C?"

then all the necessary information (multiplicities and directions) are
taken into account.
In other words,

Hilb™C? = {I < C[x, y]| dim¢ (C[);’ vl = m}.

E.g. For s € C, (x> — sy,y? — s) € Hilb*C? and if s — 0 then this
approaches to (x?, y?) completely supported at the origin.

Or (x* — s,y) € Hilb*C?, as s — 0 approaches to

(x*,y) € Hilb*C? again completely supported at the origin.
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Link to coherent ideal sheaves

This is how coherent sheaves come into picture: a point of of the
Hilbert scheme on a toric surface X corresponds to an ideal sheaf
7, whose set of global sections over this open affine subset is

[(C?,7) = I € Hilb™C?.

So the Hilbert scheme is a moduli space of ideal sheaves.
The (Zariski) tangent space:

THilb™ X = Homx (T, Ox /T) = Extx(Ox /I, Ox/T) = Extx(Z,T).

(H((X,0x) =0,i >0 so Ext'(—,—) = Ext{(—,—)...).
By stability of Z and Serre duality and a RR calculation:

Homx(Z,T) =C, Ext}%(Z,7)=0, dimcExtx(Z,T)=2n.

In fact we know that Hilb™ X is connected and smooth of
dimension 2n (Fogarty).
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Fixed point set of Hilb”C?

Let T = C*? act on C? diagonally.

This induces an action on C[x, y] and hence on its set of ideals i.e.
on Hilb™C2.

It is clear that

I € (Hilb™C?)" & I is a monomial ideal.

Consequences:

@ The corresponding 0-dimensional subscheme Spec C|x, y]// is
supported at the origin.

o (Hilb2C?)T consists of only isolated points.
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2-dimensional partitions

{monomial ideals of colength m} <> {Young diagrams of size m}

< {AA\F m}.

I = (y*,y3x, y?x?, yx3, x%) of colength 11.
A=4+43+2+1+1F11
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Euler characteristics

This leads us to a simple formula for the Euler characteristc of
Hilbert scheme.

1
e(HiIb™C?)gm = —— ~
2 <R C)" = o )

And by our analysis of the fixed loci of the Hilbert scheme of
points on toric surface X we get

> e(Hilb™X)q™ = !

m>0 [Tmso(1 = gm)e)”

Z e(H”me)que(X)/24 — n(T)fe(X),

m>0

where 7n(—) is Dedekind eta function (modular of weight 1/2).



Modular forms

Let #H = {7 € C|Im(7) > 0}.



Modular forms

Let H = {7 € C|Im(7) > 0}. A modular form of weight k on
SI(2,Z) is an analytic function f : H — C such that

ar+ b
cT +d

a b

D = errarrn. (1)) esien




Modular forms

Let H = {7 € C|Im(7) > 0}. A modular form of weight k on
SI(2,Z) is an analytic function f : H — C such that

ar+ b
cT +d

) = (c7 + d)KF(7), < i Z > € SI(2,7).

f(

Writing g = e®™'7, we require that, in the Fourier expansion

f(r) = Zanq”, all a, =0 for n < 0.
neZ



Modular forms

Let H = {7 € C|Im(7) > 0}. A modular form of weight k on
SI(2,Z) is an analytic function f : H — C such that

ar+ b
cT +d

) = (c7 + d)KF(7), < i Z > € SI(2,7).

f(

Writing g = e®™'7, we require that, in the Fourier expansion

f(r) = Zanq”, all a, =0 for n< 0. Ifalso ag =0, f is called a

nez
cusp form.



Modular forms

Let H = {7 € C|Im(7) > 0}. A modular form of weight k on
SI(2,Z) is an analytic function f : H — C such that

ar+ b
cT +d

) = (c7 + d)*f(7), < i Z > € SI(2,7).

f(

Writing g = e®™'7, we require that, in the Fourier expansion

f(r) = Zanq”, all a, =0 for n< 0. Ifalso ag =0, f is called a
neZ

cusp form.

The most well-known modular form is the discriminant

A(r):=q]J@-q")*,

n>0

which is the unique cusp form of weight 12.



Modular forms

Let H = {7 € C|Im(7) > 0}. A modular form of weight k on
SI(2,Z) is an analytic function f : H — C such that

ar+ b
cT +d

) = (c7 + d)*f(7), < i Z > € SI(2,7).

f(

Writing g = e®™'7, we require that, in the Fourier expansion

f(r) = Zanq”, all a, =0 for n< 0. Ifalso ag =0, f is called a
neZ

cusp form.

The most well-known modular form is the discriminant
A(r):=q]J@-q")*,
n>0

which is the unique cusp form of weight 12.
The Dedekind eta function is n = Al/24,



T-representation of T7Hilb™X

To find Betti numbers we have to work harder.



T-representation of T7Hilb™X

To find Betti numbers we have to work harder. Need to find the
T-representation of the tangent space at each fixed point
7 € Hilb™X.



T-representation of T7Hilb™X

To find Betti numbers we have to work harder. Need to find the

T-representation of the tangent space at each fixed point
Z € Hilb™X. Recall that

TrHilb™ X = Exty(Z,T) = x(O,0) — x(Z,T)

where x(—, =) = 3io(~ 1) Exty(—, -).



T-representation of T7Hilb™X

To find Betti numbers we have to work harder. Need to find the
T-representation of the tangent space at each fixed point
Z € Hilb™X. Recall that

TrHilb™ X = Exty(Z,T) = x(O,0) — x(Z,T)
where x(—, —) = 7 o(—1) Exti(—, —).
Using local to global spectral sequence and Cech complexes this
can be written as

TrHilb™X = @, (U;) — (-1)'T(U;, Ext'(Z, 7))

where Ui, ..., Ue(x) are the open affine T-invariant subspaces
centered at the fixed points of X.



T-representation of T7Hilb™X

To find Betti numbers we have to work harder. Need to find the
T-representation of the tangent space at each fixed point
Z € Hilb™X. Recall that

TrHilb™ X = Exty(Z,T) = x(O,0) — x(Z,T)
where x(—, —) = 7 o(—1) Exti(—, —).
Using local to global spectral sequence and Cech complexes this
can be written as

TrHilb™X = @, (U;) — (-1)'T(U;, Ext'(Z, 7))

where Ui, ..., Ue(x) are the open affine T-invariant subspaces
centered at the fixed points of X.
The calculation is reduced to U; = C? again.



T-representation of T7Hilb™X

To find Betti numbers we have to work harder. Need to find the

T-representation of the tangent space at each fixed point
Z € Hilb™X. Recall that

TrHilb™ X = Exty(Z,T) = x(O,0) — x(Z,T)

where x(—, =) = >7_o(—1) Exti (=, —).
Using local to global spectral sequence and Cech complexes this
can be written as

TrHilb™X = @, (U;) — (-1)'T(U;, Ext'(Z, 7))

where Ui, ..., Ue(x) are the open affine T-invariant subspaces
centered at the fixed points of X.

The calculation is reduced to U; = C? again.

i.e. T/Hilb™C? = R — x(/,1) as a virtual T-representation.
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T-representation of T;Hilb™C?

Let / € (Hilb™C?)" be corresponding to the partition A\ - m. Let
R = C[x,y]. Take a T-equivariant graded free resolution of /
(Taylor resolution):

0—= ®jR(dsj) = -+ = ®R(d1j) = 1 =0,
where dj; € Z2,and let
Pty t) =) (—1)'t%
i

be the Poincaré polynomial. P; does not depend on the choice of
the resolution. The T-character of R// is then

14 Pi(ty, t
Q)= Y #'t) = (1— tll)Ell—zt)g)'

(ki,k2)EX

Recall that T;Hilb™C? = R — x(/, /) as a virtual T-representation.
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T-representation T;Hilb™C?

V(1 1) = S (~1)+* Homg(R(dy), R(d)) = S (~1) R (dy— ).
The T-character of x(/, 1) is then equal to

o Pt )Pty 55 )
XD 1)1 - )

Therefore,

R Pi(t1, 2)Pi(t; t5h)
T/Hilb™C? — (1 — t]_)(]. —_ t2)

0.2 _qgli-ai-n)

t1to ti1to

where Q(t1, 1) = Q(t; 1, t,1).
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Example: | = (x3,x%y, y?)

Basis for C[x, y]/I: {1,x,y,x? xy}.

Q=1+t+tb+H+tut, Q=1+t "+ "+t +t 6"

5 —(1 — tl)(]. — 1.'2)
t B — =t
rrHibmc2 = Q + -y QQ s
=t 2ty ity Y %2

2ttty ot 4 ot 2
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T, Hilb™C?
Let's consider C* = {(t~N,t~1)} C C*2 where N >> 0. Under this,

t{(D)t;a(El)fl s ¢~ NO)+a(O)+1 t;l(D)*lt;(D) s NUO)+1)—a(0)

The first power is positive only if /(CJ) = 0, and the second power
is always positive. So we get

dimc T, Hilb™C? = m + largest part of \.

boHilb™C? = # of cells of dimension k
= #{A F m} such that the largest part of A is k — m
=#{utm—(k—m)=2m— k|

with parts of sizes at most kK — m}.
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Betti numbers

Using this and BB decomposition they arrived at the following
formulas:
by Hilb™C? = P(2m — k, k — m),

where for nonnegative integers m, n, P(m, n) is the number of
partitions of m so that the size of each part is at most n.
Similarly,

boiHilb™P? = Z Z

m=mo+mi+m2 p+r=k—my

P(p, mo — p) - P(m1,m1) - P(2ma — r,r — my),
As a byproduct they also got the Betti numbers of the following
closed irreducible subscheme of Hilb™C?:
baHilb'C? = P(k, m — k).

(This is an irreducible subscheme of dimension m — 1).
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Poincaré polynomials

The formula for Betti numbers can be put together:

1

Z Prirc2(2)q" = H 1_ 2 2gn’
n>0 n>0

n 1
Z PHiIbg(C2(Z)q = H m
n>0 n>0

Gottsche used the last formula above and in combination with
Weil conjecture proved that for any quasi projective nonsingular
surface X:

> Pribnx(2)g" =
n>0
(1 +Z2n71qn)b1(X)(1 +Z2n+1qn)b3(X)

1;[) (1 _ 22n—2qn)bo(X)(]_ _ Z2nqn)b2(X)(]_ _ Z2n+2qn)b4(X) ’

Other proofs were given by others...
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Definition:  (ap_p(Y)0, 1) = / nm' Vn €M, n € H,y.
Z(v)

For m > 0 define am(y) = (—1)a_m(y)". Then

[os(7), c(€)] = b /X N
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generated by the a_,(7)'s with vy = 1 € HO(Hilb?X) being the
highest weight vector.

Note: am(7y) for m > 0 kills the vacuum vector vy.

A linear basis for H is given by

Ay (1) - o m, (V6 Vo

where m; > 0 and ~1,...,7 is a basis for H.(X, Q).
Nakajima basis is given by cohomology weighted partitions:

k

H

X: {(mlvfyl)a (mkvfyk

where .
Z(X) = myq - - my|Aut(N)].

Cohomology degree of this element is 2(|\| — £()\)) + >_ degy/P
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Nakajima basis for H%(Hilb?C2, Q) over Q[t1, t] :

GaaaMaa()w, pas(1)w}

In general, H(Hilb™C2, Q) is the degree m part of

Q[t1, t2][g-1,9—2, . . .] where g_ is given degree k.
Lehn: The Chern character of the tautological bundle ch, (OI")

acts on Q[tla t2][q—l) q-2,.. ] by

(—1)* nd  n,d

H%(Hilb™C?, Q)4+, is generated as Q[t1, ta]s¢,-algebra by
ch,(Ol")'s and the relations between these generators are those of
the restriction of the given differential operators on the degree m
part.
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Suppose that the toric variety X is covered by the standard open
affine subspaces U; = C”. A coherent sheaf F on X is obtained by
gluing coherent sheaves F|y, on U;. A coherent sheaf on U; is
determined by a finitely generated R; = Clxq, ..., xp|-module F;.

Flu = I?, i.e. I;, is the sheaf associated to F;.

F is called a vector bundle of rank r if each F; is a free module of
rank r. F is called torsion free if each F; is torsion free...

E.g. An ideal sheaf Z on X is a rank 1 torsion free coherent sheaf
such that each F; is an ideal F; < C[xq, ..., Xxp]

In the same way, the maps between coherent sheaf and exact
sequences of coherent sheaf correspond (after restriction to U;) to
homomorphism of R;-modules and the short exact sequences of
R;-modules...
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The category of all coherent sheaves on X is an abelian category
denoted by coh(X). One defines Chern class and Chern character

c(=) : coh(X) = H?**(X,Z), ch(=): coh(X) — H*(X,Q)

which are respectively multiplicative and additive on short exact
sequences.

The degree 2/ homogeneous parts are denoted by ¢;(—) and
ch;(=). They are related by

c(F)=1, cho(F)=rank F,
chi(F) = ai(F), cha(F) = c1(F)?/2 — a(F),
ch3(F) = a1(F)*/6 — c1(F)ea( F)/2 + e3(F)/2.

ch defines a ring isomorphism

K(X)g & H*(X, Q).
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Suppose F € coh(X) given by F|y. = F; as before. Global sections
of F are obtained by gluing local sections i.e. elements of
(Ui, F) = Fi's. Global sections of F form a C-vector space
denoted by (X, F).

Now suppose that L is line bundle on X (locally free coherent
sheaf of rank 1). Then we know that L|y, = C[xq, ..., Xp].
Suppose that 0 # s € ['(X, F), then sy, is identified with an
element s; € C[xy,...,x,]. If a € U; corresponds to the maximal
ideal m, then we say that s(a) = 0 if s; € m, (this is well-defined).
Zero(s) is a closed codimension 1 subset of X called the divisor
associated to L. All the divisors obtained this way are linearly
equivalent and hence represent the same element

c(L) € AY(X) = H?(X) called the first Chern class of L.

If F is torsion free of rank r then det F is obtained by gluing
N'(Fi) = Clxq, ..., xn).

det F is a line bundle and by definition

c1(F) = ci(det F).
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Rank 1 torsion free sheaves

Suppose that X is of dimension 2. Let Pic(X) be the set of
isomorphism classes of line bundles on X.
It is known that for toric varieties, the natural map

Pic(X) 2% H2(X,7)
is an isomorphism.
If F is a rank 1 torsion free sheaf on X then it can be shown that
F 2T ® L for some ideal sheaf of points Z and line bundle L.
From this, the moduli space of rank 1 torsion free sheaves on X
(with fixed Chern classes) is isomorphic to Hilb”X for some m
which we have studied so far.
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Suppose that V is a rank 2 vector bundle on X and

0+#s el (X,V). Then Zero(s) can be defined as in the case of
line bundles. It turns out that if s can be chosen generically, then
Zero(s) defines a well-defined element in A?(X) = H*(X) called
the second Chern class of V and is denoted by ¢ (V).

The first Chern class ¢;(V) is the defined to be ci(det(V)) as
before.

We would like to study the isomorphism classes of rank 2 vector
bundles on X with fixed ¢y, ¢.

It turns out in order to get a well-behaved moduli space one needs
to introduce a notion of stability depending on the choice of a
very ample line bundle H called polarization:

A rank 2 vector bundle F is called stable if for any sub-line bundle
LCF

Cl(L) -H < Cl(F) . H/2.

We denote by N¥(2, c1, c2) the moduli space of rank 2 stable
vector bundles on X with fixed first and second Chern classes
C1, C.
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study the geometry of N)'g’(2, c1,Cp) via

T-equivariant vector bundles.

It turns out that (using stability) any V € N)’;’(2, 1, )
corresponds to a T-equivariant vector bundle.

Let 0: T x X — X be the action and p: T x X — X be the
projection. A coherent sheaf F is called T-equivariant if there is an
isomorphism ¢ : ¢*F =2 p*F that satisfies the cocycle condition i.e.

T x T><X—>1XU Tx X
l pux1
pr
T x X Tx X

(Lx1)*¢=prigo(lxo)e.
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with the category of 2-dimensional C-vector spaces E endowed
with a triple of filtrations (E1(¢), E2(¢), E3(¢)) ¢ € Z.

L CEHU-1)CcEWCcEE+1)C...

where for £ < 0, E/(¢) = 0 and for />0, E/(¢) = E.
For any T-equivariant vector bundle V on P?, we have the
T-weight decomposition

r(Ujv V) = 69mEX(T)r(Ujv V)m

where X(T) = Z? is the character group.
Under the equivalence above for any m = (¢1,¢3) we have

MU, V)m = EY01) N E?(4,),

F(Uz, V)m = E2(£1) N E3(4y),
F(Us, V)m = E3(£1) N EX(£y).
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SI(2,C) acts on E and hence on Filtrations and the moduli space
of T-equivariant vector bundles is the GIT quotient.

The key point is that GIT stability matches with stability of vector
bundles and Np2(c1, o) " is identified with the moduli space of
T-equivariant vector bundles.

To give a stable triple of filtrations we require to specify three
distinct 1-dimensional subspaces of E, they can be fixed by the
action of S/(2,C). So this proves Np2(c1,c2)" consists of only
isolated points.

Twisting V' — V ® O(k) induces the isomorphism

N]pz(Cl, C2) = NPZ(C]_ + 2k, cp + ke + C2).

Note: A(V) = 4cy(V) — cZ(V) remains unchanged after twisting
by a line bundle.
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From this we see that Np2(c1, c2) only depends on the discriminant
—A = ¢ — 4cp, and so we simply denote it by Np2(A).
Note: Bogomolov's inequality for stable bundles: A > 0.

As we saw, Klyachko's description implies that Np2(A)7 is isolated.

3H(A) A=-1 mod4
3H(A) —3/2d(A/4) A =0 mod 4.

e(Np2(4)) = {

Here H(A) is the Hurwitz function which gives the number of
classes of integral binary quadratic forms @ of discriminant —A
taken with weight 2/|Aut@Q|. In other words forms equivalent to
k(X2 + Y2) and k(X2 + XY + Y?) are considered with coefficients
1/2 and 1/3, respectively; other forms are taken with coefficient 1.
d(n) is the number of divisors of n.
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Idea of proof

By the formula above for c1, cp, we have
A= 4o =vi+ V2 2_2 -2 -2
=Qq 2=V ) + V3 ViVvo Viv3 Vo V3.

So e(M(A)) = e(M(A)T) is equal to the number of natural
numbers vy, v», v3 satisfying triangle inequalities and the formula
above. Suppose that v; < v» < v3 is a solution; associate to it the
binary quadratic form

AX? + BXY + CY? = viX? + (vi + va — v3)XY + 1, Y2

which is of discriminant —A. Then the inequalities vi < v» < v3 is
equivalent to Gaussian condition

C>A-A<B<A oo C=A0<B<LA

with the extra condition B > 0. The one can check all the
multiplicities match up (!) the formulas in the theorem are
obtained.
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A few words about H(A)

Two quadratic binary froms F(X, Y) and G(X, Y) with integer
coefficients are called equivalent

F(X,Y)= G(aX + bY,cX + dY) for some ( i Z ) € SI(2,Z).

In this case F, G have the same discriminant.
Gauss observed that it is possible to find a unique reduced binary
quadratic form in each equivalence class, that is with

C>A-A<B<A o C=A0<B<A

Zagier proved that H(A) is a holomorphic part of a modular form
of weight 3/2.
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Consider C" = SpecA with the standard action T = C*".

Quasi-coherent sheaf F on C" = A-module ['(C", F).
T-equivariant F < T(C", F) = @y, xyezn F(k, - kn).

Equivalent data in terms of S-family (Klyachko (1990), Perling
(2004), Kool (2010)):

collection of vector spaces {F(ki,. .., kn)}(k,,....kn)ezn and linear
maps

Xl(kla---akn):F(klv"'akn)—>F(k1+17"'akn)a

Xn(kiy. . kn): F(ki,..., kn) = F(ki,..., kn+ 1),
such that x; o x; = xjox; forall i,j, (ku,..., kn).
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F coherent < 3 finitely many homogeneous generators.

F torsion free < all maps are inclusions:

F(ky,... kn) C F(ki+1,... kn),

F(ki,...,kn) C F(ki,..., ko +1).
= When rank(F) = r then get a multi-filtration of C".
F reflexive (i.e. F = F**) < I filtrations
EY(0),...,E"(¢)
L CEHU-1)CEW)CEU+1)C...
where for ¢ < 0, E/(¢) = 0 and for £ > 0, E/(¢) = C".

st. F(ky,... ko) =EY k)N ---NE"(ky).
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flags of C? we need:

@ two integers u; € Z where flag i jumps from 0 to p; € P*,
@ two integers u! > u; where flag i jumps from p; to C2.

Define v; = u} — u; > 0.




Toric rank 2 tf sheaf on C?2

The same picture as for vector bundles except that we need to cut
out two Young diagrams from the positions (v1,0) and (0, v2):

A




Toric rank 2 tf sheaf on C?2

Two partition can intersect which may cause some of the squares
to get extra labeling s, sp,--- € PL.

A

p2

Ccn2

s3

s2

V2|
pl

vl

Here green boxes are in the intersection of two partitions blue and
red.
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Mp2(c1,c2) " is no longer isolated.

To find e(Mp2(c1, c2) ™) each possible (vq, va,v3) and (Ar,. .., Ag)
must be weighted by 2" = e((P!)").

It turns out that if we put e(Mpz(c1, c2)7) into a generating
function (summing over ¢;) then the outcome is the product of the
generating functions of e(Npz2(c1,c2)") and the generating
function of the partitions to power 6. All these weights 2" are
taken into account this way!

Klyachco, Vafa-Witten

Z e(Mp2(2,c1 =1,c0=n)q" =
n

n

where Yi(q) =3, H(4n — 1)q”_%.

The right hand side is the holomorphic part of a modular form
with weight —3/2. This confirms a prediction from S-duality in
string theory.
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Toric DM stacks were introduced by Borisev-Chen-Smith (2005),
Fantechi-Mann-Nironi (2010)).

Similar to toric varieties, a smooth toric DM stack X is a smooth
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It turns out that the DM torus acting on X is of the form

T = C*" x BH where H is a finite abelian group.

For each open substack [C"/G], this action induces an action of
C*" on C" which commutes with the action of G.

However, unlike the case of toric varieties, this action is not
primitive.

E.g. In the case of P(a,b,c) T = C*? x Bjug where

d = ged(a, b, ¢).

C*?-weights on C?
[C? /] (b,0),(0,¢)
[C2/:U’b] (_av O)’(_Cv C)
[CQ/MC] (07 *a)’(ba*b)
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Coherent sheaves

A coherent sheaf on X is obtained by gluing coherent sheaves on
the open substacks [C"/G].

A coherent sheaf on [C"/G] is a G-equivariant coherent sheaf F
on C".

In other words, the category of coherent sheaves on [C"/G] is
equivalent to the category of G-equivariant coherent sheaves on
C".

The Hilbert scheme and moduli spaces of more general sheaves on
DM stacks were constructed by Olsson-Starr (2003) and Nironi
(2009).

An interesting fact about the Hilbert scheme on a stack is that it is
actually a scheme.

E.g. Recall for anyigbime Hilb' X = X but

“Hilb![C? /)" = C2/p, where p, acts by (w,w™!).

More precisely, Hilb®[C?/p,] where ¢ € Ko([C?/11n]) = Rep(pn) is
the regular representation.
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T-equivariant Coherent sheaves

We study the moduli spaces by studying coherent sheaves which
are both G- and T-equivariant.

Suppose that we have a coherent sheaf F on [C"/G], and C" is
equipped with an action of T = C*” which commutes with the
G-action.

Theorem (G., Jiang, Kool (2012))

The category of T- equivariant coherent sheaves on [C"/G] is
equivalent to the category of coherent sheaves on C” with
commuting T- and G-equivariant structures.

The latter is equivalent to the category of finitely generated
C[x1, ..., xn]-modules with an X(T)-grading and an X(G)-fine
grading.
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Torus action

Let T act linearly on C" with characters x(mi),...,x(m,) i.e.
t-x; = x(mj)(t)x; foralliand t € T.

If m;'s are dependent, then the action is said to be degenerate.

If the action is non-degenerate and the m; generate the lattice
X(T), then the action is said to be primitive.

The box associated to the action is the subset By C X(T) of all
elements of the form > . qim; € X(T) with 0 < g1,...,q, <1
rational.

Note that Bt = 0 if and only if the T-action is primitive.

Proposition

Suppose that T acts non-degenerately on C". A T-equivariant
coherent sheaf on affine space C” with non-degenerate linear
T-action can be described by a so called S-family, which roughly
speaking is a family of vector spaces indexed by the lattice points
of X(T) and (compatible linear) maps between them encoding the
module structures. When the action is non-primitive, the sheaf
decomposes according to the box elements b € Br.
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Let T = C* and G be a finite abelian group acting on C? by
t-x; = x(m;)(t)x, g - xi = x(ni)(g)x:.

Assume T acts non-degenerately and the actions of T and G
commute. We call the following data a stacky S-family:
@ a collection of finite dimensional vector spaces

{F(m)n}meX(T),neX(G),
@ a collection of linear maps
{xi(m) : F(m) — F(m+ mi)}i—1,. 4, mex(T) St
xi(m) : F(m), — F(m -+ m)nin;,
Xj(m+ m;) o xi(m) = xi(m+ mj) o x;(m),
There is an obvious notion of morphism between stacky S-families
that respects both gradings.

The category of T-equivariant coherent sheaves on [C9/G] is
equivalent to the category of stacky S-families.
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The weighted projective plane P(a, b, ¢) is by definition the
quotient stack [C3\{0}/C*], where C* acts on C3 by

A (X, Y,2Z) = (XX, \PY, A 2).

This is a smooth complete toric DM stack.
Let d := gcd(a, b, ¢), di2 := gcd(a, b), di3 := ged(a, ¢) and
dr3 = ged(b, ¢).
The coarse moduli space denoted by P = P(a, b, ¢), is the
weighted projective plane in the classical sense.
The toric variety P(a, b, ¢) (in general singular) is isomorphic to
P(a/d,b/d,c/d).
If dip = dr3 = di3 = 1, then the structure map from the stack to
the coarse moduli space is an isomorphism away from the points
among

(1:0:0),(0:1:0),(0:0:1)eP

which are singular. In this case P(a, b, ¢) is called a canonical DM
stack.
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P(a, b, c)

In the case d = 1, P(a, b, ¢) is an orbifold meaning that the
structure map is an isomorphism away from the lines

(0:Y:2),(X:0:2),(X:Y:0)CP(a,b,c).

In general, P(a, b, ¢) is a Bug-gerbe over the orbifold
P(a/d,b/d,c/d).

We glue toric coherent sheaves we constructed on &l;'s along
Ui xp ;. It turns out that

[C?/pa] xp [C?/ ] 2 [C* X C/pta X pip)
where 11, X pp acts by (wpw;t, wS). Note that

[C?/pa] xp [C?/ 6] xp [C?/pe] = [C*?/p1a X o X pic] = T

The category of T-equivariant sheaves on P(a, b, ¢) is equivalent
to the category of triples {F;};—1 23 of stacky S-families on {;'s
satisfying certain delicate gluing conditions at the intersections.
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Grothendieck group Ky(P(a, b, ¢))

It is known that Pic(P(a, b, ¢)) = Z.
The Grothendieck group of coherent sheaves on P(a, b, ¢) is known
to be

Ko(P(a, b, c)) = Z[g, g7 ']/(1 - g°)(1 — g°)(1 — g°),

where g := [O(—1)] is the class of a generator of Pic(P(a, b, ¢)).
E.G. The classes of the structure sheaves of the fixed points of the
T-action are

[0p] = (1 - g°)(1 - g")(1 - g°)/(1 - &),

where
7:{1,2,3} = {a,b, c}

sends 1 to a, 2 to b, and 3 to c.
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D :={l/d}i=o,....d-1, Djj :== {l/djj}i=0,...d5-1 \ D,

F=Du[[pbyu]]Di V{i.j.k}={123}.
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The 1-dimensional components are isomorphic to IP’(f,D and are
index by Dj;. Finally, the O-dimensional components are isomorphic
to P(i) = Bu; and are indexed by D;.
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Inertia stack /P(a, b, c)
Define

D :={l/d}i=o,....d-1, Djj :== {l/djj}i=0,...d5-1 \ D,

» 1\ (DU Dj U D),

F = DI_IHD,-J-I_IHD,- v{i,j, k} ={1,2,3}.
ij i
The 2-dimensional components of the inertia stack
IP(a, b, c) :=P(a, b, c) xpxp P(a, b, ¢)

are isomorphic to P(a, b, ¢) and they are indexed by D.

The 1-dimensional components are isomorphic to IP’(f,D and are

index by Dj;. Finally, the O-dimensional components are isomorphic
P(7) = B> and are indexed by D;.

There is a natural map 7 : IP(a, b,c) — P(a, b, ¢) (local

immersion). The eigenvalue of 7*O(1) when restricted to the

component corresponding to f € F is e2mV/=1f
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For any coherent sheaf F on PP(a, b, ¢), define

ch: Ko(P)e = A (IP)y, ch(F) =D wyi- ch(Fr),
feF i

where F¥ is the restriction of 7*F to the component corresponding

to f € F, and Fr = €, F¥,i is its decomposition into eigenvectors,

and wr; € [l are the corresponding eigenvalues.

This is a ring isomorphism.

For a fixed f € F corresponding to component Z, let ch denote

the part of ch taking values in A*(Z),.. . We define
(ch)* := (chf)dim z—k € ATmZ7K(Z),
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Chern character

For any coherent sheaf F on PP(a, b, ¢), define

ch: Ko(P)e = A (IP)y, ch(F) =D wyi- ch(Fr),
feF i

where F¥ is the restriction of 7*F to the component corresponding
to f € F, and Fr = €, F¥,i is its decomposition into eigenvectors,
and wr; € [l are the corresponding eigenvalues.
This is a ring isomorphism.
For a fixed f € F corresponding to component Z, let ch denote
the part of ch taking values in A*(Z),.. . We define
(che)* := (chf)dim z—k € AT™ZK(Z),0...
The reason for this notational convention is that we are dealing
with Chern characters of sheaves on components of different
dimension of the inertia stack /IP so it is more natural to keep
track of dimension than codimension.
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Rank 1 torsion free sheaves

Recall
7:{1,2,3} = {a, b, c}
that sends 1 to a, 2 to b, and 3 to c.

To the open substack LI; we attach the set of colored 2D partition
M; with i colors encoding the action pz ~ C2.

VA € Mj, 1 € Z; define #,\ the number of boxes with color /.

i

u3 ~ C? by (w,w?) in the left picture and by (w,w) in the right
picture.




Introduce the variables

PO;---yPa-1, 4qo,---59b—1, T0,---,rc—1,

one for each color. They satisfy certain relations imposed by the
geometry of P(a, b, ¢).



Introduce the variables

Po; - -, Pa-1,

qo,---,49p-1, 1o,---,rc—1,

one for each color. They satisfy certain relations imposed by the
geometry of P(a, b, ¢). In fact the relation in the Grothendieck
group forces these relations among the variables:

PoPd ** " Pa—d = 4oqd * " - 9b—d = rord = - * I'c—d,

P1Pd+1 " Pa—d+1 = 919d+1 " " Qb—d+1 = Nrd+1 - Fe—d+1,

Pd—1P2d—1" " Pa-1 =
POPdy; "+ " Pa—din =
POPdy3 "~ Pa—di3 =
Q0Gdy; " * " Ab—dy; =

dd-192d—1 """ qb—1 = Fd—1r2d—1" " lc—1,
CIOan e qb—dlzv oo
nrdys - re—dizs - - -

0rdys = Fe—dozsy - - -
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Rank 1 torsion free sheaves on P(a, b, ¢)

For a fixed 8 € AL(IP) let Gs(q) = >, e(Ms(c))q¢ where

¢ € Ko(PP)g runs over all classes of rank 1 torsion free sheaves with
ci(c) = pB.

q stands for the variables p;, g;, r, defined before. E.g. The
coefficient of pop3ra is e(Mg(c)) where

¢ = [Op,] +2[Op,]g + [Op,]g”.

G-Jiang-Kool (2012)

The generating function of the Euler characteristics of the moduli

space of rank 1 torsion free sheaves on P(a, b, ¢) with trivial
determinant (“Hilbert scheme of points”) is given by

o~ (XTI ) (X M) (ST

Aelly I=0 A€l 1=0 Aell; =0

where the p;, q;, rj satisfy relations above.
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Colored Partition

When the action of ju, on C? is balanced, i.e. is of the form
w - (x,y) = (wx,w™ty), there is an elegant formula appearing in
the physics literature (Dijkgraaf). The formula in this case is

A _1A

colored partitions A

1
Hj>0(1 —(qo- - qe-1))*
k—1

Z (qO to Qkfl)zi ni2_"i’7i+1 H q;2/2+n1r_r/2_
—r

ny,...,nk_1€7Z r=1

One can count colored partitions keeping track of the number of
boxes with color O only by setting go = g and

g1 =---=gk—1 = 1. Then formula above is related to the
character formula of the affine Lie algebra su(k)

k)24

Z q#o,\ _ q XsAu(k)(O).

colored partitions A n(q)
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In this case pgp = qoq1 = rorir> by and
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Example: P(1,2,3)

In this case pgp = qoq1 = rorir> by and

K2
G 62 r0r1r2 1

Hk>0(1_ ronr)*)® £~

k2 kl+12 k2+2k+1 kI+12 k2+k kl-s-l2
"o )
k,I€Z

Setting gt =rn=rn=1and pg = qo = rnp = q we get

1/4
Go(q) th J(0)x*)(0)
q1/4 3 3
— W93(q)(03(q)03(q ) + 62(q)02(q”)),

where 6>(q), 63(q) are Jacobi theta functions.



Example: P(1,c, c) with ¢ > 2

Relations above give pp = qo - qc—1 and g; = r;.

1
_Hk>0(1 —(ro--- rc—l)k)
1

(Meso [TZ0 (L = ro-- - riro -+ re—1)k=1))2

G
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Technical point: To define a correct notion of stability for higher
rank sheaves on DM stacks besides polarization one needs also a
m-very ample sheaf called the generating sheaf.

In our case, we fix the standard polarization Op(1) on P and we
choose a generating sheaf £ := @f;ol Op(—n), where E is any
positive integer such that the least common multiple m of a, b, ¢
divides E.

Fix a € A°(IP),,

and 8 € AY(IP),,...

oo
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Technical point: To define a correct notion of stability for higher
rank sheaves on DM stacks besides polarization one needs also a
m-very ample sheaf called the generating sheaf.

In our case, we fix the standard polarization Op(1) on P and we
choose a generating sheaf £ := @f;ol Op(—n), where E is any
positive integer such that the least common multiple m of a, b, ¢
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Fix o € A°(/P),. and 3 € AL(IP),_ . Define the generating
functions
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Rank 2 torsion free sheaves

Technical point: To define a correct notion of stability for higher
rank sheaves on DM stacks besides polarization one needs also a
m-very ample sheaf called the generating sheaf.

In our case, we fix the standard polarization Op(1) on P and we
choose a generating sheaf £ := @f;ol Op(—n), where E is any
positive integer such that the least common multiple m of a, b, ¢

divides E.

Fix o € A°(/P),. and 3 € AL(IP),_ . Define the generating
functions

Hapl@) = D e(Me(c))a’s Hs(a)= >  e(Ne(e))q".

CT]Z(C) =a &12(0) =a
ch'(c) =8 ch'(c) =8

So in terms of ch, these generating functions sum over all
0-dimensional (i.e. codegree 0) parts (chs)°.

Proposition

Ha,5(q) = HZ5(q) TT7-; Gy, (q)%.
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Rank 2 vector bundles

We classify T-equivariant rank 2 vector bundles on P(a, b, ¢) into
three types I, Il and Ill, according to the number of nonzero
components of the box elements in the stacky S-families attached.
E.g. in type |, exactly one box summand of F; is non-zero for each
i =1,2,3. It turns out that types Il and Il are always
decomposable so they are never stable.
The stacky S-families of a stable rank 2 vector bundle F of type |
are entirely determined by integers uy, up, u3 and vy, vo,v3 >0
satisfying

b|wvi, c|w, a|vs,

and triangle inequalities, and an element (py, p2, p3) € (P*)3 with
distinct coordinates. The K-group class of F is

(1hgnmm —(1-g")1-g%) - (1-g)(1-8")

~(1-g%)(1-g"))gn .
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We introduce a formal variable pr, gjj ¢, ri r corresponding to
respectively 2, 1, 0-dimensional components of /P: pr for each
f €D, qgjr foreach f € Djj,and r; ¢ for each f € D;.

This time these variables are independent.

Recall: If F is a rank 2 vector bundle on P = P(a, b, c) then its
generalized Chern character ch(F) takes values in A*(/P),,.. .



Euler characteristic of moduli space of vector bundles

G-Jiang-Kool (2014)
For any a € A%(IP), and 3 € A(IP),..

Hits= )

(u,vi,v2,v3)€Cqy 8

C~hO(U,V1,V2,V3)f C~hO(U,V1,V2,V3)f CTIO(LI,Vl,Vz,Va)f
L1 »f I1 9ij 11 fif ’
feD i< i,fED;

fED,'j

where

Co ::{(u, vi, V2,v3) € Z X Z3>0 s b|vi, c| v, aluvs,

~2 ~1
ch (U, V17V27V3) :Oé,Ch (U, V17V27V3) 257
Vi < v+ vi Vi, j, k} = {1,2,3}).




Specialized generating functions

The generating function of the previous theorem is the most
refined version.



Specialized generating functions

The generating function of the previous theorem is the most
refined version.
Nicer formulas can be obtained by specializing.



Specialized generating functions

The generating function of the previous theorem is the most
refined version.

Nicer formulas can be obtained by specializing. One such
specialization is by grouping together moduli spaces with the same
value of discriminant

A= v12 + v22 + v32 —2vivo — 2vivy — 2vavs.



Specialized generating functions

The generating function of the previous theorem is the most
refined version.

Nicer formulas can be obtained by specializing. One such
specialization is by grouping together moduli spaces with the same
value of discriminant

A= v12 + v22 + v32 —2vivo — 2vivy — 2vavs.

As in the case of rank 2 vector bundles on P2, this quantity is
preserved under tensoring with line bundles.



Specialized generating functions

The generating function of the previous theorem is the most
refined version.

Nicer formulas can be obtained by specializing. One such
specialization is by grouping together moduli spaces with the same
value of discriminant

A= v12 + v22 + v32 —2vivo — 2vivy — 2vavs.

As in the case of rank 2 vector bundles on P2, this quantity is
preserved under tensoring with line bundles. However, the
difference is that Mp(A) is now the disjoint union of finitely many
moduli spaces with fixed refined Chern classes described above.



Specialized generating functions

The generating function of the previous theorem is the most
refined version.

Nicer formulas can be obtained by specializing. One such
specialization is by grouping together moduli spaces with the same
value of discriminant

A= v12 + v22 + v32 —2vivo — 2vivy — 2vavs.

As in the case of rank 2 vector bundles on P2, this quantity is
preserved under tensoring with line bundles. However, the
difference is that Mp(A) is now the disjoint union of finitely many
moduli spaces with fixed refined Chern classes described above.
We define

HE(q) = 3 e(Mp(8))g™.

A>0
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A Z16 0&A =4 0
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AElﬁo
A Z16 0&A =4 0

otherwise.




e(M(A)) =
2H(A) A=8k—-1
H(A) +2H(A/4) — (1/2)d(A/4) — d(A/16) A =160
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0 otherwise.
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mod 8.




e(M(A)) =
2H(A) A=8k—-1
H(A) +2H(A/4) — (1/2)d(A/4) — d(A/16) A =160
H(A) +2H(A/4) — (1/2)d(A/4) A #16 0&A =40
0 otherwise.

In particular,

g YBHY(q Z2H (8n—1)g" ¢

where Index 1 shows that we only take e(M(A)) with A = —1
mod 8.

It can be seen that this a holomorphic part of a modular form of
weight 3/2.




P(1,2,2)

H(A) A=8k—1
e(M(a)) = 4 SH(B/2) =3/2d(A/8) A =8k
RELY A=8k—2

0 otherwise.
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P(1,2,2)

H(A) A=8k-1
e(M(A)) = 3H(A/2) —3/2d(A/8) A =8k

3H(A/2) A=8k—-2
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@ Poincaré polynomials?
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subschemes of C C X with
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Reason: If 7 is rank 1 t.f., since ¢1(Z) = 0 and X toric (in
particular, H1(Ox) = 0) we see that det(Z) = O.

Z** is reflexive rank 1 = a line bundle and hence Z** = O. But 7
(being t.f.) can be naturally embedded into Z**. And hence Z is
an ideal sheaf.
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We can still use toric techniques to find e(Hilbg ,(X)).

If 3 =0, we get the Hilbert scheme of n points on X.
Hilbo,»(X)T is again isolated (monomial ideals) and is in bijection
with the set of e(X)-tuples of 3d partitions (plane partition)
(71, ., e(x))- The generating function for 3D partition

>

7 is 3d partition

1

is the famous McMahon function: M(q) = =————~.
[Tiso(1 = g%)*

Cheah: ) _ e(Hilbo,q(X))q" = M(q)<.
n=0
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Euler characteristic of Hilbs ,(X)

If 30, the fixed set (Hilbg ,)7 is still isolated.

It is in bijection with the set of e(X)-tuples of 3d partitions with
infinite legs extended along the edges of the Newton polyhedron.
To each generalized 3d partition m one can associate a nonzero
integer || and three 2d partitions A1, A2, A3 corresponding to the
legs.

3
wl = #{m N ([0,1,...,NP)} = (N +1) D |\l
i=1

for N > 0.
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| o\ =13
] o M\ =231
@ \3=10
AT o || = 1 (with N = 4,

— 51—5.(3+7+0))
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is a symmetric polynomial defined by

det(hx;—pu;+j-7)

where hy is the complete homogeneous function of degree k.
Notation. v a partition g" 7 1= (q"1~1/2, g»2=3/2 ¢q3—5/2 ).
Okounkov-Reshetikhin-Vafa: Given 2d partitions A1, Ao, A3, the
generating function of the 3d partitions with these legs is

Z(Ag)qg (3=l N2 5 6725 (@)
n

where

g (512, (g0

20 = - g
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Perfect obstruction theory

M a scheme or a DM stack over C. A perfect obstruction theory
on M consists of a 2-term complex of locally free sheaves on M

E*=[E! = EY

together with a morphism in the derived category ¢ : E®* — L*M
such that

h°(¢) isomorphism  and  h™1(¢) surjective.

If M is equipped with a perfect obstruction theory then one can
define a cycle [M]" € Ag(M) for d = rkE® — rkE~! called the
virtual fundamental class.

The virtual fundamental class depends on the choice of the perfect
obstruction theory.

virtual class is crucial for defining GW and DT invariants etc. in
general (giving deformation invariance of the invariants!).
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Basic example

M is cut out by a section s of rank r vector bundle E over a
smooth variety Y of dimension n.

Then the virtual dimension of M is n — r i.e. the dimension we
would get if s was transverse.

But if for example s lies in a subbundle E/ C E and is a transverse
section of E’ then we should take Euler class of E/E’ over M.

In general, we have

0= TM — TY|y % Eyy — Cok — 0

that gives a natural perfect obstruction theory on M (using
L*Y = QY and natural map L*Y |y — L°M...).

The deformation theory of the moduli problems often gives us
infinitesimal version of Y, E, s on a moduli space M, with Cok
becomes the obstruction sheaf.
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Let p: X x M — M be the projection and w be the pullback of
Kx to X x M.

For simplicity, suppose that the universal sheaf £ exists on X x M.
Define the complex E® := RHomp(E, £ ® w) in the derived
category of M.

The fiber of h'((E®)V) at F € M is identified with Ext'(F, F).
So E* is complex concentrated in degrees [—3,0].

If Ext3(F,F) doesn't change dimension over M, then we can
define a truncation of E® that is concentrated in degree [—1,0]
(we use the same symbol).

Thomas proved that there exists a perfect obstruction theory

¢ : E* — L*M and hence a virtual cycle [M]"" € Ag(M) where
d = ext}(F,F) — ext’(F, F).
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X CY 3-fold. Let 5 € Ha(X,Z).

Mg moduli stack of prestable curves of genus g.

Prestable means projective, connected, reduced, nodal.

M, is a nonsingular Artin stack (infinite stabilizers) of dimension
g—3.

Mg (X, 3) moduli space of stable maps f : C — X, where C € M,
and [f(C)] = 5.

Stable means Aut(f : C — X) is finite.

Mg (X, ) is a proper DM stack (possibly singular).

There is a universal curve 7 : C — Mg(X, ) and a universal
morphism f : C — X.

There is a natural morphism of stacks Mg (X, 3) — M.

The morphism (R f*TX)V — L, gives rise to a perfect
obstruction theory for M, (X, 3).
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Idea: R, f*TX is given by a 2-term complex of vector bundles E,
in the derived category.

W2 (Eir.cox) = HY(C, FATX) W (Ea)r.cox) = HY(C, FTX).

So h0 classifies the infinitesimal deformations of f and h! contains
the obstructions to deformations of f.
Virtual dimension: If C is nonsingular

ho—h1+3g—3—/ch(f*TX)-td(C)—|—3g—3
c

= (dim X+f*cy(X))(1+c1(C)/2)+3g—3 = —Kx-B+(1—g)(dim X —3).

Since X CY3 virtual dimension is zero. '

We can define GW invariant N, g = deg([M, (X, 5)]"") € Q
(rational because of stabilizers!)

Generating functions:

Zew(X;q,v) = Z Z Ng gu*e=2v5.
B€H2(X7Z) gZO
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total space of the canonical bundle Ks.

X is a noncompact threefold and by adjunction Kx = Ox.

Let 0 # B € H?(S,7Z), even though X is noncompact, the reduced
generating function Z’(X; q)s is well defined:

Z'(X;q)s=2'(X;q)s where X =P(Ks® Os)

by noting that K5 - 8 = 0.

Recall: The vertices of the newton polyhedron A(X) correspond to
the fixed points X" = {X4}, and the edges correspond to the
T-invariant lines C,3 joining X, to Xj3.

The geometry of A(X) near C,p is determined by the normal
bundle NCag/Y = O(myp) @ (’)(m’aﬁ).

We have seen Hilbg ,(X)T correspond to the tuples of the
generalized 3d partitions. Note that by our choice of 3, the
partitions have no legs along the edges corresponding to lines

outside of S.
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where S(Z) denotes the T-fixed subscheme of Hilbg ,(X)
supported at the point Z, and Ey — Ej is the T-equivariant
perfect obstruction theory.

Fact: The T-representations Ext!(Z,T) and Ext?(Z,Z) contain no
trivial subrepresentations. This implies that S(Z) is the reduced
point at Z, and [S(Z)]V" = [Z].
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In order to get Laurent polynomials for each vertex and edge
contribution, MNOP used the following redistribution of terms:

t/ t//
Z—F 04,3, i’
Va +Z 1—t ’

where a1, affo, af3 are the three edges passing the vertex o and
{ti, tir, tin} = {t1, to, t3}, and similarly

_ —m’
E 1 Faﬁ(t27t3) Fap(toty " tst; )
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Theorem: The T-character of Ext!(Z,T) — Ext?(Z,Z) is
>0 Va+ o5 Eap- Vo and Eyg are Laurent polynomials.
Define the vertex measure

w(ma)(s1, 52,53) = ] (s.k) ™%

kezZ3

where s = (s1, 55, 53) and vy is the coefficient of t¥ in V,,.
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Z/(X: q)5 = 204" 2zeHilbs ,(X)T e(Ext’Z,T)/e(Ext'T, I).
224" EzeHnbo,n(Y)T e(Ext?Z,T)/e(ExtZ,T)

In particular, Z’(X; q)s is independent of the choice of
compactification.

X has a canonical Calabi-Yau 3-form Q. Let Ty be the
2-dimension subtorus preserving .

Fact: By Serre duality the To-representations Ext!(Z,Z) and
Ext?(Z,T) are dual to each other. The idea is to evaluate the
formula above by canceling the dual weights and counting signs.
Fact: No terms in ) Vi, + Za,@ E,p specializes to 0-weight under
the restriction to Ty. So the localization formula for T can be
computed after restricting to Typ.

Note: In U, with coordinates (x1,x2, x3), the subtorus Ty is given
by titptz = 1.
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Fact: The constant term of E;5’t1t2t3:1 is even.

The total count of (—1)s contributing to E,g is determined by the
parity of the evaluation E5(1,1,1).

Theorem: E;rﬁ(l, 1,1) = f(a, B) + mag|Aap| ( mod 2).

Similarly (but more involved!) one gets the splitting for vertex
terms V,, = V., + V.

Theorem: V(1,1,1) = |m,| ( mod 2).

Corollary: For any Z € Hilbg ,(X)T,

e(Ext?*(Z,1))

ST ) (1) 2ap MaslAasl
e(Ext1(Z,7))
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The topological vertex of Aganagic-Klemm-Marino-Vafa is a
conjectural evaluation of the GW theory of all toric CY 3-folds. In
the case of local toric CY surfaces, the topological vertex
conjecture was proven by Liu-Liu-Zhou.



Proof of MNOP conjecture

MNOP conjecture 1 is proven using w(my)|s, s, +s=0 = (—1)7el:
Z(X; q)o = M(—q)°™).

MNOP conjecture 3 is then proven by comparing (for each fixed
point!) with the melting crystal interpretation of the topological
vertex (Okounkov-Reshetikhin-Vafa):

C|ntr|but|0nIzgw(X, u, V) = eiun(_l)Zaﬁ maﬁp‘aﬁlvﬁ.

Cintributionz Z5+(X; u, v) = q”(_l)"+2ag magXagl B

The topological vertex of Aganagic-Klemm-Marino-Vafa is a
conjectural evaluation of the GW theory of all toric CY 3-folds. In
the case of local toric CY surfaces, the topological vertex
conjecture was proven by Liu-Liu-Zhou.

Next year we will talk about the proof of MNOP conjecture for
general toric threefolds. Thank you!



