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Question 1

lim
n→∞

sin

(
2n

3n

)
= sin

(
lim

n→∞

(
2

3

)n)
= sin(0) = 0.

Question 2

Note that we know lim
n→∞

n1/n = 1. Now we have

lim
n→∞

(
1

n

)1/n

=
lim

n→∞
1

1
n

lim
n→∞

n1/n
=

1

1
= 1.

Question 3

The integral diverges to −∞ because

1∫
0

1

x− 1
= lim

A→1

A∫
0

1

x− 1
= lim

A→1
ln |x− 1| |A0 = lim

A→1
ln |A− 1| = −∞

Question 4

The error for using the Trapezoid Rule with n subintervals is denoted ET
n and we have

the inequality

ET
n ≤

KT (b− a)3

12n2

where KT denotes the maximum of the absolute value of the second derivative of f on
the interval [a, b]. We have f(x) = sin(x), so f ′′(x) = − sin(x) and |f ′′(x)| = | sin(x)| has
a maximum of 1 on [π, 3π]. Therefore the error is bounded by

ET
n ≤

(2π)3

12n2
.

We want this error to be bounded above by 1
10

, so we have

ET
n ≤

(2π)3

12n2
≤ 1

10
=⇒ n ≥

√
20π

3
≈ 14.4.

We know n must be an integer, so the smallest value of n for which this inequality holds
is n = 15.
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Question 1

Let u = 3n, and so as n goes to infinity, so does u. Then we have

lim
n→∞

(
1 +

1

3n

)n

= lim
u→∞

(
1 +

1

u

)u
3

=

(
lim

n→∞

(
1 +

1

u

)u) 1
3

= e
1
3

since we know that lim
n→∞

(1 + 1
u
)u = e.

Question 2

Note that we know lim
n→∞

n1/n = 1. Now we have

lim
n→∞

(3n)1/n = lim
n→∞

31/n · lim
n→∞

n1/n = 1 · 1 = 1.

Question 3

The integral diverges to ∞ because

1∫
−1

1

x + 1
= lim

A→−1

1∫
A

1

x + 1
= lim

A→−1
ln |x + 1| |1A= lim

A→−1
ln |2| − ln |A + 1| = ∞.

Question 4

The error for using the Trapezoid Rule with n subintervals is denoted ET
n and we have

the inequality

ET
n ≤

KT (b− a)3

12n2

where KT denotes the maximum of the absolute value of the second derivative of f on
the interval [a, b]. We have f(x) = ex, so f ′′(x) = ex and |f ′′(x)| = ex has a maximum of
e on [0, 1]. Therefore the error is bounded by

ET
n ≤

e

12n2
.

We want this error to be bounded above by 1
10

, so we have

ET
n ≤

e

12n2
≤ 1

10
=⇒ n ≥

√
5e

6
≈ 1.4.

We know n must be an integer, so the smallest value of n for which this inequality holds
is n = 2.
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Question 1

Let u = n
2
, and so as n goes to infinity, so does u. Then we have

lim
n→∞

(
1 +

2

n

)n

= lim
u→∞

(
1 +

1

u

)2u

=

(
lim

n→∞

(
1 +

1

u

)u)2

= e2

since we know that lim
n→∞

(1 + 1
u
)u = e.

Question 2

Note that we know lim
n→∞

n1/n = 1. Now we have

lim
n→∞

(n)1/2n = ( lim
n→∞

n1/n)1/2 = 11/2 = 1.

Question 3

The integral converges to 1 because

∞∫
1

1

x2
= lim

A→∞

A∫
1

1

x2
= lim

A→∞

−1

x
|A1 = lim

A→∞
1− 1

A
= 1.

Question 4

The error for using the Trapezoid Rule with n subintervals is denoted ET
n and we have

the inequality

ET
n ≤

KT (b− a)3

12n2

where KT denotes the maximum of the absolute value of the second derivative of f on
the interval [a, b]. We have f(x) = cos(x), so f ′′(x) = − cos(x) and |f ′′(x)| = | cos(x)| has
a maximum of 1 on [0, 4π]. Therefore the error is bounded by

ET
n ≤

(4π)3

12n2
.

We want this error to be bounded above by 1
10

, so we have

ET
n ≤

(4π)3

12n2
≤ 1

10
=⇒ n ≥

√
80π

3
≈ 28.8.

We know n must be an integer, so the smallest value of n for which this inequality holds
is n = 29.
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Question 1

Note that we know lim
n→∞

n1/n = 1. Now we have

lim
n→∞

cos(2πn1/n) = cos( lim
n→∞

2π · lim
n→∞

n1/n) = cos(2π · 1) = cos(2π) = 1.

Question 2

Note that we know lim
n→∞

n1/n = 1. Let u = 2n, so u goes to ∞ as n goes to ∞. Now we

have

lim
n→∞

(
1

2n

) 1
2n

= lim
u→∞

(
1

u

) 1
u

=
lim

u→∞
1

lim
u→∞

u1/u
=

1

1
= 1.

Question 3

The integral converges to 1 because

∞∫
1

1

x2
= lim

A→∞

A∫
1

1

x2
= lim

A→∞

−1

x
|A1 = lim

A→∞
1− 1

A
= 1.

Question 4

The error for using the Trapezoid Rule with n subintervals is denoted ET
n and we have

the inequality

ET
n ≤

KT (b− a)3

12n2

where KT denotes the maximum of the absolute value of the second derivative of f on
the interval [a, b]. We have f(x) = x2, so f ′′(x) = 2 and |f ′′(x)| = |2| has a maximum of
2 on [1, 2]. Therefore the error is bounded by

ET
n ≤

2

12n2
.

We want this error to be bounded above by 1
10

, so we have

ET
n ≤

2

12n2
≤ 1

10
=⇒ n ≥

√
5

3
.

We know n must be an integer, so the smallest value of n for which this inequality holds
is n = 2.
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Question 1

Since −1 ≤ sin(2x) ≤ 1 we have

−1

n
≤ sin(2n)

n
≤ 1

n
.

Since both 1
n

and −1
n

converge to 0 as n →∞, by the squeeze theorem we have

lim
n→∞

sin(2n)

n
= 0.

Question 2

Note that we know lim
n→∞

n1/n = 1. Now we have

lim
n→∞

(n2)
1
2n = ( lim

n→∞
n1/n)1/2 · ( lim

n→∞
n1/n)1/2 = 1 · 1 = 1.

Question 3

The integral diverges to ∞ because

∞∫
1

1

x
= lim

A→∞

A∫
1

1

x
= lim

A→∞
ln |x| |A1 = lim

A→∞
ln(A) = ∞.

Question 4

The error for using the Trapezoid Rule with n subintervals is denoted ET
n and we have

the inequality

ET
n ≤

KT (b− a)3

12n2

where KT denotes the maximum of the absolute value of the second derivative of f on the
interval [a, b]. We have f(x) = e−x, so f ′′(x) = e−x and |f ′′(x)| = |e−x| has a maximum of
1 on [0, 1]. Therefore the error is bounded by

ET
n ≤

1

12n2
.

We want this error to be bounded above by 1
10

, so we have

ET
n ≤

1

12n2
≤ 1

10
=⇒ n ≥

√
5

6
.

We know n must be an integer, so the smallest value of n for which this inequality holds
is n = 1.
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Question 1

lim
n→∞

n2 + 3n + 7

−n3 + n2 − n + 1
= lim

n→∞

n2(1 + 3
n

+ 7
n2 )

n3(−1 + 1
n
− 1

n2 + 1
n3 )

= lim
n→∞

−1

n
= 0.

Question 2

Note that we know lim
n→∞

n1/n = 1. Now we have

lim
n→∞

(n3)1/n = lim
n→∞

n1/n · lim
n→∞

n1/n · lim
n→∞

n1/n = 1 · 1 · 1 = 1.

Question 3

The integral diverges to ∞ because

∞∫
1

1

x
= lim

A→∞

A∫
1

1

x
= lim

A→∞
ln |x| |A1 = lim

A→∞
ln(A) = ∞.

Question 4

The error for using the Trapezoid Rule with n subintervals is denoted ET
n and we have

the inequality

ET
n ≤

KT (b− a)3

12n2

where KT denotes the maximum of the absolute value of the second derivative of f on
the interval [a, b]. We have f(x) = ex, so f ′′(x) = ex and |f ′′(x)| = ex has a maximum of
e2 on [0, 2]. Therefore the error is bounded by

ET
n ≤

e2

12n2
.

We want this error to be bounded above by 1
10

, so we have

ET
n ≤

e2

12n2
≤ 1

10
=⇒ n ≥

√
5e2

6
≈ 2.5.

We know n must be an integer, so the smallest value of n for which this inequality holds
is n = 3.


