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We analytically study the orbital response of alternating-twist graphene systems with four and
five layers to an in-plane magnetic field, using the unitary transformation introduced by Khalaf et al.
[E. Khalaf et al., Phys. Rev. B 100, 085109 (2019)]. This transformation maps an alternating-twist
N-layer system onto N/2 decoupled twisted bilayer graphene (TBG) systems with distinct effective
twist angles, together with a single decoupled layer for odd N, thereby generating a hierarchy of N/2
magic angles. For five layers, we find that the orbital in-plane magnetic response is negligibly small,
and we expect this property to hold for all systems with an odd number of layers. For a tetralayer
system, we approximately express the in-plane orbital susceptibility in terms of the corresponding
TBG responses, which are large compared to the spin susceptibility and even diverge in the clean
limit at charge neutrality near the magic angle. Remarkably, the in-plane magnetic response is
strongly angle dependent: compared with TBG, it is about 0.01 times smaller at the first magic
angle, whereas at the second it reaches about 3.6 times the value of magic-angle TBG. We finally
introduce the in-plane Maki parameter as the ratio between the difference in orbital susceptibility
of the normal and superconducting states to the paramagnetic Pauli susceptibility. For TBG, we
find values up to 2 near the magic angle. Our analysis can be extended to other response functions
and suggests that the different effective magic angles in alternating-twist multilayers may even host

distinct superconducting phases.

I. INTRODUCTION

The discovery of superconductivity in twisted bi-
layer graphene [1] at the magic angle (MATBG) has
attracted much attention by showing that flat-band
engineering can induce unexpected phase transitions
[2-33]. The MATBG phase diagram shows notable
parallels to what is observed in high-T, superconduc-
tors, with the superconducting dome emerging in close
proximity to an insulating phase [34]. Moreover, the
notably large ratio between the critical and Fermi tem-
peratures places MATBG within the strong-coupling
regime of known superconductors [35, 36].

Superconductivity has since been reported in re-
lated graphene moiré systems, which include both
commensurate [37-40] and incommensurate structures
[41, 42]. In alternating-twist graphene multilayer sys-
tems, this behavior is expected because the Hamilto-
nian can be mapped onto decoupled twisted bilayer
graphene (TBG) systems for an even number of layers,
and onto decoupled TBG systems plus an additional
detached single layer graphene (SLG) for an odd num-
ber of layers [43]. This mapping allows one to predict
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the magic angles, 0y ,, for a higher number of lay-
€rs, yleldlng 03,m = \/ioma 94,m € {ngma (Pilom}a and
O5.m € {V/30,m,0,,} for N = 3,4, 5, respectively, where
0,, is the TBG magic angle and ¢ = (1 ++/5)/2.

Although the systems exhibit certain similarities, the
superconducting pairing mechanism may differ. One
way to analyze this is by measuring the violation of the
Pauli limit. This limit, derived from BCS theory, pre-
dicts the critical magnetic field that is needed to break
superconductivity by aligning the spins of the two elec-
trons that form the singlet Cooper pair. This Clogston-
Chandrasekhar or Pauli limit is given by Bp = 1.86 T,
(in Tesla for T, in Kelvin) [44, 45].

In typical experiments, the magnetic field is applied
in the in-plane direction to avoid additional orbital ef-
fects, which vanish in a purely two-dimensional struc-
ture. In fact, a violation of the Pauli limit by a fac-
tor of 2-3 was found in alternating-twist multilayers
with N = 3,4,5 [46, 47], corroborating the view that
superconductivity is unconventional in these systems
[48, 49]. This interpretation was ultimately confirmed
for the trilayer system through combined tunneling
spectroscopy and transport measurements [50].

The in-plane orbital susceptibility of TBG is intrin-
sically large [51-53], giving rise to exceptionally strong
orbital magnetization responses [54] that are highly
sensitive to symmetry breaking and valley polarization
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[55]. As a consequence, the orbital contribution dom-
inates over the spin susceptibility of Cooper pairs, so
that no direct conclusion on the pairing symmetry can
be drawn. In view of the mapping of alternating-twist
multilayers onto effective TBG systems, it is there-
fore somewhat surprising that their in-plane orbital re-
sponse can be significantly reduced and does not mask
the spin susceptibility, particularly in the case with
N =4.

In this paper, we analytically study the orbital re-
sponse of alternating-twist graphene multilayers due
to an in-plane magnetic field, primarily focusing on
the cases with N = 4 and N = 5 layers. In addi-
tion, we attempt to draw conclusions for alternating-
twist systems with a higher number of layers. Our
approach is based on the unitary transformation intro-
duced in [43], and extends substantially our previous
results on the optical response for the particular case
of the alternating-twist trilayer (N = 3) [56]. We will
also introduce and calculate the in-plane Maki param-
eter that relates the orbital and spin-susceptibilities.

For trilayers, the small in-plane orbital magnetic
response can be attributed to the mirror symmetry
of the system [56]. By contrast, multilayers with an
even N are not mirror symmetric. At the magic an-
gle regime, one would thus expect a large in-plane or-
bital magnetic response in such systems. We show
that for N = 4 this is indeed the case, but only for
the magic angle equal to ¢~ '6,,. However, for the
larger magic angle, ©8,,, we find a vanishing in-plane
magnetic susceptibility that would allow one to detect
the spin-susceptibility of the Cooper pairs, exclusively.
As a result, for N = 4 the two magic angles exhibit
qualitatively distinct magnetic behavior and may sup-
port contrasting superconducting properties within the
same alternating-twist multilayer system. This result
together with the discussion of the in-plane Maki pa-
rameter constitutes the main highlights of the present
work. For N = 5, we analytically verify the expected
property that the in-plane orbital magnetic response is
negligibly small. More generally, this property should
hold for all alternating-twist multilayer systems with
an odd number of layers.

The remainder of the paper is organized as follows.
In Sec. II, we discuss our approach and introduce the
layer-resolved conductivity tensor. We also define the
magnetic field and dipole density in terms of layer-
contrasted electric fields and currents, respectively.
Section III is devoted to the calculation of the in-plane
magnetic response. There we express the current re-
sponse of the multilayer in terms of those of the bilayer
and single-layer systems, which gives rise to cross terms
that are negligible in the flat-band regime. In Sec. IV,
we finally address the superconducting phase and dis-
cuss the Pauli-limit and the in-plane Maki parameter.
Sec. V summarizes the main findings. The two Appen-
dices present more details on the analytical approach.

II. RESPONSE THEORY FOR MULTILAYERS

The electromagnetic response of layered two-
dimensional systems to in-plane electric or magnetic
fields can be decomposed into the sheet current re-
sponses of the individual layers, extending the ap-
proach of Ref. 56. These sheet currents are obtained
from the layer-resolved Ohm’s law, with dynamical
conductivities obtained within linear response. We
will argue that the magnitude of the equilibrium re-
sponse can then be inferred from the static ordered
limit limy,_,0limg—0 of the dynamical conductivities
at charge neutrality. This argument relies on the ob-
servation that the equilibrium response, which requires
the reverse order of limits, limq—0 lim.,—0, can be re-
lated to the present dynamical calculation, through a
“contact term” that only includes contributions from
the Fermi surface, see Ref. 57. At charge neutrality,
this contact term vanishes, and the two types of limits
therefore coincide. Furthermore, we will argue that, for
the orbital magnetic susceptibility, the value at charge
neutrality becomes representative of the entire band
even at finite doping.

Throughout this paper, we argue that the electro-
magnetic response of the multilayer can be expressed
in terms of the response of TBG. For this purpose, we
rely on the unitary transformation introduced by Kha-
laf et al. [43], which maps an alternating-twist multi-
layer with an even number of layers N onto N/2 decou-
pled twisted bilayers. For TBG, it has been shown that
near charge neutrality the magnetic response is approx-
imately constant. Consequently, the magnetic response
evaluated at p = 0 in the present treatment should pro-
vide a reliable estimate of the equilibrium response of
the multilayer systems considered here. Moreover, it
sets the scale for the Fermi surface contribution to the
orbital susceptibility, which is always paramagnetic.

We are particularly interested in the in-plane re-
sponse around the flat-band regime characterized by
the magic angles 0 ,,. In TBG, the magnetic response
in the clean limit at 4 = 0 is paramagnetic and di-
verges algebraically as a function of the twist angle
with (6 — 6,,)7%2 for § > 6, [53]. The divergence
at the magic angle will be regularized in realistic sys-
tems, and we denote the resulting (finite) susceptibility
by xTBG, which will serve as a reference scale for the
equilibrium response of the multilayer systems.

A. Layer-resolved Ohm’s law and Kubo formula

Ohm’s law for the general layer-resolved system in
the frequency domain for a system with N layers is



given by [51, 57]

N
JgZZO'u/Ey (621,...
=1
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where J, and E, denote the macroscopic surface cur-
rent density and electric field in layer ¢, respectively.
The 2 x 2 matrices 0% (w) have elements defined by

2
o . € o’ .

o, (W) = zw+iéxw,(w+zé), (2)

with 0 | 0 ensuring a retarded response. The current-

current response function reads

o) =5 [Tareitoaton. o

where j¢(t) is the v-directed current operator (v =
z,y) at layer ¢ in the interaction picture, and ()
denotes the equilibrium average. In the following,
we will glso sometimes use the shortcut notation
{(Go(8),350) = XL

Here, we consider moiré multilayers with N = 4 and
N = 5. For the sake of completeness, we will also
discuss the results for N = 3, presented in Ref. 56.
The twist angle of layer ¢ is 6(¢) = (—1)‘0/2, where
0 <6 < m/2and ¢ =1,...,N; and the interlayer
distance is a = 3.4 A.

The alternating-twist geometry imposes certain sym-
metries on the total conductivity. The 2 x 2 matrices
connecting layers with the same twist angle will be pro-
portional to the identity matrix:

ottt — Ug(e+2n)1 , 0+2n < N, (4)
where 055/ is the longitudinal conductivity. Chirality
is encoded in the off-diagonal entries of the non-local
matrices:

2(£+2n+1 L(6+2n+1 .
a_i(+ n+):UO(+ n+ )1iwﬁgf+2"+l)7'y,

(+2n+1<N, (5)

where 1, denotes the y-Pauli matrix. Moreover, time-
reversal symmetry implies a%, = Ufil,f,.
The total conductivity matrix for the trilayer system

then reads [56]

oll 032 o3
Ot = | 012 0% 0! | . (6)
13 12 _11
o o’ o
For N = 4, this matrix becomes
oll 032 ol3 gl
I o2 g2 523 413 o
or = | g13 2 g2 gl2 | -
ot g3 g12 St

For N =5, we have

11 12 13 14 15
o

12 3 o3 1

13 23 33 _23

14 34 _23 _32

15 14 13 12

12

11

Otot =

999499
q
+
99999
q
+
999499

One can see that the alternating-twist geometry and
time-reversal symmetry constrain the layer-resolved
conductivity, reducing it to a limited number of in-
dependent response functions, i.e., 4, 6 and 9 for
N = 3,4, 5 respectively.

B. Electric and magnetic fields

Until now, we have only considered Ohm’s law in-
volving layer-resolving sheet current densities and elec-
tric fields. We can now define the average electric field

1 N
El = ~ > E;. (9)
(=1

In order to define the layer differences, we will intro-
duce magnetic quantities by discretizing the two equa-
tions —;B=V XE — d,e, xEand j=V xm —
0.e, x m. From the discrete (layer-resolved) version of
the Maxwell-Faraday law we get the following relations
for the average magnetic field between layers £ and ¢':

iwa(l — B, = e, x (By —Ey) . (10)

Note that a constant in-plane magnetic field within the
sample is given by Bll = BI(‘£+1)Z for ¢ =1,...,N —
1. The electric fields must thus linearly increase as a
function of the layer index, .

C. Electric and magnetic dipoles

Let us now turn to the in-plane sheet currents in-
duced by the external fields. These currents give rise
to electric and magnetic moments, and the total cur-
rent density can be related to the electric polarization
by

N
—0p = Jtot = ZJZ . (11)
=1

Furthermore, in Ref. 56, we outlined that the sheet
current densities can be written as

o Jtot

J
TN

+Je (12)

where Jio; = Ze Jy denotes the total current and j,
the deviation from the average. Since ), j, = 0, each



je can be considered as the sum of the magnetization
currents associated with the regions above (my) and
below (my_1) the layer £. For £ =1,..., N we get

my_; —my = a(e; X jg), (13)

with the constraints > ,j, = 0 and my = my = 0.
Eq. (13) provides the set of magnetizations {m,} as-
sociated to any set of currents {js;}, and vice versa.
The total magnetic moment per unit area M =
Ze=1,...,N—1 my is thus given by

N
mizaE:gfiglil@zxj@. (14)
/=1

The in-plane magnetic response is thus generated by
layer-dependent current imbalances and encodes the
spatial distribution of magnetization across the multi-
layer stack.

III. IN-PLANE MAGNETIC RESPONSE

We now turn our attention to the in-plane magnetic
response of alternating-twist multilayer systems. As
shown in Sec. II B, an in-plane magnetic field emerges
from the layer-discriminated electric field in the form

N
26— N-—1
Eg:%§4—if—£b (15)
=1

where e, denotes any vector in the basis of the layer
space. The magnitude B of the magnetic field is thus
given by the relation iwaB = Fjy.

In the remainder of this section, we will discuss the
in-plane magnetic response of tetralayer (N = 4) and
pentalayer (N = 5) systems. For completeness, we also
briefly review the trilayer case (N = 3), derived in our
previous work. To be more general, we will denote the
in-plane current operator by two sub-indices, Jy — jor
in order to also discuss “vertical” current densities jgu
with ¢ # {'; see Appendix A. Since the magnetic re-
sponse is always parallel or antiparallel to the applied
magnetic field, we will suppress the boldface vector no-
tation when the symbolism can be self evident.

A. Trilayer response
Following Ref. [56], the total magnetic moment per
unit area for N = 3 reads
M = 2iwa? (03" — 0§®)B . (16)

The “counterflow” between the first and the third layer
only involves a cross term, ol = 2(o{t — o§?), related
to the layer-resolved current-current correlators as

ol = ((J1ajs1 + J31j13)) s (17)
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by use of the transformed current operators jp; see
Ref. [56] and Appendix A.

Because of the kinematic constraints arising from the
large mismatch between the Fermi velocities of the ef-
fective TBG and the decoupled SLG bands, this con-
tribution, o}, is expected to be negligibly small. In the
same work [56], it was analytically shown that o} is in
fact comparable to, or smaller than, the corresponding

atomistic (lattice) effect in SLG.

B. Tetralayer response

By applying the electric field of Eq. (15) to the sys-
tem with N = 4 layers, we obtain the following rela-
tions for the currents:

E
=2 3ot = og) + (03% — og)] = —jur, (18)

Jaa = 5
; _@3 12 13 22 231 _ . 19
J33 = 5 [3(09° —00°) + (06% — 05°)] = —jaz , (19)

where the conductivities have been reduced to the in-
dependent response functions dictated by the symme-
try structure of Eq. (7). Given that iwaB = Ey and
my = x¢B (where B = |B|), we obtain

&)

. a
= 36 o)+ o~ o] = (20
W

]

a
7 et

+ (082 = o). (21)

i —0p") +4(05” — 07°)

X2

After transforming the tetralayer into a system of
two effective TBG systems, the layer-resolved conduc-
tivities can be rewritten in the corresponding basis; see
Appendix B 1. Using the notation of Ref. 51, we define

o = (i) = ((azjaz)) » (22)
03 = ((J33733)) = ((Jaajaa)) , (23)
o1 = ((Ji1a2)) = ((azjn1)) » (24)
U% = ((j33ja)) = ((Jaajz3)) (25)

Additionally, we also have to introduce the response
that couples the two effective bilayer systems as fol-
lows:

ot = ((j1ajs1 + J31513)) » (26)
03 = ((joajaz + jazjoa)) (27)
Ug = ((j13jaz + jsrjaa)) = ((Joajar + Jazjns)) - (28)

. . oy ’
The final expressions for the conductivities o’ can be

found in Appendix B1. The response functions can



now be written as

2

.a _
v = iwls | (372 = (og — o)

+ (3¢~ 1)(oF — o} + 4ot +a3)],  (29)

0,2

Yo = iw s [ (3072 = 4+ @%)(0h — o)

+ (39" =4+ ¢7*)(0f — o7)
+7(0k +03) + (0 + )], (30)

where ¢ = (1++/5)/2.

1. System response near the first magic angle

Let us now discuss the behavior of this system when
the first effective bilayer is close to the respective magic
angle. The renormalized Fermi velocities of the two
effective systems, vy, are then very different at the K-
point, v > vi. The coupling terms o + o2 are thus
expected to be relatively small because of the restricted
phase space. The counter-flow term o2 — o7 also be-
comes negligible as the second effective bilayer is away
from its magic angle regime. With respect to the sus-
ceptibility of the TBG, xtpg = iw(a?/2)(oq — 01), we
can thus approximate

1

X1/XTBG = 5(3<p_2 —1)~0.03, (31)
1

X2/XTBG = 5(3@_2 —4+¢*) ~ —0.05. (32)

By adding the susceptibilities of the three magnetiza-
tions, x = 2x1 + X2, with M = xB, we obtain

1
X/XxTBG = g(9cp’2 —6+¢*) ~0.01. (33)

This estimated value is one of the main findings of
our paper, and shows that the orbital in-plane mag-
netic response is negligible at the larger magic angle,
01, = POm.

2. System response near the second magic angle

The analysis proceeds analogously to the previous
case (Sec. ITI B 1) when the second effective bilayer sys-
tem is tuned close to its magic angle, Gim = ¢ 0,
The renormalized Fermi velocities at the K point are
strongly different, but now with v§ > vZ. The cou-
pling terms ol +03 are once again expected to be small
because of the restricted phase space. The counter-flow
contribution oy — o7 of the first system can likewise be

neglected, i.e., |0} — 01| < |08 — 0%|. In regard to the

susceptibility of the TBG, xtpg = iw(a?/2)(o0 — 01),
we can thus approximate

1

X1/XxTBG = 5(3502 -1~ 14, (34)
1 _

X2/xtBG = =(39> =4+ ¢7%) ~08.  (35)
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By adding the susceptibilities of the three magnetiza-
tions according to x = 2x1 + X2, we finally obtain

1

- (9p? =6+ %) ~3.6. (36)

X/XtBG =
Note that this approximate value is close to 3, which
is what one would obtain by naively adding three
twisted-bilayer susceptibilities, since the tetralayer sys-
tem thickness amounts to three interlayer spacings.

C. Pentalayer response

By applying the electric field of Eq. (15) to the sys-
tem with NV = 5 layers, while bearing in mind the sym-
metries of Eq. (8), we obtain the following expressions
for the layer currents J, — jyo:

Js5 = [2(081 —03%) + (0d? - 034)} Eo=—ju, (37)
jaa = [2(09” = 05") + (057 = 05")] Eo = —jaz , (38)

and js3 = 0. In view of the relation iwaB = Fjy, the
susceptibilities read

i = iwa (208! = of®) + (82 — oY) =xa, (39)
xo = iwa? [2(ab! = ol) + 3(of? — o)
+ (05 — 034)} = Xs- (40)

After transforming the pentalayer system into two
effective TBG systems and one decoupled effective
single-layer, we can rewrite the layer-resolved conduc-
tivities in the corresponding basis (see Appendix B 2).
It follows that the susceptibilities depend only on the
cross terms and are given by

2

X1 = iw% [QO'i + 40t + \/gag] ) (41)
2
X2 = iw% [202 + 4ot +3v302 + 302] . (42)

This confirms that the in-plane orbital magnetic re-
sponse of the pentalayer is negligible, relying on the
phase space argument for very different Fermi veloci-
ties. This behavior closely parallels that of the trilayer
system, where the susceptibility also arises solely from
cross terms. We expect this feature to generalize to
multilayer systems with an odd number of layers.



D. Discussion

For an odd number of layers, N = 3 and 5, we have
found a relatively small magnetic in-plane response
that is independent of the twist angle. Interestingly,
regarding the case with N = 4 layers and for the larger
magic angle related to ¢, we find a magnetic response
that is 100 times smaller than that of TBG. Moreover,
the magnetization changes sign within the tetralayer,
as illustrated in Fig. 1 (A). Hence, there must be a small
region between layers 2 and 3 where the magnetiza-
tion becomes zero. This finding is in stark contrast to
the prediction that the susceptibility of the tetralayer
at the second magic angle is always paramagnetic; see
Fig. 1 (B). In this case, the spin susceptibility should be
superimposed on a strong orbital contribution, since
the average susceptibility is large and comparable to
that of TBG.

Our results suggest that the response at the vari-
ous magic angles of the same multilayer system can be
quite different. This behavior might also affect the su-
perconducting pairing instability. In Sec. IV, we will
explicitly address the superconducting phase and show
that our conclusions remain valid in that regime.

ei,m = 800"1 Hz,m = Qo_lem
ly
m3 > 0
om0
ly
m; >0
4
(A) (B)

FIG. 1. Schematic of the magnetization profile induced by
an in-plane magnetic field in a tetralayer system near the
first (A) and second (B) magic angles. The color scale indi-
cates the sign and relative magnitude of the magnetization
in each interlayer region.

IV. IN-PLANE MAKI PARAMETER

So far, we have implicitly assumed the multilayer
system to be in the normal state. The aforementioned
results of our treatment, however, have implications for
the superconducting state. In this case, the “contact
term” vanishes independently of the filling factor due
to the absence of a Fermi surface, i.e., as a consequence
of the opening of a superconducting gap. As a result,
the equilibrium and Drude-like responses are equiva-
lent [58], and the in-plane magnetic response becomes
diamagnetic at sufficiently large doping [51, 57]. Nev-
ertheless, such diamagnetic contribution is also present
in the normal phase [44], leaving the Fermi surface con-

tribution as the dominant difference between normal
and superconducting phases. For dopings within the
flat-band regime, the overall magnitude of such contri-
bution is still set by the value at © = 0 of the equilib-
rium response, xTpg, which is calculated in Sec. III.
Therefore, our existing calculation already allows us to
draw conclusions on the possibility of extracting the
spin susceptibility of Cooper pairs in typical experi-
ments, Xcooper, depending on whether the condition
XTBG < XCooper 1S satisfied or not. Next, for the sake
of completeness, we explicitly address the equilibrium
response and associated Fermi surface contribution.

A. Pauli limit and corrections

The Pauli limit is related to the magnetic field that
converts the superconducting phase into the normal
phase. It is usually assumed that the only contribu-
tion to the magnetic susceptibility is given by the spin
response. This has been obtained [44] by equating the
energies of the normal and superconducting phases in
a magnetic field, in the absence of any Meissner effect.
Nominally, in the case with an in-plane magnetic field
in a planar system, this energy balance reads

1 1
Fn — ngBI% =Fs — §X1§B1237 (43)

where Fy s is the free energy of the normal (N) or

the superconducting (5) phase, and Xg %" is the corre-
sponding spin (Pauli) magnetic susceptibility. Under
the stated assumptions, only the normal phase has spin
susceptibility: & —x?; = xY = xp, the standard Pauli
spin susceptibility of the normal metal, yp. Thus, we
have

1
Fn —Fg = 5XPBI%. (44)

Therefore, for the singlet Cooper pairs of the standard
BCS-theory, one obtains Bp = 1.867, (where Bp is in
Tesla if T, is in Kelvin).

The measurement of the critical magnetic field is not
directly linked to the spin-susceptibility if there is also
an orbital contribution to the magnetic susceptibility,
which is different for the normal and superconducting
states. Accordingly, Eq. (43) should be amended to
account for the critical magnetic field, B., that bridges
the difference in the free energy between the supercon-
ducting and normal phases:

1
Fn — ]:S = i(XP + AXorb)Bza (45)

with Axorb = XYy, — X5, the difference between the
orbital susceptibility of normal and superconducting
phases. This difference is given by a Fermi surface
contribution, as we will now discuss in detail.



In general, the equilibrium response of the quantity
A to a perturbation V = —AC, to linear order in the
parameter A, is given by the susceptibility

xac = —({4,C)) (46)
453tk | ATk )k nl Ok m)er — i)
k,n

where k,n denote the Bloch momentum and the band
number, respectively, ep is the Fermi energy, and S
is the sample surface. The parameter yac is the
equilibrium (at w = 0, as g — 0) response whereas
—((A,C)) is shorthand notation for the Kubo-like re-
sponse (q = 0, w — 0), already considered in this pa-
per (see, for instance, Eq. (3) where current operators
replace the A, C of our discussion here). In our case,
A = C = my, the in-plane magnetic moment in, say,
the z-direction, with A = B,, the external magnetic
field.

In the superconducting phase, there is no Fermi
surface and the equilibrium function is equal to the
response from the Kubo formula [58]. The latter,
({(A,C)) in Eq. (46), is the same in the normal and
superconducting phases up to corrections of orders of
A /W, the superconducting order parameter over the
band width, which we neglect. Therefore, only the
Fermi surface term survives in Eq. (46), as the dom-
inant difference between superconducting and normal
phases. In the remainder of this section, we estimate
this contribution for the bilayer, trilayer, tetralayer,
and pentalayer systems.

B. Bilayer systems

As mentioned above, the difference between nor-
mal and superconducting orbital susceptibilities corre-
sponds to the last term of Eq. (46) with A = C = m,,
the in-plane orbital magnetic moment. For bilayer sys-
tems (BL), this term can be written as

AXor " = 0” Dinag/?2 (47)
with
gs€® .
Dmag = S <k7n|]11|k7n> (48)
k,n

X <k:,n|j11 —j22|k¢,ﬂ>(5(6p — 6k,n) .

Note that D,y > 0 since 2(k,n|ji1|k,n)(k,n|ji1 —
Jaolk,n) = (k,n|ji1 — jazlk, n)(k,nlj11 — jaz|k, n).
Equation (45) can now be written as

1
Fn — Fg = 5Xp(l + am) B2, (49)

where we have introduced the in-plane Maki parameter
(not to be confused with the original out-of-plane Maki
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FIG. 2. Left-hand side: The orbital magnetic contribution
of Eq. (47) (black) and the density of states of twisted
bilayer graphene obtained from the non-interacting tight-
binding model at a twist angle # = 1.25° (upper panel) and
0 = 1.05° (lower panel), using the parameters of Ref. [59].
Right-hand side: The in-plane Maki parameter as defined
in Eq. (51).

parameter [60]),

_ AXorb

Xp (50)

am
as a measure of the orbital modification of the usual
Pauli limit.

By using the Pauli susceptibility xp = 2u%p(er)
with the Bohr magneton pup = eh/2m,. and the

density of states (DOS) per spin-channel, p(ep) =
%Zk,n d(er — fkm) , we obtain

V\? Dia Dina
an = (aaoe ) neE 116 mee (51)
aaphc p p

where « is the fine-structure constant (o = 1/137), ap
is the Bohr radius (ag = 0.529A), the lattice constant
is ap = 2.46A,~and ¢ is the speed of light. We further
have Diag = Dimag(e/h)?eV and p = p(adeV) 1.

The left-hand side of Fig. 2 shows Dpag (black) and
the density of states of the TBG obtained from the
non-interacting tight-binding model at the twist angles
0 = 1.25° (upper panel) and 6, = 1.05° (lower panel)
using the parameters of Ref. [59]. The right-hand side
of Fig. 2 shows the in-plane Maki parameter defined in
Eq. (51). In the magic angle regime, the Maki param-
eter is of the order of unity and can reach values up
to 2 throughout the valence band. Hence, the critical
in-plane magnetic field that breaks superconductivity
is greatly modified from its standard Pauli (spin) value
due to the orbital magnetic contribution.

Let us finally note that we can also define an effective
magnetic moment for the Bloch electrons o1, as Eq.



(48) is a Fermi surface property. This gives

Horb = QMUB - (52)

Our numerical analysis of pio, &~ 2up for valence-band
electrons at the magic angle agrees well with the esti-
mate of Ref. [55].

C. Trilayer and Pentalayer systems

For a multilayer with an odd number of layers (N =
3,5), the orbital susceptibility is identically zero, be-
cause only the cross terms contribute to the in-plane
magnetic response. These cross terms vanish identi-
cally due to particle conservation in the two decoupled
subsystems. This property is consistent with the fact
that the Pauli-limit violation can be directly linked to
the spin-susceptibility of the Cooper pairs.

D. Tetralayer systems

Following the above reasoning, for N = 4 layers we
obtain

AITG _ a? 9562 . . .
xom® = S 37|06 (i) = {aa))
k.n

+6(j11) ((J22) — (Js3))
+ (a2 ((j22) = Giss)) | 6(Br — ean) . (53)

where we suppressed the dependence on the quantum
numbers in the brackets.

The spectrum of the tetralayer system (TTG) is the
sum of the spectra of the two effective bilayer systems
(TBG). Therefore, together with the transformation of
the current operator, Eq. (53) can be approximately
mapped onto the orbital contribution of the bilayer
systems, Eq. (47). For this mapping, we assume large
counterflow close to the magic angle, first discussed in
Ref. [3], and only retain quadratic contributions. It
is worthwhile noting that the cross terms now vanish
identically.

By these approximations, we obtain the same ex-
pressions as in Sec. III, which read

TTG
A><o1rb

1
Axgn™ 5
1
5

(992 — 6+ %) ~ 0.01,if 0 ~ 0} .,

AXTTG

orb

AXTBG

orb

(99> =6+ %) = 3.6,if 0 ~ 07 ,,.

This result clearly shows that the standard value of the
Pauli limit only holds for the first magic angle and not
for the second one, as the in-plane Maki parameter at
hole doping would be ap ~ 0.02 and ay; =~ 7 for the
two respective magic angles.

V. SUMMARY

In this paper, we have analytically studied the or-
bital in-plane magnetic response of alternating-twist
graphene multilayers with N = 4,5 layers, extending
substantially our previous analysis for the alternating-
twist trilayer graphene system [56]. By use of the uni-
tary transformation that block-diagonalizes the Hamil-
tonian into two effective TBG systems [43], we have
been able to estimate the magnetic response from the
knowledge of the original TBG system. We have con-
cluded that multilayer systems with an odd number of
layers exhibit only a very weak magnetic response.

In contrast, for a system with an even number of lay-
ers, specifically for N = 4, a strong magnetic response
could be expected. However, the behavior of the re-
sponse at the two magic angles is markedly different.
At the first magic angle, 6}, ~ 1.70°, the magneti-
zation is small, and a sign change in the susceptibility
across the central layers leads to regions with vanishing
magnetization around layers 2 and 3. At the second
magic angle, Hi’m ~ 0.65°, the magnetization points
uniformly in the same direction as the magnetic field
and reaches a magnitude comparable to that of TBG.

We also introduced and studied the in-plane Maki
parameter, ay, as a measure of the relative importance
of the orbital magnetic susceptibility in the modifica-
tion of the standard Pauli (spin) limit of superconduc-
tivity. Notably, we obtained values up to 2 for ayp at
the magic angle for the TBG. We argued that this re-
sult can also be used for the tetralayer system, and ob-
tained apr =~ 0.02 and oy = 7 for twist angles around
the larger and smaller magic angle, respectively.

Our results motivate further studies on the electro-
magnetic response of twisted multilayer graphene sys-
tems. Firstly, the intrinsic chirality of tetralayers may
give rise to novel effects. Moreover, the investigation
of superconductivity at the second magic angle would
be of interest, as the strong orbital magnetic response
could even lead to distinct Cooper pairing.
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Appendix A: Decoupling the N-layer Hamiltonian

Following Ref. 43, we consider the following Hamil-
tonian

H V ... ... 0
vl H, V... 0

H=|: . . . : (A1)
0 ... VI Hy_1 V
0 ... ... VU Hxyx

The m x m-dimensional matrices Hy and V' denote the
Hamiltonian of layer £ and the interlayer coupling, re-
spectively.

Let us now set H*~' = Hy/y and H* = H_g),
with £=1...N/2 and N even. For N odd, the decou-
pling procedure is equivalent, only with one additional
decoupled single-layer Hamiltonian.

Rearranging the layers, we can write the Hamilto-
nian in the following way

HY? W
H— M@//f e | (A2)
—0/2

with er/f2 = Higjy ® 1yjp and W = V @ Cyp with

1 0 ... 0
17 0

Cnyj2 = (A3)
0... 11

We can now decompose the non-Hermitian ma-
trix Chyyz by its singular values, ie., Cypp =
AN/QCN/2BN/2, where C’N/2 = diag(3%) with (8%)?

the eigenvalues of CN/QCN/Q. Furthermore, the

columns of Ay /o are the eigenvectors of CN/QC}LV/z and

the columns of By, are the eigenvectors of CL/QCN/Q.

This decomposition now allows us to define the fi-
nal unitary transformation D = diag(1,, ® An/2, 1m @
Byy2) to yield

1Yy we
H®*=D'HD = WjT N2 | (A4)
(Wt HY,
where W*® =V ® C}; /2 Rearranging the Hamiltonian

H?, we thus arrive at a Hamiltonian that consists of
the direct sum of twisted bilayer Hamiltonians with
effective twist angles:

Hng 0 0 ... 0
0 ngBG 0 ... 0

H — N , (A5)
0 . ...0 HTJ?;;’

where H TBG denotes the 2m x 2m-dimensional Hamil-
tonian of the twisted bilayer with renormalized inter-
layer hopping amplitude (t), = Bht, with g% =
2cos[rk/(N +1)], k =1,...,N/2 [43]. For small ini-
tial twist angle € and few layers, this is equivalent to
the renormalization of the twist angle of the multilayer
system, 0% . = B%0m [3].

Appendix B: Transformation of the current
operators

1. Tetralayer transformation

For a system with four layers, the matrices that yield
the singular value decomposition read

—1/4 _ —1/4 _
A 5 {1 (p} B- 5 {(p 1} . (Bl
Ve e 1 Ve Loy

where ¢ = (1 + v/5)/2. Reordering the Hamilto-
nian again, we obtain the unitary matrix that block-
diagonalizes the Hamiltonian, i.e.,

HTBG 0 )
0 HTEG)

H—-THT = ( (B2)

where HEBG is the Hamiltonian of the twisted bilayer
with the two renormalized interlayer coupling ampli-

tudes (tk), = B¥ti. The effective twist angle can
therefore be approximated by 6§ = 556,,, so that the

first two magic angles read Him = @b, ~ 1.70° and
0F = ¢~ 10 ~ 0.65°, with 6,, = 1.05°.
The unitary matrix is
, 10 —p O
5—1 4 o
T — 0 ¢ O 1 7 (B3)
N 0 1 0
01 0 o

where each component is proportional to the m x m-
unity matrix, with m = 2 in the case of an under-
lying continuum model or m = 2A); in the case of
a tight-binding model with commensurate twist angle
6 = arccos[1 —1/(2Ax)], where Ay = 3M> +3M + 1.
This matrix relates the initial layer operators ¢y to the
transformed layer operators ¢;:

o= e ey, (B4)
NG

B (8s — 1) (B5)
NG

= e e (B6)
NG

571/4 (B7)

cy = Co + pcCq) .
N



The layer current is now related to the bilinear combi-
nation of the layer operators jg o c}clg. Note that we
could have omitted the second layer index jg — j; as
we only discuss in-plane sheet current densities. This
current can now be related to the transformed current
Jeor 5};5@ as follows:

5= 1/2 _ _
Jin = U1 + %33 — (s + Js1)] (B8)
. 5_1/2 2= = = =
Jo2 = [0%d22 + jaa — ©(Joa + Jaz)] (B9)
. 5_1/2 2= - - =
Jaz = (%711 + j33 + ¢(J1s + ja1)] (B10)
. 5_1/2 s 2ﬁ - -
Jaa = [Jo2 4+ ©”jaa + ©(Joa + Jaz)] - (B11)

The ten correlation functions can now be written ex-
plicitly in terms of the transformed currents as follows:

1

((J11g11)) = 52 [<<§11511>> + ©*((Js3733))

+ ©*((1sjm + 531313»} , (B12)
<<j11j22>> = % [@2«511522» + (,02<<333j44>>

+ 0% ((J13jaz + 531524»} , (B13)
1

(Gndss)) = g3 |@*Gudnd) + ¢ (Gssos)

— ©*({J13da1 + 33151?,))} : (B14)

(Gndush) = 55 [(Gradee)) + " (i)

— 0} ({Fr3faz + 331324»} (B15)
1

((JozJ22)) = 552 [804<<522522>> + ((Jaajaa))

+ ©*((Joajuz + 542324»} , (B16)

1

((J22]33)) = 507 [<P4<<522511>> + ((Jaajaz))

— ©*((Joajs1 + 542313»} ; (B17)

((J22jaa)) = %(pg [@2«522522» + ©*((jaajaa))

— 0% ((Jaajaz + 342524»} , (B18)
(i) = 5 [ (Gradin)) + (Gonds)
+ 0} ((Jr3jar + 331313»} . (B19)

10

(Usisn) = 53 [ Guaden)) + ¢ dan)

+ ©*((Jrsaz + 531324»} , (B20)
(Usina) = 55 |(GeaFen)) + " ()
+ ©*((Joajaz + 542524))} . (B21)

These correlators allow one to express the magnetic
susceptibilities of the tetralayer system in terms of the
ones of TBG, given by Egs. (22-25). This yields

%[QO o5 +¢Pog + e, (B22)
o0 = % [0% + 0?2 403 ] , (B23)
0p® = é [og 4+ 05 —at] (B24)
opt = é [<p o1 +p*o? — 03] , (B25)
0l = é [<p200 +o 202 +o ] , (B26)
o= Pl vt —ot, (B2)
ot = % [Ul + ok — C] , (B28)
o3d = % [@200 +o 202 +o ] , (B29)
08’4:% [01—1-01 +o ] , (B30)
ogt = %[(p 04 + p’op +02] . (B31)

These expressions allow one to compute the magnetic
susceptibilities of the tetralayer system.

2. Pentalayer transformation

Following Ref. 43, we start from the unitary trans-
formation that block-diagonalizes the Hamiltonian, i.e.

HTBG 0 0
3
H=THT = 0 HTBG o , (B32)
0 0 HSL

where HgB% is the Hamiltonian of TBG with the two
renormalized interlayer coupling amplitudes (tk), =
Bkt and HSY'G the Hamiltonian of a monolayer
graphene. The effective twist angles are approximated
by 9’5“”” = B%0,,, giving 03 m = V/36,, ~ 1.87° and
0% ,, = O ~ 1.05°, with 6, the magic angle of TBG.



The original layer operators c;, are related to the
transformed operators ¢, as:

o = %( —V3es+V26),  (B33)
e = %@ ), (B34)

7(\/ ¢ —¢s) , (B35)
o = %(52 tea), (B36)
5 = L(51 + V3¢5 + V265) (B37)

S

The layer current is again related to the bilinear com-
bination of the layer operators jg o c};ce. Note that
the second layer index may be omitted, j,» — jy, since
we only consider in-plane sheet current densities. This
current can now be related to the transformed current
Jeer X 5;55/ as follows:

; 1 - -
Ji1 = 6(]11 + 3J33 + 255 — V3(j13 + Ja1)

+V2(j15 + js1) — V6(jss + js3)) . (B38)
. 1 — — — —
Jo2 = 5(]22 + jaa — (Joa + ja2)) » (B39)
. 1 rd rd ) )
Jaz = §(2J11 + Jss — V2(j1s + Js1)) (B40)
. ]‘ — — - -
Jaa = 5(]22 + jaa + (Joa + ja2)) » (B41)
. 1 = = = = =
Js5 = 6(]11 + 3Jss + 255 + V3(J13 + J31)

+ V2015 + js1) + V6(ias +Js3)) . (B42)

The fifteen correlators can now be expressed in terms
of the transformed currents. Using the same notation
as in the tetralayer case, the layer-discriminated con-
ductivities are related to the two effective TBG sys-
tems through Egs. (22-25). In addition, we introduce
o8 = ({(js5J55)) to denote the conductivity of the de-
coupled single-layer graphene. The couplings between
the effective systems are described by

ob = ((jisjs1 + Jaris)), (B43)
o2 = ({(Jaajaz + jaojzs)), (B44)
oo = ((jisjs1 + Js1i15)), (B45)
o = ({553 + J53J35)) (B46)
o0 = ((J13jaz + jarjza)) = ((2ada1 + jazjiz))-
(B4T)

The correlators finally read:

11

1
aél = 36 [Ué + 90(2) + 408 + 30;{ + 202 + 603] ,
(B48)
1
ot = 5 [oh + ot~ 0¥ (B50)
1
ot = [0l + 308~ V3ol (851)
0(1)5 = 36 [Ué +90(2) —|—403 — 303 + 203 - 603] ,
(B52)
1
022 = 1 [05 + 02+ gg] , (B53)
1
023 = 50% ’ (B54)
1
o3 = o+ g o?] | (555)
1
735 = L [t + 308~ V3] (556)
1
o3 = L faod + o5+ 207] | (B57)
1
o3t = §a% ’ (B58)
1
o = Lo+ of ol (B59)
1
ot =1 [ob+ o3 +o?] (B60)
= 1 =
A (B61)

1
085 = 36 [aé + 90(2) + 403 + 303 + 203 + 603] .
(B62)

These expressions allow one to compute the magnetic
susceptibilities of the pentalayer system.
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