A GIAMBELLI FORMULA FOR CLASSICAL G/P SPACES

HARRY TAMVAKIS

Abstract. Let G be a classical complex Lie group, P any parabolic subgroup of G, and G/P the corresponding partial flag variety. We prove an explicit combinatorial Giambelli formula which expresses an arbitrary Schubert class in H^∗(G/P ) as a polynomial in certain special Schubert class generators. Our formula extends to one that applies to the torus-equivariant cohomology ring of G/P and to the setting of symplectic and orthogonal degeneracy loci.

0. Introduction

The Giambelli formula [G] is one of the fundamental results concerning Schubert calculus in the cohomology ring of the Grassmannian X. The variety X has a decomposition into Schubert cells, which gives an additive basis of Schubert classes for the cohomology of X. On the other hand, the ring H^∗(X, Z) is generated by certain special Schubert classes, which are the Chern classes of the universal quotient bundle over X. The formula of Giambelli expresses a general Schubert class as a determinant of a Jacobi-Trudi matrix with entries given by special classes. One can show that this formula is equivalent to the Pieri rule [P]; see for instance [T4].

The Schubert calculus on X can be generalized to any homogeneous space G/P , where G is a complex reductive Lie group and P a parabolic subgroup of G. However, more than a century since the theorems of Pieri and Giambelli were discovered, no combinatorially explicit analogues of these results are known in this generality, unless the Lie group G is of type A. One reason for this is that there is no uniform way to extend the notion of a special Schubert class over all possible Lie types and parabolics. Another serious concern is the more difficult algebro-combinatorial questions that arise in the other Lie types, about which more below.

When G is a classical Lie group, one can define special Schubert class generators for the cohomology ring H^∗(G/P ) uniformly, as follows. In this situation, the variety G/P parametrizes partial flags of subspaces of a vector space, which in types B, C, and D are required to be isotropic with respect to an orthogonal or symplectic form. First, the special Schubert varieties on any Grassmannian are defined as the locus of (isotropic) linear subspaces which meet a given (isotropic or coisotropic) linear subspace nontrivially, following [BKT1]. The special Schubert classes are the cohomology classes determined by these Schubert varieties. Finally, the special Schubert classes on a partial flag variety G/P are the pullbacks of special Schubert classes on Grassmannians, in agreement with the convention in type A. In most cases, these special classes are equal to the Chern classes of the universal quotient

Date: March 30, 2014.

2000 Mathematics Subject Classification. Primary 14M15; Secondary 05E15, 14M17, 14N15, 05E05.

The author was supported in part by NSF Grant DMS-0901341. 1

bundles over G/P , up to a factor of two. The Giambelli problem then is to find an explicit combinatorial formula which writes a general Schubert class in H^∗(G/P ) as a polynomial in the special classes. One of our motivations for this is the fact that the known Giambelli formulas expressed in terms of the above special Schubert classes have straightforward – often identical – extensions to the small quantum cohomology ring of G/P ; see [Be, CF, FGP, KT2, KT3, BKT3].

The modern formulation of the Giambelli problem is in the setting of an algebraic family of varying partial flag varieties, with applications to degeneracy loci of vector bundles. This story also has a long history, from the work of Thom-Porteous and Kempf-Laksov [KL] to the generalizations by Fulton, Pragacz, and others [Fu1, Fu2, Fu3, Fu4, P1, PR2, LP1, KT1, IMN]. In type A, the project culminated with the combinatorial understanding of the polynomials representing quiver loci [BF, BKTY, KMS]. Let T denote a maximal torus and B a Borel subgroup of G with T ⊂ B. Graham [Gra] observed that the degeneracy locus problem for the classical groups from [Fu1, Fu2, Fu3] is equivalent to the Giambelli problem for the Schubert classes in the T -equivariant cohomology ring of G/B.

The degeneracy locus formulas we obtain here have a similar shape for all the classical groups, and solve the Giambelli problem for the T -equivariant cohomology of any classical G/P space (when G is an even orthogonal group, the problem is reduced to the main theorem of [BKT4]). It should be noted that in type D there are some unavoidable differences due to the presence of the Euler class [EGr]. For instance, the Chern classes of the universal vector bundles over a non-maximal even orthogonal Grassmannian do not generate its cohomology ring, even with real coefficients; see [T1, BKT1, BKT4] for a detailed analysis.

The case of the complete flag variety G/B, where the cohomology is generated by Schubert divisors, is more amenable to study. Bernstein-Gelfand-Gelfand [BGG] and Demazure [D1, D2] used divided difference operators to construct an algorithm that produces polynomials which represent the Schubert classes on G/B in the Borel presentation [Bo] of the cohomology ring. For the general linear group, Lascoux and Schützenberger [LS1] applied this method to define Schubert polynomials, a particularly nice choice of representatives with rich combinatorial properties. A positive combinatorial formula for the coefficients of Schubert polynomials was given by Billey, Jockusch, and Stanley [BJS] – thus resolving the Giambelli question in the case of GL_n /B. There remained combinatorial difficulties to generalize this to a Giambelli formula which holds on any type A partial flag variety. The answer for GL_n /P was obtained by Buch, Kresch, Yong, and the author [BKTY, §5] in the course of their work on the quiver formulas of Buch and Fulton [BF].

Pragacz [P2] solved the Giambelli problem for maximal isotropic orthogonal and symplectic Grassmannians using a Schur Pfaffian [Sch]. At the other extreme, for the full flag varieties G/B in types B, C, and D, a family of Schubert polynomials analogous to the one in type A is not uniquely determined (see [FK2] for a discussion of this phenomenon and [BH, Fu2, LP1, LP2, T2, T3] for examples) and the combinatorics is more challenging. One reason for this is that the strong stability property of type A Schubert polynomials under the natural inclusions of the Weyl groups must be understood differently in types B, C, and D. Another is that the images of the special Schubert classes in the stable cohomology rings of isotropic Grassmannians are not algebraically independent.

Giambelli formulas for non-maximal isotropic Grassmannians were discovered only recently [BKT2, BKT4]. Unlike most previously known examples, the nature of these formulas is not determinantal – instead, they are expressed using Young’s raising operators [Y]. The corresponding Giambelli polynomials are the theta and eta polynomials, which play the same role as the Schur polynomials do for the type A Grassmannian. This theory is essential for further progress and will be generalized in the present article. The results provide a combinatorial link between the classical G/P Giambelli problem and the quiver formulas of [BF, BKTY].

We now state one of our main theorems, referring to §1–§4 for the precise definitions. Equip the vector space E = C^{2n} with a nondegenerate skew-symmetric bilinear form. Fix a sequence d : d_1 < · · · < d_p of positive integers with d_p ≤ n. Let X(d) be the variety parametrizing partial flags of subspaces

(1) E_• : 0 ⊂ E_1 ⊂ · · · ⊂ E_p ⊂ E

with dim E_i = d_i for each i and E_p isotropic. The Schubert varieties X_w in X(d) and their cohomology classes [X_w] are indexed by signed permutations w in the Weyl group of Sp_{2n} whose descent positions are included among the d_i. Let E^′_j = E/E_{p+1−j} for 1 ≤ j ≤ p; the Chern classes of the tautological quotient bundles E^′_j are the special Schubert classes in H^∗(X(d), Z). We then have

(2) [X_w] = � λ e^w_λ Θ_λ1 (E^′_1)s_λ2 (E^′_2 − E^′_1) · · · s_λp (E^′_p − E^′_{p−1})

summed over all sequences of partitions λ = (λ^1, . . . , λ^p) with λ^1 k-strict, where k = n − d_p. Here Θ_λ1 and s_λi denote theta and Schur polynomials, respectively, and the coefficient e^w_λ is a nonnegative integer which counts the number of p-tuples of leaves of shape λ in the groves of the transition forest associated to d and w.

Let IG(n − k, 2n) denote the Grassmannian parametrizing isotropic linear subspaces of E of dimension n − k. The morphism which sends E_• to E_p realizes X(d) as a fiber bundle over IG(n − k, 2n) with fiber equal to a type A partial flag variety. The mixed nature of the ingredients in formula (2) is in harmony with this fact. For the type A and orthogonal partial flag varieties, the Giambelli formulas and their underlying combinatorics and geometry are entirely analogous to (2). The definition of the transition forest differs slightly between the types, and the role of the theta polynomial is played by a Schur or an eta polynomial, respectively.

Our proof of (2) and the corresponding formulas for degeneracy loci is mainly combinatorial. We work with the Schubert polynomials of Billey and Haiman [BH], and more generally with their double versions introduced by Ikeda, Mihalcea, and Naruse [IMN]. These objects have most of the combinatorial properties of the type A Schubert polynomials, which are crucial in order for us to obtain explicit positive expressions such as (2); however their connection with the geometry is less clear. This latter problem was recently addressed for the single Schubert polynomials in [T2, T3] and in [IMN] for their double counterparts. Using this theory, our geometric results follow readily by combining the Giambelli formulas for isotropic Grassmannians from [BKT2, BKT4] with new splitting theorems for these Schubert polynomials, which are analogues of [BKTY, Thm. 4 and Cor. 3] for the other classical Lie types.

A first step towards splitting the Billey-Haiman Schubert polynomials was formulated by Yong [Yo]. However, his result – and most previous work on these polynomials – does not suffice for the aforementioned applications to geometry.

The point is that the flag of subspaces E_• in (1) need not contain a Lagrangian (i.e., a maximal isotropic) subspace. In terms of the Weyl group, this is simply the fact that the first descent position k of a signed permutation w need not be at zero. When k = 0, the analysis is easier because the cohomology ring of the Lagrangian Grassmannian LG(n, 2n) is more accessible, a result that goes back to Ehresmann [Eh]. The underlying reason for this is that the Schubert classes on LG are indexed by fully commutative elements of the Weyl group [St2]. As a consequence, the Schubert calculus on LG is very similar to the classical one.

To complete the algebro-combinatorial picture for any G/P space, we need to extend the established theory to include the k-Grassmannian elements which are not fully commutative, a program initiated in [BKT2, T4]. For our purposes here we introduce the mixed Stanley functions, denoted by J_w(X ; Y ) in type C. The function J_w is defined as a sum of products of type A and type C Stanley symmetric functions in two distinct sets of variables. For each fixed m ≥ 0, it includes among its coefficients the number of reduced words of the signed permutation w such that the last m letters in the word are positive (the letter 0 is used to denote the sign change). If w has no descent positions less than k, then J_w – suitably restricted – is a nonnegative integer linear combination of theta polynomials indexed by kstrict partitions λ. The case when k = 0 was studied earlier by several authors [H, Kr, L1, B]. It is the mixed Stanley coefficients that appear in this expansion which enter into the splitting and degeneracy locus formulas.

Finally, our combinatorial interpretation of the numbers e^w_λ in (2) depends on the transition equations of Lascoux and Schützenberger [LS3] and Billey [B]. More precisely, we define in §2.2 and §6 analogues of the Lascoux-Schützenberger transition tree [LS3], which are rooted at suitable elements in the Weyl groups of the symplectic and orthogonal groups. We remark that the difference between the stability property of type A Schubert polynomials and the analogous property in the other classical Lie types is also reflected in the construction of these trees – namely, there is a certain branching rule in [LS3] which has no counterpart in types B, C, and D. It would be interesting to have tableau formulas for the e^w_λ , similar to the ones in [BF, BKTY, KMS] for quiver coefficients.

This article is organized so that most of the exposition is in type C; a final section explains the analogous picture in types B and D, and we refer to [BKTY, §4,5] for the results in type A. We review the Schur, theta, and Schubert polynomials, as well as the Stanley symmetric functions we require in §1. The mixed Stanley functions and their basic properties are studied in §2; this includes applications to enumerating reduced words and combinatorial rules for the product of two theta polynomials. In particular we give a short proof of Proposition 4, which includes as a special case the Pieri type products studied by Pragacz and Ratajski [PR1] on non-maximal isotropic Grassmannians. Our splitting theorems for Schubert polynomials are proved in §3, and the applications to symplectic degeneracy loci and Giambelli formulas are deduced in §4 and §5, respectively. We conclude with the Schubert splitting results for the orthogonal groups in §6.

I am grateful to my collaborators Anders Buch, Andrew Kresch, and Alexander Yong for their hard work on related papers, especially [BKTY] and [BKT1, BKT2]. I thank Leonardo Mihalcea for conversations about his joint paper [IMN] on double Schubert polynomials, which played an important role in this project. I also thank the referees for their comments which helped to improve the exposition.

1. Preliminaries

1.1. Schur and theta polynomials. An integer sequence is a sequence of integers α = (α_1, α_2, . . .) only finitely many of which are non-zero. The largest integer ℓ ≥ 0 such that α_ℓ ≠ 0 is called the length of α, denoted ℓ(α); we will identify an integer sequence of length ℓ with the vector consisting of its first ℓ terms, and set |α| = � α_i. An integer sequence λ is a partition if λ_i ≥ λ_{i+1} ≥ 0 for all i. We will represent partitions λ by their Young diagram of boxes, let λ^′ denote the conjugate (or transpose) of λ, and write μ ⊂ λ for the containment relation between two Young diagrams. Following Young [Y], given any integer sequence α and natural numbers i < j, we define

R_{ij} (α) = (α_1, . . . , α_i + 1, . . . , α_j − 1, . . .).

A raising operator R is any monomial in these R_{ij} ’s. If (u_1, u_2, . . .) is any ordered set of commuting independent variables and α is an integer sequence, we let u_α = � i u_{αi} , with the understanding that u_0 = 1 and u_r = 0 if r < 0. For any raising operator R, let R u_α = u_{Rα}.

Let c = (c_1, c_2, . . .) and d = (d_1, d_2, . . .) be two families of commuting variables. Define elements h_r for r ∈ Z by the identity of formal power series +∞� r=−∞

h_rt^r =

�_∞ � i=0 (−1)^ic_it^i

�_{−1} �_∞ � i=0 (−1)^id_it^i � . Consider the raising operator expression

R^0 = � i<j (1 − R_{ij} )

and for any partition λ, define the Schur polynomial s_λ(c − d) by

s_λ(c − d) = R^0 h_λ = det(h_{λi+j−i})_{i,j} .

Let Y = (y_1, y_2, . . .) and Z = (z_1, z_2, . . .) be two infinite sets of variables, and define the elementary symmetric functions e_r(Y ) by the generating function ∞� i=1 (1 + y_it) = ∞� r=0 e_r(Y )t^r.

The supersymmetric Schur function s_λ(Y/Z) is obtained from s_λ(c − d) by setting c_r = e_r(Y ) and d_r = e_r(Z) for all r ≥ 1. The usual Schur S-functions satisfy the identities s_λ(Y ) = s_λ(Y/Z)|_{Z=0} and s_λ(0/Z) = s_λ(Y/Z)|_{Y =0} = (−1)^{|λ|}s_λ′ (Z). In particular, for each integer r, the function s_r(Y ) is the complete symmetric function in the variables Y , also denoted h_r(Y ).

Fix an integer k ≥ 0. A partition λ is k-strict if all its parts λ_i greater than k are distinct; λ is called strict if it is 0-strict. Any such λ determines a raising operator expression R^λ by the prescription

R^λ = � i<j (1 − R_{ij} ) � i<j λi+λj >2k+j−i

(1 + R_{ij} )^{−1} where the second product is over all pairs i < j such that λ_i + λ_j > 2k + j − i. Define elements g_r for r ∈ Z by the identity +∞� r=−∞

g_rt^r =

�_∞ � i=0 c_it^i

� �_∞ � i=0 d_it^i

�_{−1}

and the theta polynomial Θ_λ(c − d) by

(3) Θ_λ(c − d) = R^λ g_λ.

If X = (x_1, x_2, . . .) is another infinite set of variables, the formal power series ϑ_r(X ; Y ) for r ∈ Z are defined by the equation ∞� i=1 1 + x_it 1 − x_it k� j=1 (1 + y_j t) = ∞� r=0 ϑ_r(X ; Y )t^r.

Following [BKT2], we then set Θ_λ(X ; Y ) = R^λ ϑ_λ. The Θ_λ for λ k-strict form a Z-basis for the ring Γ^{(k)} = Z[ϑ_1, ϑ_2, . . .]. The ring Γ = Γ^{(0)} is the ring of Schur Qfunctions (see [M2, III.8] and [Sch]), and in this case ϑ_r(X) and Θ_λ(X) are denoted by q_r(X) and Q_λ(X), respectively.

1.2. The hyperoctahedral group. Let W_n denote the hyperoctahedral group of signed permutations on the set {1, . . . , n}. We will adopt the notation where a bar is written over an entry with a negative sign. The group W_n is the Weyl group for the root system B_n or C_n, and is generated by the simple transpositions s_i = (i, i + 1) for 1 ≤ i ≤ n − 1 and the sign change s_0(1) = 1. There is a natural embedding W_n → W_{n+1} defined by adjoining the fixed point n + 1. The symmetric group S_n is the subgroup of W_n generated by the s_i for 1 ≤ i ≤ n − 1, and is the Weyl group for the root system A_{n−1}. We let S_∞ = ∪_nS_n and W_∞ = ∪_nW_n.

A reduced word for w ∈ W_n is a sequence a_1 · · · a_r of elements in {0, 1, . . . , n − 1} such that w = s_{a1} · · · s_{ar} and r is minimal (so equal to the length ℓ(w) of w). Given any u_1, . . . , u_p, w ∈ W_∞, we write u_1 · · · u_p = w if ℓ(u_1)+· · ·+ℓ(u_p) = ℓ(w) and the product of u_1, . . . , u_p is equal to w. In this case we say that u_1 · · · u_p is a reduced factorization of w. We say that w has a descent at position r ≥ 0 if w_r > w_{r+1}, where by definition w_0 = 0. An element w ∈ W_∞ is compatible with the sequence a : a_1 < · · · < a_p of nonnegative integers if all descent positions of w are contained in a. For such w, we say that a reduced factorization u_1 · · · u_p = w is compatible with a if u_j (i) = i for all j > 1 and i ≤ a_{j−1}.

We say that a signed permutation w ∈ W_∞ is increasing up to k if it has no descents less than k. This condition is vacuous if k = 0, and for positive k it means that 0 < w_1 < w_2 < · · · < w_k. An important special case is the k-Grassmannian elements, which by definition satisfy ℓ(ws_i) = ℓ(w) + 1 for all i ≠ k. There is a natural bijection between k-Grassmannian elements of W_∞ and k-strict partitions, obtained as follows. If w ∈ W_n is k-Grassmannian, there exist unique strict partitions u, ζ, v of lengths k, r, and n − k − r, respectively, so that

w = (u_k, . . . , u_1, ζ_1, . . . , ζ_r, v_{n−k−r}, . . . , v_1).

Define μ_i for 1 ≤ i ≤ k by

μ_i = u_i + i − k − 1 + #{j | ζ_j > u_i}.

Then w corresponds to the k-strict partition λ such that the lengths of the first k columns of λ are given by μ_1, . . . , μ_k, and the part of λ in columns k + 1 and higher is given by ζ. Conversely, for any k-strict λ, the corresponding k-Grassmannian element is denoted by w_λ.

1.3. Schubert polynomials and Stanley symmetric functions. Following [FS] and [FK1, FK2], we will use the nilCoxeter algebra W_n of the hyperoctahedral group W_n to define Schubert polynomials and Stanley symmetric functions in types A and C, respectively. W_n is the free associative algebra with unity generated by the elements u_0, u_1, . . . , u_{n−1} modulo the relations

u^2_i = 0 i ≥ 0 ; u_iu_j = u_j u_i |i − j| ≥ 2 ;

u_iu_{i+1}u_i = u_{i+1}u_iu_{i+1} i > 0 ; u_0u_1u_0u_1 = u_1u_0u_1u_0.

For any w ∈ W_n, choose a reduced word a_1 · · · a_ℓ for w and define u_w = u_{a1} . . . u_{aℓ} . Since the last three relations listed are the Coxeter relations for W_n, it is clear that u_w is well defined, and that the u_w for w ∈ W_n form a free Z-basis of W_n. We denote the coefficient of u_w ∈ W_n in the expansion of the element f ∈ W_n by ⟨f, w⟩; thus f = � w∈W_n ⟨f, w⟩ uw for all f ∈ Wn.

Let t be an indeterminate and define

A_i(t) = (1 + tu_{n−1})(1 + tu_{n−2}) · · · (1 + tu_i) ; Ã_i(t) = (1 − tu_i)(1 − tu_{i+1}) · · · (1 − tu_{n−1}) ;

C(t) = (1 + tu_{n−1}) · · · (1 + tu_1)(1 + 2tu_0)(1 + tu_1) · · · (1 + tu_{n−1}).

According to [FS, Lemma 2.1] and [FK2, Prop. 4.2], for all commuting variables s, t and indices i, the relations A_i(s)A_i(t) = A_i(t)A_i(s) and C(s)C(t) = C(t)C(s) hold. If C(X) = C(x_1)C(x_2) · · · and A(Y ) = A_1(y_1)A_1(y_2) · · · , we deduce that the functions F_w(X) and G_ϖ(Y ) defined for w ∈ W_n and ϖ ∈ S_n by

F_w(X) = ⟨C(X), w⟩ and G_ϖ(Y ) = ⟨A(Y ), ϖ⟩

are symmetric functions in X and Y , respectively. The G_ϖ and F_w are the type A and type C Stanley symmetric functions, introduced in [Sta] and [BH, FK2, L2]. We have that F_w = F_w−1 .

When G_ϖ is expanded in the basis of Schur functions, one obtains a formula

(4) G_ϖ(Y ) = � λ : |λ|=ℓ(ϖ)

c^ϖ_λ s_λ(Y )

for some nonnegative integers c^ϖ_λ (see [LS2], [EG]). According to [LS2] (see also [M1, (7.22)]), we have c^ϖ_λ = c^{ϖ−1}_λ′ . Lascoux and Schützenberger [LS3] gave one of the first combinatorial interpretations for the coefficients c^ϖ_λ , as the number of leaves of shape λ in the transition tree T (ϖ) they associated to ϖ. Equation (4) may be used to define the double Stanley symmetric functions G_ϖ(Y/Z).

For any ϖ ∈ S_n, the Schubert polynomial S_ϖ of Lascoux and Schützenberger is given by

(5) S_ϖ(Y ) = ⟨A_1(y_1)A_2(y_2) · · · A_{n−1}(y_{n−1}), ϖ⟩ .

The definition (5) is equivalent to the one in [LS1], as is shown in [FS]. Now define

(6) C_w(X ; Y, Z) = � Ã_{n−1}(z_{n−1}) · · · Ã_1(z_1)C(X)A_1(y_1) · · · A_{n−1}(y_{n−1}), w � .

If C_w(X ; Y ) := C_w(X ; Y, 0), then (6) is equivalent to the equation

(7) C_w(X ; Y, Z) = � uv=w

S_u−1 (−Z)C_v(X ; Y )

summed over all reduced factorizations uv = w with u ∈ S_n. The polynomials C_w in (6) were introduced by Ikeda, Mihalcea, and Naruse [IMN]; they are double versions of the type C Billey-Haiman Schubert polynomials [BH]. Their definition differs from (6), but the equivalence of the two follows by combining (7) with [FK2, §7] and [IMN, Cor. 8.10]. One checks that S_ϖ and C_w are stable under the natural inclusion of W_n in W_{n+1}, and hence well defined for ϖ ∈ S_∞ and w ∈ W_∞, respectively. The S_ϖ(Y ) for ϖ ∈ S_∞ form a Z-basis of the polynomial ring Z[Y ], and the C_w(X ; Y ) for w ∈ W_∞ form a Z-basis of Γ[Y ].

If ϖ ∈ S_∞ is a Grassmannian permutation with a unique descent at r, then S_ϖ(Y ) is a Schur polynomial in (y_1, . . . , y_r). In [BKT2, §6], we obtained the analogue of this result for the C_w(X ; Y ): if w = w_λ ∈ W_∞ is the k-Grassmannian permutation associated to the k-strict partition λ, then

(8) C_{wλ} (X ; Y ) = Θ_λ(X ; Y ).

1.4. Splitting type A Schubert polynomials. If r ≤ s are any two integers, and P (X, Y, Z) is any polynomial or formal power series in the variables x_i, y_j , and z_j , we let P [r, s] denote the power series obtained from P (X, Y, Z) by setting x_i = 0 for all i if 0 /∈ [r, s], y_j = 0 if j /∈ [r, s], and z_j = 0 if −j /∈ [r, s]. If 0 ∈ [r, s] we set P^{(r,s)} = P [r, s] and P^{(s)} = P [0, s].

If w ∈ W_n and v ∈ S_m, we define w × v ∈ W_{m+n} to be the signed permutation (w_1, . . . , w_n, v_1 + n, . . . , v_m + n); in particular, 1_n × v is used to denote the permutation (1, . . . , n, v_1 + n, . . . , v_m + n). For ϖ ∈ S_∞ and 1 ≤ r ≤ s, equation (5) immediately gives

(9) S_ϖ[r, s] = � S_v(y_r, . . . , y_s) if ϖ = 1_{r−1} × v, 0 otherwise.

Given any sequence a : a_1 < · · · < a_p of positive integers, we furthermore obtain

S_ϖ(Y ) = � u_1···u_p=ϖ

S_{u1} [1, a_1]S_{u2} [a_1 + 1, a_2] · · · S_{up} [a_{p−1} + 1, a_p]

summed over all reduced factorizations u_1 · · · u_p = ϖ.

If ϖ is increasing up to r, then S_ϖ is symmetric in y_1, . . . , y_r and we have

(10) S^{(r)}_ϖ = G^{(r)}_ϖ = � λ : |λ|=ℓ(ϖ)

c^ϖ_λ s_λ(y_1, . . . , y_r)

with the coefficients c^ϖ_λ as in (4). Suppose now that ϖ is compatible with the sequence a, and set Y_i = {y_{ai−1+1}, . . . , y_{ai} } for each i. From the previous considerations, we deduce that S_ϖ satisfies the formula

(11) S_ϖ(Y ) = � u_1···u_p=ϖ

G_{u1} (Y_1) · · · G_{up} (Y_p)

summed over all reduced factorizations u_1 · · · u_p = ϖ compatible with a. Using (4) to refine (11) further gives

(12) S_ϖ(Y ) = � λ c^ϖ_λ s_λ1 (Y_1) · · · s_λp (Y_p) summed over all sequences of partitions λ = (λ^1, . . . , λ^p), where c^ϖ_λ = � u_1···u_p=ϖ

c^{u1}_{λ1} · · · c^{up}_λp ,

summed over all reduced factorizations u_1 · · · u_p = ϖ compatible with a. More general versions of (11), (12) for universal Schubert polynomials [Fu4] and quiver polynomials [BF] are established in [BKTY, KMS]. Equation (12) was used in [BKTY, §5] to obtain Giambelli formulas for type A partial flag varieties.

2. Transition for mixed Stanley functions 2.1. Mixed Stanley functions.

Definition 1. Given w ∈ W_n, the (right) type C mixed Stanley function J_w(X ; Y ) is defined by the equation J_w(X ; Y ) = ⟨C(X)A(Y ), w⟩ = � uv=w

F_u(X)G_v(Y )

summed over all reduced factorizations uv = w with v ∈ S_n.

Definition 1 can be easily restated in terms of reduced decompositions and admissible sequences, along the lines of [BH, Eq. (3.2)]. One has a dual notion of a left mixed Stanley function J^′_w(X ; Y ) = � uv=w Gu^{−1} (Y )Fv(X), summed over all

reduced factorizations uv = w with u ∈ S_n. This is equivalent to the right version since clearly J^′_w(X ; Y ) = J_w−1 (X ; Y ). Furthermore, observe that J_w(X ; Y ) is well defined for w ∈ W_∞.

Recall that J^{(k)}w = J_w[0, k].

Lemma 1. If w ∈ W_∞ is increasing up to k, then C^{(k)}w = J^{(k)}w . In particular, if w = w_λ is k-Grassmannian, then (13) J^{(k)}_{wλ} (X ; Y ) = Θ_λ(X ; Y ).

Proof. Observe that if w = uv is a reduced factorization, then ℓ(vs_i) = ℓ(v) + 1 for all i < k, i.e., v is also increasing up to k. It follows that

C^{(k)}_w = � uv=w, v∈S_∞

F_u(X)S^{(k)}_v = � uv=w, v∈S_∞

F_u(X)G^{(k)}_v = J^{(k)}_w ,

as claimed. Equation (13) follows from this and (8). □ Example 1. If λ is a k-strict partition, then (14) J_{wλ} (X ; Y ) = � μ⊂λ F_{λ/μ}(X)s_μ′ (Y )

summed over all k-strict partitions μ ⊂ λ. The function F_{λ/μ}(X) in (14) is the skew F -function from [T4, §5], which, when non-zero, is equal to F_{wλw}−1_μ (X).

2.2. Transition equations. For positive integers i < j we define reflections t_{ij} ∈ S_∞ and t_{ij} , t_{ii} ∈ W_∞ by their right actions

(. . . , w_i, . . . , w_j , . . .) t_{ij} = (. . . , w_j , . . . , w_i, . . .),

(. . . , w_i, . . . , w_j , . . .) t_{ij} = (. . . , w_j , . . . , w_i, . . .), and

(. . . , w_i, . . .) t_{ii} = (. . . , w_i, . . .).

We let t_{ji} = t_{ij} . According to [B, Thms. 4, 5], the type C Schubert polynomials C_w = C_w(X ; Y ) satisfy the recursion formula

(15) C_w = y_rC_{wtrs} + � 1≤i<r ℓ(wtrstir )=ℓ(w)

C_{wtrstir} + � i≥1 ℓ(wtrstir )=ℓ(w)

C_{wtrstir} ,

where r is the last positive descent of w and s is maximal such that w_s < w_r. If w is increasing up to k and the last descent r of w satisfies r > k, we deduce from (15), Lemma 1, and Lemma 3 below that

(16) J^{(k)}_w = � 1≤i<r ℓ(wtrstir )=ℓ(w)

J^{(k)}_{wtrstir} + � i≥1 ℓ(wtrstir )=ℓ(w)

J^{(k)}_{wtrstir} .

The definitions of r and s imply that we have ℓ(wt_{rs}) = ℓ(w) − 1 in (15) and (16). The next result therefore characterizes the reflections t = t_{ir} and t = t_{ir} such that ℓ(wt_{rs}t) = ℓ(w).

Lemma 2 ([Mo, B]). Let w be an element of W_∞.

(a) If i < j, then ℓ(wt_{ij} ) = ℓ(w) + 1 if and only if w_i < w_j , and there is no p with i < p < j and w_i < w_p < w_j .

(b) If i ≤ j, then ℓ(wt_{ij} ) = ℓ(w) + 1 if and only if (i) −w_i < w_j and −w_j < w_i, (ii) in case i < j, either w_i < 0 or w_j < 0, and (iii) there is no p < i such that −w_j < w_p < w_i, and no p < j such that −w_i < w_p < w_j .

(c) If i < j and ℓ(wt_{ij} ) = ℓ(w) + 1, then each positive descent of wt_{ij} is also a positive descent of w.

For any w ∈ W_∞ which is increasing up to k, we construct a rooted tree T^k(w) with nodes given by elements of W_∞ and root w as follows. Let r be the last descent of w. If w = 1 or r = k, then set T^k(w) = {w}. Otherwise, let s = max(i > r | w_i < w_r) and Φ(w) = Φ_1(w) ∪ Φ_2(w), where

Φ_1(w) = {wt_{rs}t_{ir} | 1 ≤ i < r and ℓ(wt_{rs}t_{ir}) = ℓ(w)},

Φ_2(w) = {wt_{rs}t_{ir} | i ≥ 1 and ℓ(wt_{rs}t_{ir}) = ℓ(w)}.

To recursively define T^k(w), we join w by an edge to each v ∈ Φ(w), and attach to each v ∈ Φ(w) its tree T^k(v).

We call T^k(w) the k-transition tree of w. Clearly T^k(w) is a subtree of T^{k′} (w) for any k^′ ≤ k. The 0-transition tree of w was studied in [B, BL].

Lemma 3. The k-transition tree T^k(w) is finite. All the nodes of T^k(w) are increasing up to k, and the leaves of T^k(w) are k-Grassmannian elements.

Proof. If w is k-Grassmannian then clearly T^k(w) = {w}. We will show that if w is increasing up to k and not k-Grassmannian, then Φ(w) ≠ ∅ and all elements of Φ(w) are increasing up to k. Let r > k be the last descent of w, s be maximal such that w_s < w_r, and v = wt_{rs}. If Φ_1(w) = ∅, then according Lemma 2(a), we must have w_i > w_s for all i < r. If w_s > 0 then vt_{rr} ∈ Φ_2(w). If w_s < 0, let i > 0 be minimal such that w_i > −w_s. Then one can easily check using Lemma 2(b) that vt_{ir} ∈ Φ_2(w). This proves that Φ(w) is nonempty.

We next show that all elements of Φ(w) are increasing up to k. For this, we may assume that k > 0. If there exists an i ≤ k such that ℓ(vt_{ir}) = ℓ(w), then Lemma 2(a) implies that w_i < w_s and there is no j with i < j < r and w_i < w_j < w_s. It follows that vt_{ir} is increasing up to k. If ℓ(vt_{ir}) = ℓ(w) for some i ≤ k, then by Lemma 2(b)(ii) we must have w_s < 0, since w is increasing up to k and hence v_i = w_i > 0. Moreover, by Lemma 2(c), the descent set of vt_{ir} is contained in the descent set of v. We deduce that vt_{ir} is also increasing up to k.

Finally, it is shown in the proof of [B, Thm. 4] that the recursion defining T^0(w) terminates after a finite number of steps; hence T^k(w) is a finite tree. Moreover, we deduce from loc. cit. that if w ∈ W_n, then all of the nodes of T^k(w) lie in W_{n+r}. □

Definition 2. If w ∈ W_∞ is increasing up to k and v is a leaf of T^k(w), the shape of v is the k-strict partition λ associated to v. For any k-strict partition λ, the mixed Stanley coefficient e^w_λ is equal to the number of leaves of T^k(w) of shape λ.

The next result is a type C analogue of equation (10).

Theorem 1. If w ∈ W_∞ is increasing up to k, then we have an expansion

(17) C^{(k)}_w = J^{(k)}_w = � λ : |λ|=ℓ(w)

e^w_λ Θ_λ

where the sum is over k-strict partitions λ.

Proof. The equality C^{(k)}w = J^{(k)}w is proved in Lemma 1. We deduce from (16) and the definition of T^k(w) that if w is not k-Grassmannian, then

J^{(k)}_w = � v∈Φ(w)

J^{(k)}_v .

On the other hand, for any k-Grassmannian element w = w_λ, we have J^{(k)}w_λ = Θ_λ, by (13). This completes the proof of the theorem. □

Example 2. The 1-transition tree of w = 31254 looks as follows.

By Theorem 1 we therefore obtain

J^{(1)}_{31254} = Θ_{(2,1,1)} + 2 Θ_{(3,1)} + Θ_4.

When k = 0, Theorem 1 states that for any w ∈ W_∞,

(18) F_w(X) = � λ : |λ|=ℓ(w)

e^w_λ Q_λ(X)

summed over strict partitions λ. A transition based formula for the constants e^w_λ in equation (18) was proved by Billey [B]. There are several alternative combinatorial descriptions of these numbers in this case, which include a formula in terms of Kraśkiewicz tableaux [Kr, L2] of shape λ. It would be interesting to have an analogous tableau formula for the e^w_λ in the general case where k > 0. Another natural question is whether the mixed Stanley coefficients can be used to obtain a Littlewood-Richardson type rule for theta polynomials; some positive results in this direction are explained in §2.4.

Example 3. Consider the double mixed Stanley function

J_w(X ; Y/Z) = � ϖuv=w

G_ϖ−1 (−Z)F_u(X)G_v(Y )

summed over all reduced factorizations ϖuv = w with ϖ, v ∈ S_∞. Fix integers j, k ≥ 0, and suppose that w ∈ W_∞ is increasing up to k and w^{−1} is increasing up to j. Then C^{(−j,k)}w (X ; Y, Z) = J^{(−j,k)}w (X ; Y/Z). However, the analogue of Theorem 1 fails, at least for fixed k. For an example with j = k = 1, one checks that C^{(−1,1)}_{231} cannot be written as an integer linear combination of C^{(−1,1)}_{213} and C^{(−1,1)}_{312} , while 213 and 312 are the only 1-Grassmannian elements of length two in W_∞.

2.3. Reduced words and k-bitableaux. The type A Stanley symmetric functions G_ϖ were used in [Sta] to express the number of reduced words of a permutation ϖ in terms of the numbers f^λ of standard tableaux of shape λ, for the partitions λ which appear in equation (4). Similarly, the type C Stanley symmetric functions F_w can be used to compute the number of reduced words for an element w ∈ W_∞, as shown in [H, Kr]. We proceed to give an analogue of these results for the mixed Stanley functions J_w.

Let P denote the ordered alphabet {1^′ < 2^′ < · · · < k^′ < 1 < 2 < · · · }. The symbols 1^′, . . . , k^′ are called marked, while the rest are unmarked. Let λ be a k-strict partition. A k-bitableau U of shape λ is a filling of the boxes in λ with elements of P which is weakly increasing along each row and down each column, such that the marked entries are strictly increasing along each row and the unmarked entries form a k-tableau T . We refer to [T4, §5] for the definition of a k-tableau and more details. Each k-bitableau U has an associated multiplicity r(U), which is a nonnegative integer. Let (xy)^U = � i x^{mi}_i � j y^{nj}_j , where m_i (respectively n_j ) denotes the number of times that i (respectively j^′) appears in U. According to [T4, Thm. 5], we have

(19) Θ_λ(X ; Y ) = � U 2^{r(U)}(xy)^U

summed over all k-bitableaux U of shape λ.

If a k-bitableau U contains exactly m marked entries, we say that U is of type m. U is called standard if the entries 1^′, . . . , m^′, 1, . . . , n each appear once in U for some m and n; in this case we have r(U) = n.

Definition 3. Let λ and μ be k-strict partitions with μ ⊂ λ, and m be a nonnegative integer with m ≤ k. We denote by g^{λ/μ} the number of standard k-tableaux of skew shape λ/μ, and by h^λ_m the number of standard k-bitableaux of shape λ and type m. We say that a reduced word for w ∈ W_∞ has type m if the last m letters of the word are positive.

Proposition 1. For any k-strict partition λ and integer m ≤ k, we have

h^λ_m = � μ⊂λ, |μ|=m

f^μg^{λ/μ}

where the sum is over all partitions μ ⊂ λ with |μ| = m.

Proof. Suppose that λ is a k-strict partition. Using e.g. [T4, Prop. 5], one can construct a bijection between the set of standard k-bitableaux of shape λ and type m and the set of reduced words of type m for w_λ. According to [T4, Thm. 6 and Ex. 9], for any k-strict partition μ with μ ⊂ λ and μ_1 ≤ k, the number g^{λ/μ} of standard k-tableaux of shape λ/μ is equal to the number of reduced words for w_λw^{−1}_μ . Moreover, the number f^μ of standard tableaux of shape μ equals the number of reduced words for the permutation w_μ ∈ S_∞. The result follows. □

The k = 0 case of the next result is due to Haiman [H] and Kraśkiewicz [Kr].

Proposition 2. Let w ∈ W_∞ be increasing up to k and let m be an integer with 0 ≤ m ≤ min(k, ℓ(w)). Then the number of reduced words of type m for w is equal to � λ e^w_λ h^λ_m, where the sum is over all k-strict partitions λ.

Proof. It is clear that the number of reduced words of type m for w equals 2^{−n} times the coefficient of x_1 · · · x_ny_1 · · · y_m in J_w, where n = ℓ(w) − m. On the other hand, this coefficient is also equal to 2^n � λ e^w_λ h^λ_m, by (17) and (19). □

It would be interesting to find a bijective proof of Proposition 2.

2.4. Multiplication rules. We show here how Theorem 1 may be used to obtain Littlewood-Richardson type rules for the product of two theta polynomials. In the case of k = 0, we observe that the transition equations in [B] give a combinatorial rule for the structure constants in the product of any two Schur Q-functions. This answers a question of Manivel in the affirmative (compare with [BL, §4]).

We will actually work with the Schur P -functions, which are defined by the equation P_λ = 2^{−ℓ(λ)}Q_λ, for any strict partition λ. Given two strict partitions μ and ν, there are nonnegative integers f^λ_{μν} such that

P_μP_ν = � λ f^λ_{μν} P_λ.

The f^λ_{μν} agree with the Schubert structure constants on maximal orthogonal Grassmannians OG(n, 2n + 1), when n is sufficiently large. Combinatorial rules for the numbers f^λ_{μν} may be found in [Sa, W, St1, Sh].

Proposition 3. The coefficient f^λ_{μν} is equal to the number of leaves of T^0(w_λw^{−1}_μ ) of shape ν, if μ ⊂ λ, and is equal to zero, otherwise.

Proof. The structure constants f^λ_{μν} appear in the expansion of skew Schur Qfunctions (20) Q_{λ/μ} = � ν f^λ_{μν} Q_ν

in the Q-basis (see for example [M2, III.5 and III.8]). Following [FK2, Thm. 8.2] and [St2, Cor. 6.6], the skew Schur Q-functions are known to be equal to certain type C Stanley symmetric functions. In fact, we have Q_{λ/μ} = F_{wλw}−1_μ , where w_λ and w_μ are the 0-Grassmannian elements associated to λ and μ (this is a special case of [T4, Thm. 6]). The proposition follows from this, using (18) and (20). □

Now let k be any nonnegative integer. The following result is an analogue of [BL, Lemma 16] for the functions J_w. Lemma 4. For w ∈ W_n and v ∈ S_∞, we have J_wJ_v = J_{w×v}.

Proof. Since a_1 · · · a_ℓ is a reduced word for v ∈ S_m if and only if (a_1 +n) · · · (a_ℓ +n) is a reduced word for 1_n × v, we see that G_{1n×v} = G_v, F_{1n×v} = F_v, and J_v = J_{1n×v} for each n ≥ 1. The reduced words for w × v are all obtained by intertwining a reduced word for w with a reduced word for 1_n × v. Moreover, given any reduced factorization ab = w × v, with b ∈ S_∞, we have a = a_1 × a_2 and b = b_1 × b_2 where a_1, b_1 ∈ W_n and a_2, b_1, b_2 ∈ S_∞. We deduce that

J_{w×v}(X ; Y ) = � (a_1×a_2)(b_1×b_2)=w×v

F_{a1×a2} (X)G_{b1×b2} (Y ) = � (a_1×a_2)(b_1×b_2)=w×v

F_{a1} (X)F_{1n×a2} (X)G_{b1} (Y )G_{1n×b2} (Y ) = � a_1b_1=w, a_2b_2=v

F_{a1} (X)G_{b1} (Y )F_{a2} (X)G_{b2} (Y )

= J_w(X ; Y )J_v(X ; Y ). □

We obtain a combinatorial rule for multiplying two theta polynomials, when one of the factors is indexed by a ‘small’ partition (compare with [BL, Cor. 17]). Proposition 4. Let μ and ν be k-strict partitions with ν_i ≤ k for all i, and consider the product expansion Θ_μΘ_ν = � λ φ^λ_{μν} Θ_λ

summed over k-strict partitions λ. Then φ^λ_{μν} is equal to the number of leaves of T^k(w_μ × w_ν ) of shape λ.

Proof. Observe that w_ν ∈ S_∞ if and only if ν_i ≤ k for all i. Lemma 4 therefore applies and gives the equation Θ_μΘ_ν = J^{(k)}_{wμ} J^{(k)}_{wν} = J^{(k)}_{wμ×wν} .

The result now follows from Theorem 1. Recall from [BKT2, §5.4] that in this situation we have Θ_ν = R^0 ϑ_ν = det(ϑ_{νi+j−i})_{i,j} . □

Example 4. 1) For the 1-strict partitions μ = (2, 1) and ν = 1 we have w_μ × w_ν = 31254 ∈ W_5. Example 2 therefore gives Θ_{(2,1)}Θ_1 = Θ_{(2,1,1)} + 2 Θ_{(3,1)} + Θ_4. 2) When k ≥ 1 and ν = (1^p) for some p ≥ 0, Proposition 4 gives a ‘Pieri type rule’ which evaluates the products Θ_{(1}p_)Θ_μ for any k-strict partition μ. A different combinatorial rule for the same Pieri products was obtained by Pragacz and Ratajski [PR1].

3. Splitting type C Schubert polynomials

In this section we give splitting theorems for the single and double type C Schubert polynomials C_w. For any k ≥ 0, let Y_{>k} = (y_{k+1}, y_{k+2}, . . .). The following proposition generalizes the k = 0 case from [BH, Thm. 3].

Proposition 5. If w ∈ W_∞ is increasing up to k, then

(21) C_w(X ; Y ) = � u(1_k×v)=w

J^{(k)}_u (X ; Y )S_v(Y_{>k})

where the sum is over all reduced factorizations u(1_k × v) = w with v ∈ S_∞. The Schubert polynomials C_w(X ; Y ) for w ∈ W_∞ increasing up to k form a Z-basis for the ring Γ^{(k)}[Y_{>k}] = Γ^{(k)}[y_{k+1}, y_{k+2}, . . .].

Proof. From the definition (6) we deduce that for any w ∈ W_n,

C_w(X ; Y ) = � uϖ=w, ϖ∈S_∞

C_u[0, k]S_ϖ[k + 1, n].

According to (9), the polynomial S_ϖ[k + 1, n] is non-zero only if ϖ = 1_k × v for some v ∈ S_∞, in which case S_ϖ[k + 1, n] = S_v(y_{k+1}, . . . , y_n). For all such ϖ, we furthermore note that the element u = wϖ^{−1} is increasing up to k, and hence C_u[0, k] = J_u[0, k] by Theorem 1. This proves equation (21).

Set C_w = C_w(X ; Y ) and for each i ≥ 0, let ∂_i denote the divided difference operator from [BH, §2]. Recall that ∂_iC_w = C_{wsi} , if w_i > w_{i+1}, and ∂_iC_w = 0, otherwise. Since the Θ_λ = C_{wλ} for k-strict partitions λ form a Z-basis of Γ^{(k)}, we deduce that ∂_if = 0 for all i < k and f in the ring Γ^{(k)}[Y_{>k}].

Equations (17) and (21) imply that the C_w for w increasing up to k are contained in Γ^{(k)}[Y_{>k}]. Moreover, the C_w for w ∈ W_∞ are known to be a Z-basis of Γ[Y ] from [BH, Thm. 3]. Given any f ∈ Γ^{(k)}[Y_{>k}], we therefore have f = � w∈W_∞ aw Cw for

some a_w ∈ Z. Since ∂_if = 0 for all i < k, we deduce that only terms C_w with w increasing up to k appear in the sum, completing the proof. □

Fix a sequence a : a_1 < · · · < a_p of nonnegative integers and w ∈ W_∞ which is compatible with a. Given any sequence of partitions λ = (λ^1, . . . , λ^p) with λ^1 a_1-strict, we define the nonnegative integer

(22) e^w_λ = � u_1···u_p=w

e^{u1}_{λ1} c^{u2}_{λ2} · · · c^{up}_λp ,

where the sum is over reduced factorizations u_1 · · · u_p = w compatible with a such that u_2, . . . , u_p ∈ S_∞, and the integers c^{ui}_{λi} and e^{u1}_{λ1} are as in (4) and (17), respectively.

The number e^w_λ can be described in a more picturesque way as follows. Given a permutation ϖ ∈ S_∞, let T (ϖ) denote the Lascoux-Schützenberger transition tree associated to ϖ in [LS3, §4]. For any reduced factorization u_1 · · · u_p = w compatible with a such that u_2, . . . , u_p ∈ S_∞, the p-tuple of trees (T^{a1} (u_1), T (u_2), . . . , T (u_p)) is called a grove. The collection of all such groves forms the a-transition forest associated to w. The integer e^w_λ is then equal to the number of p-tuples of leaves of shape λ in the groves of the a-transition forest associated to w.

Define Y_i = {y_{ai−1+1}, . . . , y_{ai} } for each i ≥ 1; in particular Y_1 = ∅ if a_1 = 0.

Theorem 2. Suppose that w ∈ W_∞ is compatible with the sequence a. Then we have

(23) C_w(X ; Y ) = � u_1···u_p=w

J_{u1} (X ; Y_1)G_{u2} (Y_2) · · · G_{up} (Y_p)

summed over all reduced factorizations u_1 · · · u_p = w compatible with a such that u_2, . . . , u_p ∈ S_∞. Furthermore, we have

(24) C_w(X ; Y ) = � λ e^w_λ Θ_λ1 (X ; Y_1)s_λ2 (Y_2) · · · s_λp (Y_p)

summed over all sequences of partitions λ = (λ^1, . . . , λ^p) with λ^1 a_1-strict.

Proof. Equation (23) follows from (21) and the type A Schubert splitting formula (11). Moreover, (24) is obtained from (23) by using equations (9), (10), and (17). □ The k = 0 case of formula (24) is contained in [Yo, §5]. It is expressed in loc.

cit. using a combinatorial interpretation of the coefficients c^ϖ_λ in (4) due to Fomin and Greene [FG], which was also exploited in [BKTY, Cor. 3].

Fix a second sequence b : 0 = b_1 < · · · < b_q of nonnegative integers such that w^{−1} is compatible with b. A reduced factorization u_1 · · · u_{p+q−1} = w is compatible with a, b if u_j (i) = i whenever j < q and i ≤ b_{q−j} or whenever j > q and i ≤ a_{j−q}. Given any sequence of partitions λ = (λ^1, . . . , λ^{p+q−1}) with λ^q a_1-strict, we define

(25) f^w_λ = � u_1···u_{p+q−1}=w

c^{u1}_{λ1} · · · c^{uq−1}_{λq−1} e^{uq}_λq c^{uq+1}_{λq+1} · · · c^{up+q−1}_{λp+q−1} ,

where the sum is over reduced factorizations u_1 · · · u_{p+q−1} = w compatible with a, b such that u_i ∈ S_∞ for all i ≠ q. Set Z_j = {z_{bj−1+1}, . . . , z_{bj} } for each j.

Corollary 1. Suppose that w and w^{−1} are compatible with the sequences a and b, respectively. Then C_w(X ; Y, Z) is equal to � u_1···u_{p+q−1}=w

G_{u1} (0/Z_q) · · · G_{uq−1} (0/Z_2)J_{uq} (X ; Y_1)G_{uq+1} (Y_2) · · · G_{up+q−1} (Y_p)

summed over all reduced factorizations u_1 · · · u_{p+q−1} = w compatible with a, b such that u_i ∈ S_∞ for all i ≠ q. Furthermore, we have

(26) C_w(X ; Y, Z) = � λ f^w_λ s_λ1 (0/Z_q) · · · Θ_λq (X ; Y_1) · · · s_λp+q−1 (Y_p)

summed over all sequences of partitions λ = (λ^1, . . . , λ^{p+q−1}) with λ^q a_1-strict.

Proof. The result follows immediately from equations (7), (11), and Theorem 2. □

According to [IMN, Thm. 8.1], the Schubert polynomials C_w(X ; Y, Z) enjoy the following symmetry property:

(27) C_w(X ; Y, Z) = C_w−1 (X ; −Z, −Y ).

This also follows immediately from equation (6). By applying Corollary 1 to the right hand side of (27), we obtain dual versions of these splitting equations.

4. Symplectic degeneracy loci

4.1. Isotropic partial flag bundles. Let E → B be a vector bundle of rank 2n on an algebraic variety B. Assume that E is a symplectic bundle, i.e. E is equipped with an everywhere nondegenerate skew-symmetric form E ⊗ E → C. A subbundle V of E is isotropic if the form vanishes when restricted to V ; the ranks of isotropic subbundles of E range from 0 to n. Fix a sequence a : a_1 < · · · < a_p of nonnegative integers with a_p < n, and set a_{p+1} = n for convenience. We introduce the isotropic partial flag bundle F^a(E) with its projection map ρ : F^a(E) → B. The variety F^a(E) parametrizes partial flags

(28) E_• : 0 = E_0 ⊂ E_1 ⊂ · · · ⊂ E_p ⊂ E

with rank E_i = n − a_{p+1−i} and E_p isotropic. Here we have identified E with its pullback under the map ρ, and also let (28) denote the tautological partial flag of vector bundles over F^a(E).

There is a group monomorphism ϕ : W_n → S_{2n} with image

ϕ(W_n) = { ϖ ∈ S_{2n} | ϖ(i) + ϖ(2n + 1 − i) = 2n + 1, for all i }.

The map ϕ is determined by setting, for each w = (w_1, . . . , w_n) ∈ W_n and 1 ≤ i ≤ n,

ϕ(w)(i) = � n + 1 − w_{n+1−i} if w_{n+1−i} is unbarred, n + w_{n+1−i} otherwise.

Let W^a be the set of signed permutations w ∈ W_n whose descent positions are listed among the integers a_1, . . . , a_p. These elements are the minimal length coset representatives in W_n/W_a, where W_a denotes the subgroup of W_n generated by the simple reflections s_i for i /∈ {a_1, . . . , a_p}.

Fix a flag 0 = F_0 ⊂ F_1 ⊂ · · · ⊂ F_n ⊂ E of subbundles of E with rank F_i = i for each i and F_n isotropic. We extend any such flag to a complete flag F_• in E by letting F_{n+i} = F^⊥_{n−i} for 1 ≤ i ≤ n; we call the completed flag a complete isotropic flag. For every w ∈ W^a and complete isotropic flag F_• of subbundles of E, we define the universal Schubert variety X_w ⊂ F^a(E) as the locus of a ∈ F^a(E) such that

(29) dim(E_r(a) ∩ F_s(a)) ≥ # { i ≤ rank E_r | ϕ(w)(i) > 2n − s } ∀ r, s.

The variety X_w is an irreducible subvariety of F^a(E) of codimension ℓ(w), and may be regarded as a universal degeneracy locus. Formulas for the classes [X_w] in the cohomology or Chow ring of F^a(E) pull back to identities for corresponding loci whenever one has a symplectic vector bundle V and two flags of isotropic subbundles of V , following [Fu3]. Moreover, they are equivalent to formulas which represent the Schubert classes in the T -equivariant cohomology ring of isotropic partial flag varieties, as observed e.g. in [Gra].

4.2. Full flag bundles and the geometrization map. Consider the full flag bundle F(E) = F^{(0,1,2,...,n−1)}(E) parametrizing complete isotropic flags of subbundles E_• in E. Let X = (x_1, . . . , x_n) and Y = (y_1, . . . , y_n). According to [Fu2, §3], the cohomology (or Chow) ring H^∗(F(E), Z) is presented as a quotient

(30) H^∗(F(E)) ∼= H^∗(B)[X, Y]/J_n, where J_n denotes the ideal generated by the differences e_i(x^2_1, . . . , x^2_n)−e_i(y^2_1, . . . , y^2_n) for 1 ≤ i ≤ n. The inverse of the isomorphism (30) sends the class of x_i to −c_1(E_{n+1−i}/E_{n−i}) and of y_i to −c_1(F_{n+1−i}/F_{n−i}) for each i with 1 ≤ i ≤ n.

The ring H^∗(F(E)) may be used to study the cohomology of any isotropic partial flag bundle F^a(E), because the natural surjection F(E) → F^a(E) induces an injective ring homomorphism ι : H^∗(F^a(E)) → H^∗(F(E)). The tautological vector bundles E_i, F_j , the universal Schubert varieties, and their cohomology classes on F^a(E) pull back under ι to the homonymous objects over F(E).

The Schubert varieties X_w on F(E) are indexed by w in the full Weyl group W_n. Furthermore, the type C double Schubert polynomials C_w(X; Y, Z) represent their cohomology classes [X_w] in the presentation (30), but only after a certain change of variables. Ikeda, Mihalcea, and Naruse [IMN, §10] provide a different way to connect these Schubert polynomials to geometry, which we will adapt to our current setup. For a closely related approach (which preceded [IMN]) in the case of single Schubert polynomials, see [T2].

The key tool is the following ring homomorphism derived from [IMN], which we call the geometrization map :

π_n : Γ[Y, Z] → H^∗(B)[X, Y]/J_n.

The homomorphism π_n is determined by setting

π_n(q_r(X)) = r� i=0 e_i(X)h_{r−i}(Y) for all r,

π_n(y_i) = � −x_i if 1 ≤ i ≤ n, 0 if i > n, and π_n(z_j ) = � y_j if 1 ≤ j ≤ n, 0 if j > n.

It follows from [Gra, §1] and [IMN, Prop. 7.7 and §10] that for w ∈ W_n, the geometrization map π_n maps C_w(X ; Y, Z) to a polynomial which represents the universal Schubert class [X_w] in the presentation (30). Furthermore, we have π_n(C_w) ∈ J_n for w ∈ W_∞ ∖ W_n.

If V and V^′ are two vector bundles with total Chern classes c(V ) and c(V^′), respectively, we denote s_λ(c(V ) − c(V^′)) by s_λ(V − V^′). We similarly denote the class Θ_λ(c(V )−c(V^′)) by Θ_λ(V −V^′). To state our main geometric result, let Q_1 = E/E_p, Q_2 = E_p/E_{p−1}, . . . , Q_p = E_2/E_1. Consider a sequence b : 0 = b_1 < · · · < b_q with b_q < n, and set ^Q_2 = F_n/F_{n−b2} , . . . , ^Q_q = F_{n−bq−1} /F_{n−bq} .

Theorem 3. Suppose that w ∈ W^a and that w^{−1} is compatible with b. Then we have

[X_w] = � λ f^w_λ s_{(λ}1_)′ ( ^Q_q) · · · s_{(λ}q−1_)′ ( ^Q_2)Θ_λq (Q_1 − F_n)s_λq+1 (Q_2) · · · s_λp+q−1 (Q_p) = � λ f^w_λ s_λ1 (F_{n+bq−1} − F_{n+bq} ) · · · Θ_λq (E − E_p − F_n) · · · s_λp+q−1 (E_2 − E_1)

in H^∗(F^a(E)), where the sum is over all sequences of partitions λ = (λ^1, . . . , λ^{p+q−1}) with λ^q a_1-strict, and the coefficients f^w_λ are given by (25).

Proof. The variables x_i for 1 ≤ i ≤ n give the Chern roots of the various vector bundles over F^a(E). In particular the Chern roots of Q_1 are x_1, . . . , x_n, −x_1, . . . , −x_{a1} , while those of Q_r for r ≥ 2 are −x_{ar−1+1}, . . . , −x_{ar} . Similarly the Chern roots of F_{n+1−r} are represented by −y_r, . . . , −y_n for each r. With k = a_1 we have ϑ_r(X ; Y_1) =

�_r i=0 q_{r−i}(X)e_i(y_1, . . . , y_{a1} ) for any r ≥ 0. Therefore, we obtain π_n(ϑ_r(X ; Y_1)) = � i,j≥0

e_{r−i−j} (X)h_j (Y)e_i(−x_1, . . . , −x_{a1} ) = � j≥0 e_{r−j} (x_1, . . . , x_n, −x_1, . . . , −x_{a1} )h_j (Y) = c_r(Q_1 − F_n)

and hence π_n(Θ_λ(X ; Y_1)) = Θ_λ(Q_1 − F_n) for any a_1-strict partition λ. Moreover, for any partition μ and r ≥ 2, we have π_n(s_μ(Y_r)) = s_μ(−x_{ar−1+1}, . . . , −x_{ar} ) = s_μ(Q_r), while

π_n(s_μ(0/Z_r)) = s_μ′ (−y_{br−1+1}, . . . , −y_{br} ) = s_μ′ ( ^Q_r) = s_μ(F_{n+br−1} − F_{n+br} ). We deduce that π_n maps formula (26) onto the desired equality. □

5. Giambelli formulas for symplectic flag varieties 5.1. Partial isotropic flag varieties. Equip the vector space E = C^{2n} with a nondegenerate skew-symmetric bilinear form. Fix a sequence a : a_1 < · · · < a_p of nonnegative integers with a_p < n, and set a_{p+1} = n. Let X(a) be the variety parametrizing partial flags of subspaces 0 = E_0 ⊂ E_1 ⊂ · · · ⊂ E_p ⊂ E with dim E_i = n − a_{p+1−i} and E_p isotropic. The same notation will be used to denote the tautological partial flag E_• of vector bundles over X(a).

A presentation of the cohomology ring of X(a) as a quotient of the symmetric algebra on the characters of a maximal torus in Sp_{2n} is well known [Bo]. We will give here an alternative presentation using the Chern classes of the tautological vector bundles over X(a). Let Q_1 = E/E_p, Q_2 = E_p/E_{p−1}, . . . , Q_{p+1} = E_1 and set σ_i = c_i(Q_1) for 1 ≤ i ≤ n + a_1 and c^r_j = c_j (Q_r) for 2 ≤ r ≤ p + 1 and 1 ≤ j ≤ a_r − a_{r−1}. We then have the following result Proposition 6. The cohomology ring H^∗(X(a), Z) is presented as a quotient of the polynomial ring Z[σ_1, . . . , σ_{n+a1} , c^2_1, . . . , c^2_{a2−a1} , . . . , c^{p+1}_1 , . . . , c^{p+1}_{n−ap} ] modulo the relations

det(σ_{1+j−i})_{1≤i,j≤r} = (−1)^r � i_2+···+i_{p+1}=r

c^2_{i2} · · · c^{p+1}_{ip+1} , 1 ≤ r ≤ n + a_1 and (31) σ^2_r + 2

n+a_1−r � i=1 (−1)^iσ_{r+i}σ_{r−i} = 0 , a_1 + 1 ≤ r ≤ n.

Proof. Let IG = IG(n − a_1, 2n) be the Grassmannian parametrizing isotropic subspaces of E of dimension n − a_1. According to [BKT1, Thm. 1.2], the cohomology ring of IG is isomorphic to the polynomial ring generated by the Chern classes σ_i = c_i(Q_1) and the Chern classes of E_p, modulo the relations det(σ_{1+j−i})_{1≤i,j≤r} = (−1)^rc_r(E_p) , 1 ≤ r ≤ n + a_1 coming from the Whitney sum formula c(E_p)c(Q_1) = 1, as well as the relations (31). The map X(a) → IG sending E_• to E_p realizes X(a) as a fiber bundle over IG with fiber a partial SL_{n−a1} flag variety. We deduce using e.g. [Gr, Thm. 1] that H^∗(X(a)) is isomorphic to the polynomial ring H^∗(IG)[c^2_1, . . . , c^2_{a2−a1} , . . . , c^{p+1}_1 , . . . , c^{p+1}_{n−ap} ] modulo the relations � i_2+···+i_{p+1}=r

c^2_{i2} · · · c^{p+1}_{ip+1} = c_r(E_p) , 1 ≤ r ≤ n − a_1.

The proposition follows by combining these two facts. □

5.2. Giambelli formulas. Our choice of the special Schubert classes on symplectic and orthogonal Grassmannians agrees with the conventions in [BKT1]. Let F_• be a fixed complete isotropic flag of subspaces in C^{2n}. For each w ∈ W^a, the Schubert variety X_w(F_•) in X(a) is defined by the same equation (29) as before. Let E^′_j = E/E_{p+1−j} for 1 ≤ j ≤ p. The Chern classes c_i(E^′_j ) for all i, j are the Schubert classes on X(a) which are pullbacks of special Schubert classes on symplectic Grassmannians. By definition, they are the special Schubert classes on X(a), and they generate the cohomology ring H^∗(X(a)) by Proposition 6. Specializing Theorem 3 to the case when the base B is a point gives the next result.

Corollary 2. For every w ∈ W^a, we have

[X_w] = � λ e^w_λ Θ_λ1 (Q_1)s_λ2 (Q_2) · · · s_λp (Q_p) = � λ e^w_λ Θ_λ1 (E^′_1)s_λ2 (E^′_2 − E^′_1) · · · s_λp (E^′_p − E^′_{p−1})

in H^∗(X(a), Z), where the sums are over all sequences of partitions λ = (λ^1, . . . , λ^p) with λ^1 a_1-strict, and the coefficients e^w_λ are given by (22).

6. Splitting orthogonal Schubert polynomials

In this final section we discuss the form of our splitting results for the orthogonal groups; we will work throughout with coefficients in the ring Z[^1_2 ]. For w ∈ W_∞, let s(w) denote the number of i such that w(i) < 0. It follows e.g. from [BH, IMN] that the polynomials B_w = 2^{−s(w)}C_w represent the Schubert classes in the (equivariant) cohomology ring of odd orthogonal flag varieties. Therefore the solutions to the Schubert polynomial splitting and Giambelli problems for types B and C are essentially the same. We will describe the splitting theorems for the even orthogonal groups below; the story is entirely analogous to the symplectic case.

The elements of the Weyl group ~W_n for the root system D_n may be represented by signed permutations, as in e.g. [B, KT1]. The group ~W_n is an extension of S_n by an element s_0 which acts on the right by

(u_1, u_2, . . . , u_n)s_0 = (u_2, u_1, u_3, . . . , u_n).

Let ~W_∞ = ∪_n ~W_n and N = {0, 1, 2, . . .}. A reduced word of w ∈ ~W_∞ is a sequence a_1 · · · a_ℓ of elements in N such that w = s_{a1} · · · s_{aℓ} and ℓ = ℓ(w). We say that w has a descent at position r ≥ 0 if ℓ(ws_r) < ℓ(w), where s_r is the simple reflection indexed by r. If k ≥ 2, we say that an element w ∈ ~W_∞ is increasing up to k if it has no descents less than k; this means that |w_1| < w_2 < · · · < w_k. We also agree that every element of ~W_∞ is both increasing up to 0 and increasing up to 1.

For k ∈ N ∖ {1}, an element w ∈ ~W_∞ is k-Grassmannian if ℓ(ws_i) = ℓ(w) + 1 for all i ≠ k. We say that w is 1-Grassmannian if ℓ(ws_i) = ℓ(w) + 1 for all i ≥ 2. A typed k-strict partition is a pair consisting of a k-strict partition λ together with an integer in {0, 1, 2} called the type of λ, and denoted type(λ), such that type(λ) > 0 if and only if λ_i = k for some i ≥ 1. The geometric significance of the type of λ is explained in [BKT1, §4.5].

Given a k-Grassmannian element w ∈ ~W_n, there exist unique strict partitions u, ζ, v of lengths k, r, and n − k − r, respectively, so that

w = (^u_k, . . . , u_1, ζ_1, . . . , ζ_r, v_{n−k−r}, . . . , v_1)

where ^u_k is equal to u_k or u_k, according to the parity of r. If

μ_i = u_i + i − k − 1 + #{j | ζ_j > u_i},

then w corresponds to a typed k-strict partition λ such that the lengths of the first k columns of λ are given by μ_1, . . . , μ_k. The part of λ in columns k + 1 and higher is given by (ζ_1 − 1, . . . , ζ_r − 1); here it is possible that ζ_r = 1, so that the sequence ends with a zero. Finally, if type(λ) > 0, then ^u_k is unbarred if and only if type(λ) = 1. This defines a bijection between the k-Grassmannian elements of ~W_∞ and the set of all typed k-strict partitions. We let w_λ denote the element of ~W_∞ associated to the typed k-strict partition λ.

Following [L1], we will use the nilCoxeter algebra ~W_n of ~W_n to define type D Stanley symmetric functions. ~W_n is the free associative algebra with unity generated by the elements u_0, u_1, . . . , u_{n−1} modulo the relations

u^2_i = 0 i ≥ 0 ; u_0u_1 = u_1u_0 u_0u_2u_0 = u_2u_0u_2 u_iu_{i+1}u_i = u_{i+1}u_iu_{i+1} i > 0 ;

u_iu_j = u_j u_i j > i + 1, and (i, j) ≠ (0, 2).

For any w ∈ ~W_n, choose a reduced word a_1 · · · a_ℓ for w and define u_w = u_{a1} . . . u_{aℓ} . We denote the coefficient of u_w ∈ ~W_n in the expansion of the element f ∈ ~W_n by ⟨f, w⟩. Let t be an indeterminate and, following [L1, 4.4], define

D(t) = (1 + tu_{n−1}) · · · (1 + tu_2)(1 + tu_1)(1 + tu_0)(1 + tu_2) · · · (1 + tu_{n−1}).

According to [L1, Lemma 4.24], we have D(s)D(t) = D(t)D(s) for any commuting variables s, t. If D(X) = D(x_1)D(x_2) · · · , then the functions E_w(X) defined by

E_w(X) = ⟨D(X), w⟩

are the type D Stanley symmetric functions, in agreement with [BH, §3].

Next, define

D_w(X ; Y, Z) = � Ã_{n−1}(z_{n−1}) · · · Ã_1(z_1)D(X)A_1(y_1) · · · A_{n−1}(y_{n−1}), w � . The polynomials D_w(X ; Y ) := D_w(X ; Y, 0) are the type D Billey-Haiman Schubert polynomials, and the D_w(X ; Y, Z) are their double versions studied in [IMN]. If w = w_λ is k-Grassmannian, then D_{wλ} (X ; Y ) is equal to an eta polynomial H_λ(X ; Y ); the H_λ are defined using raising operator expansions analogous to (3) in [BKT4]. When k = 0, we have that λ is a strict partition and H_λ(X ; Y ) = E_{wλ} (X) = P_λ(X) is a Schur P -function.

Definition 4. Given w ∈ ~W_n, the type D mixed Stanley function I_w(X ; Y ) is defined by the equation

I_w(X ; Y ) = ⟨D(X)A(Y ), w⟩ = � uv=w

E_u(X)G_v(Y )

summed over all reduced factorizations uv = w with v ∈ S_n.

One checks that if w is increasing up to k, then I^{(k)}w = D^{(k)}w (X ; Y ); in particular, if w = w_λ is k-Grassmannian, then I^{(k)}w_λ = H_λ. Furthermore, it follows from [B, Thms. 4, 5] and the type D analogue of Lemma 3 that the I_w for w increasing up to k satisfy the transition equations

I^{(k)}_w = � 1≤i<r ℓ(wtrstir )=ℓ(w)

I^{(k)}_{wtrstir} + � i≠r ℓ(wtrstir )=ℓ(w)

I^{(k)}_{wtrstir}

where r > k is the last positive descent of w and s is maximal such that w_s < w_r.

For any w ∈ ~W_∞ which is increasing up to k, we construct the k-transition tree ~T k(w) with nodes given by elements of ~W_∞ and root w as in §2.2. Let r be the last descent of w. If w = 1, or k ≠ 1 and r = k, or k = 1 and r ∈ {0, 1}, then set ~T k(w) = {w}. Otherwise, let s = max(i > r | w_i < w_r) and ~Φ(w) = ~Φ_1(w)∪ ~Φ_2(w), where ~Φ_1(w) = {wt_{rs}t_{ir} | 1 ≤ i < r and ℓ(wt_{rs}t_{ir}) = ℓ(w)}, ~Φ_2(w) = {wt_{rs}t_{ir} | i ≠ r and ℓ(wt_{rs}t_{ir}) = ℓ(w)}.

To define ~T^k(w), we join w by an edge to each v ∈ ~Φ(w), and attach to each v ∈ ~Φ(w) its tree ~T^k(v).

The assertions of Lemma 3 remain true for ~T^k(w), with similar proof. When k = 0, this is contained in [B, Thm. 4]. For the case when r > k > 1, ~Φ_1(w) = ∅, and w_s > 0, one observes that wt_{rs}t_{1r} ∈ ~Φ_2(w). We deduce that for any w ∈ ~W_∞ which is increasing up to k,

(32) D^{(k)}_w = I^{(k)}_w = � λ : |λ|=ℓ(w)

d^w_λ H_λ

where the sum is over typed k-strict partitions λ and d^w_λ denotes the number of leaves of ~T^k(w) of shape λ. Moreover, for any such w, we have

(33) D_w(X ; Y ) = � u(1_k×v)=w

I^{(k)}_u (X ; Y )S_v(Y_{>k})

where the sum is over all reduced factorizations u(1_k × v) = w with v ∈ S_∞.

Using equations (32) and (33), we obtain splitting theorems for the single and double type D Schubert polynomials D_w, as in §3. Fix two sequences a : a_1 < · · · < a_p and b : 0 = b_1 < · · · < b_q of nonnegative integers and set Y_i = {y_{ai−1+1}, . . . , y_{ai} } and Z_j = {z_{bj−1+1}, . . . , z_{bj} } for each i, j. We say that an element w ∈ ~W_∞ is compatible with a if all descent positions of w are listed among 0, a_1, . . . , a_p, if a_1 = 1, or contained in a, otherwise.

Theorem 4. Suppose that w ∈ ~W_∞ is compatible with the sequence a. Then we have D_w(X ; Y ) = � u_1···u_p=w

I_{u1} (X ; Y_1)G_{u2} (Y_2) · · · G_{up} (Y_p)

summed over all reduced factorizations u_1 · · · u_p = w compatible with a such that u_2, . . . , u_p ∈ S_∞.

Given any sequence of partitions λ = (λ^1, . . . , λ^{p+q−1}) with λ^q a_1-strict and typed, and w ∈ ~W_∞ such that w and w^{−1} are compatible with the sequences a and b, respectively, we define

g^w_λ = � u_1···u_{p+q−1}=w

c^{u1}_{λ1} · · · c^{uq−1}_{λq−1} d^{uq}_λq c^{uq+1}_{λq+1} · · · c^{up+q−1}_{λp+q−1} .

Here the sum is over reduced factorizations u_1 · · · u_{p+q−1} = w compatible with a, b such that u_i ∈ S_∞ for all i ≠ q, and the integers c^{ui}_{λi} and d^{uq}_λq are as in (4) and (32), respectively.

Corollary 3. Suppose that w and w^{−1} are compatible with the sequences a and b, respectively. Then D_w(X ; Y, Z) is equal to � u_1···u_{p+q−1}=w

G_{u1} (0/Z_q) · · · G_{uq−1} (0/Z_2)I_{uq} (X ; Y_1)G_{uq+1} (Y_2) · · · G_{up+q−1} (Y_p)

summed over all reduced factorizations u_1 · · · u_{p+q−1} = w compatible with a, b such that u_i ∈ S_∞ for all i ≠ q. Furthermore, we have

(34) D_w(X ; Y, Z) = � λ g^w_λ s_λ1 (0/Z_q) · · · H_λq (X ; Y_1) · · · s_λp+q−1 (Y_p)

summed over all sequences of partitions λ = (λ^1, . . . , λ^{p+q−1}) with λ^q a_1-strict and typed.

In the same manner as for the symplectic groups, the above splitting results imply Giambelli and degeneracy locus formulas for the orthogonal groups. We use the Giambelli formula for even orthogonal Grassmannians from [BKT4] in (34).

Table 1 lists the Billey-Haiman Schubert polynomials for the root systems of type C_3 and D_3 indexed by the elements w in the respective Weyl groups which are increasing up to 1. In each case, the polynomial is written as a positive sum of k = 1 theta and eta polynomials in the variables (X, y_1) times s_j (y_2) for j ∈ {0, 1}. The primed eta polynomials H^′_λ are indexed by 1-strict partitions λ of type 2.

References

[BGG] I. N. Bernstein, I. M. Gelfand and S. I. Gelfand : Schubert cells and cohomology of the spaces G/P , Russian Math. Surveys 28 (1973), 1–26.

[Be] A. Bertram : Quantum Schubert calculus, Adv. Math. 128 (1997), 289–305. [B] S. Billey : Transition equations for isotropic flag manifolds, Discrete Math. 193 (1998), 69–84.

[BH] S. Billey and M. Haiman : Schubert polynomials for the classical groups, J. Amer. Math.

Soc. 8 (1995), 443–482.

[BJS] S. Billey, W. Jockusch and R. P. Stanley : Some combinatorial properties of Schubert polynomials, J. Algebraic Combin. 2 (1993), 345–374.

[BL] S. Billey and T. K. Lam : Vexillary elements in the hyperoctahedral group, J. Algebraic Combin. 8 (1998), 139–152.

[Bo] A. Borel : Sur la cohomologie des espaces fibrés principaux et des espaces homogènes de groupes de Lie compacts, Ann. of Math. 57 (1953), 115–207.

Table 1. Schubert polynomials with w increasing up to 1

w word Cw(X ; Y ) w word Dw(X ; Y ) 123 1 123 1 213 1 Θ1 213 1 H1 132 2 Θ1 + y2 213 0 H^′_1 213 01 Θ2 132 2 H1 + H^′_1 + y2 312 21 Θ_{(1,1)} 123 01 H2 231 12 Θ2 + Θ1 y2 312 21 H_{(1,1)} 123 101 Θ3 312 20 H^′_{(1,1)} 312 021 Θ_{(2,1)} 231 12 H2 + H1 y2 321 212 Θ_{(2,1)} + Θ_{(1,1)} y2 231 02 H2 + H^′_1 y2 231 012 Θ3 + Θ2 y2 132 201 H3 132 2101 Θ4 321 021 H_{(2,1)} 321 1021 Θ_{(3,1)} 321 120 H^′_{(2,1)} 132 1012 Θ4 + Θ3 y2 132 012 H3 + H2 y2 321 0212 Θ4 + Θ_{(3,1)} + Θ_{(2,1)} y2 321 212 H3 + H_{(2,1)} + H_{(1,1)} y2 231 21021 Θ_{(4,1)} 321 202 H3 + H^′_{(2,1)} + H^′_{(1,1)} y2 321 01021 Θ_{(3,2)} 231 2021 H_{(3,1)} 123 21012 Θ5 + Θ4 y2 231 2120 H^′_{(3,1)} 312 10212 Θ_{(4,1)} + Θ_{(3,1)} y2 123 2012 H4 + H3 y2 231 021021 Θ_{(4,2)} 312 0212 H_{(3,1)} + H_{(2,1)} y2 213 210212 Θ_{(5,1)} + Θ_{(4,1)} y2 312 1202 H^′_{(3,1)} + H^′_{(2,1)} y2 312 010212 Θ_{(4,2)} + Θ_{(3,2)} y2 132 12021 H_{(3,2)} 132 1021021 Θ_{(4,3)} 213 20212 H_{(4,1)} + H_{(3,1)} y2 213 0210212 Θ_{(5,2)} + Θ_{(4,2)} y2 213 21202 H^′_{(4,1)} + H^′_{(3,1)} y2 123 10210212 Θ_{(5,3)} + Θ_{(4,3)} y2 123 120212 H_{(4,2)} + H_{(3,2)} y2

[BF] A. S. Buch and W. Fulton : Chern class formulas for quiver varieties, Invent. Math.

135 (1999), 665–687.

[BKT1] A. S. Buch, A. Kresch and H. Tamvakis : Quantum Pieri rules for isotropic Grassmannians, Invent. Math. 178 (2009), 345–405.

[BKT2] A. S. Buch, A. Kresch and H. Tamvakis : A Giambelli formula for isotropic Grassmannians, arXiv:0811.2781.

[BKT3] A. S. Buch, A. Kresch and H. Tamvakis : Quantum Giambelli formulas for isotropic Grassmannians, Math. Annalen 354 (2012), 801–812.

[BKT4] A. S. Buch, A. Kresch and H. Tamvakis : A Giambelli formula for even orthogonal Grassmannians, arXiv:1109.6669.

[BKTY] A. S. Buch, A. Kresch, H. Tamvakis, and A. Yong : Schubert polynomials and quiver formulas, Duke Math. J. 122 (2004), 125–143.

[CF] I. Ciocan-Fontanine : On quantum cohomology rings of partial flag varieties, Duke Math.

J. 98 (1999), 485–524.

[D1] M. Demazure : Invariants symétriques des groupes de Weyl et torsion, Invent. Math.

21 (1973), 287–301.

[D2] M. Demazure : Désingularisation des variétés de Schubert généralisées, Ann. Sci. École Norm. Sup. (4) 7 (1974), 53–88.

[EG] M. Edelman and C. Greene : Balanced tableaux, Adv. Math. 63 (1987), 42-99. [EGr] D. Edidin and W. Graham : Characteristic classes and quadric bundles, Duke Math. J.

144 (1995), 277–299.

[Eh] C. Ehresmann : Sur la topologie de certains espaces homogènes, Ann. of Math. (2) 35 (1934), 396–443.

[FGP] S. Fomin, S. Gelfand and A. Postnikov : Quantum Schubert polynomials, J. Amer. Math.

Soc. 10 (1997), 565–596.

[FG] S. Fomin and C. Greene : Noncommutative Schur functions and their applications, Discrete Math. 193 (1998), 179–200.

[FK1] S. Fomin and A. N. Kirillov : The Yang-Baxter equation, symmetric functions, and Schubert polynomials, Discrete Math. 153 (1996), 123–143.

[FK2] S. Fomin and A. N. Kirillov : Combinatorial B_n-analogs of Schubert polynomials, Trans.

Amer. Math. Soc. 348 (1996), 3591–3620.

[FS] S. Fomin and R. P. Stanley : Schubert polynomials and the nil-Coxeter algebra, Adv. in Math. 103 (1994), 196–207.

[Fu1] W. Fulton : Flags, Schubert polynomials, degeneracy loci, and determinantal formulas, Duke Math. J. 65 (1992), 381–420.

[Fu2] W. Fulton : Schubert varieties in flag bundles for the classical groups, Proceedings of the Hirzebruch 65 Conference on Algebraic Geometry (Ramat Gan, 1993), 241–262, Israel Math. Conf. Proc. 9, Ramat Gan, 1996.

[Fu3] W. Fulton : Determinantal formulas for orthogonal and symplectic degeneracy loci, J.

Differential Geom. 43 (1996), 276–290.

[Fu4] W. Fulton : Universal Schubert polynomials, Duke Math. J. 96 (1999), 575–594. [G] G. Z. Giambelli : Risoluzione del problema degli spazi secanti, Mem. R. Accad. Sci.

Torino (2) 52 (1902), 171–211.

[Gra] W. Graham : The class of the diagonal in flag bundles, J. Differential Geom. 45 (1997), 471–487.

[Gr] A. Grothendieck : Quelques propriétés fondamentales en théorie des intersections, Séminaire C. Chevalley 3 (1958), exp. no. 4, 1–36.

[H] M. D. Haiman : Dual equivalence with applications, including a conjecture of Proctor, Discrete Math. 99 (1992), 79–113.

[IMN] T. Ikeda, L. Mihalcea, and H. Naruse : Double Schubert polynomials for the classical groups, Adv. Math. 226 (2011), 840–886.

[KL] G. Kempf and D. Laksov : The determinantal formula of Schubert calculus, Acta Math.

132 (1974), 153–162.

[KMS] A. Knutson, E. Miller, and M. Shimozono : Four positive formulae for type A quiver polynomials, Invent. Math. 166 (2006), 229–325.

[Kr] W. Kraśkiewicz : Reduced decompositions in hyperoctahedral groups, C. R. Acad. Sci.

Paris Sér. I Math. 309 (1989), 903–907.

[KT1] A. Kresch and H. Tamvakis : Double Schubert polynomials and degeneracy loci for the classical groups, Ann. Inst. Fourier 52 (2002), 1681–1727.

[KT2] A. Kresch and H. Tamvakis : Quantum cohomology of the Lagrangian Grassmannian, J. Algebraic Geom. 12 (2003), 777–810.

[KT3] A. Kresch and H. Tamvakis : Quantum cohomology of orthogonal Grassmannians, Compos. Math. 140 (2004), 482–500.

[L1] T. K. Lam : B and D analogues of stable Schubert polynomials and related insertion algorithms, Ph.D. thesis, M.I.T., 1994; available at http://hdl.handle.net/1721.1/36537.

[L2] T. K. Lam : B_n Stanley symmetric functions, Discrete Math. 157 (1996), 241–270. [LP1] A. Lascoux and P. Pragacz : Operator calculus for ~Q-polynomials and Schubert polynomials, Adv. Math. 140 (1998), 1–43.

[LP2] A. Lascoux and P. Pragacz : Orthogonal divided differences and Schubert polynomials, ~P -functions, and vertex operators, Michigan Math. J. 48 (2000), 417–441.

[LS1] A. Lascoux and M.-P. Schützenberger : Polynômes de Schubert, C. R. Acad. Sci. Paris Sér. I Math. 294 (1982), 447–450.

[LS2] A. Lascoux and M.-P. Schützenberger : Structure de Hopf de l’anneau de cohomologie et de l’anneau de Grothendieck d’une variété de drapeaux, C. R. Acad. Sci. Paris Sér. I Math. 295 (1982), 629–633.

[LS3] A. Lascoux and M.-P. Schützenberger : Schubert polynomials and the Littlewood- Richardson rule, Lett. Math. Phys. 10 (1985), 111–124.

[M1] I. G. Macdonald : Notes on Schubert polynomials, Publ. LACIM 6, Univ. de Québec à Montréal, Montréal, 1991.

[M2] I. G. Macdonald : Symmetric Functions and Hall Polynomials, Second edition, Clarendon Press, Oxford, 1995.

[Mo] D. Monk : The geometry of flag manifolds, Proc. London Math. Soc. 3 (1959), 253–286.

[P] M. Pieri : Sul problema degli spazi secanti. Nota 1^a, Rend. Ist. Lombardo (2) 26 (1893), 534–546.

[P1] P. Pragacz : Enumerative geometry of degeneracy loci, Ann. Sci. École Norm. Sup. (4) 21 (1988), 413–454.

[P2] P. Pragacz : Algebro-geometric applications of Schur S- and Q-polynomials, Séminare d’Algèbre Dubreil-Malliavin 1989-1990, Lecture Notes in Math. 1478 (1991), 130–191, Springer-Verlag, Berlin, 1991.

[PR1] P. Pragacz and J. Ratajski : A Pieri-type theorem for Lagrangian and odd orthogonal Grassmannians, J. Reine Angew. Math. 476 (1996), 143–189.

[PR2] P. Pragacz and J. Ratajski : Formulas for Lagrangian and orthogonal degeneracy loci;

~Q-polynomial approach, Compos. Math. 107 (1997), 11–87.

[Sa] B. Sagan : Shifted tableaux, Schur Q-functions, and a conjecture of R. Stanley, J.

Combin. Theory Ser. A 45 (1987), 62–103.

[Sch] I. Schur : Über die Darstellung der symmetrischen und der alternierenden Gruppe durch gebrochene lineare Substitutionen, J. reine angew. Math. 139 (1911), 155–250.

[Sh] M. Shimozono : Multiplying Schur Q-functions, J. Combin. Theory Ser. A 87 (1999), 198–232.

[Sta] R. P. Stanley : On the number of reduced decompositions of elements of Coxeter groups, European J. Combin. 5 (1984), 359–372.

[St1] J. R. Stembridge : Shifted tableaux and the projective representations of symmetric groups, Adv. Math. 74 (1989), 87–134.

[St2] J. R. Stembridge : Some combinatorial aspects of reduced words in finite Coxeter groups, Trans. Amer. Math. Soc. 349 (1997), 1285–1332.

[T1] H. Tamvakis : Quantum cohomology of isotropic Grassmannians, Geometric Methods in Algebra and Number Theory, 311–338, Progress in Math. 235, Birkhäuser, 2005.

[T2] H. Tamvakis : Schubert polynomials and Arakelov theory of symplectic flag varieties, J.

London Math. Soc. 82 (2010), 89–109.

[T3] H. Tamvakis : Schubert polynomials and Arakelov theory of orthogonal flag varieties, Math. Z. 268 (2011), 355-370.

[T4] H. Tamvakis : Giambelli, Pieri, and tableau formulas via raising operators, J. reine angew. Math. 652 (2011), 207–244.

[W] D. R. Worley : A theory of shifted Young tableaux, Ph.D. thesis, MIT, 1984. [Yo] A. Yong : On combinatorics of quiver component formulas, J. Algebraic Combin. 21 (2005), 351–371.

[Y] A. Young : On quantitative substitutional analysis VI, Proc. Lond. Math. Soc. (2) 34 (1932), 196–230.

University of Maryland, Department of Mathematics, 1301 Mathematics Building, College Park, MD 20742, USA

E-mail address: harryt@math.umd.edu