MATH 246: Chapter 2 Section 4: Homogeneous Equations with Constant Coefficients
Justin Wyss-Gallifent

Main Topics:

The Characteristic Polynomial
Real Simple Roots

Real Multiple Roots

Complex Simple Roots
Complex Multiple Roots

1.

Introduction:

We've established the fact that for an n*® order homogeneous linear differential equation that we
need to find a fundamental set of n solutions denoted Y7,...,Y,,. Once we do this we have the
general solution

Y(t) = Clyl + 02}/2 + CnYn

The next question is how to get that fundamental set.

This is hard, so for now we’ll focus on the simpler situation where the DE has constant coefficients.
Examples:

y'+2y -3y=0
2y — 5y =0
DYy + D3y —2D%*y+Dy+y=0

. Inspirational Example: Consider 3" +2y'—3y = 0. Here because we’ve got constant multiples of

derivatives added to get zero, we think that perhaps solutions might be functions whose derivatives
are constant multiples of themselves. The primary example is ¢** for various z. So let’s try - if
y = e* is a solution to our equation then 3’ = ze** and y” = 22e** and we have:
y'+2y =3y =0
22e*t 4 22¢7 — 3e* =0

(22422 —3)e*' =0
Since e*! is always positive we must have

2242:-3=0
(z+3)(z—1)=0

and so either z = -3 or z = 1.

Lo and behold we’ve actually found two solutions, and we only needed two. We’ve found
Yi(t) = e73 and Ya(t) = et

Thus the general solution is
Y(t) = 01675t + Oget

General Idea: We see that the DE 3" + 2’ — 3y = 0 gave us a polynomial 22 + 2z — 3 = 0.
This will happen in every case, that polynomial is called the characteristic polynomial. The roots
of the polynomial will give us solutions and we will get enough complete our fundamental set.
However there are nuances, primarily that we have to deal with both real and complex roots and
each of these has two subcategories.

In addition, though we won’t prove this, the process is guaranteed to result in a fundamental set,
meaning the Wronskian would be nonzero if we checked it.



4. Real Simple Roots: A real simple root is a root which only appears once when we factor the
characteristic polynomial. For a simple real root z = r we get a solution e". If there are n distinct
simple real roots then we get n solutions and we’re done.

Example: The DE y” — 3y’ — 10y = 0 has characteristic polynomial 22 — 3z — 10 or
(z—5)(2+42) with roots z = 5 and z = —2. So we have two simple real roots and therefore
the fundamental set is {e®,e~2'} and the general solution is Y () = Cye® + Coe™2t.

Example: The DE y"” — 5y" + 6y’ = 0 has characteristic polynomial z3 — 522 + 6z or
2(z — 3)(z — 2) with roots 2 =0, 2 = 3 and z = 2. So we have three simple real roots
and therefore the fundamental set is {1,e3, e2'} (notice that e = 1) and the general
solution is Y (t) = Cy + Cae3! + Cse?

5. Real Multiple Roots A real multiple root is a root which appears more than once when we
factor the characteristic polynomial.

Example: The DE D3y — 15D%y + 75Dy — 125y = 0 has characteristic polynomial
2% — 1522 + 752 — 125 or (z — 5)3. there is only the root z = 5 with multiplicity m = 3.

Example: The DE y"” — 4y" + 4y’ = 0 has characteristic polynomial 2> — 422 + 4z or
z(z — 2)2. There is the root z = 0 which is a simple root (multiplicity 1) and the root
z = 2 with multiplicity m = 2.

For a real multiple root z = r with multiplicity m we get m solutions:
ert tert tm—lert

‘We’ll discuss where these come from in a later section.

Example: The DE D3y — 15D%y + 75Dy — 125y = 0 has characteristic polynomial
2% — 1522 + 752 — 125 or (z — 5)3. there is only the root z = 5 with multiplicity
m = 3. So we have the fundamental set {e° te5 t2¢5'} and the general solution
Y(t) = 0165t —|— OQtBSt + 03t265t.

Example: The DE y"” — 4y” + 4y’ = 0 has characteristic polynomial 23 — 422 + 4z or
z(z — 2)2. There is the root z = 0 which is a simple root (multiplicity 1) and the root
z = 2 with multiplicity m = 2. So we have the fundamental set {1,e?" te?*} and the
general solution Y (t) = C; + Cye?! + Cste?!.



6. Complex Simple Roots: Complex roots always come in pairs. This means that if r + si is a
root then so is r — si. A complex simple root pair is a pair of roots r =+ si which appears only once
when we factor the characteristic polynomial. We may have to actually solve via the quadratic
formula to really see what’s up.

Example: The DE y” + ¢’ + 2y = 0 has characteristic polynomial 22 + z + 2. This
doesn’t obviously factor. To find the roots we set it equal to 0 and use the quadratic

—1E/12-4()(2) 1 V=T 14 T

formula to get z = 500)

Example: The DE y” + 4y = 0 has characteristic polynomial 2% + 4 and setting
22 4+4 =0 gives z = +v/—4 = 04 2i. We’ve made the 0 clear for a reason as you’ll see.

To see what’s going to happen, let’s just charge ahead for a minute using the previous approach.
If 7 + si is a root then e("**)* is a solution. But note that we can rewrite this:

e(rsit — erte(sD)i — ort(cos(st) + i sin(st))
Since r — si is also a root then e("59% ig also a solution and we can rewrite this too:

e(r=s0t — rte(=sti — " (cog(—st) + isin(—st)) = e (cos(st) — isin(st))

But these are complex solutions which don’t fill out our fundamental set. But since linear com-
binations of solutions are solutions, we can be sneaky and observe:

e - (sum of complex solutions)= e" cos(st) is a solution.

1
2
e o-(difference of complex solutions)= e sin(st) is a solution.

Thus for each complex simple root pair z = r + si we get a pair of solutions e cos(st) and
et sin(st).

Example: The DE y” + 3’ + 2y = 0 has characteristic polynomial z? + z + 2 with roots
we saw as —3 =& g ;. The fundamental set is then {e’%tcos (gt) e~ 2lsin (gt)}

and the general solution is Y (£) = Cye™ 2" cos (@t) + Cye~ 2t sin (gt)
Example: The DE y” 4 4y = 0 has characteristic polynomial z? + 4 with roots z

0=+ 2i. The fundamental set is then {cos(2t),sin(2t)} and the general solution is Y (¢) =
C cos(2t) + Casin(2t).

Example: The DE 3" — y" — 4y’ — 6y = 0 has characteristic polynomial 23 — 22 —

4z — 6 or (z — 3)(2% + 2z +2). We see that z = 3 is a root but for the rest we set

22422+ 2 =0 and get z = w = —1 £ 1i. The fundamental set is then

{e3t, et cos(t),e sin(t)} and the general solution is Y (t) = C1e3! + Caet cos(t) +
Csze~tsin(t).



7. Complex Multiple Roots: This expands like with real roots. For each complex multiple root
pair z = r &+ si¢ with multiplicity m we get m pairs of solutions

" cos(st), te" cos(st), ...,t™ L cos(st)
e sin(st), te" sin(st), ..., t™ e sin(st)
Example: The DE DSy + 8Dy + 65D%y + 232D3y + 904D?y + 1440Dy + 3600y = 0

has characteristic polynomial 25 + 82% + 652* + 23223 4+ 90422 + 1440z + 3600 or

(22 + 9)(2% + 4z + 20)2. The first part gives us z = 0 4 3i and the second part

gives us z = w = —2 + 44 with multiplicity 2. The fundamental

set is then {cos(3t),sin(3t),e~2! cos(4t),e~2! sin(4t), te =2 cos(4t), te~ 2! sin(4¢)} and the
general solution is Y (t) = O} cos(3t) + Cysin(3t) + Cze =2 cos(4t) + Cye™ 2! sin(4t) +
Cste™2! cos(4t) + Cgte™ 2! sin(4t).

8. Summary: In summary we construct the characteristic polynomial and find the roots. The roots
tell us how to construct the fundamental set as follows:

(a) If r is a real simple root then put in:

ert

r is a multiple simple root with multipliicty m then put in:

b) If ri Itiple simpl t with multipliict th t i
ert7 tert’ . tmflert

c) If r + si is a complex simple root pair then put in:
Ifr+sii lex simpl t pair th ti

e cos(st), e"" sin(st)

(d) If r + si is a complex multiple root pair with multiplicity m then put in:

e cos(st), te" cos(st), ..., t™ " Le™ cos(st)

and
e sin(st), te" sin(st), ..., t™ " Le" sin(st)



