Math 406 Section 3.5: The Fundamental Theorem of Arithmetic

1. Theorem (The Fundamental Theorem of Arithmetic): Every positive integer greater than 1
can be written uniquely as a product of powers of primes Here ”"uniquely” means up to the order of
the multiplication.

Example: 20 = 22 .5 and that’s the only way. Writing 20 = 5 - 22 is equivalent.

(a)
(b)
(¢)

Lemma: If a,b,c € Z" and ged (a,b) = 1 then if a | be then a | ¢
Proof: Put 1 = aa + Bb then ¢ = caa + ¢8b. Since a | be we have a | c. QED

Lemma: If p | a;...a,, where p is prime, then 3i such that p | a;.
Proof: By induction on n. QED

Proof of FToA: We prove that each positive integer greater than 1 can be written as a product
of powers of primes and then we show it is unique.

For the first part we use contradiction. Suppose there are positive integers greater than 1 which
cannot be written as a product of powers of primes. Let n be the smallest such integer by well-
ordering. If n is prime then we’re done. If n is not prime then n = ab with 1 < a < n and
1 < b < n. But then a and b are products of powers of primes and so n = ab is, a contradiction.

For uniqueness suppose we have an integer n > 1 with two distinct factorizations into powers of
primes. Expanding out the powers we have:

n = pip2..-Pi = q142---4j

We can cancel any common primes so suppose we have done so to get products of distinct primes
which we’ll denote using the same notation in a real abuse of notation for convenience:

pip2.--pi = q192.-.45

But now p1 | ¢1...q; so that p; divides one of the g;, a contradiction. QED

2. Uses:

(a)

Theorem: For a,b € Z we have a | b iff whenever p® appears in the prime factorization of a then
p? with 8 > o appears in the prime factorization of b.

Proof: For the backwards direction suppose we have a = p{'p3*...pp*, then we must have
2

b= p?po .
we have:

.pka with 8; > «; for each ¢ and with B being any primes in b but not in a. Then
b= pflpgz...p’g’“B =a (pfralpgz*al...pgkfo‘13>

and so a | b. For the forward direction suppose a | b. Suppose p® appears in the prime factorization
of a and p? appears (or doesn’t) in the prime factorization of b with 0 < 3 < a. We can write
a=p*A and b = p? B where A and B are all the other prime powers. Then we have some ¢ € Z
with:

ac=">
p*Ac=p°B
p*PAc=B

These two numbers are identical and therefore must have the same prime factorization. However
there are p on the left (since @ — § > 0) but not on the right. This is a contradiction. QED



(b)

Theorem: The positive divisors of n are those integers whose prime power factorizations have
the same primes as n with powers less than or equal to those powers occuring in n.
Proof: This follows from the previous theorem. QED

Example: Suppose n = 23 - 52 - 7. Then the positive divisors of n are those integers of the form
20.5%.7¢ with 0 < a <3 and 0 <b <2 and 0 < ¢ < 1. Notice that there are (4)(3)(2) = 24 such
choices and therefore 24 such factors.

Theorem: The greatest common divisor of two integers equals the integer whose prime power
factorization contains primes common to both prime power factorizations each with a power equal
to the minimum power occurring in those two.

Proof: The greatest common divisor is a divisor of both and therefore the prime factorization of
the gecd can contain only primes that appear in both and those primes can only appear with at
most the minimum power appearing in both. The greatest common divisor will then be obtained
by choosing as many primes as possible with the minimum power appearing. QED

Example: If ¢ =22 - 7% 11 and b = 22 - 75 - 132 then ged (a,b) = 22 - 7%

Theorem: The least common multiple of two integers equals the integer whose prime power
factorization contains primes occurring in either prime power factorization each with a power
equal to the maximum power occurring in those two.

Proof: The least common multiple is a multiple of both and therefore the prime factorization of
the lem must contain all the primes that appear in both and those primes must appear with at
least the minimum power appearing in each. The least common multiple will then be obtained
by choosing as few primes as possible with the maximum power appearing. QED
Example: If ¢ =23 .74 .11 and b = 22 - 75 - 132 then ged (a,b) = 23 - 7° - 11 - 132,

Theorem: For integers a, b not both zero we have ab = ged (a, b)lem (a, b).
Proof: This follows from the previous two theorems since for each prime the sum of the powers
equals the maximum plus the minimum. QED

Theorem: Suppose ni,ne € Z with ged (n1,n2) = 1. Suppose d | niny. Then d = didy with
ged (di,d2) =1 and dy | np and ds | no.

Outline of Proof: For the first part: If a prime power p® occurs in d then it occurs in nins to
the same power or higher. Since n; and ns are relatively prime we put p® in d; iff p occurs in 1y
and in ds iff p occurs in no. QED
Note: This is not true without the relative primality. For example if n; = 10 and ny = 4 and
d = 20 then d | ning but there is no way to allocate the primes in 20 into those in n; and those
in ns.



