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1 Introduction and Computation Note

Some of the calculations in this chapter are fairly intense. I did some of the
really bad ones in Python with the clifford package. In those cases I've noted
this. Some I did by hand for practice.

2 Scalars, Vectors, Bivectors, Trivectors

2.1 Scalars

Definition 2.1.1. A scalar in R" can be thought of as a zero-dimensional entity
projecting in zero directions out from the origin. Scalars are said to have grade
0. The set of scalars is denoted and defined by:

AR™ = span {c|c € R}
O

Note 2.1.1. It may seem weird to write “span” here when the result is just R
itself but go with it for now.

O
Note 2.1.2. We could also just write:
A'R™ = span {1}
However for now leave the definition as above.
O

2.2 Vectors

Definition 2.2.1. A vector in R" can be thought of as a one-dimensional entity
projecting out in one direction out from the origin. Vectors are said to have
grade 1. The set of vectors is denoted and defined by:

A'R™ = span {a]a € R"}
U

Note 2.2.1. It may seem weird to write “span” here when the result is just R™
itself but go with it for now.

O
Note that in R™ we have the standard basis:
{e1,...,en}

and all vectors may be written as linear combinations of those.



Note 2.2.2. Given this, we could also just write:
A'R™ = span {eq, ...en }

However for now leave the definition as above.

2.3 Bivectors and the Wedge Product of Two Vectors

To create our newest addition we introduce a new way of combining vectors.

Definition 2.3.1. Given two vectors a and b we define the outer product (ex-
terior product, wedge product) a A'b as the oriented parallelogram with sides a
and b.

O

By “oriented” the implication is that if we follow a first and create a loop around
the parallelogram we get an orientation. Thus b A a would have the opposite
orientation.

Example 2.1. If a = 5e; + 2e3 and b = 3e; + 6es then the following two
pictures illustrate aAb and bAa. Note the orientations given by the circulating
arrows.
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O

We adopt the convention that reversing the orientation negates the parallelo-
gram and consequently b Aa = —(a A b). It follows from this that aAa =0,
which makes sense because no parallelogram (or a degenerate parallelogram) is
created.

Definition 2.3.2. We define a bivector to be any linear combination of such
outer products (oriented parallelograms). More formally a bivector in R™ for
n > 2 is any element in the set:

AZR™ :span{a/\b’a,b ER”}

Bivectors are said to have grade 2.



O

Note 2.3.1. Now the use of the word “span” seems to be relevant since we can
take linear combinations of oriented parallelograms. These linear combinations
should for now just be taken to be symbolic, don’t think about what it might
mean to “add” two parallelograms.

O
Note 2.3.2. We currently have no analogy in order to write:
A?R™ = span {777}
We will, though.
O

Note 2.3.3. Just to emphasize, it’s tempting to think that it’s only expressions
of the form a A b which are bivectors but it’s not just those, it’s all linear
combinations of those!

O
Example 2.2. An example of a bivector in R? (with helpful parentheses) is:

10 [(261) A (e1 + 282)} + 7 [(282 + 263) AN (461 - 83)}

O

2.4 Trivectors and the Wedge Product of Three Vectors

Definition 2.4.1. Given three vectors a, b and ¢ we define the outer product
(exterior product, wedge product) a A'b A ¢ as the oriented parallelepipid with
sides a, b and c.

O

By “oriented” the implication is that if we take the orientation of a A b and
apply the right hand rule, if c agrees we get an orientation. If it disagrees we
get the opposite orientation.

e
c
b
Definition 2.4.2. We define a trivector to be any linear combination of such

triple outer products (oriented parallelepipids). More formally a trivector in R™
for n > 3 is any element in the set:

A’R"™ = span{aAbAc

a,b,cER"}



Trivectors are said to have grade 3.
O

Note 2.4.1. Again the use of the word “span” is relevant here since a trivecor
can be any linear combination of oriented parallelepipid.

0

Note 2.4.2. Again we currently have no analogy in order to write:
ASR™ = span {777}
We will, though.
O

Example 2.3. An example of a trivector in R? (with helpful parentheses) is:

5 [(—161 + 62) A (e2) AN (361 + 293)} -7 [(62 - 263) A (562) A (261 + 63)]

2.5 Highervectors?

We can go further, but we won’t. We’ll stop at trivectors.

2.6 Multivectors

We abstract even further to allow sums of various of the former.

Definition 2.6.1. A multivector is defined as an abstract linear combination
of scalars, vectors, bivectors and (in R3) trivectors. In other words:

AR? = LC of scalars, vectors, and bivectors

AR? = LC of scalars, vectors, bivectors, and trivectors

Example 2.4. Here are some examples:
(a) A =2+ ais a multivector in AR? and in AR3.
(b) B =3+ 3e; + (e2 A 3es) is a multivector in AR? and in AR3.

(c) C =2+a+3b+ (aAb)is a multivector in AR? and in AR? where a and
b are any vectors.

(d) D =4vy +3va Avsg +va Avs +2ve A vy A vg is a multivector in AR? but
not in AR? because it contains a trivector.

O



2.7 The Inner Product

Definition 2.7.1. Given two vectors a and b we define the inner product (scalar
product, dot product):
a-b = |a||b|cosf

The inner product produces a scalar thereby dropping us from vectors down to
scalars.

O

Exercise 2.1. Suppose a and b have lengths 7 and 10 respectively and meet
at angle of 7/3. Find their inner product.

O

Theorem 2.7.1. If a = a1e1 + ases + azesz and b = byey + bses + bzeg then:
a-b =a1b; + azb2 + azbs

Proof. From the Law of Cosines we have:

|b —a|* = |a|® + |b|* — 2|a]|b| cos §
(b1 —a1)* + (by —a2)* + (b3 —a3z)* = a? + a3 + a3 + b2 +b3+b2—2a-b

The result follows after cancellation. O

Practical Calculation 0.1. If you are given a and b, to calculate a - b write
a and b as linear combinations of e; and apply the above theorem. The result
will be a scalar.

O
Example 2.5. If a = 2e; + 3e; and b = 5e; — leg + 17e3 then:

a-b=(2)(5+G)(-1)+(0)017) =7

O

Definition 2.7.2. We say that two nonzero vectors a and b are perpendicular
if the angle between them is 7/2, which is equivalent to saying that a-b = 0.

O

2.8 The Outer Product a A b Revisited

For vectors a and b we defined the outer product a A b as the oriented paral-
lelogram with sides a and b. What we will do next is introduce some axioms
which make geometric sense but have possibly unexpected consequences.



Axiom 2.8.1. We insist on the following axioms. For each we have noted what
these mean geometrically. Consider that they make geometric sense.

(a) an(btc)=(aAb)t(aAc)
The meaning of the + version is that the sum of the two parallelograms
which meet along the edge a equals the resulting large parallelogram.

(b) (btc)ra=(bAa)Et(cAa)
The meaning is the same as the above.

(c) a(anb)=(aa) Ab=aA (ab)
The meaning is that scaling an entire parallelogram by « is equivalent to
scaling just one side by a.

(d) bAa=—(aAb)
The meaning is that switching the order of the sides of the parallelogram
reverses the orientation.
Note that from (d) we get the special case a A a = 0 for any a.

O

Here is a picture which illustrates the geometric meaning of the addition version
of (a) in that the large parallelogram with sides a and b + ¢ equals the sum of
the small parallelograms with sides a and b for the left one and sides a and ¢
for the right one.

o

b

As a consequence of these axioms it turns out that all outer products of vec-
tors may be rewritten as linear combinations of various outer products of basis
vectors, specifically of outer products of the form e; A e; for i < j.

Practical Calculation 0.2. To calculate the outer product of two vectors use
these axioms and organize the result as a linear combation of various outer
products of basis vectors.

O



Example 2.6. If a = 5e; + 2e5 and b = le; + 4e; then

aAb=(5e1 +2e2) A (leg + 4de2)

((581 + 262) A (161)) + ((581 + 262) A (462))

5(e1 Ae1)+2(ex Aey) +20(e1 Aez) + 8(ex Aea)
5

1

(0) — 2(61 A\ ez) —+ 20(81 A\ ez) + 8(0)
8(81 A\ 62)

O

Consider that this example states that the oriented parallelogram formed by a
and b equals 18 oriented squares.

6 1 6
4 4
o — 18x
2 2
o
2 4 6 2 4 6

Example 2.7. If a = 2e; — 3e; +4e3 and b = e; — Tep then

aAb=(2e; —3ex +4e3) A (e1 — Tea)
=2e1 ANey —14de1 ANegy — 3ex ANep + 12e3 N ey +4e3 Aep — 28ex Aeg
=2(0) — 13e1 N ez + 3e1 ANea + 12(0) — 4eq A ez — 28(0)
= —10e; Neg —4e1 Nes

O
Exercise 2.2. Let a = 2e; +3e2 and b = 6e; — 7e,. Calculate aAb and bAa.
O

Exercise 2.3. Let a = 2e; + 3ex + 8ez and b = —Te; — 3e3 — 2e3. Calculate
aAband bAa.

O

It’s evident as mentioned earlier that every outer product of two vectors gener-
ates a linear combination of various e; A e;.

However we can be more formal and note:



Theorem 2.8.1. In R? the outer product of any two vectors equals a multiple
of e; A ea. More specifically if a = aje1 + asez and b = bje; + boes and if 6 is
the angle from a to b then

aAb = |al]|b|sinf(er A ez)

Since |a||b|sin@ is the area of the parallelogram that a and b create, this the-
orem basically states that in R? each parallelogram equals the number of unit
squares equal to its area.

Proof. We have:

aAb=(ajer + azez) A (bie1 + baea)

arbi(e1 Aey) +arba(er Aea) + azbi(ea Aey) + azba(ez Aeg)
a1b1(0) + +a1b2(e1 A ez) + asbi(—(e1 A ez) + azba(0)

(a1b2 — agby)(e1 Aea)

ay az
by b
= |a||b|sinf(e1 A e2)

(e1 A ez)

O
From this we get:
Corollary 2.8.1. In R? every bivector is simply a multiple of e; A es.
Proof. Apply the above theorem and then combine. O

And:

Theorem 2.8.2. In R3 the outer product of any two vectors equals a linear
combination of e; A ea, ez A ez, and e; A eg. More specifically if a = a;e1 +
ases + aszesz and b = bieq + boes + bzes then

aAiN b = (a1b2 — agbl)(el A ez) + (a2b3 — agbg)(ez A\ 63) + (a1b3 — agbl)(el A 63)

ap a2

b1 be

ag as
by b

a; as
b1 b3

(e1 Neg) + (e2 Nes) + (e1 Nes)

Warning: This looks a bit like a cross product, and is related to a cross product,
but isn’t a cross product because it’s not producing a vector!

From this we get:
Corollary 2.8.2. In R? every bivector is simply a linear combination of e; Aez,

ez Neg, and e; A es.

Proof. Apply the above theorem and then combine. O



Example 2.8. For the vectors:

a = 2e; + 3eq + 4es
b = 761 + 182 +593

We have:
2 3 3 4 2 4
a/\b=’ 71 (el/\e2)+‘ 1 5 (ez/\63)+‘ 7 5 (61/\63)
= —19(61 A 62) + 11(82 A 63) - 18(81 AN 83)
O
Theorem 2.8.3. As a result of the above we have:
A’R? = span {e1 A ez}
A’R? = span {e1 Nez,ex Neg,e; Nesg}
O

2.9 The Outer Product a A b A ¢ Revisited

For vectors a, b and ¢ we defined the outer product a A b A ¢ as the oriented
parallelepipid with sides a, b and c. What we will do next is introduce some
axioms which make geometric sense but have unexpected consequences. These
axioms are similar to those for the outer product of two vectors so we’ve been
less verbose.

Axiom 2.9.1. We insist on the following axioms.
(a) The outer product distributes over addition and subtraction.
(b) Multiplication by a scalar is associative.

(¢) Interchanging two adjacent terms negates the outer product of three vectors,
for example aAbAc=—-aAcAb.

O

Invoking the same axioms above we extend the triple outer product to arbitrary
vectors and we get the following in R3.

Theorem 2.9.1. In R3 the outer product of any three vectors equals a multiple
of e; Aea Aeg. More formally if a = aye1+ases+aszes and b = bie; +boes+bses
and ¢ = cye; + cgpes + c3eg then

a1 a2 as
aAbAc=| b by by |(e1ANezxNes)
i C2 C3

10



Proof. Omitted. O

Practical Calculation 0.3. Given vectors a, b and c, to calculate a Ab A c
write a, b and c as linear combination of e; and apply the above axioms. The
result will be a linear combination of various e; A ej A ex.

O

Exercise 2.4. If a = 3e3; — 2e5 + Oez, b = le; + 2e5 + 4es, and ¢ = 6ey —
les + 7es calculate all possible triple outer products.
Hint: Up to interchange/sign how many are there?

Theorem 2.9.2. As a result of the above we have:

APR? = span {e; Aez Aes}

3 The Geometric Product

Definition 3.0.1. We define the geometric product of multivectors as follows:

(a) For any set of distinct basis vectors the geometric product equals the outer
product.

eje; =1
eje; = —e;e;j
The geometric product is associative.
The geometric product distributes over addition and subtraction.
d

Example 3.1. Here are some simple examples of how these play out in appli-
cation:

e; ANeg and ejezez = e A es Aes.

(a) We have ejeq
(

b) We have eje; = 1.

(¢c) We have ege; = —ejes.

(d) We have ejezeies = eq(ezer)es = —eq(ejez)es = —eqes.
)

(e We have (381 + 262)(461 — 563) = 12e1e1 — 15eq1eq + 8eze; — 10eqe3 =
12 — 128192 — 109163.

11



O

Before doing a few more examples, note that the rules of the geometric prod-
uct allow us to rewrite all multivectors and products of multivectors as linear
combinations of geometric products of basis vectors.

In other words, comprehensively we have:

AR? = span{1}
A'R? = span{es,es}
A’R? = span{ejes}

And we have:

AR? = span{1}
A'R? = span{e;, ez, es}
AZR3 = span{ejez, ezes, ejez}

APR? = span{e;eqzes}

Here is an example with two vectors:
Example 3.2. If a = 2e; — 3e; + 4e3 and b = e; — Teg then
aAb=(2e; —3ex +4e3) A (e1 — Tez)
:261/\61 - 1461/\62 73e2/\e1+21e2/\e2+4e3/\e1 72863/\62
= 2(0) - 1481 Neg + 381 Neg + 21(0) — 461 A es + 2862 AN €3

= —1llejes + 28eze3 — 4ejeg
Here is an example with a vector and a bivector:
Example 3.3. Suppose A = 2e; + ez and B = 3e1ez — Heges then:

AB = (281 + 93)(36162 - 56263)
= 6616162 — 10616263 + 3836162 — 5936263
= 6egy — 10e1ezes + 3ejezez + Heq

= 1162 — 7619283

Here is an example with two multivectors:

12



Example 3.4. If A=2+3e; + ejez and B =4+ e; — 2e5 then:

AB = (2+ 3e1 +ejez)(4 +e1 — 2e2)
=2(4+e1 —2e2)+3e1(4+e1 —2e2) +erezx(d+ e —2e2)
=8+ 2e; — 4eq + 12e1 + 3e1e1 — beres + 4de1ez + e1exe1 — 2e1ez€e5
=8+ 2e; —4des + 12e1 + 3 — 6ejes + dejex — e — 2eq
=8+ 12e; — beg — 2eqe2

O

Here is an example where we have to do a lot more initial work. We are given
bivectors A and B and we have to rewrite them first:

Example 3.5. Suppose A = (2e1 + 3e2) A (e2 —eg) and B = 4eq A (e2 + 2e3).
Before proceeding with any calculations we write:

A:2e1/\e2 —261/\93+3€2/\€2 —362/\63
= 26162 — 26193 + 3(0) — 36283
= 26162 — 26163 — 36263

= 26182 — 36283 — 26183

And we write:

B =4e1 Nes + 8eq1 Aes

= 48162 + 881@3

Then for example we can do AB easily:

AB = (2e1e2 — 3eze3z — 2e1e3)(4dejea + 8eqes)
= 2e1ez(4erez + 8ejes) — 3exez(deres + 8eres) — 2eres(4deren + 8eqes)
= 8ejezejes + 16ejexe1e3 — 12exe3e1e0 — 24exeze1e3 — 8ejegejes — 16ejeszeres
= —8 — 16eze3 — 12eze; — 24ejeq — 8ezeg — 16
= —24 — 24e1es — 24eqe3 + 12e1e3

O
Exercise 3.1. Let A =4+ ejez and B = 3e; + e5. Calculate AB and BA.
O

Exercise 3.2. Let A = 4—1ez+2e1ex+3e1e3 and B = 5+3e; +ezez+ejeqes.
Calculate AB and BA.

O

We also get the following theorem:

13



Theorem 3.0.1. For vectors a, b we have:
ab=a-b+aAb
Proof. If we have:

n n
a= g a;e; and b = E Biei
i=1 i=1

Then we have:

a-b+aAb= En:azﬂi + (iaiei> A (iﬂi&)
i=1 i=1

i=1

n
= Zazﬂl + Zalﬂjei A €;j
i=1 i

n
= Zalﬂ1 + Zaiﬂjei Nej+ Zaiﬂjei N €5
=1 i=j i#£]

=Y B+ Y aiBi(0) + > aiBjeie;
i=1 i

i#j
n
= E aiﬂieieﬁg aifjeie;
i=1 i#j
= aifjese;
irj

[3e) (50}

=ab

O
From this theorem we can then also define the inner and outer products in terms
of the geometric product.
Theorem 3.0.2. For vectors a and b we have:
(a) a-b=1(ab+ba)
(b) aAb = i(ab —ba)

Proof. This follows immediately from:
(a) ab=a-b+aAb
(b) ba=b-a+bAa=a-b—aAb

14



We also get:

Theorem 3.0.3. For a vector v we have vv = v - v.

Proof. Since v A v =0 the result follows. O

4 Additional Definitions

4.1 Grade Extraction from a Multivector

Definition 4.1.1. For a multivector A and for k € Z we use the notation (A),
to denote the extraction of the k-vector from A. If k < 0 the result will be 0.

(]
Example 4.1. If A =2+ 3e; — les + 5ejex + 3er1e3 + 7Tereqes then:
(a) (A)g=2
(b) (A), =3e1 — leg
(c) (A), = berez + 3eres
(d) (A); =Teiezes
(6) (A), = (A)y = .. =0
(f) (A=) =-.=0
U
4.2 Blades

Definition 4.2.1. A k-blade B is the outer product of k vectors. Here k may
be 0 (a scalar) and 1 (a single vector) as well.

O
Example 4.2. The following are blades:
(a) aAbAcisa 3-blade.
(b) ere2 = e1 Aeq is a 2-blade.
(c) ais a 1-blade.
(d) 7 is a 0-blade.

It’s not clear that all bivectors are blades. For example in R? clearly a single
outer product of two vectors is a 2-blade but is the sum of two or more outer
products of two vectors a 2-blade?

15



O

Given vy, ..., vk with v; € R™ the k-blade B = vy A ... A vk will be thought of
as representing the subspace: span {vy, ..., vi}.

Example 4.3. In R3 the blade e;e; = e; Aeg will be thought of as representing
the k-dimensional subspace: span {e1,ex}, essentially meaning the zy-plane.

O

Keep in mind that the blade is not equal to the subspace but rather that it will
be thought of as representing it. The reason for packaging the vectors together
in an outer product rather than just as a set is that it creates a single entity.

Note that any given subspace is represented by many different blades.

Example 4.4. In R? the two blades B; = e; Aes and By = (e; +e2)A(eg —ez)
represent the same suspace of R?, that being the set span{e;,ez}.

O
Theorem 4.2.1. In R2 and R3 all bivectors are 2-blades.

Take a moment to appreciate what this theorem states, primarily in R3. It
states that any linear combination of outer products of two vectors equals a
single outer product of two vectors. This will be extremely useful when we are
proving things about bivectors.

Proof. In R? observe that all bivectors have the form \ejes for A € R and note
that:
)\elez = )\(el AN ez) = ()\el) N eg

and we’re done.
In R? we know every bivector has the form ae;es+Bezes+veies for a, 3,7 € R.

If 3 =~ = 0 then we're done. Otherwise 32 + 72 # 0 and observe that if we
assign:
1
a—=— ——
62 +72
b = —vye; — ez + Oes

(—aBer + aves + (8% +7%)es)
Then we have:

1
aAb= ﬁ(faﬁel + aveg + (62 + ’)’2)63) A (—ye1 — Beg + Oes)

=i [(aB? + ay?)eres + (B(B* +7%))ezes + (7(B° + +7))eres]

= aejez + Peze3 + yeies

16



Note that it’s fairly clear from the nature of the proof that there are multiple
ways to choose/construct a and b.

The fact that the bivector is a 2-blade follows immediately from the definition
of a 2-blade.

O
In friendlier terms in R? bivectors are the same as parallelograms and every
linear combination of parallelograms equals a parallelogram.

This is computationally important because it allows us to use the term bivector
and the expression a A b interchangeably. We will do this constantly.

Exercise 4.1. Write the bivector B = 2e;jes + Heses as a 2-blade.

O
Exercise 4.2. Write the bivector B = 2e,e3 + Sesez — 3ege; as a 2-blade.

O

Note: R? is the highest dimension in which this is true. For example in R* the
bivector ejes + eges cannot be written as a blade. This is not obvious.

4.3 Norm

Definition 4.3.1. The norm of a multivector A is defined as the square root
of the sum of the squares of the coefficients of the basis k-vectors making up
A. This corresponds with the regular definition of the norm when we look at
vectors, and the absolute value when we look at scalars.

O
Example 4.5. If A =2+ 3e; + 4e3 — Hejeq then:
|A| = V4+9+16+25 = V54
O

If a multivector is not written this way then we must expand it first.

4.4 Reversion

Computation using multivectors (specifically blades) is something we will be
doing. It is made easier by the introduction of a concept called reversion. Re-
version essentially plays an analogous role to conjugation.

Definition 4.4.1. We define reversion, denoted by  (sometimes by ~), by the
following rules:

(a) For a scalar a we put af =«

17



(b) For a vector a we put al = a
(c) For multivectors A, B we put (AB)! = BT AT
(d) For multivectors A, B we put (A + B)" = AT + Bt
(]

Note 4.4.1. Note that for a bivector B we have B = —B because a bivector
is a sum of eje; and that sum will be negated.

Practical Calculation 0.4. To calculate AT use the formulas above. These
formulas cannot inherently manage outer products so we must rewrite first.

O

Example 4.6. For vectors a, b and ¢ we have:

(ab+c)l = (ab)T +cf =ba+c

O
Example 4.7. Consider B = 2e; A (ez + 6e3). We rewrite the original B as
B = 2eje3 + 12e;e3 and then:
Bl = (2e1e2)! + (12e1e3)!
= 26261 + 126361

= —28192 — 129163

O
Exercise 4.3. Find the reversion of each of the following:
(a) abc+ b+ ac
(b) bejezes — 2ejeq
(c) 5ex A (e1 + Geg)
O

4.5 Connection Between Norm and Reversion
Reversion plays a similar role to conjugation in the following sense:
Theorem 4.5.1. For any multivector A we have:

<AAT>0 = |AP?

Proof. If we write A as a linear combination of geometric products of basis
vectors then A reverses the order of those gometric products. When we multiply
AAT the only constant terms emerging from the products will emerge from the
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multiplication of a summand in the multivector with its reversion, since all the
other multiplications will yield residual basis vectors. Those emerging constant
terms will be the squares of the coefficients and the sum of those is precisely
the square of the norm. O

Note 4.5.1. Note that if AAT is a scalar then we get AAT = |A|2. This appears
in two special cases we will need.

Theorem 4.5.2. For v € A'R™ we have:
vyl = |v|?
Proof. Observe that vv' is a scalar:
wi=vw=v-v
The result follows. O

Theorem 4.5.3. For B € A2R? we have:
BB' = |BJ?
Proof. Observe that BB' is a scalar. If we set:
B = aeje; + feges + veies
Then we have:
BB = — (cerez + fezes + vere3) (—aejez — Sezes — yeies)
= —a2e1e2e1e2 — 05661628263 — yejeqejes
— afiezezeies — 5292936233 — Byezeseres
— ayerezeres — Byerezeses — Y ejeseres
= o? — afere3 + ayezes
+ afees + 5% — Byerez
— ayezes + Byeres + 77
—a? 4 B2 +72

The result follows. O

4.6 Inversion

Definition 4.6.1. We say that a multivector A is invertible if there is some
multivector B with AB = BA = 1. We write A~! in place of B. In this case
the multivectors are the inverse of one another.

O
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Theorem 4.6.1. For a nonzero vector v we have:

-1_ vV
v
Proof. We have:
vv = |v|?
And so:
v
Vv —_— =
[v|?
The result follows. O
And:
Theorem 4.6.2. For a nonzero bivector B we have:
B
Bl=——+
|BJ?
Proof. From earlier we have:
BB' = |BJ?
However B = —B and hence:
B(-B) = |BJ?
And so: B
B _— =
(-7
The result follows. O

Example 4.8. Consider B = 2e; A (ez +6e3). We rewrite B = 2ejez+ 12e1e3
and then we have:

B
1BP
. 2e1es + 12eqe3
- ‘26182 + 12e1e3|
—26162 — 126163
@) + (12)?
726162 — 126183

B! =

148
d
Exercise 4.4. Find the inverse of each of the following multivectors:
(a) Serez
(b) (2e1 + 3ez2) A (—beq + 4des)
d
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4.7 Inner and Outer Products of Multivectors

We defined the geometric product of multivectors by extending the geometric
product of vectors which itself was based on the definition of the inner and outer
products of vectors.

What we will do now is use the geometric product of multivectors to define the
inner and outer products of multivectors.

Definition 4.7.1. If A is a j-multivector and B is a k-multivector then:
A-B=(AB),
ANB=(AB)

—=J
k+j
t

It’s critical to note that the dot product of two multivectors does not necessarily
yield a constant. Rather it is a grade-lowering operation. Similarly the outer
product is a grade-raising operation.

Practical Calculation 0.5. To calculate either of these use the definition.
O

Example 4.9. Consider a = Te; — Hez and B = 2e;je2 + 12eje3. Since a is a
j = l-vector and B is a k = 2 vector it follows that a- B is a 2 — 1 = 1-vector
and aA Bis a 2+ 1 = 3-vector. We have:
aB = (Te1 — bes)(2e1e2 + 12e1e3)
= 14616182 + 84816163 - 10636162 - 60636163
= 14e5 + 84e3 — 10ejezez + 60eq
= 6091 + 1492 + 8493 — 10916263

Hence we have:
a-B= <60e1 + 14eq5 + 84e3 — 10e192e3>1 = 60eq + 1l4es + 84e3

and

aNB= <6091 + 14eq5 + 84ez — 1091e2e3> = —10ejezes

3

O

Exercise 4.5. Given a = 2e; + 5ex and B = —4eze; + ejes, find aB, Ba,
a-B,aANB,B-a,and BAa.

d

First note that we must ensure that this is compatible with these products for
vectors as given initially.
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Theorem 4.7.1. If a = a1e1 + ases + azesz and b = byje; + baes + byes then:
<ab>0 = (llbl + CLQbQ + a3b3
(ab), = (a1by — asby)(erez) + (agbs — asba)(ezes) + (a1bs — asby)(e1es)
Proof. Observe that:

ab = (a1e1 + agez + azes)(bre1 + baea + bzes)
= a1b1 + arb2erez + arbse;es
— asbierez + azby + azbzezes
— asbieres — asbyeses + azbs
= a1b; + a2b3 + asbs

+ (a1ba — agbi)erez + (a2b3 — azba)ezes + (a1bz — asbi)eres

And the results follow immediately. O

There is one special case of this which will be useful as we proceed. Notice that
the following is different (the signs) from the case of two vectors.

Theorem 4.7.2. If a € A'R3 and B € A2R3 then:
1
a-B= §(aB—Ba)

1
aAB= §(aB+Ba)

Proof. We know that B = aejes + Seqzes +yege; for a, 3,7 € R. Observe that
for e; we have:

elB = el(ae1e2 + ,89283 + fyegel) = e + ,8618283 — ’}/83)

Be; = (aeiez + fezes + yeger)er = —aeq + fejezes + yes)

Then note: 1
g(elB — Bey) = aer — ez = <elB>1 =e; B

and: 1
§(elB + Bel) = 5616283 = <91B>3 =e1 N\ B

Similar results hold for es and ez, work omitted. Then for a general vector
a = ajey + ases + azes we have:

aB = (a1e1 + azez + azes)B = aje1 B + asea B + azez B
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and then:
a-B = (aB),
= <a1elB + a2e2B + a3e3B>1
a1 (e1B), + az (e2B), + a1 (esB),

1 1 1
= ali(elB — Bel) + 0,25(623 — Bez) + CL3§(€3B — Be3)

1
=3 ((are1 + ages + ases)B — B(ajey + azea + ases))
1

i(aB — Ba)
And similarly for a A B. O

Corollary 4.7.1. Tt follows immediately (by adding the two) that for a vector
a and a bivector B that we have:

aB=a-B+aAB

Exercise 4.6. Show the similar results for es and es.

4.8 Dual of a Multivector
Definition 4.8.1. Given a multivector A we define the dual of A, denoted A*,

as:
A* = AT
where I = ejez so I7! = egeq in R? and I = ejeqeg so I = egeqe; in R3.
O
Example 4.10. For example in R? if A = a;eq + asey then
A" = (a1e1 + azez)eser = aser — ajes
O
Exercise 4.7. Find the duals of the following multivectors.
(a) 2ege; + 8ejeq
(b) 3+ e1+ ez +ejez —ezes + 3ejeqes
(¢) (3e1 +2e3) A (—eq + Ges)
O

It’s tempting to believe that the dual of a dual yields the original multivector
but this is in fact not the case. Rather there are some sign issues that arise. We
will only need this case:
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Theorem 4.8.1. In R? for any multivector A we have (A*)* = —A.

Proof. Observe that for a given A we simply write down the calculation and
switch and cancel the various e;:

(A*)" = (Aegezeq)ezeze; = (A(—ereze3))egere; = —A

O

The primary use of the dual is in referring to perpendicular subspaces. We have
the following;:

Theorem 4.8.2. If B is a blade representing a subspace U of R™ then B*
represents the perpendicular complement U+ of the subspace.

Proof. Omit. O

Rather than giving the proof of this in general, we’ll give two specific cases
which will be useful to us.

Here’s the case for a bivector.

Theorem 4.8.3. In R3 the dual of a bivector (a A b)* represents the subspace
perpendicular to the plane spanned by a and b. More explicitly we have:

(aAb)*=axb

Proof. This is simply calculation. We have:

(anb)” = H Cgi Zz (e1 Nez)+ ‘ abz Zi (e2 Nes) + (Zz Cgi (es /\91)]*
= H ?)1 Zz erey + ‘ Zz Z; ezes + Zz Zi esel] (esezer)
— ‘ Zi ZZ ei1ezezeqe; + ‘ Zz Zz exezezeqe; + ‘ (Zi (gi
A R g RN
=axb
O
The following corollary will be critical when we discuss rotations.
Corollary 4.8.1. We have:
(axb)"=((anb))"=—(aAb)
Proof. Immediate. O
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Theorem 4.8.4. In R3 the dual of a vector v* represents the perpendicular
subspace v*. In other when v* is written in the form a A b then all vectors in
span{a, b} are perpendicular to v.

Proof. First observe that if v = vie; + voes + vzes then:
v* = (viey + voez + vzes)egeze

= —Uzeiez — vjeze3 — U2€e3€;

Now then we can rewrite this in the form a A b using a previous theorem and
using:

1
2 2
a= 5—— (—1}1’[}381 — vovzeq + (v] + v2)e3)
vy + v3
b = —vg€1 + V1€ + 093

Since a-v = b-v = 0 (just straight calculation), both a and b are perpendicular
to v and thus so is every linear combination of a and b.

Our specific decomposition of v* doesn’t matter since by the lemma above any
other ¢ A d represents the same subspace. Thus the proof is complete.

O
The following will be useful in the section on projection and rejection later.
Theorem 4.8.5. If B is a bivector then BB* = B*B.
Proof. This is just brute force. O
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5 Computation in 3D

5.1 Summary of Previous

For organizational purposes here is a list of the critical essentials from the ad-
ditional definitions which we will need going forward.

(a) For a multivector A the norm |A| is the square root of the sum of the
coeflicients of the basis k-vectors.

For a vector v we have v = Y5

1 v
[v[**

__B
|BJ*

)

c) For a bivector B we have B~! =
) For a multivector A we have (A), extracting the k-vector from A.
)

For a j-vector A and k-vector B we define A-b = (AB), ; and ANB =
(AB). ;-

For a vector a and a bivector B we have a- B = 1(aB — Ba).
(g) For a vector a and a bivector B we have aA B = 1(aB + Ba).
(h
(i

)

)

) For a vector a and a bivector B we have aB =a-B+aA B.

)
(j) In R3 for a multivector A we have (A4*)* = —A.

)

)

)

In R3 the dual of a multivector A is defined by A* = Aegesey.

(k
1

(m

If a blade B represents a subspace V of R” then B* represents V.
In R?® we have (aAb)* = ax b and hence (axb)* = ((aAb)*)" = —anb.
If B is a bivector then BB* = B*B.
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5.2 Projection and Rejection
The formula for the projection of a onto b is familiar from calculus:
a-b

Proja=——>b
rojpa b

Notice that this can be rewritten in the language of geometric algebra:

a-b b
P 1 = — = . —_— = . -1
roj,a b-bb a b<b2> (a-b)b

In addition to that (and not so familiar) is the rejection, which is the part of a
which is perpendicular to b. If this is ever needed in calculus we typically do:

a-b
Rejja=a— ——b
ejpa =a 5T

This could be done more elegantly by taking the subspace of R? which is per-
pendicular to b and projecting to that, but calculus doesn’t make this compu-
tationally easy. Geometric algebra does, however.

We know that:

a-b=ab—-aAb

Hence:

Rej,a=a—(a-b)b~!
—a—(ab—aAb)b!
=a—abb '+ (aAb)b!
=(aAb)b!

That’s pretty cool. Now we’ll see that a similar thing happens for other projec-
tions and rejections.

Lemma 5.2.1. Let a be a vector and B be a 2-blade. Let Projgza be the pro-
jection of a onto the subspace represented by B and let Rejga be the rejection
of a relative to the subspace represented by B. Then:

(Projga) AB=0
(Rejga)-B=0

27



Proof. For the first, note that the projection is in the subspace represented by
B and thus (Projga) A B creates a parallelepipid with volume 0, hence equals
0.

For the second, note that since Rejga is perpendicular to B it represents the
dual (Rejga)* and thus Rejga = aB* for some o € R. Then observe that:

(Rejpa)B = aB*B = aBB* = BaB* = B(Rejga)

From here we get:

(Rejpa) - B = 5 ((Rejpa) B — B(Rejpa)) =0

|~

O

Theorem 5.2.1. Let a be a vector and B be a 2-blade then the projection and
rejection of a in relation to the subspace represented by B are:

Projza = (a- B)B~! which we know = (aB), B!
Rejga = (aA B)B~! which we know = (aB), B~*

Proof. We have:

(Projga) B = (Projga) - B + (Projga) A B
= (Projga) - B+0
= (Projga) - B+ (Rejga) - B
= (Projga+ Rejga)- B

The second equation is similar. O

Exercise 5.1. Prove the second equation.
O

Practical Calculation 0.6. To use this formula just dig in and do the calcu-
lations.

O

Example 5.1. Suppose we wish to project the vector a = Te; — 5es onto the
subspace represented by the blade B = 2e; A (es + 6e3). The result is:

Projga = (a- B)B~!
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We’ll work this out bit by bit. Note:
B = 261 AN (e2 + 683) = 28162 + 126163

First, noting that a is a 1-vector and B is a 2-blade, the inner product extracts
the 2 — 1 = 1-grade.
a-B=(Te1 —be3) - (2e1e2 + 12e;€3)
<(7e1 —bes)(2erez + 12e1e3)>1
<14e1e1e2 + 84e1e1e3 — 10eze ez — 60e3e1e3>1
= (14ez + 84e3 — 10erezes + 60e1>
= 60e; + 14e5 + 84e3

Second:
B
B l=——_
|B?
o 28182 + 128163
|26192 + 129163|2
N —28182 — 128193
- 148
Then:

728162 — 126163 )

ProjBa = (6061 + 1462 + 8463) < 148

1
(6061 + 1462 + 8463)(726162 — 126163)

T 148
= 1f48(7120616162 — 720619163 — 28626162 — 168826163 — 168638162 — 1008638163)
1
148( 120e2 — 720e3 + 28e; + 168eje2e3 — 168e;eze3 + 1008eq)
1
148 (103681 12082 — 72083)
1
25991 — 3092 — 18093
~ 37

It’s worth noting that this can be done fairly quickly in R?. Notice how the
vectors in the following correspond to the data given above. The subspace B
has orthogonal basis {[2;0;0],[0;1; 6]} and so the projection of [7;0; —5] onto B
can be found by adding the projections onto the basis vectors. We have:

Pr0j9,0,0[7; 0; =5] = [7; 0; 0]
30

Projjo,1,6 (75 0; —5] = 37[

0; 1; 6]
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Thus the overall projection is:

30 1
-0:0] — ==70:1:6] = —[259: —30: —1
[7:0:0] — 5-[051:6] = 5-[259; —30; ~ 180]
You might wonder what is gained in the geometric algebra way. The answer is
that it doesn’t care if we have an orthogonal basis and it’s formulaic in all cases.

O

Example 5.2. Note that for the previous example to do the rejection we've
done most of the work already. Instead of a- B we find a A B but this just
involves extracting the grade 3 component (aB), and multiplying by B~

—2 —12 30 5
(—10616283) ( 162 61e3>

143 T 3792 T 37

Note that the projection and the rejection add up to a, which makes sense.
O

Exercise 5.2. Find the projection and rejection of a = 2e; — 3eq + 5eg relative
to the subspace span {4e; + les — les, 2e1 + 2e3}.

O

Exercise 5.3. Show that if a is perpendicular to the subspace represented by
B then Projga=0

O

Exercise 5.4. Show that if a is parallel to (inside) the subspace represented
by B then Rejga =10

O

5.3 Reflection

Theorem 5.3.1. Given a vector v and a 2-blade B the result of reflecting v in
the subspace represented by B is:

v —BvB~!
Proof. To see that this does the required job, we decompose v into two parts:

v=(v-B)B'+(vAB)B™!

Projpv Rejpv
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A reflection should negate the second part and leave the first part alone. Thus:
Reflpv = (v-B)B™' — (vAB)B™*
=(v-B-vAB)B™!

= (;( B — Bv) — %(VB + Bv)) B!
= (-Bv)B™*
= -BvB™!

O

Example 5.3. Suppose we wish to reflect the vector v. = 2e; + 5es + Tes in
the subspace spanned by e; — es and e; + 3e3. We set:

B = (e1 — 62) A (e1 + 393) = ej€ez — 38293 — 38391

‘We note:

B_l o B - €ejey — 39263 — 39361 - —eje2 + 39263 + 39381
‘B‘Q |ele2 - 36283 - 36381‘2 19

Then we calculate:

Reflpv = —BvB~!

—ejez + 36391 + 36263

= —(9162 — 39263 — 39361)(281 + 562 + 783) ( 19

= ...Python...

1
—Tg(—46€1 + 1162 + 16163)
46 11 161

= Tgel - 562 + Ee3

O

Exercise 5.5. Find the result of reflecting the vector —4e; + 2e3 — 7es in the
subspace spanned by 3e; + ez + ez and e; — 2es.

O

Exercise 5.6. Show mathematically that if a is perpendicular to the subspace
represented by B then the reflection formula just yields —a as expected.

O

5.4 Rotation

Before diving into rotations, let’s define the exponential of a multivector. This
is not technically necessary for what follows but it brings back some familiar
notation.
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Definition 5.4.1. For any multivector A we can define the exponential of the

multivector
o0 An
exp(4) = E nl

n=0
O

It turns out that this converges for all multivectors A and moreover for a unit
bivector B we have:

exp(0B) = cos ) 4+ Bsin 6

Now then, in order to see how rotations are constructed recall from previous
chapters that if we take two planes which intersect in a line and if we reflect
first in one and then in the other, the result is a rotation around the intersecting
lines. Not just that, but any rotation around the axis may be constructed using
two such reflections.

So now suppose we're given a unit axis T that we wish to rotate around and an
angle 6 according to the right hand rule.

Let m and n be any two unit vectors perpendicular to & and with an angle of
0/2 between them as measured from m to @i according to the right hand rule
with respect to . In other words ¥ = a(rh x 1) for some a > 0.

Noting that ma | ¥ and i L ¥, consider now the two planes:

MAFfF=mAFf+0=mAT+m -f=mrt
and
AANT=DAT+0=DAF+0D-T=nfF
Note that m and f are in these two planes, they are not the normal vectors for
these two planes!

It’s clear that reflection in ¥ followed by reflection in fi # performs the desired
rotation. Since these are both bivectors we can use the previous section to
calculate this.

Before the calculation, note the following:

(i)™ =im
(a#)~' =fn

and
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mfr
Now we calculate:

a— r
— (D F)(
— (AF)(
— (AF)(
— nma
— (rh)

Now then, im can be thought of as packaging together both the plane of

rotation and the angle of rotation. Technically it’s called a rotor.

In other words we can think of rotating a plane (and all parallel planes) by
assigning that plane using a geometric product of two vectors which span the

plane and meet at an angle of 6/2.

Moreover if we choose any unit bivector/blade B (with area 1) which spans the
same plane as m and f and has the same orientation as m A i then by the

lemma earlier we have

0\ =
m A i = |im||fsin <2> B

From there since |th| = |1 = 1 we have:

and:

33



Thus we can write our rotation as:

o o (3) (€] ) (o (£) = ()
(- (0)8) wen(2))

Exercise 5.7. Suppose C = (2e1 + 2e3) A (e1 — 3es) represents a plane. Write

down the mapping which rotates C' (and all parallel planes) by § = 1.8 radians.
Note: What can B be? Then rotate a = 10e; + 13es — 20es.

or as:

O

However lastly and most carefully we may in fact want to calculate the rotation
via the right hand rule given an axis * and an angle 6.

It’s tempting to simply set B = #* but this does not quite work. The reason is
that although the subspace represented by B is the correct plane of rotation, it
has the incorrect orientation.

The reason for this is as follows. In the above argument m and i were chosen
so that the direction of m x i is that of ¥. In other words recall that we had:

= a(m x i) for some a > 0
Then we have:
F"=a(Mmxn)" =a(—(hAd) =—a(mAn)

This is the wrong orientation for the necessary bivector.

The solution is to set B = —#* and then the rotation becomes:

o (s (2) o (3) €0) m (o (3) e (3) 00)
(o) ron (2 ) (e (2) - (2) )

which can be rewritten as:



We close with the previous results packaged into a theorem:

Theorem 5.4.1. Given a unit vector  designating an axis of rotation and an
angle 0, rotation by 6 radians about ¥ in accordance to the right-hand rule may
be achieved by:

v (s (a) 1 (5)7) 2 (o (3) -0 (2) )

which is the same as:

oo ((5) ) aew (- (5) )

Alternately we can perform the rotation by assigning two unit vectors m and i
such that the angle between them is /2 and then using the mapping:

a — nrmami

Alternately if B is any unit bivector spanning the same plane as rh and fi with
the same orientation as m A i then we may use the mapping:

v (-(3)8) s ()5

which is the same as:

0 A APS 0 AR
ar— (cos <2> — sin (2> B> a (cos (2> + sin (2) B)
Example 5.4. Suppose we wish to rotate the plane by § = 2.4 radians about

the axis £ = ﬁ(Qel + 3ez —e3). We find:

ak

r (2e1 + 3ex — ez)egezeq

1
V14

1
= ﬁ(—Qezeg — 36361 + elez)

1
= 7(6162 - 26263 - 36361)

V14

The mapping is then given by:

e (B)) ()1
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For 0 = 2.4 and #* above.

To rotate the point a = —2e; + 2e5 + Tez we calculate:

a s exp <<Z> f*) (—2e1 + 25 + Teg) exp ( <Z) r*>

— ...Python...
— 4.3859e1 — 5.5026e2 — 2.7360e3

O

Exercise 5.8. What is the mapping which rotates around the axisr = e; +eg3
by 6 = 4 radians? Make sure you normalize r first. Then find the result of
rotating the point a = 2e; + 5es — 3es.

O

6 Generalization of H
Consider the following correspondance:

egeqy > 7
eiez <> )

eze; < k
Then multivectors of the form:
a + Peges + dejes + veqeq
correspond to quaternions of the form:

o+ Bi+ 05 + vk

This correspondance is not meaningless. For example from it we get the follow-
ing correspondances:

(6382)(8193) = ege1 ’ij = I%
(8163)(6261) = egeq jiC =1
(e2e1)(esez) = eres <> ki = j

It follows that multivectors of this form form a closed structure with the geo-
metric product acting in a corresponding manner to the quaternion product.

For example the geometric product:
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(7+263€2+56163+86261)(27783824‘26163766261) = 6679163627208163+136261

corresponds to the quaternion product:

(74 2t + 57+ 8k)(2 — Ti 4 2j — 6k) = 66 — 913 — 20 + 13k

What’s happening here is that the quaternions appear structurally as a subset
of the geometric algebra.

We can see this parallel even more clearly when we look at a computation such
as rotation.

In the previous example we rotated the point —2e; + 2e + 7es by 6 = 2.4
radians about the axis £ = \/%(Qel + 3e2 —e3).

Here is that calculation reorganized and approximated so that we can easily
trace the values.

We have:
t = 0.5345e1 + 0.8018e5 — 0.2673e3
and then:
" = 0.5345ezes + 0.8018e1e3 — 0.2673eze;
We have:
exp((2.4/2)#*) = 0.36 4+ 0.50ezez + 0.75e1e3 — 0.25eqe1
and:

exp((—2.4/2)f*) = 0.36 — 0.50egez — 0.75e1e3 + 0.25eze1
and then the product is
exp((2.4/2)")aexp((—2.4/2)F")

= (0.364+0.50e3e2+0.75e1e3—0.25eze1 ) (—2e1+2e2+Tez(0.36—0.50eze2—0.75e1e3+0.25eqe1 )
= 4.3961 — 5.5082 - 2.7483

If we approached this as a quaternion problem we would assign:
p = cos(2.4/2) + sin(2.4/2)F = 0.36 + 0.50& + 0.75j — 0.25k

Then:
p* = cos(2.4/2) + sin(2.4/2)F = 0.36 — 0.50& — 0.757 + 0.25k

Then the product is:
pap* = (0.3640.502+0.75j — 0.25k ) (—22 4 2j+ 7k) (0.36 — 0.502 — 0.757 +0.25k)
= 4.39% — 5.50 — 2.74k
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7 Generalization of C

Given that H is an expansion of C we note that if we isolate our view to multi-
vectors of the form
a + beges

we arrive at the complex numbers. That is, we correspond:
a+ beges <> a + bt

This is instructive. Consider that rotation in C was performed by calculating;:
z > (cos O +sinbi)z

The analogous calculation here is then:
z > (cos @ + egeq sin @)z where z = ¢ + degeq

However observe that if we choose & and b meeting at an angle of 6 and in the
eges plane then observe that:

ab=a-b+aAb
= |&||b| cos 0 + |a||b| sin fege,
= cosf + egeq sin b
Thus rotation in our model of C can be done with:
z > (cos @ + egeq sin @)z where z = ¢ + degeq
Or we can simply use the & and b and calculate:
2+ Abz where z = ¢ + deges

Example 7.1. Counsider the two vectors & = \/% (2e2+4ez) and b = \/% (6ea+

lesg). These meet at an angle of 0.9420 radians in the egeg-plane. Thus the
operation: .
¢+ desea — ab(c + degez)

provides a geometric algebra model of the rotation of C by 8 = 0.9420 radians
about the origin. For example to rotate (10, 8) we calculate:

10 + 8egez — 5115(10 + 8egez) = —0.5882 4 12.7923e3e2

yielding the point (—0.5882,12.7923)

The analogous complex calculation would simply be:

10 + 8% +— (cosf + 2sin ) (10 + 82) = —0.5882 4 12.79232
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It’s important to note that we can do rotations in R? using only e; and es,
something we did not do here because we worked mostly in 3D, so this section
is not really about that, but rather about seeing at how geometric algebra
subsumes C.

Without much explanation notice the above calculation works without intro-
ducing any scalars into the mix and using e; and es as:

Example 7.2. Consider the two vectors & = \/%78 (2e1+4e3) and b = \/% (6e1+

lez). These meet at an angle of 0.9420 radians in the ejes-plane. Thus the
operation: A
ce1 + dez — ab(ce; + dez)

also rotates, this time the e;ez-plane. For example to rotate (10, 8) we calculate:
10e1 + 8ex — éB(lOel + 8ez) = —0.5882e; + 12.7923e4

yielding the point (—0.5882, 12.7923)
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