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Representations of p-adic groups

Notation: F {Qp finite or F � Fqpptqq, F � O � p, residue field Fq

G (connected) reductive group over F , e.g.
GLnpF q, SLnpF q,SOnpF q, Sp2npF q, . . .

Motivation / longterm goal

Want to construct all (irreducible, smooth, complex

or F`-

)
representations of G .

(` a prime � p)

Applications to, for example,

representation theory of p-adic groups

explicit local Langlands correspondence

automorphic forms (e.g. J.F. and S.W. Shin)

p-adic automorphic forms, p-adic Langlands program

...
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Representations of p-adic groups

Motivation / longterm goal

Want to construct all (irreducible, smooth, complex or F`-)
representations of G .

Building blocks = (irreducible) supercuspidal representations
(or cuspidal representations)

Construction of (super)cuspidal representations:

GLn: R. Howe, A. Moy, . . ., (1970s and later)
C. Bushnell and P. Kutzko (1993),
M.-F. Vigneras (1996)

classical groups (p � 2): . . ., S. Stevens (2008),
R. Kurinzcuk and S. Stevens (2018)

inner forms of GLn: . . ., V. Sécherre and S. Stevens (2008)
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Construction of supercuspidal representations

Constructions of supercuspidal representations for general G :

1994/96 A. Moy and G. Prasad

(L. Morris: 1993/99)

1998, 2001 J. Adler, J.-K. Yu

2007 J.-L. Kim: Yu’s construction yields all supercuspidal
representations if p is very large and char F � 0

2014 M. Reeder and J.-K. Yu: epipelagic representations
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Epipelagic representations

Figure: The epipelagic zone of the ocean;
source: Sheri Amsel. Glossary (what words mean) with pictures!. 2005-2015. April 2, 2015,
http://www.exploringnature.org/db/detail.php?dbID=13&detID=406
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Construction of supercuspidal representations

Constructions of supercuspidal representations for general G :

1994/96 A. Moy and G. Prasad (L. Morris: 1993/99)

1998, 2001 J. Adler, J.-K. Yu

2007 J.-L. Kim: Yu’s construction yields all supercuspidal
representations if p is very large and char F � 0

2014 M. Reeder and J.-K. Yu: epipelagic representations

2017, 2020? J. F. and B. Romano (special case), J. F. (general
case): input for Reeder–Yu exists also for small p
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Results

Theorem 1 (F., 2021 (arxiv Oct 2018))

Suppose G splits over a tame extension of F and p - |W |, then
Yu’s construction yields all supercuspidal representations.

type An pn ¥ 1q Bn,Cn pn ¥ 2q Dn pn ¥ 3q E6

|W | pn � 1q! 2n � n! 2n�1 � n! 27 � 34 � 5

type E7 E8 F4 G2
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Suppose G splits over a tame extension of F and p - |W |, then
Yu’s construction yields all supercuspidal representations.

type An pn ¥ 1q Bn,Cn pn ¥ 2q Dn pn ¥ 3q E6

|W | pn � 1q! 2n � n! 2n�1 � n! 27 � 34 � 5

type E7 E8 F4 G2

|W | 210 � 34 � 5 � 7 214 � 35 � 52 � 7 27 � 32 22 � 3
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Results

Theorem 1 (F., 2021 (arxiv Oct 2018))

Suppose G splits over a tame extension of F and p - |W |, then
Yu’s construction yields all supercuspidal representations.

Theorem 2 (F., May 2019)

A construction analogous to Yu’s construction yields all cuspidal
F`-representations if p - |W | (and G is tame).

The condition p - |W | is optimal in general*. (F., Jan 2018)
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Results continued

Proposition 3 (F., Aug 2019)

There exists a counterexample to the key ingredient of Yu’s proof
(Yu’s Prop 14.1 and Thm 14.2, which were based on a misprint).

Theorem 4 (F., Aug 2019)

Yu’s construction yields indeed supercuspidal representations.

.

.

.
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There exists a counterexample to the key ingredient of Yu’s proof
(Yu’s Prop 14.1 and Thm 14.2, which were based on a misprint).

Theorem 4 (F., Aug 2019)

Yu’s construction yields indeed supercuspidal representations.

Approach to construct supercuspidal representations

1 Construct a representation ρK of a compact (mod center)
subgroup K � G (e.g. K � SLnpZpq inside G � SLnpQpq).

2 Build a representation of G from the representation ρK
(keyword: compact-induction).

.
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Example of a supercuspidal representation

G � SL2pF q,

K �

�
1� p p
O 1� p



� t�1u

ρK : K Ñ GL1pCq � C�, ρK : t�1u Ñ 1 P C�

Gx ,0.5 Gx ,0.5 { Gx ,0.5�

ρK :

�
1 � p p
O 1 � p




�
�

1� p p
O 1� p


M�1� p p2

p 1� p




�

�
0 Fq

Fq 0



Ñ Fq Ñ C�

�
0 a
b 0



ÞÑ a� b

Supercuspidal representation:

c-indG
KρK �

"
f : G Ñ C

���� f pkgq � ρK pkqf pgq @g P G , k P K

f compactly supported

*

G -action: g .f p�q � f p� � gq
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Yu’s construction and my exhaustion result

G � SL2pF q,
x P BpG q, r � 0.5,

character ρK

(Reeder–)Yu π :� c-indG
KρK ,

K � Gx ,0.5 � t�1u

Example of a supercuspidal representation

G ✏ SL2♣F q, K ✏

✂
1� p p
O 1� p

✡
✂ t✟1✉

ρK : K Ñ GL1♣Cq ✏ C✝, ρK : t✟1✉ Ñ 1 P C✝

Gx ,0.5 Gx ,0.5 ④ Gx ,0.5�

ρK :

✂
1� p p
O 1� p

✡
։
✂
1� p p
O 1� p

✡▼✂1� p p2

p 1� p

✡

✔

✂
0 Fq

Fq 0

✡
Ñ Fq Ñ C✝

✂
0 a
b 0

✡
ÞÑ a� b

Supercuspidal representation:

c-indGKρK ✏

✧
f : G Ñ C

✞✞✞✞ f ♣kgq ✏ ρK ♣kqf ♣gq ❅g P G , k P K
f compactly supported

✯

G -action: g .f ♣✍q ✏ f ♣✍ ☎ gq

Jessica Fintzen Representations of p-adic groups 8

r � smallest non-negative real number such
that π has nontrivial Gx ,r�-fixed vectors,

ρK

G � G1 � G2 � . . . �
Gn � Gn�1, x P BpG q, ρ,
r1 ¡ r2 ¡ . . . ¡ rn ¡ 0,

characters φ1, φ2, . . . , φn

Yu’s construction

K , ρK such that
π :� c-indG

KρK is
supercuspidal

Jessica Fintzen Representations of p-adic groups 9



Yu’s construction and my exhaustion result

G � SL2pF q,
x P BpG q, r � 0.5,

character ρK

(Reeder–)Yu

π :� c-indG
KρK ,

K � Gx ,0.5 � t�1u

Example of a supercuspidal representation

G ✏ SL2♣F q, K ✏

✂
1� p p
O 1� p

✡
✂ t✟1✉

ρK : K Ñ GL1♣Cq ✏ C✝, ρK : t✟1✉ Ñ 1 P C✝

Gx ,0.5 Gx ,0.5 ④ Gx ,0.5�

ρK :

✂
1� p p
O 1� p

✡
։
✂
1� p p
O 1� p

✡▼✂1� p p2

p 1� p

✡

✔

✂
0 Fq

Fq 0

✡
Ñ Fq Ñ C✝

✂
0 a
b 0

✡
ÞÑ a� b

Supercuspidal representation:

c-indGKρK ✏

✧
f : G Ñ C

✞✞✞✞ f ♣kgq ✏ ρK ♣kqf ♣gq ❅g P G , k P K
f compactly supported

✯

G -action: g .f ♣✍q ✏ f ♣✍ ☎ gq

Jessica Fintzen Representations of p-adic groups 8

r � smallest non-negative real number such
that π has nontrivial Gx ,r�-fixed vectors,

ρK

G � G1 � G2 � . . . �
Gn � Gn�1, x P BpG q, ρ,
r1 ¡ r2 ¡ . . . ¡ rn ¡ 0,

characters φ1, φ2, . . . , φn

Yu’s construction

K , ρK such that
π :� c-indG

KρK is
supercuspidal

Jessica Fintzen Representations of p-adic groups 9



Yu’s construction and my exhaustion result

G � SL2pF q,
x P BpG q, r � 0.5,

character ρK

(Reeder–)Yu π :� c-indG
KρK ,

K � Gx ,0.5 � t�1u

Example of a supercuspidal representation

G ✏ SL2♣F q, K ✏

✂
1� p p
O 1� p

✡
✂ t✟1✉

ρK : K Ñ GL1♣Cq ✏ C✝, ρK : t✟1✉ Ñ 1 P C✝

Gx ,0.5 Gx ,0.5 ④ Gx ,0.5�

ρK :

✂
1� p p
O 1� p

✡
։
✂
1� p p
O 1� p

✡▼✂1� p p2

p 1� p

✡

✔

✂
0 Fq

Fq 0

✡
Ñ Fq Ñ C✝

✂
0 a
b 0

✡
ÞÑ a� b

Supercuspidal representation:

c-indGKρK ✏

✧
f : G Ñ C

✞✞✞✞ f ♣kgq ✏ ρK ♣kqf ♣gq ❅g P G , k P K
f compactly supported

✯

G -action: g .f ♣✍q ✏ f ♣✍ ☎ gq

Jessica Fintzen Representations of p-adic groups 8

r � smallest non-negative real number such
that π has nontrivial Gx ,r�-fixed vectors,

ρK

G � G1 � G2 � . . . �
Gn � Gn�1, x P BpG q, ρ,
r1 ¡ r2 ¡ . . . ¡ rn ¡ 0,

characters φ1, φ2, . . . , φn

Yu’s construction

K , ρK such that
π :� c-indG

KρK is
supercuspidal

Jessica Fintzen Representations of p-adic groups 9



Yu’s construction and my exhaustion result

G � SL2pF q,
x P BpG q, r � 0.5,

character ρK

(Reeder–)Yu π :� c-indG
KρK ,

K � Gx ,0.5 � t�1u

r � smallest non-negative real number such
that π has nontrivial Gx ,r�-fixed vectors,

ρK

G � G1 � G2 � . . . �
Gn � Gn�1, x P BpG q, ρ,
r1 ¡ r2 ¡ . . . ¡ rn ¡ 0,

characters φ1, φ2, . . . , φn

Yu’s construction

K , ρK such that
π :� c-indG

KρK is
supercuspidal

Jessica Fintzen Representations of p-adic groups 9



Yu’s construction and my exhaustion result

G � SL2pF q,
x P BpG q, r � 0.5,

character ρK

(Reeder–)Yu π :� c-indG
KρK ,

K � Gx ,0.5 � t�1u

r � smallest non-negative real number such
that π has nontrivial Gx ,r�-fixed vectors, ρK

G � G1 � G2 � . . . �
Gn � Gn�1, x P BpG q, ρ,
r1 ¡ r2 ¡ . . . ¡ rn ¡ 0,

characters φ1, φ2, . . . , φn

Yu’s construction

K , ρK such that
π :� c-indG

KρK is
supercuspidal

Jessica Fintzen Representations of p-adic groups 9



Yu’s construction and my exhaustion result

G � SL2pF q,
x P BpG q, r � 0.5,

character ρK

(Reeder–)Yu π :� c-indG
KρK ,

K � Gx ,0.5 � t�1u

r � smallest non-negative real number such
that π has nontrivial Gx ,r�-fixed vectors, ρK

G � G1 � G2 � . . . �
Gn � Gn�1,

x P BpG q, ρ,
r1 ¡ r2 ¡ . . . ¡ rn ¡ 0,

characters φ1, φ2, . . . , φn

Yu’s construction

K , ρK such that
π :� c-indG

KρK is
supercuspidal

Jessica Fintzen Representations of p-adic groups 9



Yu’s construction and my exhaustion result

G � SL2pF q,
x P BpG q, r � 0.5,

character ρK

(Reeder–)Yu π :� c-indG
KρK ,

K � Gx ,0.5 � t�1u

r � smallest non-negative real number such
that π has nontrivial Gx ,r�-fixed vectors, ρK

G � G1 � G2 � . . . �
Gn � Gn�1,

x P BpG q, ρ,
r1 ¡ r2 ¡ . . . ¡ rn ¡ 0,

characters φ1, φ2, . . . , φn

Yu’s construction

K , ρK such that
π :� c-indG

KρK is
supercuspidal

e.g. twist of

GL4 �

�
���
� � � �
� � � �
� � � �
� � � �

�
���

�
���
� � 0 0
� � 0 0
0 0 � �
0 0 � �

�
���

�
���
� 0 0 0
0 � 0 0
0 0 � 0
0 0 0 �

�
��
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Results continued continued

Proposition 3 (F., Aug 2019)

There exists a counterexample to the key ingredient of Yu’s proof
(Yu’s Prop 14.1 and Thm 14.2, which were based on a misprint).

Theorem 4 (F., Aug 2019)

Yu’s construction yields indeed supercuspidal representations:

c-indG
KYu
ρKYu

.

Theorem 5 (F.–Kaletha–Spice, 2019/2020)

There exists a character ε : KYu Ñ t�1u such that Yu’s Prop 14.1
and Thm 14.2 are satisfied for the twisted representation ερKYu

of
KYu.

In particular, c-indG
KYu
ερKYu

is supercuspidal.
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Theorem 5 (F.–Kaletha–Spice, 2019/2020)

There exists a character ε : KYu Ñ t�1u such that Yu’s Prop 14.1
and Thm 14.2 are satisfied for the twisted representation ερKYu

of
KYu. In particular, c-indG

KYu
ερKYu

is supercuspidal.

Applications of Theorem 5

Formula for Harish-Chandra character of these supercuspidal
representations (Spice, in progress)

Candidate for local Langlands correspondence for non-singular
representations (Kaletha, Dec 2019)

Character identities for the LLC for regular supercuspidal
representations (in progress)

Hecke-algebra identities (hope)
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The quadratic character ε

Theorem 5’ (F.–Kaletha–Spice, 2019/2020)

Let G be adjoint, M a twisted Levi subgroup of G that splits over
a tamely ramified extension of F (given by a generic element),

p � 2, x P BpM,F q � BpG ,F q.
There is an explicitly constructed sign character

ε
G{M
x : Mx Ñ Mx{Mx ,0� Ñ t�1u with the following property:

For every tame maximal torus T � M with x P BpT ,F q the

restriction of ε
G{M
x to T pF q XMx equals a given quadratic

character (ε
G{M
7 � ε

G{M
5,0 � ε

G{M
5,1 � ε

G{M
5,2 � ε

G{M
f ).

Construction of ε

ε
G{M
x � ε1 � ε2 � ε3
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ε
G{M
7 pγq �

¹
αPRpT ,G{Mqasym{pΓ�t�1uq

sPordx pαq

sgnkαpαpγqq �
¹

αPRpT ,G{Mqsym,unram{Γ
sPordx pαq

sgnk1
α
pαpγqq

ε
G{M
5,0 pγq �
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αPRpT ,G{Mqasym{pΓ�t�1uq

α0PRpZM ,G{Mqsym,ram

2-epα{α0q

sgnkαpαpγqq �
¹

αPRpT ,G{Mqsym,unram{Γ
α0PRpZM ,G{Mqsym,ram

2-epα{α0q
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G{M
f ).

Construction of ε

ε
G{M
x � ε1 � ε2 � ε3
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�
��det

�
��g |

à
α0PRpZM ,Gqsym,ram{Γ

à
tPp0, 1

2eα0
q

gΓ.α0pF qx,t{gΓ.α0pF qx,t�

�
�

�
�
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The quadratic character ε continued

Construction of ε

ε
G{M
x � ε1 � ε2 � ε3

: Mx Ñ Mx{Mx ,0� �: MpFqq Ñ t�1u

ε1pgq � sgnFq

�
��det

�
��g |

à
α0PRpZM ,Gqsym,ram{Γ

à
tPp0, 1

2eα0
q

gΓ.α0pF qx,t{gΓ.α0pF qx,t�

�
�

�
�

ε2 is constructed via the Galois hypercohomology of the complex

X �pMq
2
ÝÑ X �pMq from explicit 1-hypercocycles via

H1pΓ,X �pMq Ñ X �pMqq Ñ HompMpFqq,F�q {pF�q q2q

ε3 is constructed using the spinor norm:

Mx Ñ OpW , ϕW qpFqq
spinor norm
ÝÝÝÝÝÝÝÑ F�q {pF�q q2 Ñ t�1u

W �
À

α0PRpZM ,Gqsym,ram{Γ
gΓ.α0pF qx ,0{gΓ.α0pF qx ,0�

Spinor norm

1 Ñ µ2 Ñ PinpW , ϕW q Ñ OpW , ϕW q Ñ 1 leads to

1 Ñ µ2pFqq Ñ PinpW , ϕW qpFqq Ñ OpW , ϕW qpFqq

spinor norm

ÝÝÝÝÝÝÝÑ
Ñ H1pGalpF̄q,Fqq, µ2q

� F�q {pF�q q2

Ñ . . .
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Advertisement:
luxury postdoc position in Cambridge

see my homepage https://www.dpmms.cam.ac.uk/~jf457/

Jessica Fintzen Representations of p-adic groups

https://www.dpmms.cam.ac.uk/~jf457/


The end of the talk,
but only the beginning of the story ...
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