Balian - Low Theorem and Regularity of Gabor Systems

John J. Benedetto Wojciech Czaja Przemysław Gadziński Alexander M. Powell

February 19, 2002

Abstract For any positive real numbers A, B, and d satisfying the conditions^1_A +^1_B = 1, d > 2, we construct a Gabor orthonormal basis for L^2(R), such that the generating function g ∈ L^2(R) satisfies the condition: ∫ R |g(x)|^2(1 + |x|^A)/ log^d(2 + |x|) dx < ∞ and ∫_^ R |ĝ(ξ)|^2(1 + |ξ|^B )/ log^d(2 + |ξ|) dξ < ∞.

1 Introduction

The harmonic analysis version of Heisenberg’s uncertainty principle states that a function f and its Fourier transform f̂ cannot be well localized simultaneously. It can be written in the form of the following inequality:

‖f‖^4_2 ≤ 16π^2 (∫ R |f(x)|^2|x|^2dx ) (∫ ^R |f̂(ξ)|^2|ξ|^2dξ ) , (1.1) where for ξ ∈ ^R the Fourier transform f̂ of a function f is formally defined by f̂(ξ) = F(f)(ξ) = ∫ R f(x)e^{−2πixξ}dx. The uncertainty principle has many generalizations, for example those of Beurling–Hörmander, Benedetto–Heinig, and Cowling–Price, which involve more general weight functions and different norms, among other possible extensions. We refer the reader to the work of Bonami, Demange, and Jaming [7] and Wilczok [25], as well as [5], for more on this subject. Let us also mention the imposing survey by Folland and Sitaram [9] and the treatise by Havin and Jöricke [15] for extensive treatments of uncertainty principle inequalities in harmonic analysis.

While the right side of (1.1) is one particular way of studying the joint localization of f and f̂, there are many other approaches. For example, the continuous Gabor transform is a very natural tool for trying to understand f and f̂ simultaneously. Given f, g ∈ L^2(R), the continuous Gabor transform S_g(f) is defined by S_g(f)(x, ξ) = ∫ R f(t)e^{2πit·ξ}g(t − x)dt, for some function g ∈ L^2(R). S_g(f) is also called the short-time Fourier transform or windowed Fourier transform with window g. It turns out that the connection between the uncertainty principle and Gabor transform is deep, as one can see, for example, in the work of Gröchenig [13].

For a given function g ∈ L^2(R), a discrete version of the short-time Fourier transform is the collection of functions g_{m,n} defined by g_{m,n}(x) = e^{−2πixn}g(x − m), for m, n ∈ Z. This collection of functions is called the Gabor system generated by g. When {g_{m,n} : m, n ∈ Z} is an orthonormal basis for L^2(R), we shall refer to it as a Gabor orthonormal basis.

The following result is a version of the uncertainty principle for Gabor systems. It was first proved independently by Balian [3] and Low [22]. For more references see, e.g., [5], [6].

Theorem 1.1 (Balian–Low theorem) Let g ∈ L^2(R) have the property that {g_{m,n} : m, n ∈ Z} is a Gabor orthonormal basis for L^2(R). Then either ∫ R |g(x)|^2|x|^2dx = ∞ or ∫ ^R |ĝ(ξ)|^2|ξ|^2dξ = ∞. (1.2)

It is natural to ask if this result is sharp. That is, can one replace the weights |x|^2 and |ξ|^2 with something smaller? We shall show in the next sections that one cannot expect to have the Balian–Low “phenomenon” with powers of |x| and |ξ| less than 2 in (1.2). In fact, as a special case of our main theorem, Theorem 3.11, we shall obtain the following result.

Theorem 1.2 Let ϵ > 0. There is a constructible g ∈ L^2(R) with the property that {g_{m,n} : m, n ∈ Z} is a Gabor orthonormal basis for L^2(R), and such that ∫ R |g(x)|^2 1 + |x|^2 log^{1+ϵ}(2 + |x|) dx < ∞ (1.3)

and ∫ ^R |ĝ(ξ)|^2 1 + |ξ|^2 log^{2+ϵ}(2 + |ξ|) dξ < ∞. (1.4)

Before proceeding to the next section and the statement and proof of Theorem 3.11, we define the Zak transform and state the result, Criterion 1.3, which influeces the direction of our proof.

Let I denote the interval [0, 1], and let T denote the circle group R/Z = [0, 1]/ ∼, where the relation ∼ identifies 0 and 1. With a function f ∈ L^2(R) we associate the function Z(f) formally defined by Z(f)(x, ξ) = ∑ m∈Z f(x + m)e^{−2πimξ} = Ff^x(ξ), (x, ξ) ∈ R × T,

where f^x(k) = f(x + k), for x ∈ I and k ∈ Z, and where Ff^x is the Fourier transform of the sequence {f^x(k)}. It is clear that Z(f)(k + x, ξ) = Z(f)(x, ξ)e^{2πikξ} (1.5) and Z(f)(x, ξ + k) = Z(f)(x, ξ), (1.6) and so we shall often restrict the function Z(f) to the set (x, ξ) ∈ I×T. The function Z(f) is called the Zak transform of the function f. Z is a unitary map between L^2(R) and L^2(I× T), and it has been extensively used in the study of Gabor systems, e.g., [10], [11].

The Zak transform was first introduced by Gelfand [12]. Later it was generalized to locally compact abelian groups by Weil [24], and it was independently rediscovered by Zak [26], [27]. Other references include the works of Auslander and Tolimieri [1], Brezin [8], Igusa [19], and Janssen [20], [21]. We would also like to refer the reader to the works of Heil and Walnut [16], Hernández and Weiss [17], and the new book by Gröchenig [14]. In abstract harmonic analysis the Zak transform is called the Weil–Brezin map.

An elementary consequence of the unitarity of Z is the following criterion for Gabor orthonormal bases, e.g., [4].

Criterion 1.3 The set of functions g_{m,n}, m, n ∈ Z, is an orthonormal basis for L^2(R) if and only if |Z(g)(x, ξ)| = 1 a.e. for (x, ξ) ∈ I× T.

We shall use this fact in our construction of a Gabor system generating function, which possesses as much smoothness and decay as possible under the constraints posed by the Balian–Low theorem. In fact, we shall construct a function on I × T which is the Zak transform of a function g ∈ L^2(R), and which equals 1 in absolute value almost everywhere, cf., [4] for elementary constructions of this type; and, further, g will satisfy the decay and regularity conditions (1.3) and (1.4).

In the next section we shall give some necessary definitions and present the construction of the aforementioned function. In section 3, we shall formulate the main results, and prove the required estimates. Finally, in section 4, we shall state some related questions and remarks.

2 Construction

As mentioned in section 1, our idea for proving Theorem 1.2 is based on Criterion 1.3. As such we shall begin with functions of the form Z(g)(x, ξ) = h(x, ξ) = e^{2πiH(x,ξ)}, (2.1) where H(x, ξ) ∈ R and H(1, ξ) = H(0, ξ) + k_ξ for some k_ξ ∈ Z. Notice that the values H(1, ξ) and H(0, ξ) can differ, but the values e^{2πiH(1,ξ)} and e^{2πiH(0,ξ)} are equal. The variable ξ for the function h can be treated as an element of T, while it must be treated as a number in I for the function H. (We want to alert the reader to this fact to avoid any confusion.)

There do not exist smooth functions h, as above, on I × T with the property (1.5). Even more is true: there do not exist continuous functions of the form e^{2πiH(x,ξ)} on I × T, which satisfy (1.5). This assertion follows from a well known result of Janssen [20], and also announced by Zak (1975), that if the Zak transform of a function f ∈ L^2(R) is continuous, it must have a zero, see, e.g., Theorem 4.3.4 of [16]. This, in turn, follows from Lemma VI.1.7 in [23]. See also [1] and [2].

We shall construct a function g so that Z(g) in (2.1) has the smallest possible singular support, i.e., the smallest possible closed set of points where the function is not infinitely differentiable.

In view of our above observations, given a function h, defined by (2.1) on I× T, it must have at least one point of singularity, i.e., an element of the singular support of h. We expect that if Z(g) has a single singularity, it will give rise to good decay properties of g and ĝ.

Before proceeding with our construction, we need to introduce a few auxiliary functions.

Definition 2.1 1) Let φ ∈ C^∞(R) be a function with the following properties: φ(x) = −1, for x ∈ (−∞, 0], φ(x) = 0, for x ∈ [1, ∞), φ(x) ∈ [−1, 0], for all x ∈ R. 2) Let ψ(x) = χ_{[0,∞)}(x) x^a, where a > 0 is a fixed number. 3) Given 0 < ϵ <^1_8 , let γ ∈ C^∞(R) be a function that satisfies supp(γ) ⊆ [−2ϵ, 2ϵ], γ(x) = 1 for x ∈ [−ϵ, ϵ], and γ(x) ∈ [0, 1] for all x ∈ R.

The next lemma is the basis for our whole construction. Lemma 2.2 There exists a function H : [ −^1_2 , 1 ] × I, with the following properties:

1) H(x, ξ) = 0 for x ∈ [ −^1_2 , 0 ] ; 2) H(x, ξ) = φ (_ξ ψ(x) ) for x ∈ (0, 2ϵ], where ϵ > 0 is chosen for the definition of γ; 3) H(x, 0) = 0 for x ∈ [ −^1_2 , 0 ] and H(x, 0) = −1 for x ∈ (0, 1];

4) H(1 + x, ξ) = H(x, ξ) + (ξ − 1) for x ∈ [ −^1_2 , 0 ] ; and 5) the function e^{2πiH(x,ξ)} : [ −^1_2 , 1 ] × T → C is of class C^∞ away from the points (0, 0) and (1, 0).

Proof. It is easy to see that if (x, ξ) ∈ [ −^1_2 , 1 ] × I, then

H(x, ξ) = γ (x 2 ) χ_{(0,1]}(x)φ ( ξ ψ(x) )

+ ( 1 − γ ( x 2 )) χ_{(0,1]}(x)(ξ − 1),

satisfies properties 1 through 5.

Note that the function H has two singularities in [ −^1_2 , 1 ] ×I. However, it is easy to find a unit square in the domain of H with a single point of singularity - the minimal singular support we have mentioned earlier.

x −^1_2 0 2ϵ^1_2 1

H = 0

H = 0 H = ξ − 1

H(x, ξ) = φ (_ξ x^a )

x^a

s m o o t h

— points of singularity

We are now in position to define the functions h and g of (2.1). The function g will be the generating function for a Gabor system orthonormal basis for L^2(R) with the decay and regularity conditions asserted in Theorems 1.2 and 3.11.

Definition 2.3 1) Let a > 0 be fixed as in Definition 2.1, define H as in Lemma 2.2, and set h(x, ξ) = e^{2πiH(x,ξ)}, for (x, ξ) ∈ [ −^1_2 , 1 ] × T. By property 4) of Lemma 2.2, the function h can be extended to R × T by means of the formula h(k + x, ξ) = h(x, ξ) e^{2πik(ξ−1)} = h(x, ξ) e^{2πikξ} . 2) Now, define the function g = g_a on R by means of the inverse Zak transform of h. Thus, we set

g(k + x) = Z^{−1}(h)(k + x),

where k ∈ Z, x ∈ [ −^1_2 ,^1_2 ) . 3) Let us also divide the function g into singular and smooth parts, g_1 and g_2, respectively, i.e., g = g_1 + g_2, where

g_1(k + x) = γ(x)g(k + x) and g_2(k + x) = (1 − γ(x))g(k + x).

(This assertion will be evident in Propositions 3.1 and 3.2.)

Note that in the above definition the function H is defined on [ −^1_2 , 1 ] × I, while the function h is defined on [ −^1_2 , 1 ] × T. Moreover, we do not extend the function H to a larger domain, but only h, thanks to the fact that h(x, 0) = h(x, 1).

For future use, an easy calculation shows that

g(k + x) = (F^{−1}_2 h)(x, k) = (F^{−1}_2 h)(k + x, 0), where F_2 denotes the Fourier transform in the second variable.

Notice that the function h, defined as an exponential function with imaginary exponent, is equal to 1 in absolute value. Thus, from Criterion 1.3, it follows that the function g, which is the inverse Zak transform of h, generates an orthonormal basis for L^2(R). Moreover, it is not difficult to see that the function h extended periodically to (0, 1) × R is infinitely differentiable. Therefore, due to property (1.5), the function h extended to R × R is of class C^∞ away from the set Z × {0}, which, in view of our previous discussion, is the smallest singular support that one expects for the Zak transform of a generator of a Gabor orthonormal basis.

In the next section, we prove the main result, Theorem 3.11, of this paper, which provides us with the regularity estimates of the function g = g_a, a > 0.

3 Estimates and the Main Theorem

First, we reduce the situation to dealing with a neighborhood of the set Z. This is accomplished by a decomposition of g into two parts g = g_1 + g_2, as in Definition 2.3. We show in the next proposition that g_2 ∈ S(R), and so any integral estimates of g may be reduced to estimates of g_1, which is supported on the set ⋃ k∈Z[k − 2ϵ, k + 2ϵ]. Proposition 3.1 The function g_2 is in the Schwartz class S(R). Proof. If y ∈ supp(g_2), then y is of the form y = k + x, k ∈ Z, x ∈ [ϵ, 1 − ϵ]. We compute

∂^l_xg_2(y) = ∂^l_xg_2(k + x) = ∂^l_x(1 − γ(x))(F^{−1}_2 h)(x, k) = l∑ m=0 ( l m ) ∂^{l−m}_x (1 − γ(x))∂^m_x (F^{−1}_2 h)(x, k) and ∂^m_x (F^{−1}_2 h)(x, k) = ∂^m_x ∫ T e^{2πikξ}h(x, ξ) dξ

= ∫ T e^{2πikξ}∂^m_x h(x, ξ) dξ = 1 (−2πik)^n ∫ T e^{2πikξ}∂^n_ξ ∂^m_x h(x, ξ) dξ.

The function h is smooth on [ϵ, 1 − ϵ] × T. Therefore, | |∂^l_xg_2(y) | | ≤ C_{l,n}^1_{1+|k|n} , and so g_2 ∈ S(R).

We also have the following useful formula for g_1.

Proposition 3.2 The function g_1 can be written in the form

g_1(k + x) = γ(x) ( δ(k) + χ_{[0,} 1_{2 )}(x)x^aF (kx^a) ) , where F ∈ S(R), k ∈ Z, and x ∈ [ −^1_2 ,^1_2 ) . (Here, δ denotes the Kronecker delta function: δ(k) = 0 for k ≠ 0

and δ(0) = 1.)

Proof. For x ∈ [ −^1_2 , 0 ] ,

g_1(k + x) = γ(x)(F^{−1}_2 h)(x, k) = γ(x) ∫ T h(x, ξ)e^{2πikξ} dξ = γ(x) ∫ T 1 · e^{2πikξ} dξ = γ(x)δ(k).

We introduce the function Φ(ξ) = e^{2πiφ(ξ)} −1. Then, supp(Φ) ⊆ [0, 1],

Φ ∈ C^∞(R), and, for x ∈ [ 0,^1_2 ) ,

g_1(k + x) = γ(x) ∫ T e^{2πiφ}(^{ξxa} ) · e^{2πikξ} dξ

= γ(x) ( δ(k) + ∫ T ( e^{2πiφ}(^{ξxa} ) − 1 ) e^{2πikξ} dξ )

= γ(x) ( δ(k) + ∫ T Φ ( ξ x^a ) e^{2πikξ} dξ )

= γ(x) ( δ(k) + x^a ∫ R Φ(ξ)e^{2πi(kxa)ξ} dξ )

= γ(x) ( δ(k) + x^aΦ̂(−kx^a) )

= γ(x) (δ(k) + x^aF (kx^a)) ,

where F (x) = Φ̂(−x) is a Schwartz function.

We further reduce the question of finding good estimates for the function g by subtracting γ ∈ S(R) from g_1.

Definition 3.3 Let

g_0(k + x) = γ(x)χ_{[0,} 1_{2 )}(x)x^aF (kx^a), where k ∈ Z, x ∈ [ − 1 2 , 1 2 ) .

Clearly, g_1(x) − g_0(x) = γ(x). Thus, to discuss the decay and regularity of g, it is enough to deal with g_0.

We first estimate g “on the x-side”.

Theorem 3.4 Let a > 0 be fixed as in Definition 2.1. If A = 1 +^1_a and ϵ > 0, then ∫ R |g(x)|^2 1 + |x|^A log^{1+ϵ}(2 + |x|) dx < ∞.

Proof. As we have mentioned before, it is enough to consider the above integral, with g replaced by g_0. Here, and in the sequel, C denotes a constant, which depends only on a, and not on either x or ξ. ∫ R |g_0(x)|^2 1 + |x|^A log^{1+ϵ}(2 + |x|) dx

= ∑ k∈Z ∫ 1_2 0 |γ(x)x^aF (kx^a)|^2 1 + |k + x|^A log^{1+ϵ}(2 + |k + x|) dx

≤ C + C ∑ |k|≥2 ∫ 1_2 0 |x^aF (kx^a)|^2 |k|^A log^{1+ϵ}(|k|) dx

= C + C ∑ |k|≥2 ∫_k( 1_2 )^a 0 | y k F (y)|^2 |k|^A log^{1+ϵ}(|k|) |k|^{− 1a} 1 a |y|^{1a −1} dy

≤ C + C ∑ |k|≥2 |k|^{−2+A− 1}a log^{1+ϵ}(|k|) 1 a ∫ R |y|^{1+ 1a} |F (y)|^2 dy

= C + C ∑ |k|≥2 |k|^{−1} log^{1+ϵ}(|k|) < ∞,

where we see that the integral ∫ R |y|^{1+ 1a} |F (y)|^2 dy is convergent for any fixed a > 0 because of the rapid decay of the function F .

In a similar way we have the following fact.

Proposition 3.5 The function g_0 belongs to L^1(R).

Proof. We estimate ∫ R |g_0(x)| dx = ∑ k∈Z ∫ 1_2 0 |γ(x)x^aF (kx^a)| dx

≤ ∑ k∈Z ∫ R |x^aF (kx^a)| dx ≤ C ∑ k∈Z |k|^{−1− 1a} < ∞.

Our next goal, Theorem 3.10, is to estimate g “on the ξ-side”. To this end we begin with the following calculation for l ∈ Z and ξ ∈ [ −^1_2 ,^1_2 ) :

ĝ_0(l + ξ) = ∫ R g_0(x)e^{−2πix(l+ξ)} dx = ∑ k∈Z ∫ 1_2 0 γ(x)x^aF (kx^a)e^{−2πi(k+x)(l+ξ)} dx

= ∫ 1_2 0 γ(x) ( ∑ k∈Z x^aF (kx^a)e^{−2πikξ} ) e^{−2πix(l+ξ)} dx,

(3.1)

where the change of integration and summation is legitimate by Proposition 3.5.

Definition 3.6 Let us denote the sum in the last expression of (3.1) by G_ξ(x), i.e.,

G_ξ(x) = ∑ k∈Z x^aF (kx^a)e^{−2πikξ},

where x ∈ [0, 1) and ξ ∈ [ −^1_2 ,^1_2 ) . It is easy to check that the function G satisfies conditions

G^{(s)}_ξ (x) = x^{a−s}· ∑ 0≤n≤s C_{s,n,a} ( ∑ k∈Z F^{(n)}(kx^a)(kx^a)^ne^{−2πikξ} ) , (3.2)

for x ≠ 0, and

G_ξ ∈ C^∞((0, 1)) for all ξ ∈ [ − 1 2 , 1 2 ) .

Because the function F is defined as a function which satisfies the equation x^aF (kx^a) = ∫ T Φ(ξ/x^a)e^{2πikξ}dξ, 0 is a point of singularity of the function G_ξ. To prove our main result, we need an estimate for

|G^{(s)}_ξ (x)|. In the process we shall make use of the following definition.

Definition 3.7 For a function I : R → C and x ∈ R, we define

Ĩ(x) = sup |y|≥x |I(y)|.

Note that Ĩ(x) = Ĩ(0) for all x ≤ 0. The following simple estimate will be useful: ∑ m∈Z |I(my)| ≤ |I(0)| + 2 ∑ m∈N^+ ∫_m m−1 Ĩ(z|y|) dz

= |I(0)| + 2 |y| ∫ R^+ Ĩ(z) dz. (3.3)

The right hand side or both sides can equal to infinity.

Proposition 3.8 For all x ∈ (0, 1), ξ ∈ [−^1_2 ,^1_2 ), and s ∈ N, the func-

tion G^{(s)}_ξ can be estimated by

|G^{(s)}_ξ (x)| ≤ Cx^{−s} min (( x^a |ξ| ) 1_2 , 1 ) .

Recall that C depends on a, but not on x or ξ. In this case C also depends on s.

Proof. For brevity we write

T (x) = F^{(n)}(x)x^n.

Then the equality (3.2) says that G^{(s)}_ξ (x) · x^{s−a} is a finite sum of expressions of the form C ∑ k∈ZT (kx^a)e^{−2πikξ}. The rest of the proof is devoted to estimating such an expression. Clearly, T ∈ S(R). From the inequality (3.3) we can derive that, for any x ∈ (0, 1), | | | ∑ k∈Z T (kx^a)e^{−2πikξ} | | | ≤ ∑ k∈Z |T (kx^a)| ≤ |T (0)| + 2 x^a ∫ R^+ T̃ (z) dz

≤ C(1 + x^{−a}) ≤ Cx^{−a};

and this in turn proves that | |G^{(s)}_ξ (x) | | ≤ Cx^{−s} · 1, if x ∈ (0, 1), and that | | |G^{(s)}_ξ (x) | | | ≤ Cx^{−s} ( x^a |ξ| ) 1_2 , if x ∈ (0, 1) and x^a ≥ |ξ|.

It remains to prove that | | | ∑ k∈Z T (kx^a)e^{−2πikξ} | | | ≤ C(|ξ|x^a)^{− 12} , if 0 < x^a ≤ |ξ|.

To this end, we divide the whole sum into sums of K components, with a constant K to be chosen. We have the estimate | | | ∑ k∈Z T (kx^a)e^{−2πikξ} | | | ≤ ∑ l∈Z

| | | | (l+1)K−1 ∑ k=lK T (kx^a)e^{−2πikξ} | | | |

= ∑ l∈Z | | |T (lKx^a) e^{−2πilKξ} − e^{−2πi(l+1)Kξ} 1 − e^{−2πiξ}

+ K−1∑ k=0 kx^aT^′((lK + θ_kk)x^a)e^{−2πi(lK+k)ξ} | | |

≤ ∑ l∈Z ( |T (lKx^a)| C |ξ| + K^2x^a ~T^′ ((|l| − 1)Kx^a) )

= C |ξ| ∑ l∈Z |T (lKx^a)| (3.4)

+ K^2x^a ( 2 ~T^′(0) + ∑ l∈Z ~T ′ (|l|Kx^a) )

≤ C |ξ| ( 1 + 1 Kx^a ) + CK^2x^a ( 1 + 1 Kx^a ) , where we have used the inequality (3.3). Next, we set K = [ (|ξ|x^a)^{− 1}2 ] ([x] denotes the greatest integer less or equal to x), so that Kx^a ≤ 1 and 1 +^1_{Kxa} ≤^2_{Kxa} . Consequently, (3.4) allows us to make the estimate, | | | ∑ k∈Z T (kx^a)e^{−2πikξ} | | | ≤ C |ξ| 1 Kx^a + CK^2x^a 1 Kx^a = C ( 1 K|ξ|x^a + K ) ≤ C(|ξ|x^a)^{− 12} ,

and this is the desired result.

It follows from Proposition 3.5 that ĝ_0 ∈ L^∞(R), and, thus, it is only relevant to study the behavior of ĝ_0 at infinity. Therefore, we shall restrict our consideration to the set {l + ξ : l ∈ Z, |l| ≥ 2, ξ ∈ (0, 1)}. Then, equation (3.1) says that

ĝ_0(l + ξ) =

∫ 1_2 0 γ(x)G_ξ (x)e^{−2πix(l+ξ)} dx = 1 (2πi(l + ξ))^s ∫ 1_2 0 (γG_ξ )^{(s)}(x)e^{−2πix(l+ξ)} dx. (3.5)

We can integrate by parts as long as (γG_ξ )^{(r)} ∈ L^1(R), for each 0 ≤ r ≤ s, and (γG_ξ )^{(r)}(x) → 0 as x → 0, for each 0 ≤ r ≤ s − 1. By Proposition 3.8, we can integrate as long as the exponents satisfy the inequality 1 2 a − s > −1 ⇔ s < 1 2 a + 1.

For any m ∈ N and x > 0 | |(γGξ )^{(m)}(x) | | = | | | m∑ n=0 ( m n ) γ^{(m−n)}(x)G^{(n)}_ξ (x) | | | ≤ Cx^{−m} · ( x^a |ξ| ) 1_2 .

Let us choose the maximal s, i.e., choose the integer s ∈

[_1 2 a,^1_2 a + 1 ) . Then, performing integration by parts twice, we obtain: | | | ∫ 1_2 0 (γG_ξ)^{(s)}(x)e^{−2πix(l+ξ)} dx | | |

= | | | ∫_{|l|}−1 0 (γG_ξ )^{(s)}(x)e^{−2πix(l+ξ)} dx

− (γG_ξ )^{(s)}(x) e^{−2πix(l+ξ)} 2πi(l + ξ) | | | 1 2

|l|^{−1} − (γG_ξ )^{(s+1)}(x) e^{−2πix(l+ξ)} (2πi(l + ξ))^2 | | | 1 2

|l|^{−1} + ∫ 1_2 |l|^{−1} (γG_ξ )^{(s+2)}(x) e^{−2πix(l+ξ)} (2πi(l + ξ))^2 dx | | |

≤ ∫_{|l|}−1 0 | |(γG_ξ )_{(s)}(x) | | dx + C |(γGξ )^{(s)}(|l|^{−1})| |l| + C |(γG_ξ )^{(s+1)}(|l|^{−1})| |l|^2 + C |l|^2 ∫ 1_2 |l|^{−1} |(γG_ξ )^{(s+2)}(x)| dx

≤ C ∫_{|l|}−1 0 x^a2^{−s} |ξ|^12 dx + C |l|^{−( a}2^{−s)} |l||ξ|^12 + C |l|^{−( a}2^{−s−1)} |l|^2|ξ|^12 + C |l|^2 ∫ 1_2 |l|^{−1} |x|^a2^{−s−2} |ξ|^12 dx

≤ C |l|^{s− a}2^{−1} |ξ|^12 . The above estimate, combined with (3.5), gives |ĝ_0(l + ξ)| ≤ C |l|^{− a}2^{−1} |ξ|^12 .

Notice, that if the parameter a/2 was not an integer, then we need one less integration by parts. In this case the expression 1 |l| ∫ 1_2 |l|^{−1} |(γG_ξ )^{(s+1)}(x)| dx ,

can be estimated by C^{|l|s−} a 2 −1

|ξ|^12

. But, if a/2 was an integer, we would

get an additional factor log(|l|). We also know, by Proposition 3.5, that ĝ_0 is a bounded function, and thus we have proved:

Proposition 3.9 The function ĝ_0 satisfies the estimate

|ĝ_0(l + ξ)| ≤ C min ( |l|^{− a}2^{−1} |ξ|^12 , 1 ) .

As a consequence, we derive the following result.

Theorem 3.10 Let a > 0 be fixed as in Definition 2.1. If B = 1 + a and ϵ > 0, then ∫ ^R |ĝ(ξ)|^2 1 + |ξ|^B log^{2+ϵ}(2 + |ξ|) dξ < ∞. Proof. Without loss of generality, and as we did in the proof of Theorem 3.4, we can replace g by g_0. ∫ ^R |ĝ_0(ξ)|^2 1 + |ξ|^B log^{2+ϵ}(2 + |ξ|) dξ

≤ C + C ∑ |l|≥2 ∫_1 0 |ĝ_0(l + ξ)|^2 |l|^B log^{2+ϵ}(|l|) dξ

≤ C + C ∑ |l|≥2 |l|^B log^{2+ϵ}(|l|) ∫_{|l|}−a−2 0 1 dξ + ∫_1 |l|^{−a−2} ( |l|^{− a}2^{−1} |ξ|^12

)_2 dξ

≤ C + C ∑ l≥2 l^B log^{2+ϵ}(l) ( l^{−a−2} + l^{−a−2} | |log(l^{−a−2}) | |)

≤ C + C ∑ l≥2 1 l log^{1+ϵ}(l) < ∞.

We shall conclude this section with the following generalization of Theorems 3.4 and 3.10.

Theorem 3.11 If^1_A +^1_B = 1 and ϵ > 0, then there exists a function g ∈ L^2(R) with the property that {g_{m,n} : m, n ∈ Z} is a Gabor orthonormal basis for L^2(R), and such that ∫ R |g(x)|^2 1 + |x|^A log^{1+ϵ}(2 + |x|) dx < ∞,

and ∫ ^R |ĝ(ξ)|^2 1 + |ξ|^B log^{2+ϵ}(2 + |ξ|) dξ < ∞.

Proof. We can take g = g_a, with a = 1/(A − 1) = B − 1.

In particular, the assertion in the Abstract is a consequence of Theorem 3.11. Further, for A = B = 2 we have Theorem 1.2, and thus we have constructed a function that is almost “optimal” from the point of view of Balian–Low theorem, Theorem 1.1; that is, both g and ĝ are square integrable with respect to all weights |x|^α, α < 2. Thus, one cannot make the Balian–Low theorem any more restrictive by changing the exponents.

We would also like to stress that the choice of the function log^{d+ϵ}(2+ |x|), d = 1, 2, is only an example of a function that makes the appropriate series converge in Theorem 3.11. There are many other functions α(k), that have a slower growth at infinity, and yet they still yield convergence of the series ∑ 1/(kα(k)). For example, one may take α(k) = log(k) log^{1+ϵ}(log(k)).

Note that Theorem 3.11, besides providing us with an example of an almost optimal generating function for a Gabor orthonormal basis, from the point of view of Balian–Low theorem, may also be seen as a motivation for yet another version of the uncertainty principle. In fact, given a Gabor orthonormal basis generating function g, it is natural to ask if it is possible that both ‖g‖_L2_{(|x|}A_{dx)} and ‖ĝ‖_L2_{(|ξ|}B_{dξ)} are finite, for some A and B for which 1/A + 1/B = 1.

4 Remarks and Open Questions

In this section we would like to consider some questions related to our construction of an “optimal” example of a generating function for a Gabor orthonormal basis. The first two remarks are derived from the method of the proof of the main result.

• The estimates for the function g are much simpler to prove than the estimates for its Fourier transform ĝ. Having in mind that we start with a function which is the Zak transform of g, is it possible to find a more direct proof of Theorem 3.10? It is especially insteresting in view of the following inversion formulas for the Zak transform, see, e.g., [14]:

f(x) = ∫_1 0 Z(f)(x, ξ) dξ, f̂(ξ) =

∫_1 0 Z(f)(x, ξ) e^{−2πix·ξ} dx.

These two equations show that given Z(f) it is equally difficult to retrieve both f and f̂.

A weaker version of Theorem 3.10, can be obtained in a much easier way by means of the equation, ∫ ^R |ĝ(ξ)|^2 ( 1 + |ξ|^{2n} ) dξ = ‖g‖^2_L2 + ‖∂^ng‖^2_L2 , for n ∈ N.

Note that ‖∂^ng‖_L2 < ∞ if and only if ‖∂^ng_0‖_L2 < ∞, and, for k ∈ Z and x ∈ (0, 1),

∂^ng_0(k + x) = ∂^n ( γ(x)χ_{[0,} 1_{2 )}(x)x^aF (kx^a) )

= ∑ n_1+n_2+n_3=n

C_{n1,n2,n3} χ_{[0,} 1_{2 )}(x)∂^{n1} γ(x)x^{a−n2−n3} F^{(n3)}(kx^a)(kx^a)^{n3} .

One easily checks, with computations as in the proofs of Theorems 3.4, 3.6, and 3.10, that if 2n < a + 1, then each component of the above sum is square integrable. Thus, we obtain ∫ ^R |ĝ(ξ)|^2 ( 1 + |ξ|^{2n} ) dξ < ∞ for 2n < a + 1, n ∈ N.

This doesn’t help us with establishing whether the standard Balian– Low result is sharp, but it is approximately good for estimates with large values of a.

• There is a certain asymmetry in the statements of Theorems 3.4 and 3.10. Namely, in the latter, we require an additional power of the logarithm in the denominator. Is this due to our method of proof, and, if so, could it be avoided?

Among other questions we would like to state a few possible directions for generalizations of our results.

• Since our motivation came from the study of different versions of the uncertainty principle, e.g., [18], it would seem interesting to consider expressions of the form ∫ R ∫ ^R |g(x)|^2|ĝ(ξ)|^2w(x, ξ) dxdξ, where w(x, ξ) is a nonseparable weight function, for example with mixed variables, such as w(x, ξ) =^{|x|A|ξ|B}_{log2+ϵ(2+|x|+|ξ|)} .

• Our results are stated in one dimension, for the case of Gabor systems with the particular choice of oversampling constants a = b = 1. Is it possible to generalize these results, as well as the Balian–Low theorem, to higher dimensions, and more general systems? • There is a generalization of the Balian–Low result to the so called Amalgam BLT, cf., [6], [10]. How would one rephrase the question of optimality of this result, and could our construction be useful in this context?

References

[1] R. Auslander and R. Tolimieri, Abelian harmonic analysis, theta functions and function algebras on a nilmanifold, Lecture Notes in Mathematics 436, Springer-Verlag, Berlin, 1975.

[2] H. Bacry, A. Grossman, and J. Zak, Proof of completeness of lattice states in the kq representation, Phys. Rev. B, 12 (1975), 1118–1120.

[3] R. Balian, A strong uncertainty principle in signal theory or in quantum mechanics (in French), C. R. Acad. Sci. Paris, 292 (1981), no. 20, 1357–1362.

[4] J.J. Benedetto, Gabor representations and wavelets, Contemporary Mathematics, 91 (1989), 9–27.

[5] J.J. Benedetto, Frame decompositions, sampling, and uncertainty principle inequalities, in Wavelets: Mathematics and Applications, 247–304, CRC Press, Boca Raton, FL, 1994.

[6] J.J. Benedetto, C. Heil, and D. Walnut, Differentiation and the Balian–Low theorem, J. Fourier Anal. Appl., 1 vol. 4 (1995), 355–402.

[7] A. Bonami, B. Demange, and P. Jaming, Hermite functions and uncertainty principles for the Fourier and the windowed Fourier transforms, to appear in Rev. Mat. Iberoamericana.

[8] J. Brezin, Harmonic analysis on nilmanifolds, Trans. Amer.

Math. Soc. 150 1970 611–618.

[9] G. Folland and A. Sitaram, The uncertainty principle: a mathematical survey, J. Fourier Anal. Appl., 3 vol. 3 (1997), 207–238.

[10] H.G. Feichtinger and T. Strohmer, Eds., Gabor analysis and algorithms. Theory and applications, Applied and Numerical Harmonic Analysis, Birkhäuser, Boston, MA, 1998.

[11] H.G. Feichtinger and T. Strohmer, Eds., Advances in Gabor analysis, to appear.

[12] I.M. Gelfand, Expansion in characteristic functions of an equation with periodic coefficients, (in Russian), Doklady Akad. Nauk SSSR (N.S.) 73, (1950). 1117–1120.

[13] K. Gröchenig, An uncertainty principle related to the Poisson summation formula, Studia Math., 121 vol. 4 (1996), 87–104.

[14] K. Gröchenig, Foundations of time-frequency analysis, Applied and Numerical Harmonic Analysis, Birkhäuser, Boston, MA, 2001.

[15] V. Havin and B. Jöricke, The uncertainty principle in harmonic analysis, Springer-Verlag, Berlin, 1994.

[16] C. Heil and D. Walnut, Continuous and discrete wavelet transforms, SIAM Rev., 31 (1989), 628–666.

[17] E. Hernández and G. Weiss, A first course in wavelets, CRC Press, Boca Raton, FL, 1996.

[18] L. Hörmander, A uniqueness theorem of Beurling for Fourier transform pairs, Ark. Mat., 29 (1991), 237–240.

[19] J. Igusa, Theta functions, Springer-Verlag, New York, Heidelberg, 1972.

[20] A.J.E.M. Janssen Bargmann transform, Zak transform, and coherent states, J. Math. Phys. 23 no. 5 (1982), 720–731.

[21] A.J.E.M. Janssen The Zak transform: a signal transform for sampled time-continuous signals, Philips J. Res. 43 no. 1 (1988), 23–69.

[22] F. Low, Complete sets of wave packets, in A passion for physics - essays in honor of Geoffrey Chew, C.DeTar, et al., Eds., World Scientific, Singapore (1985), 17–22.

[23] T. Rado and P. Reichelderfer Continuous transformations in analysis, Springer-Verlag, Berlin, New York, 1955.

[24] A. Weil, On some groups of unitary operators, (in French), Acta Math. 111 1964 143–211.

[25] E. Wilczok, New uncertainty principles for the continuous Gabor transform and the continuous wavelet transform, Doc. Math. 5 (2001), 201–226.

[26] J. Zak, Finite translations in solid state physics, Phys. Rev.

Lett., 19 (1967), 1385–1387.

[27] J. Zak, The kq-representation in the dynamics of electrons in solids, Solid State Physics, 27 no. 1 (1972), 1–62.

John J. Benedetto Department of Mathematics University of Maryland College Park, MD 20742

jjb@math.umd.edu

Wojciech Czaja Mathematical Institute University of Wrocław 50-384 Wrocław, pl. Grunwaldzki 2/4, Poland

czaja@math.uni.wroc.pl

and Department of Mathematics University of Maryland College Park, MD 20742

wojtek@math.umd.edu

Przemysław Gadziński Mathematical Institute University of Wrocław 50-384 Wrocław, pl. Grunwaldzki 2/4, Poland

pgadz@math.uni.wroc.pl

Alexander M. Powell Department of Mathematics University of Maryland College Park, MD 20742

apowell@math.umd.edu