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The truth, nothing but the unvarnished truth, 
…but by all means — not all of it!

Many thanks to Per Berglund 
and Paul S. Green for 

many helpful 
discussions 



…where are we?
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partial match: Exceptional (SR) sets, GIT Quotient, …

Toric ℂ* action

Constrained
NLSM

CICY ⊂ Π ℙn

GLSM

Construction

• Superpotential
• Phases:
- "Geometric"
- "Toric"
- "LGO"
- "Hybrid"

• ?

Symplectic Data
• (Semi)Classical
• Quantum

H*(T*); A-model; D(FS)
Instanton Corr.
GW Invaiants

Toric Geometry

Construction

• Fan
• Dual fan & charts
• Spanning polytope
• Transpolar
• Newton polytope
• K* sections
• Transposition
• Reparametrization

Holomorphic Data
• "Large cpx str."
• Entire M-space

H*(T); B-model; D(coh)

Mirror Duality

?log-Toric Geometry

Tropical Geometry

Worldsheet SuSy

Spin(1,1|2,2)

Superspace & Calculus

Superfields:
• chiral,
• twisted-chiral
• vector

Hamilton's Action:
• "D-terms"
• "F-terms"
• Mixed terms

Gauge Symmetry

Complex Abelian
[ U(1;ℂ) ≈ ℂ * ]r
• equivalence classes

QFT σ-Model

QFT σ-Model
• Domain Space
• Target Space
• Mapping
• Hamilton's Action
• Partition Functional
• Observables
• Dualities

Complete Mechanics

T*(X) → Singular Comp.

Where’s GLSM ?

Roadmap

❌"



A Bird’s-Eye View

QFT σ Models
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Riemann surface,  , locally  w/BC’sΣg ∼ℝ1,1

Lorentzian space(time), such as  ℝ1,9

“coordinate fields,” Xμ(ξ) : Σg → ℝ1,9

“energy”:  S := ∫Σg
L[X; γij(ξ), Gμν(X), …]

the target 
will vary #$%

Domain space:
Target space: 
Mapping: 
Hamilton’s action: 

Classical physics:  ↔ Euler-Lagrange EoMδS[X; γij(ξ), Gμν(x), …]= 0
Quantum fluctuations s.t.  ,  “deform”  δS≠0 {γij(ξ), Gμν(x), …}

Note:    is not actually observableΣg

except for data at “initial” and “final” points 
Whence Feynman’s “path integral”

Z[Gμν, …] := ∬D[X] e−iS[X; γij, Gμν,…]/ℏ
Xμ(ξ) : Σg ,γ →'

must “sum” over them
→ ∑∞

g = 0 ∫ℳg ;{ξ}i, {ξ}f
[⋯]

in cl.mech.: ℝ1
τ
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A Bird’s-Eye View

QFT σ Models

Generally,   S := ∫Σg
L[X; γij(ξ), Gμν(X), …]

has     “conjugate mom.”L[X; γij, Gμν, …]∝γij ∂Xμ

∂ξi Gμν
∂Xν

∂ξj + … : Pμ := ∂L
∂(∂τξj)

The    Darboux coordinates (  ) on   Φ := (Xμ, Pν) {Xμ, Pν}PB = δμ
ν T*(')

Classical “observables” = real functions over the “phase space,”  Φ
Form an “algebra”:    &  α1A + α2B = ∑i αiCi {A, B}PB := ∂A

∂Xμ
∂B
∂Pμ

−∂B
∂Xμ

∂A
∂Pμ

= ∑i α′ �iCi

“Quantization”: “polarization” = “ ”  max. PB-Lagrangian ' ⊂ Φ
and  ,    &   Pμ ↦ ℏ

i
∂

∂Xμ A(X, P)↦ ̂A(X, ℏ
i

∂
∂Xμ ) {A, B}PB ↦ 1

iℏ ([ ̂A, B̂] := ̂AB̂−B̂ ̂A)
Ambiguity → “normal ordering,” … ⇒  “quantization” = “ ”  (inv. img.)

1−n⟼
In  ,  “field redefinitions” & integration 
are generally “1–1,”  but “BC” easily make this  …subtle…

Z[Gμν, …] := ∬D[X] e−iS[X; γij, Gμν,…]/ℏ
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Z[Gμν, …] := ∬D[X] e−iS[X; γij, Gμν,…]/ℏ

proper tim
e



Generally,    

where     “conjugate mom.” 

The    Darboux coordinates (  ) on    

S := ∫Σg
L[X; γij(ξ), Gμν(X), …]

L[X; γij, Gμν, …]∝γij ∂Xμ

∂ξi Gμν
∂Xν

∂ξj + … : Pμ := ∂L
∂(∂τξj)

(Xμ, Pν) {Xμ, Pν}PB = δμ
ν T*(')

A Bird’s-Eye View

QFT σ Models

Particle on a circle… what could be simpler?

6

Z[Gμν, …] := ∬D[X] e−iS[X; γij, Gμν,…]/ℏ

…locally!!

θ

pθ

θ

pθ

θ

pθ

θpθ

lim
pθ→+ ∞

[S1
θ ] = {pt.}

lim
pθ→−∞

[S1
θ ] = {pt.}

!!

lim
pθ→+ ∞

[S1
θ ] = lim

pθ→−∞
[S1

θ ]

lim
pθ→± ∞

[S1
θ] = {pt.}



A Bird’s-Eye View

QFT σ Models

If  ,  “renormalized”  Z[Gμν, …]= e−iSeff[x̄; γ̄ij(ξ), G̃μν(x),…]/ℏ G→G̃

“Renormalization” is computed iteratively → iterations=“flow”

“Renormalization group flow” has fixed points → “quantum stability”

1979, D. Friedan: 1st order quantum stability → Einstein Eq.’s for  Gμν

Subsequently generalized, reproduce all “gauge interactions”

Average “vev”s:   = target-space coordinatesxμ := ⟨Xμ⟩ := ∬ D[X] Xμ(σ) e−iS[X; γij, Gμν,…]/ℏ

Renormalizability in 3+1D QFTs strongly restricts .S[Ψ(x); Aμ(x), …]

…tends to be less restrictive for lower-dimensional domain space

…is much better behaved in supersymmetric models
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Z[Gμν, …] := ∬D[X] e−iS[X; γij, Gμν,…]/ℏ

e.g.,  are “0-modes”xμ := ⟨Xμ(σ)⟩

42 years ago!

Ehrenfest Theorem



A Telegraphic Summary

Worldsheet SuSy

Worldsheet Lorentz group SO(1,1) 1←2 Spin(1,1)
“Tensors” (scalars, vectors, … “spin”- ) are faithful representations of  n SO(1,1)
“spinors” (“spin”- ) are not faithful representations of  2n+ 1

2 SO(1,1)
Extend the worldsheet to a -super-Riemann surface(2,2)
so that    where    &  (ξ+ + , ξ−−)→ (ξ+ + , ξ−−|ς± , ς̄± ) Δ = ∂+ + ∂−−≡ ∂

∂ξ+ +
∂

∂ξ−− ς2 = 0
Def.:    &   ;  D± := ∂

∂ς± + iς̄∓∂± ± D̄± := ∂
∂ς̄± + iς∓∂± ± {D± , D̄± } = 2i∂± ±

Also:    &   ;  Q± := i ∂
∂ς± + ς̄∓∂± ± Q̄± := i ∂

∂ς̄± + ς∓∂± ± {Q± , Q̄± } = 2i∂± ±

Note:    &  ,Q± := iD± + 2ς̄∓∂± ± Q̄± := iD̄± + 2ς∓∂± ±

F. Berezin integration:   ∫ dς± [⋯] = [ ∂
∂ς± [⋯]]≡[[ ∂

∂ς± + iς̄∓∂± ± ][⋯]]ς= 0
So,   ∫Σ ∫ d4ς[⋯] = ∫Σ [D4[⋯]]ς,ς̄= 0 = ∫Σ [⋯ + (∂⋯)]
So,   [ϵ⋅Q = ϵ± Q± + ϵ̄± Q̄± ] ∫Σ ∫ d4ς[⋯] ≃ 0
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b/c   Gr[ℭ=(D± , D̄± ; ∂± ± )]≈ ∧* Span(D± , D̄± )
← “D-terms”

D±

Abelian group 
 all irreps are 

1-dimensional.
∴

“L/R v. fields” 
&  {Q, D}= 0

marked pt’s



 = 1+1D vector

v± ± := v0± v3

A Telegraphic Summary

Worldsheet SuSy

Superfields = “functions” of  ,   (ξ± ± |ς± , ς̄± ) ς2 = 0
-graded vector(-like) spaces:  ℤ B = u + ς⋅ψ+ ∧2ς⋅U+ ∧3ς⋅Ψ+ ∧4ς⋅D

BTW, yes:  , the “D-term” ∫ d4ς B = D
Then, w/   ⇒  :  -grading[∂± ± ] := 1 [B] = [u ] = [ψ]−1

2 = [U]−1= [Ψ]−3
2 = [D]−2 ℤ

Reducible as SuSy representations:  [ϵ⋅Q] ↺ (u ; ψ; U; Ψ; D; ∂± ± [⋯])
E.g.:    leaves    — “chiral”Φ : D̄± Φ = 0 Φ = ϕ+ ς± ψ± + ς+ ς−F + (∂⋯)
E.g.:    &  , where   V = V V ≃→V+ i(Θ−Θ̄) D̄± Θ = 0 = D± Θ̄
 which leaves  ,  s.t.    (like 1+1D E&M)V = (0; 0; v± ± , v1, v2; λ± , λ̄± ; D) v± ± ≃ v± ± + (∂± ± θ)
 so  :   gauge symmetrydξ⋅∇ := dξ± ± [∂± ± + iv± ± ] U(1)
E.g.:    leaves   
is “twisted-chiral,”  e.g.  ,  and    

Σ : D̄+ Φ = 0 = D−Σ Σ = σ+ ς+ λ̄+ + ς̄−λ−+ ς+ ς̄−(D−iℱ) + (∂⋯)
Σ = {eVD̄+ e−V, e−VD−eV} σ = v1+ iv2

Chiral ’s = “matter”;  twisted-chiral ’s =  gauge symmetryΦ Σ U(1; ℂ)≈ ℂ*
9

:   ⇒  ℤ {D± , D̄± } = 2i∂± ± 2[D] = 2[D̄± ] = [∂± ± ]

ℱ := ∂[∓∓v± ± ]

w.l.o.g.

Φ ≃→e−iqΦΘΦ



A Telegraphic Summary

Worldsheet SuSy

One more thing: 
(Twisted-)chiral superfield close under multiplication
If  ,  then  ;  also,  ;  — “chiral ring”D̄± Φ = 0 D̄± (Φ1Φ2) = 0 D̄± 1 = 0
If  ,  then  ; — “twisted-chiral ring”D̄+ Σ = 0 = D−Σ D̄+ (Σ1Σ2) = 0 = D−(Σ1Σ2)

And another:    is supersymmetric  — “F-term”∫ d2ς W(Φ) + h.c.
So is  — “D-terms”+ .∫ d4ς Φ eqΦVΦ = ∫ d4ς Φ Φ + … (Φ-Σ mixing terms)
Now,    &  ∫ d2ς W(Φ) + h.c. = FW′ �+ … + h.c. ∫ d4ς Φ Φ = F̄ F+ …
So,    ⇒  δF( ∫ d4ς Φ Φ + ∫ d2ς W+ h.c.) = 0 F̄ = −W′ �

Similarly:    is supersymmetric  — “twisted F-term”∫ dς+ dς̄−W̃(Σ) + h.c.
Simplest:  ,  where  t ∫ dς+ dς̄−Σ+ h.c. = tRD + tIℱ Σ = (σ; λ̄+ , ς̄−λ−; D−iℱ)
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→ PE = |W′�|2
→ Morse theory!

,  Φ→e−iqΦΘΦ Φ→eiqΦΘΦ
(V→V+ i(Θ−Θ̄))↔Σ



All Together Now

GLSM Action

  V ≃ (0; 0; v± ± , v1, v2; λ± , λ̄± ; D) ⇝ Σ = ((v1+ iv2); λ± , λ̄± ; (D−iℱ))
where  ;    &  ℱ := (∂−−v+ + −∂+ + v−−) δV = i(Θ−Θ) δΣ = 0

Hamilton’s action for :  -invariantΦj = (ϕ; ψ± ; F)j Φj →eiqjΘΦj

KE:  the “D-terms” contain  mixing ∫ d4ς [∑n
j= 0 Φj eqjVΦj −ΣΣ] Φ-Σ

So,  – 2nd-order,   – 1st order (Dirac) EoM;    – algebraic EoMϕj, σ ψ± , λ± F, D, ℱ
PE:   ∫ d2ς W(Φ)+ ∫ dς+ dς̄−W̃(Σ) + h.c.
 ,  ext. aut. (  “R-sym”):  {D± , D̄± } = 2i∂± ± ⇝ {∇± , ∇̄± } = 2i∇± ± ⊃ W̃(Σ)∼Σ(c+ ln(Σ))

 is abelian, all irreps are 1-dimensional:  left- & right-movers are independentSpin(1,1)
External automorphism actions induced separately from    &  ς+ →eiας+ ς−→eiβς−

⇒  :  the Hilbert space (and all observables) must be equivariantUL(1)×UR(1)
“ac (sub)ring” → Kähler str., model A, …;   “cc (sub)ring” → cpx str., model B, …
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Z := ∬D[X] e−(i/ℏ) ∫Σ (…+ ?)
' = ℝ1,3

dS ××P6

twisted-chiral ring chiral ring



in Action

GLSM Action

  ∫ d4ς [∑n
j= 0 Φj eqjVΦj −ΣΣ] = ∑i |Fi |

2+ D(∑i qi |ϕi |
2 )+ (D2+ ℱ2)+ …

   ∫ d2ς W(Φ) + t ∫ dς+ dς̄−Σ+ h.c. = ∑i Fi W′ �i(ϕ) + tRD + tIℱ+ …
EoM:

So,   PE = [∑i qi |ϕi |
2−r]2 + ∑i |W′�i(ϕ) |2 + tI2 + |σ |2 ∑i q2

i |ϕi |
2+ …

Ground states @   &    & … ∑i qi |ϕi |
2 != r W′�i(ϕ) != 0

But,  makes   qi ⩾0 W(eiqiΘΦi)≠W(Φi)

12

∫ d4ς [∑n
j= 0 Φj eqjVΦj −ΣΣ]

∫ d2ς W(Φ) + t ∫ dς+ dς̄−Σ+ h.c.

F̄i = −W′�i(ϕ) ℱ = −tID = (∑i qi |ϕi |
2−r)

tR →r := −tR



in Action

GLSM Action

  ∫ d4ς [∑n
j= 0 Φj eqjVΦj −ΣΣ] = ∑i |Fi |

2+ D(∑i qi |ϕi |
2 )+ (D2+ ℱ2)+ …

   ∫ d2ς W(Φ) + t ∫ dς+ dς̄−Σ+ h.c. = ∑i Fi W′ �i(ϕ) + tRD + tIℱ+ …
EoM:

So,   PE = [∑i qi |ϕi |
2−r]2 + ∑i |W′�i(ϕ) |2 + tI2 + |σ |2 ∑i q2

i |ϕi |
2+ …

Ground states @   &    & … ∑i qi |ϕi |
2 != r W′�i(ϕ) != 0

But,  makes   qi ⩾0 W(eiqiΘΦi)≠W(Φi)
So,    w/excised  {(ϕ0, …, ϕn) ≃ (eiq0θϕ0, …, eiqnθϕn)}

qi= 1= = ℙn (0,…,0)
Then,   → fibre of . ¶ = (p; π± ; Fp) Sℙn(qw)
Then:   ⇒    ;    smooth ⇒ .r > 0 (ϕ0, …, ϕn)≠0 {f(ϕ) = 0} ⊂ ℙn f −1(0) p = 0

and:   ⇒    ;    smooth ⇒ ;  .r < 0 p≠0 f(ϕ) = 0 = ∂f
∂ϕi

f −1(0) ϕi = 0 p = r/qW
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∫ d4ς [∑n
j= 0 Φj eqjVΦj −ΣΣ]

∫ d2ς W(Φ) + t ∫ dς+ dς̄−Σ+ h.c.

F̄i = −W′�i(ϕ) ℱ = −tI

so, ,  W(Φ) = ¶⋅f(Φ) qP
!= −qf < 0

D = (∑i qi |ϕi |
2−r)

  &    & … ∑i qi |ϕi |
2 != r+ qf |p |2 W′�i(ϕ) != 0 homogeneous!“new”

∑i |W′�i |
2 → | f(ϕ) |2+ |p |2 ∑i | ∂f

∂ϕi
|2

tR →r := −tR

~ temperature

LGO



Bear Essentials

GLSM

Chiral “matter”:    — coordinate fields for  Φi = (ϕ, ψ± , F)i X
      &    — fibre coordinate, line bundle  ¶ = (p; π± ; Fp) ℒX

          — (quasi-)homogeneous,   W = ¶a fa(Φ) qpa
= −qfa

Twisted chiral:   — for each  Σ = (σ; λ−, λ̄+ ; (D−iℱ)) U(1; ℂ) = ℂ×

Also, separate left and right “R-symmetry,”  UL(1)×UR(1)
“D-terms”: .∑i |Fi |

2+ D(∑i qi |ϕi |
2 )+ (D2+ ℱ2)+ …

“F-terms”:  ∑i Fi W′�i(ϕ) + tRD + tIℱ+ …
  PE = [∑i qi |ϕi |

2−r]2+ | f(ϕ) |2+ |p |2 ∑i | ∂f
∂ϕi

|2+ tI2 + |σ |2 ∑i q2
i |ϕi |

2
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eliminate w/EoM

= 0 = 0 = 0 = 0



→ Toric Geometry

GLSM

In pictures:  
Also:   .  For  ,   c1(f −1(0) ⊂ ℙn) = (n+ 1)−qf qf = n+ 1 (p; ϕ0, …) ∈ V*ℙn

More involved:   where  is the -twisted -bundle over  F(n)
m[c1] F(n)

m m ℙn−1 ℙ1

After Hirzebruch:  :  {x0y0
m+ x1y1

m = 0} ⊂ ℙn×ℙ1 H2(F(n)
m; ℤ) = J1 ⊕ℤ J2

So,   &  ⃗q : [ p ξ0 ⋯ ξn η0 η1
−(n+ 1) 1 ⋯ 1 0 0

−2 0 ⋯ 0 1 1] toric [ p x1 x2 ⋯ xn y0 y1
−n 1 1 ⋯ 1 0 0

m−2 −m 0 ⋯ 0 1 1] (r1, r2)

I & II = “geometry”
III = LGO
IV = hybrid 
fibre→LGO
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∫ d4ς [∑n
j= 0 Φj eqjVΦj −ΣΣ]

∫ d2ς W(Φ) + t ∫ dς+ dς̄−Σ+ h.c.

r = −tR∙ 0  →ℙn[qf]←  LGOW = f(ϕ) tI

∫ d4ς [∑n
j= 0 Φj e ∑a qa

j Va Φj −∑a ΣaΣa]
∫ d2ς ¶α fα(Φ) + ta ∫ dς+ dς̄−Σa+ h.c.

the charges (m�2)Q1
+nQ2, with respect to which x1 6= 0 has charge �(n�1)m+2 — breaking U(1)

2
⇡

U3(1)⇥U4(1) ! Z(n�1)m+2; finally, x1 6= 0 is neutral with respect to U3(1) generated by the charges
mQ1

+Q2, with respect to which x0 6= 0 has charge �(n�1)m+2 — breaking U(1)
2
⇡ U3(1)⇥U4(1) !

Z(n�1)m+2.

Thus, the vacuum solution in phase III is that of a Zm(n�1)+2 Landau-Ginzburg orbifold of f(x) = 0,
acting with charges (m�2)Q1

+ nQ2.

Phase IV: 0 < r2 <
m�2
n

r1, along the branch E12.
Along the branch E12, x1, · · ·, xn = 0, while xn+1 and xn+2 remain unrestricted. Since x0 6= 0, its elimi-
nation from the D-term constraints (

e:VEVD1e:VEVD1
10.37a) and (

e:VEVD2e:VEVD2
10.37b) produces

P2
j=1 |xn+j |

2
= r2 +

m�2
n

r1, which
is positive in the indicated range of (r1, r2). Therefore, xn+1 = 0 = xn+2 must also be excluded, and we
obtain:

E0 [ E3 , Span(x0)| {z }
I0

� Span(xn+1, xn+2)| {z }
Ib

. (10.68) e:SR4

Since xn+1, xn+2 cannot both vanish, their vevs break U2(1) completely, while x0 6= 0 breaks U1(1) !

Zn since Q1
(x0) = �n; correspondingly, (

e:VEVMe:VEVM
10.37c) reduces to |(�n)�1||x0| = 0. This then is a hybrid

phase in which a Landau-Ginzburg Zn orbifold of {(x1, · · ·, xn) : f(x) = 0} is fibered over the P1
base =�

(xn+1, xn+2)rE3
 
/(

e:Q2e:Q2
10.5).

m = 0

I

III

IV

m = 1

I

II
III

IV

m = 2

I

II
III

IV

m = 3

I

IIIII

IV

Figure 43: The phases of the GLSMs with the superpotentials (
e:LWe:LW
0.8), depicted here for n = 2 f:Ph03

10.3.3 VEVss:VEVs

Throughout the above analysis, the vevs |x0|2, |x1|2,
P

n

i=2 |xi|
2 and

P2
j=1 |xn+j |

2 play distinct roles. As
seen above, |x0| 6= 0 in the “non-geometric” phases III and IV, including the phase boundary (iv) between
them. In turn, x0 = 0 in the “geometric” phases I and II, as well as the phase boundaries (i), (ii) and (iii)
delimiting them.

Eq. (
e:VEVD1e:VEVD1
10.37a) implies that |x1| is nonzero for r1 > 0, which includes phases I and II. Jointly with (

e:VEVD2e:VEVD2
10.37b),

we have:

|x1| =

sP
j
|xn+j |

2 � r2

m
=

vuutr1 �
nX

i=2

|xi|2 > 0,

⇢
r1 >

P
n

i=2 |xi|
2 > 0,

P
n

i=2 |xi|
2
> r2 > �mr1,

(
e:|x1|e:|x1|
10.500)

and x1 parametrizes the exceptional set of the MPCP-desingularization of Pn

(m:···:m:1:1). While r1 > 0, |x1|
vanishes only when r2 = 0, which is the boundary between phases I and II; this suggests that the P1-like

259

LGO  GLSM⊂



GLSM

From , def.  ;   (spanning) fanqa
i ⃗ν i ∈ (N≈ ℤn) : ∑i qa

i ⃗ν i = 0 ⃗ν i ∈ Σ(1)
   up to  lattice automorphisms 
 
 
 
 
 
 

⃗ν i GL(n; ℤ)

Cox variables: ,  then   ⃗ν i ↦ xi f(x) = ∑ ⃗μk∈ Σ∘ (ak∏ ⃗ν i∈ Σ(1) x ⃗ν i⋅ ⃗μk+ 1
i )

where    is spanned by the polar of the polytope  spec. by Σ∘ Δ⋆ ⃗ν i ∈ Σ(1)
well defined for “reflexive” ;    &     (& some details).Δ⋆ Δ := (Δ⋆)∘ Δ∘ = Δ⋆

15

F(n)
m : [ p x1 x2 ⋯ xn y0 y1

−n 1 1 ⋯ 1 0 0
m−2 −m 0 ⋯ 0 1 1]

ℙn: [ p x0 x1 ⋯ xn
−(n+ 1) 1 1 ⋯ 1]

P4 ⌫0 ⌫1 ⌫2 ⌫3 ⌫4

�?
P4

�1 1 0 0 0

�1 0 1 0 0

�1 0 0 1 0

�1 0 0 0 1

F (4)
m ⌫1 ⌫2 ⌫3 ⌫4 ⌫5 ⌫6

�?
F

(4)
m

�1 1 0 0 0 �m

�1 0 1 0 0 �m

0 0 0 1 0 �m

0 0 0 0 1 1

1

P4 ⌫0 ⌫1 ⌫2 ⌫3 ⌫4

�?
P4

�1 1 0 0 0

�1 0 1 0 0

�1 0 0 1 0

�1 0 0 0 1

F (4)
m ⌫1 ⌫2 ⌫3 ⌫4 ⌫5 ⌫6

�?
F

(4)
m

�1 1 0 0 0 �m

�1 0 1 0 0 �m

0 0 0 1 0 �m

0 0 0 0 1 1

1

→ Toric Geometry



& Mirror Symmetry

GLSM

So,  and  w/vertices =   define  Σ ∈ (N ⊗ℤ ℝ) Δ⋆ ∋0 ⃗ν i V(Σ)
Compute  Σ∘(k)∋σ∘ ∋ ⃗μ : ⃗μ ⋅ ⃗ν + 1= 0, ⃗ν ∈ σ ∈ Σ(n+ 1−k)
 ° is inclusion-reversing :  if    then  ∂σ = τ1∪⋯∪τr σ∘ = τ∘

1 ∩ ⋯ ∩ τ∘
r

For the anticanonical section   f(x) = ∑ ⃗μk∈ Σ∘ (ak∏ ⃗ν i∈ Σ(1) x ⃗ν i⋅ ⃗μk+ 1
i )

Mirror model from   f a(y) = ∑ ⃗ν i∈ Σ (bi∏ ⃗μk∈ Σ∘(1) y ⃗μk⋅ ⃗ν i+ 1
k )

“Transposition method”: judicious reductions of   and  to “invertible” 
poly’s ⇒   and  are mirror models,  diagonally 
acting discrete symmetry, spec’d by rows/columns of  

f(x) f a(y)
f −1(0)/H ( f a)−1(0)/H′� H×H′�

[[ ⃗μk ⋅ ⃗ν i+ 1]]−1

BTW, the “+1” in the exponent ⇐   &  .f(x) ∈ Γ(V* + 1
V(Σ)) f a(y) ∈ Γ(V* + 1

V(Σ∘))
Multiple “judicious reductions”  ⇒  “multiple mirrors”
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F(n)
m : [ p x1 x2 ⋯ xn y0 y1

−n 1 1 ⋯ 1 0 0
m−2 −m 0 ⋯ 0 1 1]

ℙn: [ p x0 x1 ⋯ xn
−(n+ 1) 1 1 ⋯ 1]

 fract. transf.↺

 
transposition

Σ↔ Σ∘



Claim: “Mirror of  is the Landau-Ginzburg .” ℙ2 W0 = 1
xy + x+ y

See: arXiv-abstract of Gross’  -paper [P2P=aXiv:0903.1378 → book]ℙ2

The mirror of a manifold is a… polynomial?!
Details: “certain computations on  match certain other computations on ”ℙ2 W0

Q.: LGO in a GLSM over which (toric?) space ?V(Σ)
Also, which bundle  ?  Surely, not the anticanonical one…ℒV(Σ)
Clearer [P2P, p.3] (paraphrase TH):  
  is rigid: no complex structure deformation; cpx str. = {pt}.ℙ2

  has : space of Kähler classes 1-dim.ℙ2 dim H1,1(ℙ2) = 1
  has a 1-dim. moduli space of complex structures?(ℂ×)2

  has a rigid Kähler class?(ℂ×)2

…about the mirror of  ℙ2

Mirror Questions

17

LGO  GLSM⊂
GLSM over , w/V(Σ) W ∈ Γ(ℒV(Σ))

, so ?W ∈ Γ(ℒV(Σ))

ℙ2 mirror (ℂ×)2 ≈ {x0x1x2 = 1} ⊂ ℂ3

← I’ll be 
back.

a physicist being such a fuddy-duddy  
’bout “what are we talking about?!”

, up to coord. reparam.J = dx∧dx̄+ dy∧dȳ
← I’ll be back.



…about the mirror of  ℙ2

Mirror Questions

Claim: “Mirror of  is .” ℙ2 (ℂ×)2 ≈ {x0x1x2 = 1} ⊂ ℂ3

Also [P2P]:  ,  “ ” = “flat coordinate”W0 = y0+ x0+ x1+ x2 y0
These  ,  so    ⇒  ,  so   xi ∈ ℂ3 x0x1x2 = 1 x0 = 1

x1x2
W0 = y0+ 1

x1x2
+ x1+ x2

Still, not homogeneous; no consistent    (gauge) charges…U(1; ℂ)≈ ℂ×

Homogenize: add    so   →  x3 {(x0x1x2−1) = 0} ⊂ ℂ3 {(x0x1x2−x33) = 0} ⊂ ℙ3 |x3≠0

where    is one of four affine charts;  so consider   ℙ3 |x3≠0 = (c3 ≈ ℂ3) ℙ3[3]
…it’s a Fano 2-fold,  &   (ℂ×)2 = ℙ3[3]x3≠0 = ℙ3[3] ∖ ℙ3[3]x3= 0

…and  ! ℙ3[3]x3= 0 ≡ℙ3[1,3]≡ℙ2[3]
Yes, we knew that, since    is flat.ℙ3[3]x3≠0 = (ℂ×)2

But:    has a 1-dim cpx. str. moduli space.ℙ3[1,3]≡ℙ2[3]

18

ℙ2 mirror (ℂ×)2 ≈ {x0x1x2 = 1} ⊂ ℂ3

LGO  GLSM⊂

GLSM over , w/V(Σ) W ∈ Γ(ℒV(Σ))
[P2P = aXiv:0903.1378]

¡¿  ?!W0 = 1
xy + x+ y

 is a non-compact CY2-fold∴ ℙ3[3] |x3≠0 [Tian-Yau, ’91 & ’92]

 “flat coordinate” = coeff. of 
  the “universal monomial” 

 x0x1x2 ∈ Γ(V*ℙ2)  on ↦1 ℙ3[3] |x3≠0

“best written as”

&"' …any independent proof that   ?dim ℳ(ℂ×)n= 1



…about the mirror of  ℙ2

Mirror Questions

So,  “Mirror of    is .” ℙ2 ≡ℙ3[1] (ℂ×)2 ≈ {x0x1x2 = x33} ∈ ℙ3[3]x3≠0
Barannikov, ’01, [math/0010157]:  “ ”ℙn mirror (ℂ×)n≈ {(x0⋯xn= 1)} ⊂ ℂn+ 1

There is a “general” pattern here:   ℙn+ 1[n+ 1] ↔ ℙn≡ℙn+ 1[1]
 c1(ℙn+ 1[n+ 1])+ c1(ℙn≡ℙn+ 1[1]) = c1(ℙn+ 1)
&    (ℙn= ℙn+ 1[1]) mirror {(x0⋯xn= xn+ 1n+ 1)} ⊂ ℙn+ 1 |xn+ 1≠0 = ℙn+ 1[n+ 1] ∖ ℙn+ 1[1, n+ 1]

More generally: 

And, for  : d = c1

BTW, in  -GLSM,  :  ,   ℙn W≡0 W ∈ Γ(Sℙn) W = const. ↦0
One more thing: Hori-Vafa [hep-th/0002222]:  (eYi ≠0)↔ℂ×
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ℙ2 mirror (ℂ×)2 ≈ {x0x1x2 = 1} ⊂ ℂ3

LGO  GLSM⊂

GLSM over , w/V(Σ) W ∈ Γ(ℒV(Σ))
[P2P = aXiv:0903.1378]

 ⁉An[d ] mirror (An[(c1−d )] ∖ An[d, (c1−d )])
 ⁉An[c1]

mirror (An ∖ An[c1])  “transposition mirror” ⁉
?⇝

comp. -foldCY(n−2)
non-comp. -foldCY(n−1)

— false for  —d = 0



…and Amoebas?

GLSM

O n e  m o r e  t h i n g …
The “secondary fan” 
becomes modified by 
“worldsheet instantons”
This is the toric rep. of 
the Kähler structure
…with shifts and 
“thickening” → “amoebas” 

Tropical geometry ↔ “large cpx str.”  “large Kähler class/radius”
mirror←−−→

“log-geometry” ↔ “smallish cpx str.”  “smallish Kähler class/radius”
mirror←−−→
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the charges (m�2)Q1
+nQ2, with respect to which x1 6= 0 has charge �(n�1)m+2 — breaking U(1)

2
⇡

U3(1)⇥U4(1) ! Z(n�1)m+2; finally, x1 6= 0 is neutral with respect to U3(1) generated by the charges
mQ1

+Q2, with respect to which x0 6= 0 has charge �(n�1)m+2 — breaking U(1)
2
⇡ U3(1)⇥U4(1) !

Z(n�1)m+2.

Thus, the vacuum solution in phase III is that of a Zm(n�1)+2 Landau-Ginzburg orbifold of f(x) = 0,
acting with charges (m�2)Q1

+ nQ2.

Phase IV: 0 < r2 <
m�2
n

r1, along the branch E12.
Along the branch E12, x1, · · ·, xn = 0, while xn+1 and xn+2 remain unrestricted. Since x0 6= 0, its elimi-
nation from the D-term constraints (

e:VEVD1e:VEVD1
10.37a) and (

e:VEVD2e:VEVD2
10.37b) produces

P2
j=1 |xn+j |

2
= r2 +

m�2
n

r1, which
is positive in the indicated range of (r1, r2). Therefore, xn+1 = 0 = xn+2 must also be excluded, and we
obtain:

E0 [ E3 , Span(x0)| {z }
I0

� Span(xn+1, xn+2)| {z }
Ib

. (10.68) e:SR4

Since xn+1, xn+2 cannot both vanish, their vevs break U2(1) completely, while x0 6= 0 breaks U1(1) !

Zn since Q1
(x0) = �n; correspondingly, (

e:VEVMe:VEVM
10.37c) reduces to |(�n)�1||x0| = 0. This then is a hybrid

phase in which a Landau-Ginzburg Zn orbifold of {(x1, · · ·, xn) : f(x) = 0} is fibered over the P1
base =�

(xn+1, xn+2)rE3
 
/(

e:Q2e:Q2
10.5).

m = 0

I

III

IV

m = 1

I

II
III

IV

m = 2

I

II
III

IV

m = 3

I

IIIII

IV

Figure 43: The phases of the GLSMs with the superpotentials (
e:LWe:LW
0.8), depicted here for n = 2 f:Ph03

10.3.3 VEVss:VEVs

Throughout the above analysis, the vevs |x0|2, |x1|2,
P

n

i=2 |xi|
2 and

P2
j=1 |xn+j |

2 play distinct roles. As
seen above, |x0| 6= 0 in the “non-geometric” phases III and IV, including the phase boundary (iv) between
them. In turn, x0 = 0 in the “geometric” phases I and II, as well as the phase boundaries (i), (ii) and (iii)
delimiting them.

Eq. (
e:VEVD1e:VEVD1
10.37a) implies that |x1| is nonzero for r1 > 0, which includes phases I and II. Jointly with (

e:VEVD2e:VEVD2
10.37b),

we have:

|x1| =

sP
j
|xn+j |

2 � r2

m
=

vuutr1 �
nX

i=2

|xi|2 > 0,

⇢
r1 >

P
n

i=2 |xi|
2 > 0,

P
n

i=2 |xi|
2
> r2 > �mr1,

(
e:|x1|e:|x1|
10.500)

and x1 parametrizes the exceptional set of the MPCP-desingularization of Pn

(m:···:m:1:1). While r1 > 0, |x1|
vanishes only when r2 = 0, which is the boundary between phases I and II; this suggests that the P1-like
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Figure 45: The first five (m=0, · · · , 4) F (n)
m [c1] Kähler structure discriminants for n = 2, 3, 4, defining the “fully

corrected” Kähler phase diagrams; the indicated (✓̂1, ✓̂2) phases are constant for each spike-to-spike segment of
the plot, and are identical for the n = 2, 4 plots, but differ from their n = 3 counterparts f:nm0-4
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Figure 45: The first five (m=0, · · · , 4) F (n)
m [c1] Kähler structure discriminants for n = 2, 3, 4, defining the “fully

corrected” Kähler phase diagrams; the indicated (✓̂1, ✓̂2) phases are constant for each spike-to-spike segment of
the plot, and are identical for the n = 2, 4 plots, but differ from their n = 3 counterparts f:nm0-4
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Figure 45: The first five (m=0, · · · , 4) F (n)
m [c1] Kähler structure discriminants for n = 2, 3, 4, defining the “fully

corrected” Kähler phase diagrams; the indicated (✓̂1, ✓̂2) phases are constant for each spike-to-spike segment of
the plot, and are identical for the n = 2, 4 plots, but differ from their n = 3 counterparts f:nm0-4
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Figure 45: The first five (m=0, · · · , 4) F (n)
m [c1] Kähler structure discriminants for n = 2, 3, 4, defining the “fully

corrected” Kähler phase diagrams; the indicated (✓̂1, ✓̂2) phases are constant for each spike-to-spike segment of
the plot, and are identical for the n = 2, 4 plots, but differ from their n = 3 counterparts f:nm0-4
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← log-geometry lim
t→∞

ln(ta+ tb) = max(a, b)



Thank You!
Tristan Hübsch 

Department of Physics and Astronomy  
Howard University, Washington DC


