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Abstract In this paper we consider Markov chains X with transition rates that depend
on a small parameter ¢. We are interested in the long time behavior of X; at various &-
dependent time scales t = ¢ (¢). The asymptotic behavior depends on how the point (1/¢, (¢))
approaches infinity. We introduce a general notion of complete asymptotic regularity (a
certain asymptotic relation between the ratios of transition rates), which ensures the existence
of the metastable distribution for each initial point and a given time scale 7 (¢). The technique
of i-graphs allows one to describe the metastable distribution explicitly. The result may be
viewed as a generalization of the ergodic theorem to the case of parameter-dependent Markov
chains.
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1 Introduction

Consider a family X? of Markov chains on a state space S = {1, ..., N}, where ¢ is a small
parameter. The time may be continuous or discrete — we start by considering the case when
t € R*. The case of discrete time is similar and is briefly discussed in Sect. 6. Let g; (),
i,j€S,i# j,be the transition rates, i.e.,

P(X{ A =JIX] =i)=qij(e)(A+0(A) asA |0, i# . (1.1)
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We will be interested in the behavior of X7 as ¢ | 0 and, simultaneously, r = 7(¢) — oo.
The results on the asymptotic behavior of X7 can be viewed as a refinement of the ergodic
theorem for Markov chains (which concerns the asymptotics with respect to the time variable
only) and are obviously closely related to the spectral properties of the transition matrix (some
of the earliest work on the eigenvalues of matrices with exponentially small entries can be
found in [36]). The double limit at hand depends on how the point (1/¢, ¢(¢)) approaches
infinity. Roughly speaking, one can divide the neighborhood of infinity into a finite number
of domains such that X f(g) has a limiting distribution (which depends on the initial point)
when (1/¢, t(¢)) approaches infinity without leaving a given domain. For different domains,
these limits are different. These will be referred to as metastable distributions.

The precise description of these domains, i.e., the assumptions on the admissible growth
rates of 7 (&), will be provided below. Intuitively, 7 (¢) should be such there is a subset ' C §
with the property that 7(g) is sufficiently large for averaging on S’ to take place, yet not
sufficiently large for the process to leave S’. The existence of such subsets, i.e., the ability
to separate different time scales, is a consequence of the property of complete asymptotic
regularity, formulated below.

Families of parameter-dependent Markov chains arise in many applications, such as
various models of non-equilibrium statistical mechanics at low temperatures (see, e.g.,
[12,15,16,29] and references therein). Another important example leading to parameter-
dependent Markov chains comes from the study of randomly perturbed dynamical systems
[24]. If a dynamical system has N asymptotically stable attractors, each attractor can be asso-
ciated with a state of a Markov chain, while the transition times between different states are
due to large deviations and are determined by the action functional of the perturbed system.
In this example, the transition rates are exponentially small (up to a pre-exponential factor)
with respect to the size of the perturbation ¢, i.e., the transition times are exponentially large.
Some of the finer results on the transition times (including the pre-exponential factor) were
obtained in [6,10].

As shown in [22,24], the long-time behavior of the perturbed process can typically be
understood using the notion of the hierarchy of cycles. The hierarchy of cycles means, roughly
speaking, that for each 0 < r < p the set of attractors is decomposed into disjoint subsets

Lo C;r (cycles of rank r), up to the maximal rank p < N. The individual attractors
are the cycles of rank zero, they are combined in disjoint sets—cycles of rank one, those are
combined in cycles of rank two, etc., until the cycle of maximal rank p < N containing all
the attractors. With probability close to one as ¢ |, 0, the process goes from a neighborhood
of one of the attractors in C; to a small neighborhood of one the attractors of the next cycle
C’., thus remaining within a cycle of rank r + 1. The transition time between C; and C”, is
determined by the asymptotics, as € |, 0, of the transition rates between individual attractors
that belong to the union of these cycles. The process leaves the cycle of rank r + 1 only after
an exponentially large number of transitions between cycles of rank r.

In the generic case, for each A (except a finite number of values) and the time scale
t(e) ~ exp(r/e), with probability close to one, the process can be found in a neighborhood
of a particular attractor, which depends on the initial point. If only one invariant probability
measure of the unperturbed system is concentrated on this attractor, then the distribution of
X f( ¢) COnverges, as & J 0, to this measure, which is called the metastable distribution for the
given initial point and given A.

The above description with the hierarchy of cycles and the meta-stable states is valid,
however, only if the notion of the unique “next” cycle (and, consequently, unique meta-
stable state) can be correctly defined. For example, when the unperturbed dynamics has
certain symmetries (or “rough symmetries” as in [23]), the notion of “next” is not defined
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uniquely even for individual attractors (cycles of rank zero). A similar phenomenon was
observed in [25], due not to symmetries but to degeneration of the unperturbed dynamics in
a part of the phase space.

Since the hierarchies of cycles were introduced in [22], many different techniques have
been developed for the study of metastability, some of which do not require the uniqueness
of the ‘next’ state or cycle. Those include renormalization group ideas (as in [30-33]),
the potential-theoretic approach (see [9—12,19] and references therein), and the martingale
approach (see [4,5] and references therein). See also [13,28,34,35] for problems concerning
simulated annealing, where a hierarchy construction also appears. Distribution of a process
conditioned to stay within a trapping collection of states and the asymptotic distribution of the
exit time were studied in [8,21]. (See also [1,2,17,20] for problems related to the distribution
of a hitting time of a set in a rather general setting.) The distribution of the exit path from a
set after the last visit to a given subset was studied in [14].

Yet another example leading to parameter-dependent Markov chains is provided by
dynamical systems with heteroclinic networks. Namely, assume that there are finitely many
stationary points with heteroclinic connections that together form a connected set. Assume
that the entire network serves as an attractor for the dynamical system. The flow lines con-
necting pairs of stationary points can be associated with the states of a Markov chain. After a
random perturbation of size ¢, the transition times between the neighborhoods of such flow
lines scale as powers of ¢ (up to a logarithmic factor). So the notions of the hierarchy of
cycles and the meta-stable states could apply (at times that scale as powers of ¢, rather than
exponentially). However, the notion of “next” state may again be not defined uniquely, since
the exit from a neighborhood of a heteroclinic connection (say, between stationary points A
and B) can happen along either of the heteroclinic connections leading out of B. A detailed
study of motion along heteroclinic networks is the subject of [3]. It should be stressed that
the dynamics in this example, as well as in the case of asymptotically stable attractors dis-
cussed above, is only approximately described by a Markov chain of the type considered in
the current paper. A reduction of the true dynamics to a finite-state Markov chain requires
non-trivial analysis.

In the current paper, we introduce the notion of the hierarchy of Markov chains in a general
setting. We show that it should replace the notion of the hierarchy of cycles. We do not require
the transition rates between different states to scale exponentially (as in most models arising
from statistical physics and in the study of randomly perturbed dynamical systems), but only
assume that there is a simple asymptotic relation between the ratios of transition rates.

More precisely, we introduce the following definition.

Definition 1.1 The family X is said to be asymptotically regular as ¢ | 0 if the following
two conditions hold.

(a) The transition rates g;;(¢) are positive1 fore > O0andalli # j.
(b) Foreachi, j, k,l € S satisfying i # j, k # [, the following finite or infinite limit exists

lgig(%j(e)/CIkl(e)) € [0, oo].

Loosely speaking, the property of asymptotic regularity implies that X7 has a certain
limiting structure when ¢ | 0. Namely, while asymptotic regularity does not allow one to
control the transition times between different states, it allows one to analyze the order in
which the states are visited, which is crucial for describing the limiting behavior of invariant
measures of X;.

! The main result can be obtained even if the positivity assumption is relaxed, as mentioned in Sect. 6.
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In Sect. 2, we will introduce the hierarchy of Markov chains. The hierarchy will be defined
inductively by successively reducing the state space, i.e., combining the elements of the state
space into subsets that will serve as states for the chain of higher rank. This construction
generalizes the hierarchy of cycles notion of [22]. In order to perform an inductive step, we
will require each chain appearing in the construction to be asymptotically regular. While this
condition may seem not explicit, we will show that it holds if the transition rates of the original
family satisfy a relatively simple condition, which we call complete asymptotic regularity.
A similar condition was introduced in a recent paper [7], where a different technique for the
hierarchy construction (based on the study of hitting times of states and appropriate clusters
of states) was employed.

After constructing the hierarchy, we can associate an increasing sequence of time scales
fu(i,e), 1 < n < n*, with each initial state i € S of the original chain. These time scales
satisfy f,(i,e) < fu+1(,8), 1 < n < n* —1, and f,=(i,e) = oo. Assuming that the
process starts at i and f;,(i, &) < t(e) < fut1(i, &), we will show that Xf(g) converges to
a distribution v (i, -), called the metastable distribution for the initial state i at the time scale
t(¢). This is the main result of our paper.

In Sect. 3, we discuss some simple properties of asymptotically regular Markov chains. In
Sect. 4, we formulate and prove the main theorem on the meta-stable behavior of the original
process. In Sect. 5, we prove that a condition on the transition rates of the family of Markov
chains guarantees that all the chains in the hierarchy are asymptotically regular. We briefly
discuss a couple of generalizations in Sect. 6.

2 Hierarchy of Markov Chains
2.1 Reduced Markov Chain

Given an asymptotically regular family of Markov chains X with N > 1, we will construct
a reduced Markov chain (later also referred to as the reduced Markov chain of rank one).
First, we define a discrete-time Markov chain on S, which will be referred to as the skeleton
Markov chain and denoted by Z,,. Its transition probabilities are defined by

Py =lim(qij(e)/ )iy @) j#i: Pi=0.
J'#
Observe that the above limit exists since the family of chains X7 is asymptotically regular.
Recall (see [18]) that the (finite) state space of a Markov chain can be uniquely decomposed
into a disjoint union of ergodic classes and the sets consisting of individual transient states,

s:slu...Us,,. 2.1)

Note that n < N since each ergodic class of Z, contains at least two states, which follows
from the fact that for each i there is j # i such that P;; > 0.

Next, for each 1 < k < n, we define the Markov chains Ytk"€ by narrowing the state space
S to Sk and retaining the same transition rates for i, j € S as in the original Markov chain
X7. Let uF (i, &) be the invariant measure of the state i € Sy for the chain Y,k’g.

Finally, we define the reduced Markov chain. Its state space is the set {Sy, ..., S,}. The
transition rate between S and S;, k # [, denoted by Qy;(¢), is defined by
Qu(e) =YY uki, e)gi (). (22)
€Sy jESI
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2.2 Definition of the Hierarchy

We will use induction to define the reduced Markov chains X,r’s, 0 <r < p, with some
0 < p < N. The reduced Markov chain of rank zero (i.e., corresponding to » = 0) will
coincide with X7, while the reduced Markov chain of rank p will be trivial (i.e., its state
space will contain one element). The entire collection of reduced Markov chains will be
referred to as the hierarchy. An example of a family of Markov chains with the hierarchy
construction will be provided at the end of this section.

Foreach 0 < r < p — 1, by partitioning the state space of X;°* into n, 1 subsets (referred
to as clusters), we will define Markov chains Y,r’k’e, 1 <k < ny41. The chain Ytr’k"8 will be
referred to as the k-th chain of rank r.

We set ng = N and S(l’ =1,.., S,?O = ng. These are clusters of rank zero. The reduced
Markov chain of rank zero, denoted by X ?’8, is defined on the state space SO = {SO, ce, S,?O}
and has transition rates Q?j (&) = gij(e). Thus it coincides with the original Markov chain.

If N = 1, thisresults in the trivial hierarchy. If N > 1, we can apply the above construction
of the reduced Markov chain. We set n; = n and use the following notation

s=siJ---Usn,
for the decomposition of the original state space into ergodic classes and sets containing
individual transient states for the skeleton chain. The sets S]I, R S,ll1 will be referred to as
clusters of rank one. For each 1 < k < ny, we set Y,O’k’s = Y,k’s, which will be be referred
to as the k-th Markov chain of rank zero. Let /Lo’k (i, €) be the invariant measure of the state
S8Y € S} for the chain Y k¢ defined above.

The reduced Markov chain introduced above will also be referred to as the reduced Markov
chain or rank one and denoted by X tl € Its state space is the set {S 11 e S}“ }. The transition
rate between S,: and Sll, 1 <k,l <ny,k #1,denoted by Q,ld (¢), 1s defined, in conformance
with (2.2), by

OLe) =) Y ui, )0} ). 2.3)

ies} jes}

If X tl’g is asymptotically regular, we can replicate the above construction, i.e., define the
skeleton chain corresponding to X ,1 ¢ and partition {Sll R S,%l} into clusters S, ..., S,%z.
Foreach 1 < k < nj, we can define the k-th Markov chain of rank one, denoted by Y,1 K¢ The
reduced Markov chain X ,2’8 of rank two is defined on the state space {S 2 S,%z }. The con-
struction then continues inductively, assuming that all the reduced chains are asymptotically
regular.

Let p be the firstindex such thatn, = 1. Observethat p < N sinceng = N andn, 11 < n,
for each r. Since n, = 1, there is only one Markov chain of rank o — 1, and the reduced
Markov chain of rank p is trivial — its state space consists of one element S f . This completes
the construction of the hierarchy.

The reduced Markov chain of rank r, 0 < r < p, will be denoted by X ,r’e, its transition
rates will be denoted by Q,’d(e), the k-th Markov chain of rank 7,0 <r < p, 1 <k <n,41,

will be denoted by Y[r’k’g, and the invariant measure of a state Sl.r € S,Z“ for this Markov
chain will be denoted by " (i, ).
For a state j € S, we’ll write that j < S if there is a sequence j = jo, ji,...,jr =k
such that
j=8%es) ... es). 2.4)
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1360 M. Freidlin, L. Koralov

For 1 < k < n, and j such that j < S; does not hold, we will need the functions é,’q (e).
These are defined inductively, namely, égj (e) = Q?j (e) if S,? =i and

Oi@= Y w e, 1=sr=p-1

o=l _qr
[H\YACAYA

Intuitively, these serve as transition rates from a cluster of rank r to an individual state,
although, unlike Q7 (¢), they don’t correspond to transition rates of any of the Markov chains
introduced above. Let us stress that the functions Q kj (¢) were not used in the construction
of the hierarchy. They will be needed, however, in order to describe the asymptotic behavior
of X7 (for example, in the case when the time needed for X; to exit the state j is longer than
the time needed for X}® to exit the state Sp).

Let us stress that the inductive construction of the hierarchy is possible under the condition
that all the reduced chains that appear at each step are asymptotically regular.

Definition 2.1 We will say that X? is completely asymptotically regular if foreacha > 0and
each (i1, ..., i4), (1s--s ja), ki, ..., kq), and (1, ..., 1,) the following finite or infinite

limit exists
lim (Lm ) x oo x Jiada’®) (8)> € [0, o], (2.5)
el0 \ gx1, (&) Gkal, (&)

provided that iy # ji,...,iq # ja, k1 #F 11, ... kqg # 1g.

Lemma 2.2 Suppose that X} is completely asymptotically regular. Then the reduced chain
is also completely asymptotically regular.

This lemma will be proved in Sect. 5. For now, we observe that if X7 is completely
asymptotically regular, then, by Lemma 2.2, so are the reduced Markov chains that appear
at each step of the inductive construction of the hierarchy, which implies that all of them are
asymptotically regular.

In conclusion of this section, let us consider a simple example of a family of Markov
chains and of the corresponding hierarchy. In this example, ngp = N = 7, and the transition
rates, arranged in a matrix without diagonal elements, are given by

* e 84 e—l/s e—l/s 6—2/8 e—2/a
84 % 82 efl/a efl/s 672/8 672/8
83 83 * e—l/s e—l/s e—2/s 6—2/8
qe)=Q%e) = | e Ve e e e 1/|In(e)| e7X/E €7/E
e~ /e o= /e o—1/e 1/]In(e)| * e 2/ ¢=2/¢
672/6‘ 672/8 672/8 672/5 672/8 % e
6—2/5 6—2/5 e—2/s e—2/£ 6—2/5 e %

In Fig. 1, the solid arrows denote non-zero transitions for the skeleton Markov chain
corresponding to X ?’8. The skeleton Markov chain has three ergodic classes (clusters of rank
one): S1 ={1,2,3}, Sl = {4, 5}, and S31 = {6,7}. Thus n; = 3. The transition rates for

Markov chains of rank zero (Y0 Le Y0 2.6 ,and Y~ 0.3, **) can be arranged into matrices
4
e €
et x e . (1/| 1?1(s)| v 1:(8)|> , and <: i) '
e e«
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Fig. 1 In this example, n9 = N = 7, n; = 3,np = 2,n3 = 1, and p = 3. The solid arrows denote
non-zero transitions for the skeleton Markov chain corresponding to X?’g. The dashed arrows denote non-
zero transitions for the skeleton Markov chain corresponding to X ,l *® . The dotted arrows denote non-zero

transitions for the skeleton Markov chain corresponding to X ,2’8

Their invariant measures are easily seen to be given by

pO1C e) = €21+ o(1), 2e(1 + o(1)), 1+ o(1)), ”0’2("8):<1 1)’

22
11
0’3- = _, = .
w7 €) (2,2>

(Here and below, each instance of o(1) may represent a different function that tends to zero
as ¢ | 0.) Thus, by (2.3), the transition rates for the reduced Markov chain of rank one are
given by

x  2+o())e Ve 2+ o0(1))e e
0'(e) = | 3¢ Ve * 2”2/
3¢~/ 202/ *
In Fig. 1, the dashed arrows denote non-zero transitions for the skeleton Markov chain

corresponding to X [1’8. This skeleton Markov chain has one ergodic class S7 = {S, 521} =
{{1, 2, 3}, {4, 5}} and one transient set §7 = {S_%} = {{6, 7}}, and thus n, = 2. The transition

rates for the Markov chain Y,l’ 1€ of rank one can be arranged into the matrix

( % 2(14+o(l))e" /e )

3e1/e *
Its invariant measure is given by

p e e) = (B +0(1)/5, 2+ 0(1)/5).

The Markov chain Y,]’Z’E is trivial since its state space contains only one element, and
u'2(1, &) = 1. The state space for the reduced Markov chain of rank two is the set {S 2, S%}.
Applying (2.3) to X ,1’8 instead of Xto’g, we obtain that the transition rates for the reduced
Markov chain of rank two are given by

01, =1 (1,0)013(e) + 11 2,£) Q33(e) = 2+ 0(1))e /7,

031 = "2 (1, ) Q31(e) + 12 (1,) 035(8) = (5 + o(1))e "
In Fig. 1, the dotted arrows denote non-zero transitions for the skeleton Markov chain cor-

responding to X,Q's. This skeleton chain has one ergodic class, and thus 73 = 1 and p = 3.
There is only one Markov chain of rank two, Y, ,2’ ! "¢ which coincides with X ,2'8. The reduced
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Markov chain of rank three is trivial—its state space consists of one element 513 = {{S3, S%}}.
This completes the construction of the hierarchy.

3 Asymptotically Regular Families of Markov Chains

In order to prepare for the discussion of metastability, we need several lemmas on asymp-
totically regular families of Markov chains. Let 1.(i, €) denote the invariant measure of the
state i in an asymptotically regular Markov chain X{ with N > 1. We’ll be interested in
the asymptotics of (i, ) in the case when the skeleton chain has one ergodic class and no
transient states (in which case p = 1 and no additional assumptions are required in order
to define the hierarchy). Note that this condition is satisfied for each of the Markov chains
Ytr’k’g, 0<r<p-—1,1<k <nyyq, defined above, with the exception that the number of
states for such a chain may be equal to one.
Let A be the invariant measure of the skeleton chain Z,,. Define

—1
TGhe)=| Y, qj©| . Te) =) 06"Ti, ).
jes, j#i i'eS

Thus T (i, ) is the average of the exponentially distributed exit time of X! from the state i.
The function T (¢) is the average time it takes X¢ to make one step, where the average is
calculated with respect to the invariant measure for the skeleton chain.

The symbol ~ is used below to denote asymptotic equivalence between positive functions,
ie., f(e) ~g(e)ase | Oiflimgyo(f(e)/g(e)) = 1.

Lemma 3.1 Let X} be asymptotically regular and N > 1. Suppose that the skeleton chain
has one ergodic class and no transient states. Then

w(i, &) ~ AT (i, e)/T(e) ase 0.

Proof Lett,t;, ... be the times of the jumps of the process X7 . Let Z;, be the discrete-time
Markov chain obtained from X7 by discretizing time, i.e., Z§ = X, Z;, = an, n>1.Let
Pfj be the transition probabilities for Z; and A® be its invariant measure. Then, from the
definition of the skeleton chain, it follows that

lim Py = Py, i # . 3.1)

where P;; are the transition probabilities for Z,. Since Z, has one ergodic class and no
transient states, this implies that

limA%(@) =A3{) >0, i €8.
el0

By the Law of Large Numbers for Markov chains, (i, €) is equal to the asymptotic (as
t — oo) proportion of time that the process X} spends in the state i. Therefore,

w(i, e) = 25T, 8)/ Z()\e(i/)T(i/, €)).

i'eS

Combining the latter two equalities, we obtain the result claimed in the lemma. O
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From Lemma 3.1 and the asymptotic regularity of X7 it follows that there is a limiting
probability measure
n(@) = liﬂ}ﬂ(i, e)el[0,1], i €S. (3.2)
&

Given two functions 7(¢g), s(¢) : (0, 00) — (0, 00), we’ll write s(e) K t(¢) if s(e) =
o(t(e)) ase | 0. Let a(j, t) be the proportion of time, prior to ¢, that the process X} spends
in j.

Lemma 3.2 Let X! be asymptotically regular and N > 1. Suppose that the skeleton chain
has one ergodic class and no transient states. Suppose that t(¢) is such that T () < t(g).
Then for eachi, j € S,
lim P; (X2, = /) = 1)) (3.3)
el0

Eia(j,1(e)) ~ n(j,€), ase|0. (3.4)

For each ¢ > 0, there are §(c¢) > 0 and g9 > 0 such that

Pi((j, 1(6)) < (1 — )u(j, ) < e POO/TE g < g (3.5)
Pi(@(j, 1() > (1 +)p(j, £) < e PNOTE g < gy (3.6)
Here the subscript i stands for the initial location of the process.”
Proof Leti* € S be such that u(i*) > 0. Given i € S, find a sequence ig, i, ..., iy such
thatio = i,ix =i*,0 <k < N,and Py, ..., P;_,i, > 0, where the latter are the transition

probabilities for the skeleton Markov chain. Then, examining the transition rates of X7, it is
easy to see that

Pi(Z§=io,....Z  =ix, tf <T(e) <tf,) >a
for some positive constant a and all sufficiently small ¢. In particular, P; (X% = =i*) > a.

T(e)
Since i was arbitrary, this provides an upper bound on the speed of convergence of X; to the

invariant distribution, i.e., P; (Xf(g) =j)—u(j,e) > 0ase | 0if T (¢) < t(g). Combined
with (3.2), this implies (3.3).

Letn(e) = t(g)/T (¢). Let B(j, t) be the amount of time, prior to ¢, that the process spends
in j. From the large deviation estimates for the Markov chains (see Chap. 8 of [26]) it easily
follows that for ¢’ € (0, 1) there are §(c’) > 0 and &9 > 0 such that

Pi (e > 1©)) < 72O, e < g, 3.7)

Pi (fsemen < 1@)) < €O, o <, (3.8)
Moreover, for ¢’ € (0, ¢ A 1), there are §(c, ¢’) > 0 and gy > 0 such that
P; (ﬁ(j, rf(l_c,)n(g)]) < (1 —o)u(j, e)t(e)) < e d@mE o < g (3.9)

while for ¢’ > 0 satisfying (1 + ¢)(1 — ¢)/(1 + ¢’) > 1, there are §(c, ¢’) > O and &g > 0
such that

Pi (BU. o) > (L +OnG 1 (e)) < e PO g < g, (3.10)

2 Formula (3.3) can be improved to P; (Xf(g) =j)~ u(j,e)ase | 0, but we don’t need it here.
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1364 M. Freidlin, L. Koralov

We obtain (3.5) by combining (3.7) and (3.9). We obtain (3.6) by combining (3.8) and (3.10).
From (3.6) and the strong Markov property of the process, it follows that

Pi(@(j. 1() > k(1 +0)p(j. ) < e FOTC g < gy
for each k € N. Combined with (3.5), this immediately implies (3.4). O

Next, let us consider the behavior of an asymptotically regular chain that is stopped when
it enters a non-empty set E C S. Let 0 = inf{r : X € E}, v = min{n : Z, € E},
v/ =min{n : Z{ € E}.

Lemma 3.3 Let X} be asymptotically regular and N > 1. Suppose that the skeleton chain
has one ergodic class and no transient states. Let E be a non-empty subset of S. Then for
eachi € Sand j € E,

E&)IPZ'(X(? =j)=PiZ: =)). (3.11)

Ift(e) is suchthat T (i, &) K t(e) fori ¢ E, then foreachi € Sand j € E,

lim P; (0 > %) =0. (3.12)

el0

Proof Recall that Z{ is the discrete-time Markov chain obtained from X? by discretizing
time. Then

Pi(Xg =) =Pi(Z}, =) > Pi(Z: = j) ase | 0,

where the convergence follows from (3.1). Now let us prove (3.12). Given § > 0, find k such
that P; (t > k) < &. From the convergence of Z/ to Z,,, it then follows that

Pi(r' >k)<$

for all sufficiently small ¢. From the condition T (i, ¢) < t(¢) fori ¢ E, it now follows that

Pi<a>@><28
2

for all sufficiently small e, which implies (3.12). O

Remark The quantity P; (X2 = j) can be represented in terms of i-graphs (see Chap. 6 of
[24]). Such a representation could be used as an alternative way to prove Lemma 3.3.

4 Metastable Distributions for Completely Asymptotically Regular
Families

4.1 Formulation of the Result

Suppose that X? is completely asymptotically regular. In this section, we’ll study the distri-
bution of X f( e At time scales ¢ (¢) that vary with ¢ as ¢ || 0. The initial state X 8 is assumed
to be fixed.

To give a clearer picture, we first formulate the result in a particular case, with the general
case to follow.
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Theorem 4.1 Let X? be asymptotically regular and N > 1. Suppose that the skeleton chain
has one ergodic class and no transient states. Suppose that for each 1 < i < N either
t(e) K T(,e)ort(e) > T(i,e). Then for each i there is a probability measure v(i, -) on S
such that the following limit exists

lsiirOlPi(Xf(g) =Jj)=v{ Jj). 4.1

The measure v (i, -) will be referred to as the metastable distribution for the initial state i
at the time scale 7 (¢).

Proof Let E = {i € S : t(e) < T(i,¢)}. If E = &, then the result follows from (3.3),
i.e., the limiting measure is the invariant measure, for each initial state. If £ # &, then by
Lemma 3.3 there is a measure v (i, -) concentrated on E such that

. Ly P
gﬁ}Pl Xonr(e) = 1) = v j).
Notice also that fori € E and § > 0,
P;(f <t(e)) <$

for all sufficiently small €, as follows from the condition that 7 (¢) < T (i, ¢) fori € E. Here
t{ is the time of the first jump. Since § was arbitrary, using the last two relations and the
strong Markov property of the process, we obtain (4.1).

Now let us formulate the result in the general case, i.e., without assuming that the skeleton
chain has one ergodic class. For 0 < r < p, the inverse transition rate of S; is defined as

-1

T"Ge)= ) 0@ ] . (4.2)
J#

where the sum is over 1 < j < n,, j # i. (If S| € S;™" and S; 7' # {8/}, then the sum
in the right hand side of (4.2) is asymptotically equivalent to the sum that extends only over
such j # i for which S; € S,ZH.) Note that 77 (i, ¢) = +oo if and only if » = p. Our main
result is the following.

Theorem 4.2 Let X; be completely asymptotically regular and N > 1. Suppose that for
each0 <r < pandeach 1 <m < n, either t(¢) <K T"(m,¢e) ort(e) > T"(m,¢). Then
there is a family of probability measures v(i, -), i € S, on S such that

. £ o e s
E&)l Pl-(Xt(g) =j)=v(, j). 4.3)

Remark The condition on 7 (¢) stated in Theorem 4.2 requires that we compare 7 (¢) with
each of the time scales 7" (m,¢), 0 < r < p, 1 < m < n,. It is not difficult to show
(compare with [22]) that for each i, a finite sequence of time scales f,(i,¢), | <n < n*,
can be selected from this collection such that f, (i, &) < fu+1(,€), 1 <n <n* —1, and
fur(i, &) = TP(1, &) = oo. The condition on 7(¢) in Theorem 4.2 can be relaxed to where
we require only that there is 1 < n < n* — 1 such that f,,(i, &) K 1(¢) K fu4+1(, &).

It is important that the metastable distributions v(i, -) and the time scales T" (m, €) can
be expressed in terms of limits of invariant measures of certain completely regular Markov
chains, as will be seen below. The invariant measure of a process X; (whether e-dependent
or not) can be described using the notion of i-graphs (see Chap. 6 of [24]).
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Namely, let X; be an ergodic Markov chain on a state space E with transition rates ¢;;. A
directed graph with the set of vertices E is called an i-graph if no edges start at i, exactly one
edge starts ateach k € E \ {i}, and for each k € E \ {i} there is a sequence of directed edges
leading from k to i. Let G; be the set of all i-graphs. Then the (non-normalized) invariant
measure of the process X, is given by

M) = Z l_[ qmn >
g€G; (m—n)eg

where the product is taken over all directed edges (m — n) € g.If X; is a completely regular
Markov chain, this expression allows one to calculate the limiting invariant distribution
as ¢ | 0. Using this representation, one can also calculate the main terms of transition
probabilities for Markov chains of higher ranks.

4.2 Proof of the Main Result

We start with a lemma that gives the same result as Theorem 4.2, but under an additional
assumption on the structure of the hierarchy. Let

W) = 181% kG, e)if SF e Spth o wika) = 0if ST ¢ it (4.4)

where the existence of the limit is guaranteed by Lemma 3.1 applied to the chain Y[’k’s. For
—1<r<pandj < S,:'H such that j = S?O € S}l e St = S,:'H, define

Jr+1
V() = 1 Goy G G, (4.5)
where the right hand side is defined to be one if » = —1. Fori € S, let r(i) be the minimal

value of r such that there is k with i < S,g“ and 7(g) < T" T (k,¢). Let L(i) = {l : Slr(i) €
S,';(’)H and t(g) « T"9(l, )}. Obviously, L(i) = @ if r(i) = —1 since then there are no
[ for which Slr(l) is defined. As will be seen below, the meaning of L(i) is the following: if

I € L(i) and the process X7 starts at i and enters the set {j : j < Slr(i) }, then it will not leave
this set prior to time 7 (¢) with probability that tends to one. The following lemma provides
the description of the metastable distribution in the case when L(i) = @.

Lemma 4.3 Let the assumptions made in Theorem 4.2 hold. Let k be such that i < S,:(i) )

Suppose that L(i) = @. If j is such that there are jo, ..., jr-i) with

] 1 r(i)
j= Sjo € Sj1 ... E SM_),

then
im P — iy O
lglﬁ}P, Xiey =D =v""0). (4.6)

Ifj < S,:(i)H does not hold, then

. e o

18% Pi(X{,, = j) =0. A.7)
Moreover, assume that t(g) satisfies c1t(¢) < () < cot(¢), where 0 < ¢; < c3. Then the

limits in (4.6) and (4.7) exist when t(¢) is replaced by t(¢) and are uniform with respect to
the choice of the function i (¢).

@ Springer



Metastable Distributions of Markov Chains with Rare... 1367

Proof The last statement easily follows by noticing that (&) can be replaced by 7(¢) in all
the arguments below. Therefore, we’ll focus on proving (4.6) and (4.7).

Let us start by briefly explaining the main idea of the proof. First, let us “reduce” the state
space of X! by clumping all the states i” with the property that i’ < S;l(i) into a single state
(recall the definition of <’ from (2.4)). The resulting process is well-approximated by the
Markov chain ¥/ **¢ where  is such that X f=i=< Sr(')Jrl Let us observe the process on a
time scale s(¢) ~ t(¢), such that s(¢) is slightly smaller than 7 (¢). Take m such that j < Sr(l)
From the properties of ¥/ "**¢ it then follows that lim o Pi (X5, < SHY = Ok ),
yielding the last factor in the expression (4.5). Next, we can consider the process X on the
time scale 7(¢) — s(¢) starting at a point i’ = X° se) = S,rn(i). (In other words, we condition on

the event that X ﬁ(a) < S,rn( ") and use the Markov property. The complementary event can be
seen not to contribute much to the probability that X f( o =1J) Provided that s(¢) is chosen
appropriately, the problem of identifying the limiting distribution at the time scale 7 (¢) — s (&)
is similar to the original one, but with r(i") = r(i) — 1. Iterating the argument r (i) times,
we’ll get the desired distribution. Let us now make the above arguments formal.

For 0 < r < p, define the process ¥,** via

vIihe _ Qr & r

Yo =S8, if X; <S§,,.
This is not necessarily a Markov process. However, below we’ll see that on certain time scales
itis close, in a certain sense, to the Markov process Ytr’k’s, where k is such that X 8 =< S,ZH .

Suppose that s(¢) is such that s () <« T" 1 (k, ¢), yet T" (I, &) < s (&) whenever S; e S,:'H.
We claim (and will prove below) that

lim P(F(i;) = S71X5 = i) = u (D) (4.8)

for each 1 <[ < n,, where u” k defined in (4.4), is the limit, as ¢ | 0, for the invariant
measures of the processes Y,r’k’s

Recall that () <« T"D*1(k, ¢), while 7" ([, &) <« t(¢) whenever S,r(i) € S,:UHI.
We’ll see that we can choose s(g) < t(¢) with the following properties:

(a) s(e) < T"OF1(k, &), while TV (1, £) < s(¢) whenever S, € 57
(b) For each ! such that ;ﬂ(’) k() > 0, wehave t(¢) —s(e) < T’(’)(l 8) whlle T (', &) <<
t(¢) — s(&) whenever S’ is such that S’ < Sr(') and there is j < S D for which j < S’

does not hold. (Here S’ < Sr(l) means that S, € Sr tle e Sr e §7D for some
1 1 1
myly, ..., Ly

The former property means that s(e) satisfies the same asymptotic bounds as 7(g). The

latter property means that t(e) — s(¢) is not sufficiently large for ¥, ** to escape from ],

yet sufficiently large for ¥, *° with 7’ < r to make many transitions between different states

contained (in the sense of <) in Sr(’)

Assuming that Sr(lH'
chain Y, "0-k2 and conclude that the quantities 7" @ (1, &) with I such that uw (i)*/k ) >0
are all asymptotically equivalent up to multiplicative constants. Also note that 7" (I’, ¢) «
T7(1, &) whenever S, is such that S[’,’ < Slr(i) and there is j < Slr(i) for which j < Sl’,/
does not hold. This 1mphes the existence of s(¢) with the desired properties.

By property (a), from (4.8) with r = r(i), it follows that X§ ) < 57 with probability

close to p/ % (1) for I such that u" @k (l) > 0. Then, by the Markov property, Xi(s)

contains more than one state, we can apply Lemma 3.1 to the

can be
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taken as a new starting point for the process, which will be studied on the time interval ¢ (¢) —
s(¢). By property (b), for this new time scale and the new initial point, all the assumptions of
Lemma 4.3 are satisfied, with the exception that the value of r (i) is reduced by one if Slr(l)

contains only one element and by more than one if Slr(i) contains only one element. Thus,

conditioning on the event that ¥ Sr((;)) ¥ =87, with / such that j < Slr(i), gives

. . & oy ()’k . . & .
LIF(} P; (X,(a) =j)=pn"""0 Llﬂ]l Pl/(X[(g)—S(g) =J)s 4.9)

provided that the limit in the right hand side is defined and does not depend on i’ < S[r(i).

Iterating this argument up to (i) 4 1 times gives (4.6). It should be noted that if Slr(l) contains
only one element, then r(i’) < r(i) — 1 in (4.9). This does not pose a problem, since the
iterations can still be continued with the limit appearing in the right hand side of (4.9), while
r(i) — r(i") — 1 consecutive factors in (4.5) will be equal to one. It remains to prove (4.8).

Fori € Sand —1 < r < p, let k be such that i < S,CH. Let A" ={j:j < S,CH}. For
0<r<p,let X ,r’g be the Markov chain on the state space A”, whose transition rates agree
with those of the chain X? (i.e., X"* is obtained from X? by disallowing transitions outside
the specified state space).

For j < §;"! such that j = $9 € S} ... € §7*1 with j = jo, k = jr41, let

M’ (j, &) = n®I (o, )2 iy &) . I iy 8).

For0 <r < p,leta’(j, s(e)) be the proportion of time, prior to s(¢), that the process X
spends in j. Let

e
t

T'e)= ) w*Ord.e.
L:sesyt!
Define the process ¥,"° via
YO =8 if X7 < S
Recall that s(g) satisfies s(¢) <« T"F!(k, &) and T"(, &) < s(g) whenever S € S,C“. We

claim that for each 0 < r < p and s(¢) satisfying these conditions, the following asymptotic
relations hold. For each i, j € A" and [ such that S} € S,:H,

13?8 PV = SIXp = i) = " (D). (4.10)

For each ¢ > 0, there are 6(c) > 0 and a function ¢(¢) > 0 such that lim; ¢ ¢(¢) = +00
and
Pi(e (j.s(2)) < (1 = )M (j,£)) < e %), (4.11)

Pi(@" (j,s(e)) > (1 + )M (j, &) < e 39 4.12)

When r = 0, (4.10)—(4.12) follow from Lemma 3.2. Next, let us sketch the inductive step,
i.e., the proof that relations (4.10)—(4.12) hold for a fixed r > 0, assuming that they hold for
all the smaller values of r.

The process ¥/** is close to the Markov process Y;***¢ in the following sense.

(@) Ifl #mand S}, S}, € S;t1,i < S7, then

P(the first jump of ¥, is to S| X;° = i) ~ O}, (¢) ase | 0.
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(b) If B2 is the random time till the first transition of ¥,°, then
EBIX;S =i)~T"(l,¢), ase O,
and there are § > 0 and g9 > 0 such that

P(B° > AT (I, &)|Xg" =i) <e™®, 1>2, &€ (0, el

r—1l,e

The validity of (a) and (b) easily follows by examining the Markov chain X ‘ and utilizing
the fact that (4.11)—(4.12) hold with r replaced by r — 1.

Lemma 3.2 (with s(¢) instead of 7(¢)) can be applied to the process Yf‘k‘s. However, we
are interested a similar result for the process ¥,*°. It is not difficult to see that conditions
(a) and (b) on the transition probabilities and transition times are sufficient for the proof of
Lemma 3.2 to go through and for the result to be valid for the process f’,”s (compare with
Sect. 6.3 of [24]). Thus we have (4.10). Moreover, for i < S; and each ¢ > 0, there are
8(c) > 0 and a function ¢(e) > 0 such that lim, o ¢(¢) = +o00 and

P@ (1, s(e) < (1 =", o)|XG" = i) < e,
P@ (I,5(e)) > (1 +u" (1, e)| X[ = i) < e 29,

where @’ (I, s(¢)) is the proportion of time, prior to s(¢), that the process 17[‘6 spends in the

state S . Together with (4.11)-(4.12) for r — 1 instead of r, these are easily seen to control

the proportion of time, prior to s(¢), that X,"* spends in j, thus yielding (4.11)—(4.12) for r.
From (4.11)—(4.12) it easily follows that

P;(Xf < S; foralls <s(e)) - 1 ase | 0.
Thus (4.8) follows from (4.10). O

Proof of Theorem 4.2. It remains to consider the case when L(i) # & and explain how
to identify the metastable distributions. Let /(i) be such that i < Sl’(i), where r = r(i).
Observe that /(i) ¢ L(i). Recall that the state space of Ytr’k’s is S,:+l. We define a new
state space ?kﬂ by removing all the states S;, [ € L(i), from S,i“ and adjoining the set
E ={j:j < & for some ! € L(i)}. On this new state space, we define the Markov
chain ?f’k’g. Its transition rates are defined as follows. If [, m ¢ L(i), [ # m, are such that
87,8y, € St then

Osrs;, () = O, (o).
The transition rates between Sl’ C S,:H, | ¢ L(i),and j € E are defined as

Qs (&) = Oy (o),
where the quantity in the right hand side has been defined after the construction of the
hierarchy. The transition rate from j € E to any other state is zero, i.e., E is the terminal set.
It is not difficult to show that ?,”k’g satisfies the assumptions of Lemma 3.3, i.e., it coincides
with an asymptotically regular Markov chain stopped upon entering E. (The proof of this
statement is the same as the proof of Lemma 2.2.) Therefore, by (3.11), there is a probability
measure 7 (i, -) on E such that

lim lim P(Y;5f = j|yg*

£0 t—00

= Slr(,')) =n@,j), jekEk.

We’ll use induction on the value of r (i) to prove the following statements.
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&
! i = J
uniform with respect to the choice of function 7(¢) satisfying c7(e) < t(g) < cat(e).

(b) Suppose that j < S5\, where m € L(i). Then

(a) Given two positive constants ¢; < c¢3, the limits limg o P; (X = j) exist and are

. e e
lim P (X}, = J) = D nG i m Py (X = ).

i<
(¢c) If L(i) # @ and j is such that j < S,r,,(i) does not hold for any m € L(i), then

. e
lgling(Xt(g) =j)=0.

These statements imply Theorem 4.2 (statement (a)) and explain how to identify the
metastable distributions. Indeed, if L(i) = &, then the metastable distribution is given
by Lemma 4.3. If L(i) # @, then, by statements (b) and (c), v(i, j) is either equal to zero
or is equal to a linear combination of the quantities v(i’, j) with r(i’) < r(i). The values
of v(i’, j) can be found from Lemma 4.3 (when L(i") = @), or again expressed in terms
of metastable distributions with different initial points using statements (b) and (c). This
recursive procedure can be continued until all the resulting initial points j satisfy L(j) = &,
in which case Lemma 4.3 can be applied (which will happen in no more than r (i) + 1 steps
since L(j) = @ whenever r(j) = —1).

It remains to prove properties (a)—(c). If (i) = —1, then L(i) = &, and (a)-(c) trivially hold.
If L(i) = o, then (a) holds by Lemma 4.3, while (b) and (c) are trivial. Now assume that
L(i) # @. Let o be the first time when the process X} reaches E. We claim that

liirole(Xfr =j)=nGJj) jeE, (4.13)
£
. t(e)
lim P; —)=0. 4.14
81?(} (0 > > ) 4.14)

Note that Lemma 4.3 concerns the distribution of X attime ¢ (¢), while here we are interested
in the distribution at time o. The role of the process Y,r’k’a is now played by ?,r’k’a, and the
main difference is that we need to use Lemma 3.3 instead of Lemma 3.2. Otherwise, the proof
of (4.13)—(4.14) relies on the same arguments as those provided in the proof of Lemma 4.3,
and thus we do not provide it here.

Let 0’ = 1(¢) — o A t(¢). Using the strong Markov property of the process, we write

Pi(Xfey =)= Pi(XE, 0 = iNEPi(XE, = j).

i'eS

From (4.13)—(4.14) it follows that the factor P; (X i Ae) = i") in each of the terms has a limit
£ | 0. The limit is nonzero only for i" such that i’ < S} for some / € L(i) and is equal to

n(i, i’). Moreover, if | # m (where m is such that j < S,r,,(i)), then the factor E,-P,-/(Xfr, =j)
tends to zero as ¢ |, 0. Indeed,

. ,_[1(e) _
ISIF(}Pi (o € [T, t(s)]) =1 (4.15)
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by (4.14), while r(i") < r(i). Therefore, by the inductive assumption and properties (a) and
(c), limg 0 EiPi/(Xi, =j)=0ifi’ < S,1 € L(i), and [ # m. Therefore,

lim P (Xj) = /)= D nli i) imEPy (X5, = j). (4.16)

i <S'<l)

provided the limits in the right hand side exist. Similarly, if no m with j < S,Z(i) exists, then
1 . & — 7 —
Ef(}Pl(X’(S) =j)=0,
which proves property (c). By (4.15) and property (a) applied to i’ instead of i, the limits in
the right hand side of (4.16) can be written as
. 6 N D ovE
lslﬂ)lEiPi/(Xo,/ =j)= lg%lP,/(X,(S) = j).

By (4.16), this implies property (b). Finally, property (a) follows from (b) if we observe that
the arguments leading to the proof of (b) can be applied to 7(¢) instead of 7 (¢). m]

5 Complete Asymptotic Regularity

In this section, we prove Lemma 2.2. We start with the following simple lemma.

Lemma 5.1 Supposethatai(¢), ..., a,(e)andbi(¢), ..., b, (&) are positive functions such
that there are limits

a;i(e) . ./ /

im € =< =i =n.

£l0 bjr(€)

Let A(e) = aj(e) +---+ay(e), B(e) =bi(e) + - - + by (e). Then there is the limit

lim Q € [0, o0].
£10 B(e)

Proof For each i/, there is the limit

. Ae) . ay(e) . an(e)
lim =1 -+1 0, o0].
I o) — M e Tt e €10l
Therefore, there is the limit
A(e bi(e b, (e
Ale) lim ‘()+ + lim ())_ [0, co].

210 B(e) _ ‘e10 A(e) ST el0 Ae)
m}
Proof of Lemma 2.2 The case N = 1 is trivial. Let us assume that N > 1. Recall the

decomposition (2.1) of § into ergodic classes and transient states. To prove the lemma, we
need to show that for a > 1 there is the limit

lim (M N, M) e [0, ool 5.1
el0 lenl(g) Qmana (€]

provided that ky # I1,..., kg # lg,my # ny,...,my; # ng. We will repeatedly use
Lemma 5.1, which will allow us to replace each of the factors above by simpler expressions.
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First consider a factor of the form Qg;/ O, under the assumption that S = {i}and S,,, = {i'},
i.e., Sx and S, have only one element each. In this case

Onie) _ > jes 4ij (€)
an(g) Zj/esn qi’j’(‘g).

Thus, by Lemma 5.1, it is sufficient to prove the existence of the limit in (5.1) with all such
factors replaced by those of the form g;;/q; ;.

Next consider a factor of the form Qy;/Q,, under the assumption that one of the sets
Sk and S, (say, Sx) has at least two elements, while the other one has one element, i.e.,
S, = {i’}. Then the chain Y,k'g satisfies the assumptions of Lemma 3.1, and therefore, by
(2.3),

Oule) Dies, 2jes, 1k, €)qij(e) - Yies, 2jes, MOT (i, €)gij(e)
Omn(€) B Z,/”ES,, Qi’j’(g) Zj’eS,, Qi’j’(g) Zi”eSk AGE"NTG", €))

where A and T are the invariant measure for the skeleton chain and the inverse transition rate,
respectively, for the chain Y,k’s. Thus, by Lemma 5.1, it is sufficient to prove the existence
of the limit in (5.1) with Qx;/Qmn replaced by T (i, €)q;; (e)(T (", 8)q,-/j/(8))_1, where
i,i” € Si. By the definition of T,

)

T, e)qij(e) D pese b 2in dirb (€)qij (8)
T@", e)qij () > besi.bi dib(€)qirjr (€) '

By Lemma 5.1, each such expression can be replaced by (g, (€)qij(€))/(gin(e)g;: j(€)).
The final case, when S and S, have at least two elements each, is treated similarly,
resulting in Q;/Qmn being replaced by a product of three factors of the form g;;/q; ;.
Thus we see that each factor in (5.1) can be replaced by either one, two, or three factors of
the form g;;/q; ;. Therefore, the limit in (5.1) exists since the original chain is completely
asymptotically regular. O

6 Remarks and Generalizations

(A) One could replace the complete asymptotic regularity by a somewhat weaker assumption
that also implies the asymptotic regularity of all the reduced chains appearing in the inductive
construction of the hierarchy. We will say that an asymptotically regular family of Markov
chains X¢ satisfies Condition (A) if for each 0 < a < N — 2 the following finite or infinite
limit exists

- Gk (&) Gkala(€)  qrr(€)

lim| ———— x---x X € [0, o],

10 \ Gkyn; (e) Gkang (&) G (€)
provided that ki, ..., k, are all distinct, k', m" ¢ {ky, ..., ks}, and ky # 11,..., kg # g,
ki #ny, ..., kg #ng, k' #1',m’ # n'. The proof of the following lemma is similar to that

of Lemma 2.2, and so we don’t provide it here.
Lemma 6.1 If X? satisfies Condition (A), then the reduced chain also satisfies Condition (A).

If X¢ satisfies Condition (A), then, by Lemma 6.1, so do the reduced Markov chains that
appear at each step of the inductive construction of the hierarchy, which implies that all of
them are asymptotically regular.
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(B) Next, let us mention that all the above analysis can be easily adapted to the case of
discrete-time Markov chains. Instead of (1.1), we assume that X;, n > 0, is a Markov
chain with transition probabilities p;;(¢), i, j € S. We impose an additional assumption that
pii(e) = c > 0foralli € S, e > 0. This is needed in order for the discrete time analogue of
Lemma 3.2 to remain valid.

The definitions of asymptotic regularity and complete asymptotic regularity remain the
same as in the continuous time case, with transition rates g;; (¢) replaced by transition prob-
abilities p;;(e). The reduced Markov chains the chains chains Y,r’k’s can be still defined in
continuous time, simply replacing g;;(¢) by p;;(¢) in all the definitions. The definition of
the inverse transition rates (4.2) remains the same. The theorem on metastable distributions
now takes the following form.

Theorem 6.2 Letn : (0, 00) — N be such that foreach0 <r < p—1andeach1 <i < n,
either n(e) K T" (i, &) or n(e) > T (i, ¢). Then there is a family of probability measures
v(i,-), i €S, on S such that

. e
lglirolpi(Xn(s) =j)=v(a,j).

The proof of this theorem is identical to that of Theorem 4.2.
(C) Finally, consider an example of a completely asymptotically regular family of Markov
chains. Given numbers «;;, B;;, and y;;, i # j, such that o;; > 0, assume that the transition
rates satisfy
qij(e) ~ ijePi exp(—yije™"), ase | 0, i# j. 6.1)

It is clear that these functions satisfy (2.5), and therefore the corresponding family is com-
pletely asymptotically regular. Replacing & by |In&|~!, we obtain functions

Gij () ~ a;j| Ing| 7P ()Y, ase | 0, i# j, (6.2)

which also satisfy (2.5). The systems discussed in the Introduction lead to Markov chains
with transition rates that satisfy either (6.1) or (6.2), with the exception that the condition
a;j > 0 may be violated, i.e., some of the coefficients may be equal to zero. In fact, this
positivity condition (or condition (a) in the definition of asymptotic regularity) are not that
crucial. If i and j are such that «;; = 0, the transition rates can be re-defined for those (i, j)
by taking or;; = 1 and y;; sufficiently large, resulting in a completely asymptotically regular
family with the same metastable behavior as the original one.

As we already mentioned, the reduction of dynamics on an infinite state space (as in the
examples provided in the Introduction) to a finite-state Markov chain often requires non-trivial
steps. In particular, the example with heteroclinic networks formally fits the framework of
our paper (i.e., the scaling of transition rates satisfy (6.2)). However, in order to approximate
the genuine dynamics by a finite-state Markov chain, one needs to (a) interpret individual
heteroclinic connections as states, (b) introduce stopping times appropriately, (c) carefully
calculate the transition times and transition probabilities, and (d) deal with the fact that the
process obtained this way is only approximately Markov. This program is currently being
carrying out (see [3]), and will likely involve the results of this paper for a part of the analysis.
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