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Abstract

Under mild nondegeneracy assumptions on branching rates in each generation, we
provide a criterion for almost sure extinction of a multi-type branching process with
time-dependent branching rates. We also provide a criterion for the total number of
particles (conditioned on survival and divided by the expectation of the resulting random
variable) to approach an exponential random variable as time goes to co.
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1. Introduction

The mathematical study of branching processes goes back to the work of Galton and Wat-
son [23] and their interest in the probabilities of the long-term survival of aristocratic family
names. Later it was realized that similar mathematical models could be used to describe the
evolution of a variety of biological populations, for example, in genetics [9]-[11], [13], and in
the study of certain chemical and nuclear reactions [14], [21]. Branching processes are central
in the study of the evolution of various populations such as bacteria, cancer cells, carriers of a
particular form of a gene, where each member of the population may die or produce offspring
independently of the rest.

The individuals involved in the process are referred to as particles. In many models, the
particles may be of different types, representing individuals with different characteristics.
For example, in epidemiology, a multi-type continuous-time Markov branching process may
be used to describe the dynamics of the spread of two types of parasite that can mutate into each
other in a common host population [6]; when modeling cancer, particles of different types may
represent cells that have accumulated a different number of mutations [8]; in physics, cosmic
ray cascades, which involve electrons producing photons and photons producing electrons, can
be modeled by a 2-type branching process [20]. In addition, a vast number of applications of
multi-type branching processes in biology can be found in [12] and [18].

In this paper we are concerned with the long-time behavior of multi-type branching processes
with time-dependent branching rates. We stress that the temporal inhomogeneity is due to the
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702 D. DOLGOPYAT ET AL.

dependence of the branching rates over time (this dependence may model a varying environment
for the entire process) and not on the age of the particles (which is a well-studied model).
We believe that the methods presented in this paper could be used to handle more general
models such as those where, in addition to time dependence, the branching rate may depend
on the age of the particles and/or on their spatial location if the spatial motion in a bounded
domain is allowed. This may be the subject of future work.

For multi-type processes with constant branching rates, according to classical results (see
[2, Chapter 5] and the references therein), three different cases can be distinguished.

The supercritical case. The expectation of the total population size grows exponentially,
and the total population grows exponentially with positive probability as time goes to co.

The subcritical case. The expectation of the total population size decays exponentially,
and the population goes extinct with overwhelming probability, that is, the probability that the
population at time » is nonzero decays exponentially in .

The critical case. The population also goes extinct, but the expectation of the total population
size remains bounded away from 0 and oo, and the probability of survival decays as c¢/n for
some ¢ > 0. Moreover, after conditioning on survival, the size of the population divided by its
expectation tends to an exponential random variable.

Whether the process is supercritical, subcritical, or critical, can be easily determined by
examining the (constant) branching rates.

The question we address in the case of time-dependent branching rates is how to distinguish
between different kinds of asymptotic behavior of the process based on the behavior of the
branching rates. Our first result yields a criterion for almost sure extinction of the process in
terms of the asymptotic behavior of the branching rates, under mild nondegeneracy assumptions
on the branching rates at each time step. In the case of single-type branching processes, a similar
result was obtained by Agresti [1]. An earlier partial result in this direction (for single-type
branching processes) was obtained by Jagers [15], who also provided a sufficient condition
for the exponential limit (in distribution) of the size of the population (after conditioning
on survival and dividing by the expectation of the resulting random variable). For single-
type branching processes, a necessary and sufficient condition for exponential distribution
of the particle number conditioned on survival in terms of the branching rates was obtained
independently in [3] and [17]. Our second result yields a necessary and sufficient condition for
the existence of such an exponential limit in the case of multi-type branching processes.

Based on our results, it is natural to classify all the branching processes with time-dependent
branching rates (under the nondegeneracy assumptions) into three categories, based on their
asymptotic behavior.

e Processes in the first category (which includes super-critical processes with time-indepen-
dent rates) are distinguished by a positive probability of survival for infinite time.

e Processes in the second category (which includes critical processes with time-independent
rates) become extinct with probability 1, and the size of the population, after conditioning
on survival and normalization, tends to the exponential limit.

e Processes in the third category (which includes sub-critical processes with time-indepen-
dent rates) become extinct with probability 1, but do not have the exponential limit.

It should be stressed that, in contrast to the case of time-independent rates (when the expected
population size either grows exponentially, decays exponentially, or is asymptotically constant),
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Multi-type branching processes 703

now the expected population size may fluctuate greatly in each of the cases, which makes the
analysis more complicated.

We also remark that some of the classical results on the asymptotic behavior of branching
processes in the time-independent case carry over to the case at hand, while others do not.
For example, in the time-independent case, super-critical processes have the property that the
process normalized by the expected population size tends to a random limit. An analogue of
this statement still holds in the case of time-dependent branching rates, as follows from the
results of [16]. Further results on L? and almost sure convergence, including those in the case
of countably many particle types, can be found in [4]. Sufficient conditions for the continuity
of the limiting distribution function were stated in [7].

On the other hand, in the time-independent case, a subcritical process conditioned on survival
tends to a random limit. Now, our processes in the third category do not necessarily have this
property (for example, the population, conditioned on survival, may grow along a subsequence).
A more detailed analysis of the near-critical behavior of processes with time-dependent rates
will be the subject of a subsequent paper.

In the next section we introduce the relevant notation and formulate the main results.
The proofs are presented in Sections 3 and 4. In Section 5 we briefly discuss an application of
our results to the case of continuous-time branching.

2. Notation and statement of main results

Let S = {1, ..., d} be the set of possible particles types. Suppose that, for each i € S and
n > 0, there is a distribution P, (i, -) on Zi. Fora = (a1, ...,aq) € Zi, P, (i, a) represents
the probability that a particle of type i that is alive at time »n is replaced in the next generation
by a1 + - - - + aq4 particles: a; particles of type 1, a> particles of type 2, and so on. A d-type
branching process {Z,} is obtained by starting with a positive finite number of particles at
time 0, and then replacing each particle of each type i, i € S, that is alive at time n, n > 0,
by particles of various types according to the distribution P, (i, -) independently of the other
particles alive at time n and of the past, thus obtaining the population at time n + 1.

We write Z, = (Z,(1), ..., Z,(d)), where Z, (i) is the number of particles of type i at
time n. When the initial population consists of one particle of type j, we may write ; Z, (i)
to represent the number of particles of type i at time n. Thus, E(;Z,(i)) means the same as
E(Z,(i) | Zo = e;), where ¢| is the unit vector in the jth direction. Let ; X, denote a generic
random vector with distribution P, (J, -).

Fors = (s, ...,sq) € [0, 119, let

d d
fh/(s) = E(Hsizn(l) ' Zy = ej)a 8)4(5) = E(HSI'Z”H(I) | Zy = ej)'
i=1 i=1

At times, we may drop the superscript from either of those expressions, and then f;(s) and
gn(s) become vectors. Note that

fn(8) = fu—1(gn—1(s)) = (googro---0gu-1)(s), fa@) =1,

where 1 = (1, ..., 1). We also define

fk,n(s) = (gko---0gu-1)(s).
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Thus, fo,, = fu. Denote

ofi

MuGi) = ) = Bz,00) | 20 = e,
ogn .

An(ioi) = ) = E(Zupi () | Z = ).

Then
Mi’l = AO’ "-7A}’l717

where A, and M,, are viewed as matrices. We also define
My, =Ax, ..., Ay

Let || - || denote the following norm of a d-dimensional vector: ||v|| = |vi| + --- =+ |vgl.
We will use certain nondegeneracy assumptions on the distribution of descendants at each step.
We assume that there are g9, Ko > 0 such that for all i, j € S, the following bounds hold:

(A1) P(Zyi1G) =2 | Zy = ¢)) > &0;
(A2) P(Zy41 =0 Z, = ¢j) > o, where 0 = (0,0, ...,0) € RY;
(A3) E(1Zus111% | Zn = ¢;) < Ko.

The following proposition is a generalization of the Perron—Frobenius theorem to the case
when the positive matrices forming a product are allowed to be distinct.

Proposition 2.1. Under assumptions (Al) and (A3), there are two sequences of vectors vy, u, €
RY, n > 0, such that

@ llunll = llvnll = 1;
®) v (i), un(i) > € for somee > 0andalln >0, i € S;

(c) there are sequences of positive numbers A, and A, and a positive constant a such that
Ans Ay € (a_l, a) forn > 0 and

T by .
Ap_ 1V = Ap—1Vp—1, Anflun—l = Apn—1ln;

(d) foreach 8 > 0, there is a k' € N such that

M M u
(1= 8wy = 2 < (1480, (1= Dtk £ —2F < (14 Sy
Mk 1]l

whenever k > k', v and u are nonzero vectors with nonnegative components, and the
inequality between vectors is understood as the inequality between their components;

(e) thereis a K > 0 such that if we define A, = ]_[?;(} A and A, = ?;0] Xi, then

1
K

= S k,l’l(Jvl) S K, j,l c S
K = (Ay/Ak)

S SK’

=&

Downloaded from https://www.cambridge.org/core. University of Maryland College Park, on 30 Aug 2019 at 01:17:26, subject to the Cambridge Core terms of use,
available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/jpr.2018.46


https://www.cambridge.org/core/terms
https://doi.org/10.1017/jpr.2018.46
https://www.cambridge.org/core

Multi-type branching processes 705

This proposition can be derived from, for example, the results of [22, Chapter 3]. Indeed,
from our assumptions (A1)—(A3), it follows that the matrices A, have Birkhoff’s contraction
coefficient (in the terminology of [22]) uniformly bounded away from 1. This implies that the
conditions of [22, Lemma 3.4.] are fulfilled (which, in particular, implies that the family M} ,
is weakly ergodic; see [22]). This lemma and [22, Exercise 3.5] easily imply the existence of
the vectors u, and v,. Their required properties are also not difficult to establish. For the sake
of completeness we provide an independent proof in Appendix A.

Remark 2.1. The vectors v, and the numbers 1, are uniquely defined by the above conditions,
as seen from the proof of the proposition. The vectors u, and the numbers A, will be defined
uniquely by specifying ug, which we assume to be fixed as an arbitrary vector satisfying
conditions (a) and (b).

The probabilistic meaning of the vectors u, and v,, is as follows. The vector u, yields the
asymptotic proportions of different particles in the population provided that Z,, is large (see
(4.10) and (4.11) for the precise statement). To see the meaning of v,,, consider the total number
of particles at time n, z;; = (Z,, 1). It will be apparent from the proof of Proposition 2.1 that

E@y | Zn=u")  (vg,u')

/A d
Jim E(ZT\/ "z, =) = — foreachu',u” € 2%, n € Z.

Thus, v, controls the expected future size of the population.
Our first result yields a necessary and sufficient condition for the almost sure extinction
of {Z,}.

Theorem 2.1. Under assumptions (Al)—(A3), if extinction of the process {Z,} occurs with
probability 1 for some initial population, then Y po |(1/Ag) = oo. If' > p | (1/Ag) = 00 then
extinction with probability 1 occurs for every initial population.

Remark 2.2. Here and below, when we talk about initial population, we mean that Zy = u for
some deterministic vector u.

Remark 2.3. The first statement of the theorem can be deduced from the results of [16]. In fact,
the assumptions needed for the first part are weaker than our assumptions above. For example,
weak ergodicity (see [16]) is sufficient. However, the assumption that the matrices Ay are
uniformly bounded from below plays an important role in our proof of the second statement, as
well as in the proof of Theorem 2.2 below. We note that finding the least restrictive conditions
for the validity of Theorems 2.1 and 2.2 remains an interesting open problem. We refer the
reader to [17] for recent results in the case of single-type branching processes.

The next lemma easily follows from Theorem 2.1.
Lemma 2.1. Suppose assumptions (Al)—(A3) hold.

(a) Givenl > 0, consider the process { j Z,} that starts with one particle of type j alive at time
[ followed by branching with the distributions P;, Piy1, ... (where the distributions P;
are used in the definition of the branching process at the start of the section). Extinction
for this process occurs with probability 1 if and only if Y o, (1/Ag) = oc.

(b) Givenl > 0, the extinction of {Z,} (or, equivalently, {;Z,}) occurs with probability 1 if
and only if Y po (1/Ag) = oo.
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Remark 2.4. The divergence of ) ;- (1/Ajx) is the extinction condition for the process {Z;,,}
obtained by observing our process only at the moments of time that are multiples of /.

Proof of Lemma 2.1. (a) It suffices to note that Z,fil(l/Ak) = oo if and only if
Yrei1(A1/A) = oo, while the latter is equivalent to the almost sure extinction of the
process {; Z,} by Theorem 2.1.

(b) We observe that, under assumption (A3), there exists a constant C such that for each k and
eachlk <n <Il(k+ 1), wehave Aj;/C < A, < CAy. [l

The following lemma will be derived at the end of the next section using the results
encountered in the proof of Theorem 2.1.

Lemma 2.2. Under assumptions (Al)—(A3), for each initial population of the branching pro-
cess, there is a constant C > 0 such that

An

< = E|Z,| = CAy, n=>1I, 2.1
1/ 1\ "1 \"!
— — <P(Z 0O)<cC — , > 1. 22
C(;Ak) <P(Z, #0) < (;Ak) n> 2.2)

To formulate the next theorem, we will make use of the following assumptions:
(A4) the random variables || ; X, 12, j €S, n=>0,are uniformly integrable;
(A5) P(Z, #0) — 0asn — oo (equivalently, > y_,(1/Ax) — o0, by (2.2));

(A6) E||Z,||/P(Z, # 0) — o0 asn — oo (equivalently, A, Y y_,(1/Ax) — oo, by (2.1)
and (2.2)).

Let &, = (¢, (1), ..., & (d)) be the random vector obtained from Z, by conditioning on the
event that Z,, # 0. In other words, we treat the event Z,, # 0 as a new probability space, with
the measure I’ obtained from the underlying measure P via P’ (A) = P(A)/P(Z, # 0). When
we write ;{,, we mean that the initial population for the branching process is specified as e;.

We will prove the exponential limit for the multi-type random variable under the assumptions
listed above.

Theorem 2.2. Under assumptions (Al)—(A6), for each initial population of the branching
process and each vector u with positive components, we have the following limit in distribution:

<§l’l’ u) D

m—)& asn — oo, 2.3)

where & is an exponential random variable with parameter 1. Moreover, if assumptions (Al )—
(A5) are satisfied and, for some initial population, the limit in (2.3) is as specified, then
assumption (A6) is also satisfied.

We say that a process is uniformly critical if it satisfies assumptions (A1)—(A4) and there is
a constant b such that for each n, k, i, j, we have

< My i (j,i) < b. 2.4

S| =
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Multi-type branching processes 707

For uniformly critical processes, Ay are uniformly bounded from above and below, so
i L _ 00 lim A 2”: L)
S e N\

Therefore, uniformly critical processes become extinct with probability 1 and the distribution
of the appropriately scaled number of particles at time n, conditioned on survival, converges to
an exponential.

The next proposition and the subsequent lemma will be helpful for comparing our results to
those of [15]. Note that Proposition 2.2(d) can be used to show that, under (2.4) (or even under
a weaker condition (2.5)), assumption (A2) almost follows from assumption (A1) in the sense
that assumption (A2) is satisfied for an appropriate subprocess. Given/, let P, be the transition
probability of the process {Z,}, where Z, = Z,;. That is, P,(i, a) represents the probablhty
that a particle of type i that is alive at time n/ is replaced in generation (n 4+ 1)l by a; +- - - + a4
particles: ap particles of type 1, as particles of type 2, and so on.

Proposition 2.2. (a) If P, satisfies assumption (Al) then P, satisfies assumption (A1) for eachl.
(b) If P, satisfies assumption (A3) then P, satisfies assumption (A3) for each L.
(c) If P, satisfies assumption (A4) then P, satisfies assumption (A4) for each 1.

(d) If P, satisfies assumption (Al) and there is a constant b such that, for each n, k, j,
E(Zupkl | Zp =¢j) <b, (2.5)
then there exist | = l(eg, b) and €1 = &1(&g, b) such that, for each n and j,
Pi(Zyp1 =01 Zy=¢)) z 1.
Proof. See Appendix B. ]

Lemma 2.3. If {Z,} satisfies assumptions (Al) and (A4), and (2.4) holds, then extinction
happens with probability 1 and (2.3) holds.

Proof. See Section 4. (]

For single-type branching processes, Lemma 2.3 is helpful in showing that our results imply
[15, Theorem 5]. In fact, the assumptions of [15, Theorem 5] (generalized to the multi-type
case) are:

e our assumption (A4);
e that (2.4) holds;
e that there is &y > O such that, for each n, i, j,
B(Zy 1) = Zus1() | Zn = €)) = Fo. (2.6)
We claim that under assumption (A4), (2.6) is equivalent to assumption (A1). On the one hand,

E(Zp 1 (i) = Zug1 () | Zn = €j) = 2P(Zpy1(D) = 2| Zy = ¢)).
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On the other hand, by assumption (A4), we can take N > 2 such that
]E(Zrzl_,_l (i) I{Zn+1(i)2N} | Z, = ej) < %50 for all n,

where 1(7, ., )>ny is the indicator function of the event {Z,,1(i) > N}. Then

n+1
E(Zy () = Zn41 () | Zo = €)) < 380+ (N> = N)P(Zp1()) = 2| Z, = ¢)).

Thus, if (2.6) holds then

0

P(Zpt1() 22| Zn =ej) = m,

proving that assumption (A1) is equivalent to (2.6).

The results of [15, Theorem 5] are: our Lemma 4.3 (in the single-type case) and our (2.3) (in
the single-type case). The latter holds by Lemma 2.3. We prove Lemma 4.3 in Section 4 under
assumptions (A1)—(A6). However, under assumptions (A1) and (A4), and (2.4), the conclusion
of the lemma still holds (the argument is similar to that in the proof of Lemma 2.3).

3. Survival versus extinction

Proof of Theorem 2.1. We split the proof into two parts.

Part 1: Y }2,(1/Ak) < oo implies a positive probability of survival. Fix Zo = e; with an
arbitrary j € S. Let £, be the o-algebra generated by the branching process {Z,,} = {;Z,}.
Let z, = (Z,, v,). Then

Ezut1 | Fn) = EB(Zus1 | Zn), vat1) = (A} Zu, Vus1) = (Zn, AnVnt1) = AnZn.

Accordingly, {z,/A,} is a positive martingale, and, hence, it converges to some random
variable zo.. Now let
Dn(jh ]2) = COV(Zn (j1)7 Zn(]Z))

One-step analysis yields

Dyi1 = A, DyAn + Su, 3.1)
where
d
Su =) My(j,i)o () and o7 (j1, j2))(i) = cov(i Xn(j1), i Xn(ja)-
i=1
By Proposition 2.1, there exists a constant B such that ||S,,|| < BA,,, where || - || is a matrix

norm. Iterating (3.1), we obtain

n—1
D, = ZM12—+1,nSkMk+1,n~
k=0
Hence,
n—1 A 2 n—1 1
IDull <B1Y ) Ak < BaAY > —
=g \Ak+1 = Ak

with some constants By, B;.
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Multi-type branching processes 709

Thus, || Dy || < EA,%, and so the martingale {z,,/A,} is uniformly bounded in L?. Therefore,
E(zo0) = E(zo) > 0 and, hence, P(zoo > 0) > 0, implying that the probability of survival
of the branching process starting with a single particle of type j is positive. Therefore, the
probability of survival is positive for every initial population.

Part 2: Y 22, (1/Ar) = oo implies that extinction occurs with probability 1. Recall that
Jo.n(s) = go(f1.n(s)) and fo,(1) = go(1) = 1. Determining the asymptotic behavior
of (1 — fo.n(s), up) will be helpful for proving the theorem and also later in the proof of (4.4).
By the Taylor formula with respectto s = 1,

(1 - fO,n(s)a I/t0>
= (Dgo(D)(A — f1.,4(5)), uo) — (A = f1.a(s) T Hgo.n)(X = f1.n(5)), o)
= (Ao(L = fi.a(s)), u0) — (A — fr.a() T Hgon,))A — fin(s)), o),
where Dgo is the gradient of go and 01, = n1.,(J, s) satisfies fo 2 (8) < 1,y <1 for each
component j € S and s € [0, 1]¢. Here Hgo denotes the Hessian matrix applied to each
component of the vector function go separately, then multiplied by vectors (1 — fi, 2(s) T and
(1 — f1.,(s)) yielding scalars, which are then multiplied by the corresponding components
of ug to form the scalar product. Therefore, by taking the transpose of Ay,
(L~ fon(s), uo) = (1= fin()), Aguo) = 5{(X = f1.u() " Hgo(n1.u)(L = fi.n(5)). uo)
= (L = f1.a(5)). kour) = (A = fia() " Hgo(m.n) (X = fi.a(5)). uo).

Thus, for s # 1,

(1 = fon(s), up) ™"
= (@ = fin()), hour) — %((1 — fia() T Hgon,n)(A = f1.a(s)), uo))~
(== fia() T Hgo(m)) (A = fi.a(5))/2. uo>>1
Aol = fia(s)), ur)
_ 1 A= 6D Hgo () (A = fia($))/2, o)
Ao((X = f1,u(s)), u1) r{@d = f1,2(s)), ur)(1 — fo,u(s), uo)

where the last equality follows from the simple relation

1

= (ho{(X = frn(s)), u)™! (1 +

By iterating the previous equality » times, we obtain
(L= fon(s), uo)™"
—1
1 L 150 (A = S ) THai ) A = fierrn (). i)

= = , (3.2)
An(U=s,un) 20 A td(X = fir1.0(8))s 1) (1 = fron(s), ug)
where f,in(s) < Nkt+1,n(j,s) < 1foreachk >0and j € S.
Let
a(n, s) = — (1 - Sir1.n () THee (s 1) (L = fir1.a(5)), uk>7 (3.3)

2 k=0 Ak-‘rl (1 - fk-‘rl,n(s))’ l/lk+1 1 - fk,n(s)v Mk)
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where we note again that the dependence on s also lies in the vector 741, since the components
of Niy1,, satisfy fx n(s)(i) < nk+1,,(() < 1. Then (3.2) takes the form

-1
(I — fon(s), ug) = +a(n, S)) . 3.4

(j\rl(1 — 5, Up)

We will need the following lemma, the proof of which follows the proof of this theorem.
Denote

A
=0 k+l

These are the partial sums of the series found in Theorem 2.1, but with the index of summation
shifted in order to make the arguments below more transparent.

Lemma 3.1. Under assumptions (Al)—(A3), there exists C > 1 such that for each n and each
s € [0, l]d \ {1}, we have
1 - a(n,s)

C ™~ &y
Using Lemma 3.1 in (3.4), we obtain

<C.

1 B\
1— f0.,.00), <| = .
( fo,()uo)<(A+ )

n

Therefore,
(1= f0.n(0), u0) <

Note that 1 — foj’n(O) =P(Z, #0 | Zp = e;) foreach j € § and, hence, if lim;, .o B, = 00
then

alle

lim P(Z, #0 | Zg = ej) =0.
n—>0oo

Thus, extinction occurs with probability 1 if the initial population is e;. Therefore, since j was
arbitrary, extinction occurs with probability 1 for every initial population. ]

Proof of Lemma 3.1. The statement will follow if we prove the following bounds on the
terms in the sums for a(n, s) and E,,: foreachO <k <n —1ands € [0, 14 \ {1}, we have

1 - (A= fratn() T HgrMir1,0) A = fig1,n(5)), ug) - C

= — < . 3.5
CAk11 Akt (X = fir1.0(5)), g 1) (1 = fin(s), ug) Akt
By Proposition 2.1(e), in order to prove (3.5), it is enough to show that there exists an L > 0
such that -
(A = fir1n(8)) Hgre(i+1,0) A = frr1,n (), uk) _ L 3.6)

L= (1= fiet1,n(8)s ur1) (1 = fien(s), uk) -

Now, we know that fk 0) < fkn(s) Nk+1.n(j) < 1 for each k and j € S. Also,
fk”(O) =P(Z, =0]| Zy =ej) = go foreach k < n — 1 and, thus, &9 < Mx41,,(j) < 1 for
eachk <n —1and j € S. Thus, by assumptions (A1)—(A3), there exists a constant ¢; > 0
such that for each vector ¢ with nonnegative components, we have

1
anzn2 < (¢ THgr(s1.0)C, ux) < a1liCl®.
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Multi-type branching processes 711
In particular, we have

1
- 11— fi1.aGI* < (A = firrnNT HgeMis1,n) X = Fig1,0(5)), ug)
<cilll = fixra(I2 (3.7

By Proposition 2.1, foreach0 < k <n — 1,

Ell = fenOI = A = fin(s), ux) < 11— frn()

In order to prove (3.6), it is sufficient to prove that there exists a constant ¢, > 0 such that for
eachO) <k <n—1landeachs € [0, l]d \ {1},

U= ferra®I

— <

2 11— fin(s)ll
The first inequality, |1 — fr . ()|l < c2ll1 = fi+1.2(s)]l, follows from the fact that
11— fin(I = 18D — gk (fir1,n (NN = 211 = fir1,n ()l

since g is uniformly Lipschitz due to assumption (A3).
We observe that by assumptions (A1)—(A3), each entry of the matrix Ay is uniformly bounded
from above and below, that is, there exist positive constants » and R such that, for eachi, j € S,

r=Ai(i,j) <R

To prove the second inequality, ||[1 — fi+1.,(s)|| < c2ll1 — fr.n(s)|l, we consider the following
two cases.
Case 1: |1 — fiq1..(s)|| < réd/cy. Then, from (3.7) and Proposition 2.1,

(A= fir1.a() T Hee 1,0 A = frg1,n())s ur) < c1lll = figtn ()1
< r&d|ll = fis1.2)ll
< (A = fig1,2(5)), u),

and, thus, substituting the above relation into the Taylor formula,

(11— fk,n(s)’ ug)
= (A = frg1.n () ur) — $(A = firrn() T HgrOra1,0) A = fir1.n(8)), ux),

we obtain
(1= fion(s), uk) = 3{AA = fi1,n(5)), ug);
thus,

11— fin() = (= fin(®), ux) = 5(AcA = fig1.(5)), ux) = 3rEI1 = fixra(s)].

So, for ¢c; = 2/(rg), we have

1T = fit1n @I < 21 = fin()I.
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712 D. DOLGOPYAT ET AL.

Case2: 1 — ka 2 (8) > re/cy for some j € §. We want to prove that there existsa y > 0
such that 1 — fk (s) > y. From assumptions (A1) and (A2), for each j € §,

d

gz(s) = E(Hlek+1(i) ' Zi = ej> <1 —¢g)+ 80S]2,

i=1
and, thus, since fk]+1 n(s) <1—re/c,

' / 2\ 2
Fila () = &l (fix1.a(s)) < (1 — o) +80(1 _ E) -1

C1

where the last inequality holds since 0 < ré/c; < 1. Setting y = &g — go(1 — r&/c1)?,
we obtain

1= £l >,

which is the required inequality.
So, from the two cases above, we can define c; = max(c, d/y) to obtain, foreach0 < k <
n—1lands [0, 119\ {1},

11— frarn @I = c2lll = fin(). O

Proof of Lemma 2.2. Letu = EZ;. By assumptions (A1)-(A3), for every initial population,
there is a constant ¢ > 0 such that ¢~ 'u; < & < cu, where the inequality between vectors is
understood as the inequality between their components. Then, since M lTnﬁ =EZ,,

cilMInul <EzZ, < cMInul.

Taking the norm and using the fact that MT up = (A, /Al)u,,, we obtain (2.1).
From (3.4) with s = 0, and using the fact that 1 — fon(O) =P(Z, #0| Zp = ¢j), we

obtain

1( Lo ))]<P<z 7&0)<c( Lo ))1

—| =— +am,s < P(; < — +a,s .

c\A, o An
Using Lemma 3.1 and the first estimate in Proposition 2.1(e), we obtain, for a different
constant C,

o B _1<IP’(~Z £0)<C L vz B
c\a, ") — T =\, ")

Since this is valid for every j, we have the same inequality for an arbitrary initial population (with
a constant C that depends on the initial population). Since A, &, > 1, this implies (2.2). O

4. Convergence of the process conditioned on survival

The following series will be important to our analysis:

_1 - (v  Hae Doy, ug) @1
2 S haArrr (Vkts 1) (ks k) . '

Here H denotes the Hessian matrix. It is applied to each component of g; separately, then
multiplied by vectors v,;r+ | and vgy to obtain scalars, which are then multiplied by the
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Multi-type branching processes 713

corresponding components of u; to form the scalar product in the numerator. Since all terms
in the right-hand side of (4.1) are positive, the sequence I', is increasing. In each term in (4.1),
each of the factors Ay, (v,;rJrl Hgr (D) vy, ug), (Vk+1, Uk+1), and (vg, ug) is bounded from above
and below uniformly in k by assumptions (A1)-(A3) and Proposition 2.1. Therefore, by
Proposition 2.1, there is a positive constant C such that

1 11 (vl HerMvgsr, ux) C
CAir1 ~ 2 aphen AT vies *2
and, consequently,
B, 1941 =
== EZ;)AH] <T, < C}; A = CEn
Assumptions (AS5) and (A6) can now be written as
r, — oo, AT, — 00 asn — oo. “4.3)

The proof of Theorem 2.2 will rely on the next seemingly weaker statement.
Theorem 4.1. Under assumptions (Al)—(A6), for each j € S, we have the limit in distribution

(j;ﬂs Up)

D
— & asn— oo,

where & is an exponential random variable with parameter 1.

Proof. The proof will rely on several lemmas which we formulate as needed. The proofs
of these lemmas can be found at the end of this section. It is sufficient to show convergence of
moment generating functions. That is, we want to prove that, for each x» € [0, 00),

E(ex (_}f(jzna un)]P(jZn #* 0))
P E((; Zn. tn))

1
iZ 0) > —— asn— oo.
J n# ) 1+% n

Define vectors §; such that the ith component of §; is

stn (PG Z, #m)
E((jznv Un)) ’

si() = exp(
Then the jth component of the vector f,(5;) is equal to

>{jZn, un)]P(jZn i 0)))
E((jzna Un)) .

G = E<6XP<—
Thus, we want to show that

1— £]G)) 1
— —
P(iZy #0) ~ 14x

asn — oo. 4.4

In order to prove (4.4), it will be useful to study the asymptotic behavior of the sum on the
right-hand side of (3.2). We first obtain the upper and lower bounds of the sum using the upper
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714 D. DOLGOPYAT ET AL.

and lower bounds for 7, ,. Observe that H g,{ (s) is monotonic in s for each j since g,{ is a
polynomial with nonnegative coefficients and H g,i (s) is a matrix with entries that are mixed
second derivatives of g,i. Therefore, (3.2) yields

<___l_——+l”4“1—ﬂ+m@DTH&ﬂX1—ﬂ+m@DMU)4
An(l—s,un) 2 =3 Ayt {L = fir1.(8)), k1)1 = fion(s), u)
<{1- fO n(8), up)

( 1 Zl (A= fir1a ) " Hgi(fin()A = fir1.a(5)), Mk)) :
(1 — 5, Uy) )

< —
T2 — A1 ((d = fir1.(9)), war 1)1 = frn (), ui)

4.5)

We briefly explain the idea for the next step. Assume that K is such that n — K is large and
Jen(s) is close to 1 for k < K + 1. By formally linearizing the mappings gk, 8k+1, - - - » 8K »

we write
1— fin(s) = AgApyr - Ak (1 — fri1.0(5)). (4.6)
We know that
v = A Vk+1
k k TV
and, thus,
VK +1

Vg = AgAg41 - Ak 4.7

Hz k)‘i
Note the similarity between (4.6) and (4.7): the same product of matrices is applied, albeit
to different vectors. Proposition 2.1(d) (contractive property of the matrices) implies that the
resulting expressions will be aligned in the same direction if K — k is sufficiently large. That
is, we can replace 1 — fi ,(s) (and 1 — fx41,,(s)) by the vectors ci vk (and ck+1,nVk+1) In
each of the terms in the sums in (4.5) for all k that are sufficiently far away from n, where ¢
satisfy the relation ¢k, /ck+1.n = Ak. This will allow us to simplify (4.5).

Now we make the above arguments rigorous. For a given ¢ > 0 and a positive integer n, we
define J(n, ¢) as

J(n,e) = min{k: 1 — f,f’n(O) > ¢ for some i € S}.

Lemma 4.1. For each &’ > 0, there exist a natural number K and an ¢ > 0 such that, for each
s €0, 119\ {1},
1— fen(s) = crn(Vk + 8kn), (4.8)

where 8y, and cy , depend on s and satisfy |8k » || < &' and |(ckn/Ck+1.n) — di| < € for each
0<k<J(n,e)— K and each n.

Note that J(n, &) — 00 as n — 0o since each component of the vector 1 — f; ,,(0) is
l—f,fyn(()):IP(Zn #0|Zy=¢) and P(Z, #0|Zy=¢;)) >0 as —> o0

for each i and each k by Lemma 2.1.
Recall the definition of «(n, s) from (3.3).
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Multi-type branching processes 715

Lemma 4.2. Under assumptions (Al)—(A6),

. a(n,s)
lim

n—oo

=1 uniformlyins € [0, 117 \ {1}.
n
We return to the proof of (4.4). By Lemma 4.1, when n is large, the vector 1 — f,,(s) =
1 — fo,n(s) is nearly aligned to the vector vg. Thus, in (4.4) we can replace the jth component
of the vector 1 — f;,(s;) by
_ (vo, €;)
1 — fu(5)), uo) ——L.
(vo, uo)
Therefore, in order to prove (4.4), it is sufficient to show that

{vo, ¢) ([ (P<jzn # 0) <P<jzn £0) )) ]-1 )—1
1_ An n>“%n Fn
w0 102G Zn £ 0 \| B Ze ) T \EW 2wy ) ) o] F
— 1 N
1+

where we use Lemma 4.2 to transform (3.4) and linearize 1 — 5;. The left-hand side can be
written as

(vo, ;)
(vo, uo)P(; Z, #0)T,

- P(;Zy #0) P(;Zy # 0) o
X([A”F””(E«,-zn,un»+0<E(<,-zn,un>>))<”"’”">} “) - 49

‘We will need the next two lemmas.

Lemma 4.3. Under assumptions (Al)—(A6),

i (vo, uo)P(; Z, # 0)T,
1im =
n—00 (vo, ;)

1.

Lemma 4.4. Under assumptions (Al)—(A6),

lim ]\nrn IED(jZn 7# 0)(un, uy)
n—0o0 IE((jva Up))

=1.

Applying the above two lemmas to transform the expression in (4.9), we obtain

i ( (vo, ej)
im(1-—
n—00 (vo, u0)P(; Z, # 0)T,

. P(; Zy # 0) P(;Z, # 0) ! >—1>
. <[A"F"”(E<<,-zn,un>> +0(E<<,-zn,un>>))(””’”">] !
1 —1
- (_+1)
X
1
14+

This completes the proof of Theorem 4.1. (]

Downloaded from https://www.cambridge.org/core. University of Maryland College Park, on 30 Aug 2019 at 01:17:26, subject to the Cambridge Core terms of use,
available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/jpr.2018.46


https://www.cambridge.org/core/terms
https://doi.org/10.1017/jpr.2018.46
https://www.cambridge.org/core

716 D. DOLGOPYAT ET AL.

Proof of Theorem 2.2. First, let assumptions (A1)—(A6) be satisfied. Let #: v — v/||v|
be the projection onto the unit sphere with the convention that 2 (0) = 0. We claim that

Tim (1P (B¢ = uall =0, (4.10)
Tim PP (&) = all > &) =0 “.11)

for each j and each ¢ > 0. Fix § € (0, ). By Proposition 2.1, we can find k" € N such that

MT u
— = < (1 + Oupir (4.12)

M

(I =dupr =
n,n+k’u”

whenever u is a nonzero vector with nonnegative components. Let j{,’f/ be the random vector
obtained by taking ;¢, as the initial population of a branching process, then branching for &’
steps using our original branching distributions P,, ..., P,4x—1 and evaluating the resulting
population. Note that j;“,]f/ is different from ;,4x, the latter can be obtained from j(,ll‘/ by
conditioning on the event of nonextinction. Since the extinction of a large initial population in
k" steps occurs with a small probability and since, by Theorem 4.1, for each @ > 0 we have
P(|j¢nll > a) — 1 asn — oo, we then obtain

Tim PP GG = il > ©) = PUP GEnsr) = il > ) = 0.

Also note that lim,,_, o (P (E; {,’l‘/) — P(E;&y4x)) = 0. Therefore, since § > 0 was arbitrarily
small, (4.10) and (4.11) will follow if we show that

| (E; §,f/) —upyr|l <6 for all sufficiently large n 4.13)
and )
lim PP (5, = tnswll > £) = 0. (4.14)

Equation (4.13) immediately follows from (4.12). Equation (4.14) is a consequence of
lim P(I2(¢) = PEj¢)] > e —8) =0,
which can be derived from the Chebyshev inequality since, for each a > 0, we have

P(lj¢ull >a) =1 asn — oo.

Thus, we have (4.10) and (4.11).
Next, we show that (4.10) and (4.11), along with Theorem 4.1, imply (2.3) with ; ¢, in place
of {,. By Theorem 4.1, it is sufficient to show that we have the limit in probability

<j§"’u"> _ <j§nau) P
EGonun)  EQonw 0 BT (4.15)

From (4.10), we know that

Jim (PG En))s un) = (un, up)) =0 and - lim (P E(En)), u) — (un, u)) = 0.

From (4.11), the following two limits hold in probability:

M (P60, tn) = (s ) =0 and i (P(GEn), ) = G, 1)) = 0.
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Multi-type branching processes 717

Therefore, the right-hand side of

(iGnsun) — iGusw) — lji&all ( (P(jCn), un) (P(j¢n), u) )
(

E(jGntn) B u)  NEGEI NP EGED) un) (P EGE)), 1)

tends to O in probability (the factor in the brackets tends to O in probability while the first factor
is bounded in L1). This justifies (4.15) and, therefore, (2.3) with ;¢, in place of ¢,.

If the initial population of the process {Z,} is such that we have more than one particle
at time 0, then we can consider a new process {Z/} for which Z(/) = e and the transition
distribution P is such that ; Z| coincides in distribution with Z;. We also define P, = P, for
n > 1. Itis easy to see that the modified process satisfies assumptions (A1)—(A4) with possibly
different values of ¢y and K. On the other hand, (¢,, u)/E(¢,, u) is equal in distribution to
{j {,’l, u)/E(; g“,;, u) when n > 1, and, therefore, (2.3) holds for every initial population.

Finally, suppose that assumptions (A1)—-(AS) are satisfied. If assumption (A6) fails then
El¢.l = E|Z,1/P(Z, # 0) is bounded along a subsequence for every initial population.
Then (2.3) does not hold since ¢, is integer-valued, which yields a contradiction. ]

Proof of Lemma 2.3. From Proposition 2.2, it follows that if {Z,,} satisfies the assumptions
of Lemma 2.3 then there exists / such that {Zn} = {Z,;} satisfies assumptions (A1)—(A3).
By Theorem 2.1, which can be applied due to (2.4), {Z,} becomes extinct almost surely.
This implies the almost sure extinction of {Z,,}.

Similarly, from Theorem 2.2 (which can be applied since assumptions (AS5) and (A6) are met
by the process {Z,,;} due to (2.4)), it follows that (2.3) holds along a subsequence nl. To show
that (2.3) holds (without restriction to a subsequence), letn = NI +r with0 < r < /. We claim
that for every u and every 0 <r <,

I CNivrsu)  ANigr
im ( —
N—oo ({Ni, UNI) Ay

Lemma 2.3 follows directly from (4.16) and Theorem 2.2 applied to {Zy;}. The proof of (4.16)
is similar to the proof of (4.11) and (4.15), so we leave it to the reader. ([l

(uni4r,u)) =0 in probability. (4.16)

It still remains to prove Lemmas 4.1-4.4.

Proof of Lemma 4.1. Suppose that we have (4.8) with || , || < &”, but without any assump-
tions on ¢k ,. Then we have, for0 <k < J(n,¢) — K,

1— fin(s) =1— gue(far1,0(8) = A1 — fig1,0()) +apulll = fra1,0 O,

where [|a,, || can be made arbitrarily small, uniformly in &, by selecting sufficiently small ¢.
The latter statement about oy , follows from the assumption that 1 — f} n 1’n(s) < ¢eforalli
(from definition of J(n, £)) and the fact that

g
Ak, D) = S (D).
8
The uniformity in k follows from assumption (A3). Thus,

1— fin(s) = Ar(crt1,0 (k1 + Skg1.0)) + 2 nlll = frg1.0()|l
= Ck1,nMeVk + Cht 1,0 AkSk+ 1,0 + i Il — fir1,0(8) |l
= ¢kt (Ve + ),
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718 D. DOLGOPYAT ET AL.

where [la; , || can be made arbitrarily small, uniformly in k, by selecting sufficiently small &
and &”. Here we use (4.8) with k + 1 instead of k to estimate the contribution from the term
aknlll = fit1,2(s) . Thus,

/
Ch1,n M (Ve + g ) = Chn (Vg + Skn)s

which implies that |(cx.,/ck+1.n) — *x| < &' holds for 0 < k < J(n, &) — K, provided that &
and &” are sufficiently small. We have demonstrated, therefore, that it is sufficient to establish
(4.8) with the estimate |3k, || < &’ only.

From Proposition 2.1(d), there exists k' € N such that

! M , /
<1 - 8—)vk < kKD (1 + 8—>vk 4.17)
2d | M k+ivll 2d

for each k and each nonzero vector v with nonnegative components. Since

D),

W
M (. 1) = ==

Si
we can linearize the mapping 1 — fi x4+ (s) at s = 1 and find that there is & such that
8/
11— fersnwr (X —v) = My vl < g”Mk,k—&-k’U”
whenever 0 < |lv]| < ed. (We have used here that My ;i is bounded uniformly in k.)
Therefore,
&' &’
Mi kv — ﬁ”Mk,kHc’U”l <1— fikrw@d—v) < My v + ﬁ||Mk,k+k’U”1-
Combined with (4.17), this yields

/

& &
I My il (vk - El> = 1= fikrw =) < Mg ptirvll (vk + gl).

Setting K = k' + 1, we see that the last inequality can be applied to v = 1 — frip.2(s),
provided that 0 < k < J(n, ¢) — K, resulting in

& &

Ckon\ Vk — —-1)<1- fk,n(s) < crn|l v+ -1},

d d

which yields the desired estimate. |

Proof of Lemma 4.2. We split the difference («(n, s)/I';,) — 1 into three parts. So we want
to prove that for each o > 0, there is ¢ > 0 such that

an,s)—a(J(n,e) — K —1,s) L a(J(n,e) =K —1,5) = Tjue—k-1

Iy Ly
n Cyme—k—1—Tn
Ly
<o for all s and all sufficiently large n. (4.18)
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Multi-type branching processes 719

Part 1. We first estimate the middle term in (4.18). By Lemma 4.1, for each o’ > 0, there
exist a natural number K and &1 > 0 such that

(1 —oexnvk <1 — fin(s) < (1 +0")cpnvp foreachk < J(n,e1) — K.

By assumption (A4), ||; X, ||2 are uniformly integrable, and, thus, the matrices H g,i (s), k>
0, i € S, are equicontinuous in s. Note also that ||Hg,i<(1)_|| > ¢ > Ofor ale >0,i€S. Thus,
there exists &3 > 0 such that the matrix normsatisfies || Hg; (nx+1,,) — Hg, (Dl < o’ ||Hg; (D]
for each k < J(n, &) — K. Choosing ¢ = min(gq, &2), we see that there is a constant ¢
independent of ¢’ > 0 such that

J(n,e)—K—1
' e )Z (= firrn @) HeuOrra)d = firra®)w) -
~ n,g)—K—
2 = Ak+1{(X = fir1,0(8))s uk+1) (1 = fien(s), uk)
<&0'T jne)—K—1
< ¢éo'l

n-

(In essence, there a small relative error, linear in ¢/, in the factors in each of the terms of the
sum, and, thus, the total relative error is small.) By choosing ¢’ < /3¢, we obtain

ot(](n, ‘9) - K - 15 S) - FJ(n,e)fl(fl
Iy

o
< =.
3

Part 2. Now we estimate the third term in (4.18). We can assume that K and ¢ are fixed.
We first observe that we can obtain a relation similar to (3.2) by starting with the expression
(I = fro,6).,n(8), Uj(n,e)) instead of (1 — fo ,(s), up). Thus, by carrying out the same steps as
used to obtain (3.2), we have

A= frm,e)n(S), Ugm,e))

_ ( [\J(n,a)
[N\,,(l — 8, Up)
! Z_f Aoyt = firrn () T Hg (1) = fier1.0(9), k) )‘
2 T Akt {d = fig1.2()), 1) (1 = fron(s), ur)

1 ( 1
]\J(n,s) [\nﬂ_s»un)

TS (= fir1a) T Hgr Ot d = fis1a(5)). uk>)‘1
2 50 Rl = firrn () w1 (X = fion(s), ug)

+

_ 1 ( ! ¥ (a(n. s) — a(J(n, &) s)))_l
B An( ’ n

AJne) 1—5,u,)
1
< =
Ajge(a(n,s) —a(J(n,e),s))
<C !

Ajney(Tp — FJ(n,s))’
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where the last inequality follows from (3.5) and (4.2). From here, it follows that

1 C
(Fn_FJ(n,s))§C~ < = -
Ajn,ey(1 = f10,e)n0), Usne))  Ayme)€E

Therefore,

Ly —Tywme - C - C
r, T Ao TheE T Aoyl in.e)cE

Since J(n, €) — ocoasn — 00, by assumption (A6) (see (4.3) and Proposition 2.1(e)), we have

<

C
‘ for all sufficiently large n.

]\J(n,e) I‘J(n,z?)gé

o
6

Now,
Un = Tyme-k-1 _ Tn—=Time n Uyoe)y = Time—k—1
Iy Iy Iy '
For a fixed K, using assumption (A6) and the fact that J(n, ¢) — oo as n — 00, we see that
for all sufficiently large n and k > J(n,e) — K — 1,

1 ( 1 <v,}Lngk(1>vk+1,uk>)‘ __o
Cp \ g Agr (Vkt1s trr) (vks ug) 3(K+1)
Therefore,
‘ 1 <1 ey 1 <v,I+1Hgk<1>vk+1,uk>> _o
" k:J(n,s)—K—l)‘k[\kH (Vi1 1) (O, k) 6
Thus,
Cime —Time—k—1 _°
I, 6’
and, therefore, for all sufficiently large n, we have
Iy —Time o
—_—— < .
r, 3

Part 3. We know that

am,s) —a(J(n,e) — K —1,s) - Crn —Tyme—k-1
Iy - Iy

)

and by the same arguments as above for all sufficiently large n, we have

Iy —Time—k-1
Ly

c

o
< —.
3

By the estimates from steps 1-3 for all sufficiently large n and all s € [0, 1]¢ \ {1}, we have

a(n,s)
Ly

-1

< 0.

Since o > 0 is arbitrary, the proof is complete. ]
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Proof of Lemma 4.3. We know that P(;Z, # 0) =1 — fnj (0), and, therefore, for a fixed
j € S,by Lemma 4.1, it is sufficient to prove that

lim (cp,»{(vo, uo)I'y) =1, (4.19)
n—od
where cg , is the same as in Lemma 4.1. From Lemma 4.2 and (3.4), we know that

1

-1
(1 — fon(s), uo) ~ (m + Fn> asn — oo.

By substituting in s = 0 and by replacing (1 — fo,,(0), up) by co,»(vo, uo), we obtain

1
lim co, (vo,uo)<~— +T ) =1.
n—o0 " A1, uy) !
Thus, we have

1
lim co,l (vo,uo)<~— + 1) —1.
n—oo N ApUn (1, uy)

By assumption (A6), A,I, — 0o as n — oo, proving (4.19). (|
Proof of Lemma 4.4. As in the proof of Lemma 4.3, it is sufficient to show that

. CO,nZ\nFn(UOa Ej)(un, Up)
lim

=1.
n—>00 E((jZn, un))

‘We observe that

d
E(jZn, n) = Y BAZu(@un(i) | Zo = e;)
i=1

d
- Zun(i)]E(Zn(i) | Zo =ej)

i=1

d
= up(YMy(j. i)
i=1

= (Myuy, ej>

= (un, MTe;).

We know that vg = M, v,/A,, and, thus, we want to prove that

. CO,nZ\nFn(Una MnTejHuna Up)
lim

=1.
n—00 Ay, My—,rej>

By (4.19), it is sufficient to show that

im [\n (Un, M,;rej”uns Up)
n—>00 Ay (vg, uo)(Un, My—lrej)
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By Proposition 2.1(d), the vectors M,T e; align with the vectors u,,. Therefore, it remains to

prove that
Ap vy, un) -1
An(vo, uo)

But this holds since

AT u -1 Uy— M— A
—_1U4n 1 1
(Up, up) = <Un7 n~—> = <Anlvn» ~n_> = ~n (Vn—1, up—1) = ~_n<U0, uo),
n—1 An—1 An—1 Ay
where the last equality is obtained by iterating the previous steps n times. (|

5. Continuous-time branching processes

In this section we provide an application of our results to continuous-time branching pro-
cesses. Let p;(j), 1 < j < d, be continuous functions and P, (j, -) be transition distributions
on Zi such that P (j, a) is continuous for each a € Zi.

Let ; X, be a random vector with values in Zi, whose distribution is given by P;(j, -).
We assume that there are gg, Ko > 0 such that for all i, j € §, the following bounds hold:

(A0) g0 < p:i(j) < Ko
(A1) P(jX;(i) = 2) > e0;
(A2) P(;X; = 0) > &o;
(A3) E([l; X:1I*) < Ko.

Assuming that we start with a finite number of particles and that the above bounds hold, the
transition rates p; (j) and the transition distributions P;(j, -) define a continuous-time branching
process {Z;} with particles of d different types. Namely, each particle of type j alive at time ¢
undergoes transformation into a; + - - - 4 ag4 particles: a; particles of type 1, az particles of
type 2, and so on, during the time interval [¢,  + A] with probability p; (j) Py (j, a)(A +o0(A)).

Observe that {Z,}, n € N, n > 0, is a discrete-time branching process that satisfies
assumptions (A1)—(A3) (with different &g and K). The fact that it satisfies assumptions (A1)
and (A2) is clear. The first moment M (t) = [EZ, satisfies

M @) =B TOM®), 5.1

where B(t) j; = p;(j)(E(; X;(i)) — &;;). Similarly, if E(||; X,||?) exists and depends continu-
ously on 7, then the moments of {Z;} of order p satisfy inhomogeneous linear equations, and
if E(||;X/]|?) is uniformly bounded in both ¢ and j, then the coefficients of those equations
are uniformly bounded. In particular, assumption (A3") implies that (A3) is satisfied, while
a bound on the third moment of || ; X;|| (see assumption (A4’) below) would imply that (A4)
is satisfied.

Recall that, in the notation of Section 2 applied to the process observed at integer time points,

EZ, = M, Z.

Therefore, from Proposition 2.1(e) for each initial population, there is a positive constant C
such that

1
oA = IEZy| = CAg.
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Multi-type branching processes 723

From (5.1), it follows that there is a positive constant ¢ such that

1

CIEZy |l = EZ | < c[EZl, n<t<n+l
Therefore, the condition ) po | (1/Ax) = oo used in Theorem 2.1 is equivalent to

© ]
dr = oc. (5.2)
/0 IEZ |l

Thus, we have the following continuous-time analogue of Theorem 2.1.

Theorem 5.1. Under assumptions (A0’ )—(A3’), if extinction of the process {Z;} occurs with
probability 1 for some initial population, then (5.2) holds. If (5.2) holds then extinction with
probability 1 occurs for every initial population.

To formulate the next theorem, we will make use of the following assumptions:
(A4) E()|jX;|1*) < Ko for some Ko > 0;
(A5") P(Z; #0) — Oast — oo;
(A6') E|Z||/P(Z; # 0) — o0 ast —> oo.

Note that if (A0 )—(A6) are satisfied then (A1)—(A6) are satisfied by the discrete-time pro-
cess {Z,}. Let & = (& (1), ..., &(d)) be the random vector obtained from Z; by conditioning
on the event that Z, # 0. The following theorem is an easy consequence of Theorem 2.2.
The proof is left to the reader.

Theorem 5.2. Under (A0')—~(A6'), for each initial population of the branching process and
each vector u with positive components, we have the limit in distribution

(é‘l‘s u> D

—— > & ast — 00, (5.3)
E({l ) M)
where & is an exponential random variable with parameter 1. Moreover, if (A0')—(A5') are
satisfied and, for some initial population, the limit in (5.3) is as specified, then (A6') is also
satisfied.

Appendix A. Proof of Proposition 2.1

Let KX be the cone of positive vectors. Given u, v € K, their Hilbert metric distance is
defined by
Bu, v)
au,v)’
where B(u, v) = max; v(i)/u(i) and «(u, v) = min; v(i)/u(i). Note that d defines the distance
on the space of lines in K in the sense that

d(u,v) =In

d(au, bv) =d(u,v), d(u, cu) = 0.
Moreover, our next estimate holds.
Lemma A.1. ([19, Lemma 1.3].) If |u|| = ||v]| = 1 then
e —vf| < &/ — 1.

We will also use the next result due to Birkhoff [5].
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724 D. DOLGOPYAT ET AL.

Lemma A.2. ([5, Theorem XVI.3.3] or [19, Theorem 1.1].) If A is a linear operator that
maps K into itself so that A(K) has finite diameter A with respect to the Hilbert metric, then

foreachu,v € X,
d(Au, Av) A
———— = <tanh| — ) < 1.
d(u, v) 4
Proof of Proposition 2.1. Assumptions (A1)—-(A3) imply that A, (K) C K (R), where R =
v Ko/eo and

K(R) := {u: u(i) > 0 for each i and miaxu(i) < le_inu(i)}.

Note that if u, v € K (R) then multiplying these vectors by ¢, = (max; u@) land ¢, =
(max; v(i)) "1, respectively, leads to

U <R a4
and so diam (K (R)) < 2InR.

Now let Ky , = My , K andlet Ky , denote the set of elements of K ,, with unitnorm. Then,
for each fixed k, Ky , is a nested sequence of compact sets, and from Lemma A.2 we see that
the diameter of Ky ,, with respect to the Hilbert metric is less then (2 In R)(tanh(In R/ 2))n—k-1,
Hence, Lemma A.1 can be used to show that [, , K , is a single point, which we call vg. Since
Ak—1(MpiKin) = Mpok—1Kk—1,n, it follows that Ag_jvx = Ak—1vg—1 for some A > 0.

Next, let ug be an arbitrary vector with

luoll =1, uo(i) > g9 foreachi.

Letu, = M, uo/|M, uoll, n = |A, un|. Note that u, € K (R).
Then {u,} and {v,} satisfy Proposition 2.1(a)~(e). Indeed, Proposition 2.1(a) holds by
construction. Proposition 2.1(b) holds since, for each vector w in J (R) of unit norm,

. . max; w(i) 1
min > — > —.
nwl) = =T 2 R
Proposition 2.1(c) holds since each entry of u, (i) and v, (i) is squeezed between 1/R and 1,
while each entry of A, is between &g and +/Kp.
We prove the first inequality of Proposition 2.1(d), the second is similar. By Lemma A.2,
d(Myy 410, vy) < s = 2(In R)(tanh( In R))*"".
Note that &4 can be made as close to 0 as we wish by taking k large. By the definition of the
Hilbert metric, there is a number a, x such that
Mn,n+k v

ankp < —— = an,kegkvn-
||Mn,n+kv||

Taking the norm, we see that e™% < a, ; < 1. This proves Proposition 2.1(d) for k¥’ such that
et < 1+4+3.
Next,

M/ i 1 An/ Ak
(un’ Un) = ~ ~ ) Un =
An/Ak

Downloaded from https://www.cambridge.org/core. University of Maryland College Park, on 30 Aug 2019 at 01:17:26, subject to the Cambridge Core terms of use,
available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/jpr.2018.46


https://www.cambridge.org/core/terms
https://doi.org/10.1017/jpr.2018.46
https://www.cambridge.org/core

Multi-type branching processes 725

Due to Proposition 2.1(a) and (b) proved above, (u;, v;) are uniformly bounded from above and
below, that is, sod < (u;, v;) < 1, proving the first inequality of Proposition 2.1(e). To prove
the second inequality, we note that, by the foregoing discussion, there is a constant L such that
for each j and n, we have

Zvnfl = Anflej < Lvy_;.

Applying My ,— to this inequality and using the fact that My ,—1v,—1 = An—1/ Ak vk, weobtain

v (D) - My, (i, J)
L — An—l/Ak

< Lu(i).

Combining this with (b) and (c) established above, we obtain the second inequality in Propo-
sition 2.1(e). The proof is complete. ]

Appendix B. Skipping generations

Proof of Proposition 2.2. (a) If assumption (A1) is satisfied then the probability to survive
till time /(n + 1) — 1 starting from a single particle at time /n is bounded from below. One
of the surviving particles will have two or more offspring of type i with probability bounded
from below.

To prove parts (b) and (c), we consider / = 2. Then the result for larger / follows similarly
by induction since particles of generation / 4- 1 are children of particles of generation /.

(b) It suffices to show that E((Z,42(i; k))* | Z, = ej) < K, where Z,42(i; k) is the number
of particles of type i at time n + 2 whose parents have type k. In other words, it suffices to
bound E(Y2), where ¥ = Zf:{:] Xm, Xn are independent, have common distribution X, and
are independent of the random variable N, where also IE(DC2) < K, E(N 2) < K». Note that

E(Y?) = E(NE(X?) + (§N(N — 1D)(E(X))?),

which yields the desired bound.

(c) It suffices to show that the random variables Yn2 are uniformly integrable, where Y, =

ZZ": | Xm,n» Xm,n are independent, have common distribution X, and are independent of the

random variable N, and %2, N2 are uniformly integrable. We have
Yy =Y s Y L, <) -
The expectation of the first term is equal to
E(Y; 1, =m) = E(NGB(6D) Ly, > 1) +5 Na (N = 1) 1, =0y (B(Xn))?).

This expression can be made arbitrarily small by choosing a sufficiently large M since E(Xﬁ)
are uniformly bounded and N,% are uniformly integrable. For the second term, we have

M 2
Yn2 1{Nn§M} = (Z Xm,n) s

m=1

which is uniformly integrable due to the uniform integrability of X%
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(d) Choose [ so that
(1+ L)' > 0. (B.1)

It suffices to show that, for each j,
P(;Z1=0) = &1, (B.2)

where ¢1 depends only on gp and b.
Given j € Sand 0 < n <[, we say that (n, j) is l-unstable if n < [ and

P(Znt1 =0 | Zy =¢j) > }e0.

Otherwise, we say that (n, j) is 1-stable.
For p > 0, we say that (n, j) is (p + 1)-unstable if it is either p-unstable orn </ — 1 and

P(Z,4+1(m) =0forallm: (n+ 1, m) is p-stable | Z, =e;) > %80.

Otherwise, we say that (n, j) is (p + 1)-stable. For example, (n, j) is 2-unstable if it is
either 1-unstable or, with a probability that is not too small, all its children are 1-unstable.

We call [-stable pairs simply stable. A particle from generation n of type j will be called
stable if the pair (n, j) is stable. We claim that all generation O particles are unstable. Indeed, by
definition, each stable particle has at least one stable child with probability at least 1 — %eo, and,
by assumption (A1), it has at least two stable children with probability at least 9. Accordingly,
for each stable particle, the expected number of its stable children is at least 1 + %80. Hence,
for (0, j) to be stable, the expected number of its (stable) descedents after [ generations would
need to be greater than (1 + %so)l > b, contradicting (2.5).

Set M = 4b/eg. Then, from (2.5), it follows that for each j € S and n > 0,

P(1Znt1l = M | Zy = e)) < jeo.

Define n,, as
np =ifP(Zpyp =01 Z, =ej),

where the infimum is taken over all (n, j) which are p-unstable. Note that

where the factor }‘eo represents the probability that the original particle had fewer than M chil-
dren all of which are (p — 1)-unstable and 172’[71 is the probability that all these children leave
no descendants after p — 1 steps. This proves (B.2) with / given by (B.1) and &1 = n,. ]
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