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Abstract

We consider the motion of a particle in a periodic two dimensional flow per-
turbed by small (molecular) diffusion. The flow is generated by a divergence free
zero mean vector field. The long time behavior corresponds to the behavior of the
homogenized process - that is diffusion process with the constant diffusion matrix
(effective diffusivity). We obtain the asymptotics of the effective diffusivity when
the molecular diffusion tends to zero.

1 Introduction

Consider the following stochastic differential equation
dX{ = o(X{)dt +edW, , X eR® . (1)

Here v(x) is an incompressible periodic vector field, W; is a 2-dimensional Brownian
motion, and £ (molecular diffusivity) is a small parameter. We further assume that the
stream function H(z1,xs), such that
V'H = (-H, H,)=v,

is itself periodic in both variables, that is the integral of v over the periodicity cell is zero.
For simplicity of notation assume that the period of H in each of the variables is equal to
one.

It is well known (see for example [4]), that with ¢ fixed, the solution of (1) scales
like a diffusion process with constant diffusion matrix when time goes to infinity. More
precisely, there exists the limit, called the effective diffusivity,

n )

D (g) = lim E, i,j=1,2,
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where ¢ and j are the coordinates and A is the initial distribution of the process Xj,
which we can take to be an arbitrary measure with compact support. The measure
on C([0,T],R?), induced by the process % &, converges weakly, when ¢ — oo, to the
measure induced by the diffusion process with constant matrix D(e).

We are interested in the behavior of the effective diffusivity when the molecular dif-
fusion ¢ tends to zero. Assume that all the critical points of H are non degenerate. We
distinguish two qualitatively different cases, depending on the structure of the stream
lines of the flow given by v(x).

In the first case, there is a level set of H, which contains some of the saddle points, and
which forms a lattice in R?, thus dividing the plane into bounded sets, invariant under
the flow. A standard example of a cellular flow, which has been studied in several of the
papers cited below, is the flow with the stream function H(zy,x5) = sin(272) sin(27x,).
In this particular example the separatrices (the level sets of H containing saddle points)
form a rectangular lattice.

In the second case, there is more than one unbounded level set of H containing critical
points, and thus there are ‘open channels’ in the flow, and some of the solutions of the
equation z’(t) = v(x(t)) go off to infinity. An example of a flow with open channels is the
flow with the stream function H(xq, z5) = sin(27x;) sin(27x) 4+ 10sin(27z,). Indeed, the
horizontal axis {z5 = 0} is an unbounded stream line of the flow.

o ==

cellular flow flowve with open channels

Since v(z) is periodic, we may consider x'(¢) = v(z(t)) as the flow on the torus. The
torus is then a union of the sepatatrices and a finite number of open domains, bounded
by the separatrices, and invariant under the flow.

In [3] Fannjiang and Papanicolaou considered cellular flows for which the separatri-
ces form a rectangular lattice on R? and the stream function satisfies certain symmetry



conditions. They showed that in this case
DY(g) = (d7 +o(1))\/e, as ¢—0, (2)

that is the effective diffusivity is enhanced by a factor of order e 2 compared to case
of the diffusion process \/eW; without the advection term. Moreover, they found the
constant matrix d¥ explicitly. Their proof is based on a variational principle applied to a
symmetric operator associated to the generator of the process X;. In [6] Heinze provided
certain upper and lower estimates on the effective diffusivity in the case of cellular flows,
for which the separatrices form a rectangular lattice on R,

There are earlier physical papers ([1], [8], [9]), arguing that the asymptotics in (2) is
true for particular flows. Our first result is the rigorous proof of this statement for general
cellular flows.

Theorem 1.1. Assume that an infinitely smooth periodic stream function H(x1,xs) de-
fines a cellular flow, and that its critical points are nondegenerate. Then the asymptotics
of the effective diffusivity for the process (1) is given by (2).

Let £, be the noncompact connected level set of H. This level set contains some of the
saddle points of H and forms a lattice in R?. Without loss of generality we may assume
that H(z) = 0 when = € £,. The corresponding level set on the torus will be denoted by
L.

The process X; consists of the ‘fast’ part, which is the periodic motion along the
streamlines, and the ‘slow’ diffusion across them. The motion is almost periodic away
from the separatrices. However, once the trajectory is in a sufficiently small neighborhood
of the level set Ly, it is likely to continue along it, and may go from cell to cell in a time
much shorter than it would take the ‘slow’ diffusion to cover the same distance.

The rough outline of the proof of Theorem 1.1 is the following. We introduce a Markov
chain, which can be viewed as a discrete time version of the process X;. The state space
for the Markov chain is £. Note, that due to the periodicity of H, the process X; can
be viewed as a process on the torus. In order to define the transition probabilities, we
introduce stopping times for the process Xj. The stopping time 7§ is the first time when
X hits £, and 7;, is defined as the first time after 7,,_;, when the process X; returns to
L, after having traveled ‘past’ a saddle point. The transition times of the Markov chain
are random.

We show that the study of the asymptotics of the effective diffusivity can be reduced
to the study of the asymptotics of transition probabilities and of the expectations of the
transition times for the Markov chain. The limit of the transition probabilities as ¢ — 0
is determined by the behavior of the process X; in an arbitrarily small neighborhood
of £. The asymptotics of the expectations of the transition times, on the contrary, is
determined by the event that the trajectory of X; wanders away from the level set L.

In order to study the transition times we use the results of Freidlin and Wentzell
[5]. For a given stream function H they introduce a graph and a mapping ¢ from the



plane into the graph, such that each connected level curve of H gets mapped into a point
on the graph, with the level sets containing critical points mapped into vertices. Then
they demonstrate that the process g(Xf/E) on the graph converges to a limiting Markov
process. The asymptotics of the expectations of the transition times for our Markov chain
is related to the limiting process on the graph.

Now consider the flows with ‘open channels’. Assuming that the channels are directed

along the z; axis, we prove that

1
D% (e) = (d* +o0(1))=, and D*(e) = (d*?*+0(1))e, as €—0, (3)
£
that is the diffusion across the channels is not qualitatively enhanced, compared with the
process /eW;. The effective diffusivity in the direction of the flow is enhanced by a factor
of order 2.
Theorem 1.2. Assume that an infinitely smooth periodic stream function H(x1,xs) de-
fines a flow with open channels, which are directed along the x1 axis, and that its critical
points are nondegenerate. Then the asymptotics of the effective diffusivity for the process

(1) is given by (3).

Remark Since the matrix of effective diffusivity is symmetric and positive definite, from
Theorem 1.2 it follows that the off-diagonal terms D'?(g) = D?!(¢) are bounded uniformly
in . However we do not make a statement here on their asymptotic behavior.

The proof of Theorem 1.2 is much simpler than that of Theorem 1.1, and is an easy
application of the results of Freidlin and Wentzell [5].

The paper is organized as follows. In Section 2 we describe the construction of the
discrete time Markov chain associated with a cellular flow, and relate the question of
effective diffusivity for the process X; to the study of transition probabilities and transition
times for the Markov chain. In Sections 3 and 4 we study of transition probabilities and
transition times respectively. In Section 5 we prove Theorem 1.2. In Section 6 we prove
several technical lemmas used in the previous sections.

2 Construction of the Discrete Time Markov Chain

Consider the set {x : [H(x)| < £*'} on the torus, with some ; < oy < 3, and let V* be
the connected component of this set, which contains £. Thus V* is a thin tube around
L, whose width, however, is much larger than a typical fluctuation of the process H(X7)
in fixed time (see the picture below).

Let Us, i = 1,...,n, be the connected components of T?\ £, and let 4;, i = 1,...,n, be
the saddle points, which belong to £. While the numbers of the connected components
and of the saddles are the same for topological reasons, their equality is not used in the

proofs, and the numbering of U;’s is not related in any manner to that of A;’s. If there are



points, which are carried to A; by the flow 2’ = v(z), and to A; by the flow 2’ = —v(z),
then the set of such points (a subset of £) is denoted by v(A;, A;). We assume (for the
sake of simplicity of notation only) that v(A4;, 4;) is empty, that is the separatrices do not
form "loops”. In a neighborhood of each curve v(A;, A;) we may consider a smooth change
of coordinates (z1,x2) — (H,6), where 6 is defined by the conditions: |Vf| = |VH| on
v(Ai, A;), and VO L VH (this way 6 is defined up to multiplication by —1 and up to an
additive constant). The same change of coordinates can be considered in VN Uy. In this
case 6 € |0, faUk |V H|dl], with the end points of the interval identified. Thus, if A; € OUy,
we define

Let B(A;) = Uy a,e00, B(Ai, Uk).
Define the stopping times o = 0, 75 = inf{¢t : X; € L}. Then 05,75, n > 1 are

defined inductively as follows. Assume that X7. € (A, Aj), and ¢ # j. Then

o =inf{t>7_,:X; € UB(Ak) U@VE}.
ki

Thus, o, is the first time after 7, that the process either exits V*, or goes past a saddle
point different from A;. Define 75 = inf{t > 0% : X7 € L}. Let L% = L\ {4;,i=1,...,n}.
Since almost every trajectory of X; does not contain any of the points A,, X. is a Markov
chain with the state space £°. The stopping times 7¢ are the consecutive times when the
process X; hits the separatrix £ after exiting V° or after having passed past a saddle
point. Note, that the case, when a point z € y(A;, A;) travels, due to diffusion, against
the flow v(x), and returns to B(A4;), does not count as having passed past a saddle point.




It is not difficult to see that X re satisfies the Doeblin condition, with the unique
ergodic set. Therefore there exists a unique invariant measure (dy) on L° ([2]). Note
that (X7.,7, — 7,_;) also forms a Markov chain with the state space L% x R, which
satisfies Doeblin condition for each e, and has a unique ergodic set . Let p%(dy, dt) be the
stochastic transition function for this chain (it only depends on the first component of
the original point, as is reflected in the notation). Then fi*(dy, dt) = [, D5(dy, dt)u®(dx)
is the invariant measure. Since, due to the presence of diffusion, the distributions of the
transition times have exponentially decreasing tails, we can apply the law of large numbers

to the function (z,t) — ¢ on £° x R, to obtain

lim // g (dy, dt) =
n—o0o 1 50><R+

/// tﬁfr(dy,dt)ug(dx):/ E,r 1 (dx)  almost surely. (4)
LOXLOXR, L0

In the arguments, which led to (4), we considered X[ as a process on the torus. In order to
keep track of the displacements of X7., as the process on R?, we introduce another Markov
chain, on the extended phase space EO xZ?. Let now A;,i = 1, ... be the saddle points of H
on the plane. Then any z, € v(A4;, A;) C £, can be uniquely identified with a pair (z, z),
where x € £° and 2z = ([A}],[42]) € Z*. (JA}] and [A2] are the integer parts of the first and
second coordinates of A;). Thus, we have the mapping ¢ : £, \ {A4;,i =1,...} — L% x Z*.
Let ¢, and ¢o be the components of this mapping. We define the Markov chain Y as

follows
= (p1(X7:); 62(X72) — d2(X7. )
Note that the second component ¢y(X::) — ¢2(X§E_1) almost surely takes the values in

some finite subset S of Z*. Thus Y/ is a Markov chain on £°x S, where S = {sy, ..., s;} C
Z7. Tt is not difficult to see that Y° satisfies Doeblin condition with the unique ergodic
set. Applying the law of large numbers to the vector valued function f(x,s) = s, defined
on £° x S, we obtain that there exists m € R?, such that

X5 YF
iy 5 gy TienSO0)

n—oo 1, n—)oo

=m  almost surely .

Since > \/ — N(0, D(g)) in distribution, and due to (4), we conclude that m = 0. Applying

the central limit theorem to the same function f(z, s), we obtain that there exists a matrix
d®, such that

Y _ gy TEI0D) g

lim = lim

Due to (4), we have

in distribution .

D(e) = d/ . E,midp(z) . (5)



In sections 3 and 4 we shall obtain the asymptotics of the stochastic transition functions
for the chain Y7, and of the functions E,7;. Assuming that this is accomplished, the next
lemma will allow us to obtain the asymptotics of the effective diffusivity, using (5).

First we introduce the notations and formulate the assumptions needed for the lemma.
Let M be a locally compact separable metric space. Let C,(M) be the set of bounded
continuous functions on M. Let p.(z,dy), 0 < & < % be a family of stochastic transition
functions on M. Assume that

(A) The family of measures po(z,dy), = € K is tight for any compact set K.

(B) po(z,dy) is weakly Feller, that is [ f(y)po(x,dy) € Co(M) if f € Cy(M).

(C) For any f € Cy(M) and any compact K C M,

ti [ F)pelody) = [ F)polandy)  wniformly s € K

(D) There exist unique invariant measures u°(dy). There exist A > 0,¢ > 0, such that
2 (w, A) — p(A)| < ce ™ forall z, A e .

(That is p. are uniformly exponentially mixing).

Let g € Cy(M,R?) be such that [ gdu® = 0 for all £. Let Y, be the stationary Markov
chain, with the stochastic transition function p.. Since Y;° is exponentially mixing, the
central limit theorem can be applied to g(Y;), and thus % converges weakly as
n — oo to a mean-zero Gaussian distribution. We denote the covariance matrix of the

limiting distribution by d®(g).

Lemma 2.1. Suppose that assumptions (A)-(D) hold. Then
(a) u — p®  weakly.
(b) If f*(x) are uniformly bounded, f°(z) € Cy(M), and lim._q f¢(z) = fO(x) uniformly

on any compact, then
lim/fgd/f:/foduo.
e—0

(c) If g € Cy(M,R?) is such that [ gdpu® =0 for all €, then
d*(g) = d’(g) -

Proof: From (A) it follows that for each n the family of measures pfj(z,dy),x € K is
tight for any compact set K. Let us assume that for a certain n, for any f € Cy(M),
uniformly on any compact set K we have

/f(y)p?(x,dy) - /f(y)pﬁ(ff,dy) —0 ase—0. (6)

Note that this is true for n = 1 by (C). Combining (6) and the fact that pj(z,dy),z € K
is tight we obtain that for any compact set K and for any § > 0 there is a compact set
K, such that

pi(x, K1) >1—-96, € K (7)
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for sufficiently small . Next we justify (6) for n + 1 instead of n.

/ ) (o, dy) — g+, dy)) =

/fl(y)(p?(fr,dy) —pg(ff,dy))+//f(2)(pg(y,d2) — po(y, dz))pZ(z, dy) ,

where fi(z) = [ f(y)po(z,dy) € Cy(M). The first term on the right hand side tends to
zero by (6) while the second term tends to zero by (7) as [ f(2)(p:(y,dz) — po(y,dz)) is
bounded and tends to zero uniformly on any compact. We therefore have established (6)
for all n.

Let us prove part (a) of the lemma. Fix an arbitrary x € M. Then for f € Cy(M) we

have
[ tae) = tim [ )

and the limit is uniform in ¢ by (D). The weak convergence of u° to u° now follows from

(6).

To prove part (b) we write

[ raw = [ rae =([ ran = [ [ - [ ra

The difference of the first two terms on the right hand side tends to zero as p® — u°
weakly. The difference of the last two terms tends to zero since for any 6 > 0 there is a
compact set K for which pf(K) > 1 — ¢ for sufficiently small ¢ (since u® — u® weakly),
and ¢ — f° on any compact set.

In order to prove part (c) of the lemma it is sufficient to consider g € C,(M, R) (scalar
valued). In this case

d*(9) = El(9(Y7))* + 29(Y5)g(Y¥) +29(Y5)g(V5) + .. -
Due to uniform mixing (D)
[E(g(Yg)g(Y,)) <e™™,

where v does not depend on . In order to prove that d°(g) — d°(g) we therefore only
need to establish that
Elg(¥5)g(Y;) — 9(¥9)g(¥;)] = 0 (8)

for any fixed n. The left hand side of (8) can be written as

/ 9(2)g ()P (z, dy)dp (z) — / 9(2)g ()i, dy)dp(z)

Let G( z) [ g(y)pZ(z,dy). Then G.(xz) — Go(x) uniformly on any compact by
(6), and the Conclus1on follows by part (b). O



3 The Limit of the Transition Probabilities

In this section we shall identify the limit of the transition probabilities for the chains Y,
on L% x S and verify the conditions (A)-(D) for these chains.

Recall the (H, 6) coordinates which we may consider inside each cell Uy, near its bound-
ary, that is in Uy N V*. Let .

h=¢"2H.
In order to find the limit of the transition probabilities we shall demonstrate that in a small
neighborhood of £, after a random change of time the process X; is well approximated
by the process X; with the generator %@m + 0y in (h,#) coordinates.

Let © € v(A;, A;) be a point on £,. We introduce the stochastic transition function
po(z,dy),z,y € L, as follows:

Let x,y € OU; (if  and y do not belong to the boundary of the same cell, then
po(x,dy) = 0). Consider the (h,#) coordinates in U,NV*, so that §(z) = 0, and 6 increases
in the direction of the flow. Since OUj, is a closed contour, points with coordinates (h, 6)
and (h, 9+f8Uk |V H|dl) are identified. Let #(A;) and 6(y) belong to (0, faUk |V H|dl], and
consider the process X; with the generator dy + %&Lh in (h,#) coordinates, which starts
at the origin (corresponding to the point z). Let 7 be the time of the first exit from the
following domain: D° = {# < 0(A;)} U {6 > 6(A;); h > 0}. Then define

(w,dy)= > > Prob{0(X;) € [0(y)+m [ |VH|dLO(y+dy)+m [ |VHI|dI]}.
k:z,yedlU;, m>0 oUy, Uy,
(9)

The summation over k is needed to account for the fact that x and y may both belong to
the same edge v(A;, A;), in which case they both belong to the boundaries of two cells,
and we need to consider two sets of (h,f) coordinates.

The function py(z,dy) is a stochastic transition function on £,, and it can be consid-
ered as a stochastic transition function on £° x S. Tt clearly satisfies conditions (A) and
(B) preceding Lemma 2.1.

For z,y € L,, and for the stopping times 7 defined in the previous section, let p.(z, dy)
be the transition function for the chain X7. considered on L,:

pe(w,dy) = Prob,{X7. € [y,y +dy]} .

Note that this definition is similar to that of py(z, dy). Here, however, we do not use the
(h,0) coordinates since with small probability the process X may travel outside of the
domains Uy, for which = € v(4;, A;) C 0Uy before time 77 (due to the presence of the
small diffusion term X; may go 'past’ the saddle point A;, thus traveling to one of the
neighboring domains before time 7).

Lemma 3.1. For any closed interval I C v(A;, A;), and any bounded continuous function
fonL,,

hm/f Y)pe(z,dy) = /f Y)po(x,dy) uniformly in z € T .



Notice that Lemma 3.1 implies the condition (C) for the chain Y,?. Before we start
the proof of Lemma 3.1 we state and prove the following preliminary lemma.

Lemma 3.2. Let X! and X? be the following two diffusion processes on R? with infinitely
smooth coefficients:

dX} = vo(X})dt + a(X])dW, + &0y (X} )dt + g1 (X])dW,

dX7 = v(X7)dt + a(X})dW,; + %ve(X})dt + caz(X7)dW; |

with X} = XZ. Suppose that for a certain constant L the following bound on the coeffi-
cients holds: . o . o
Vo'l [Va?|, i, ol lay| e | < L, a5 =1,..,d

where i and j stand for the vector (matriz) entries of the coefficients. Let X\ be the initial
distribution for the processes X and Xg. Then for some constant K = K(L) and for
any t,n > 0 we have

Kt 1 2
Proby{ sup |X! — X?| > n} < w
0<s<t n

Proof: Let us assume that d = 1 in order to avoid vector and matrix indices. By Ito’s
formula, for any stopping time 7 < t,

E\X; - X7 =B\ /OT 2(X; — X)) (v(X,) — v(X7) + [ (X)) — v (X7)))ds+

Ex /OT(G(XSI) —a(X7) +ea1(X;) — ax(X7)])ds . (10)

From the estimates on the coefficients and their derivatives it follows that the expression
in (10) can be estimated as follows

B\ - X2 < K(L)([ BAX! - X2Pds + <) (1)
0
In particular, for 7 =t we have

t
B\ X! — X2 < K(L)( / B\ X! — X2[Pds + £%%).

0

Let R(t) = EA| X} — X?? + 2. Then R(t) < K(L) [, R(s)ds, R(0) = > By Gronwall’s
Lemma applied to R(t) we have

E\|[ X} — X7 < (e —1) .
Define the stopping time 7 = min{s : | X! — X?| > n} A t. Then, by (11)

n”Proby{ max ||X; — X7| > n} < E,[X7 — A7) <

10



K(L)(E)\/ |X31 — X32|2ds + 5215) < SQ(QK(L)t ~1),
0

which yields the lemma. O

Proof of Lemma 3.1: Since the kernel py(x, dy) is smooth in both variables and satis-
fies condition (A) preceding Lemma 2.1, to prove the uniform weak convergence stated in
Lemma 3.1 it is sufficient to demonstrate that for an arbitrary closed interval J C y(A4;, 4;)
and an arbitrary § > 0 there is g > 0 such that

pe(x, J) > po(x,J) — 6 for all x €1, e<eg. (12)

Suppose that I,J C OUy. (If I and J don’t belong to the boundary of the same cell,
then po(z, J) is equal to zero.) For the sake of simplicity of notation let us assume that
I C vy(Ai, A;) and J C (A, A;), that is T and J belong to the adjacent edges of L,.
Without loss of generality we can assume that A > 0 in U, N V¢ for sufficiently small
e. We can consider the process X; in (h,#) coordinates in the following domain (see the
picture below)

D* = {0 > (40} ({Ih] < =3} ){0 < 0(4) KO = 0(4,),0 < h < e73) |

DN NN

.

Ny

LSS S S S S

As above we consider the process X; in (h, ) coordinates in the domain
D = {0 < 0(A;)} {0 > 0(4;);h > 0} .

Note that p.(z,.J) is estimated from below by the probability that X leaves D® through
any of the copies of .J (which corresponds to X making a finite number of rotations inside

11



U, N Ve and then leaving Uy through the segment J). Let Jy, Ji, ... be the copies of J
n (h, ) coordinates (J,,11 can be obtained from .J,, by a shift by fBUk |VH|dl along the
¢ axis). For an initial point € D¢ let p.(z, J,,,) be the probability that X} leaves the
domain D¢ through .J,,. As stated above, for x € I we have

EDIIATERY (13)

Similarly, for x € D° let py(x, J,,) be the probability that X; leaves the domain D° through
Jm. If © € I and J belong to different edges of OUj (as we have assumed) then by (9) we
have

)= Polx, Jm) . (14)

Since all the terms in the sums (13) and (14) are non-negative, in order to prove (12) it
is sufficient to demonstrate that for each m and each § > 0 there is £y > 0 such that

Pe(x, J) > pol(x, Jp) — 0 for all ze€l, e<egp. (15)

For the sake of simplicity of notation we shall only prove (15) for m = 0.
The generator of the process Xj is

Lf = SAf+vVf
which in (h, #) coordinates becomes
1
L*f = S VHI + e fipl VOP + VEfLAH + e fyA0) + f5| VHI[V]

Dividing all of the coefficients of the generator by the same function |VH||V#| amounts
to a random time change for the process X7, which does not affect any of the transition

probabilities. We shall denote the time-changed process with the generator L¢ f= #{w'
also by X;. This process satisfies the equation
- VH| en VOl o o (VE_AH e A
AXE = (LW g Ve + O OVE g Ve + 5 v s ve o) T DY
(16)
while
dX; = (1,0)dW} + (0,1)dt , (17)

where W/ and W/ are one dimensional Wiener processes in h and  variables respectively.
We can not apply Lemma 3.2 to (16) and (17) directly, as some of the coefficients on the
right hand side of (16) may be unbounded near the saddle point (h = 0,6 = 0(A,)). To
circumvent this problem we shall take a sequence of steps (justified below), which will

12



single out a small neighborhood of the saddle point, where yet another coordinate system
will be considered.

Step 1. Let us take 6’ > 0 small enough, so that there exist 0 < h; < ho, such that
for any 0, € [0(A;) — ¢',0(A;)] the probability of the event that X, passes through the
interval K = {h; <h < hs,0 = 6,} before leaving the domain D° through .J; differs from
Po(z, Jo) by less than 2 for any 2 € I. Due to the smoothness of the transition kernel of
the process Xj, for some a < 1 the interval K can be replaced by any set K’ as long as
K' is contained in K and has Lebesgue measure at least (hy — hy)a.

Step 2. If necessary make ¢’ from Step 1 smaller, so that |py(A4, Jo) — po(B, Jo)| <
whenever |h(A) — h(B)| < ¢’ and A, B € [hy, hy] x [0(A4;) — &', 0(A;) + 4]

Step 3. Take §" < ¢ and let K = {hy < h < hy,0 = 9( ;)—0"}, and Ky = {h; < h <
he,0 = 0(A;) + 0"}. Take ¢" sufficiently small so that whenever A € K, the process X;
starting at A passes through the set {h(A) — =9 < p < p(A) 4+ =97 g — 6(A;)+9"}
before leaving D*° with probability at least 1 — % for small enough 6

Step 4. Let us split the set K5 into intervals A? | i =1,..,r of length & (we can
assume that each of the intervals included the endpoints). Construct on K the intervals
Al i=1,..,r of length ', such that h(center(A})) = h(center(A?)). Let 7k, be the
first time when a process either exits D°(D?) or reaches K. Let us take £ so small that

10

)
Prob,{X; € A} > Prob,{X, €A/} - 1or for all z €1, e<ep.
1 1 r
Step 5. Let us take £y so small that

_ _ )
p=(A, Jo) > po(A, Jo) — M for all Ae Ky, e<e¢q.

Assuming that the Steps 1 - 5 are valid let us prove (15). By the Markov property
p-(z,Jo) > Y Prob,{X: € Al} min p.(4,Jp) .
pe(x o)_Zro (X%, €Aj} min p.(4, /o)

By Steps 3, 5, and 2, the second factor on the right hand side can be estimated as follows:

5 25 35
(A, Jp) > (A, Jp) — — > A Jy) — = > A, :
/lfélAnp( 0) /grenAnp( 0) 0 /lgélArgpo( 0) 0 ﬁigpo( 0) — 10
while by Step 4
5

Prob, {X7, € Aj} > Prob,{ X, € A;} — o

Combining the above inequalities and using Step 1 we obtain

pe(z, Jp) > Z (Prob, { X, € A} — %)(maxpg(A Jo) — 30

—) >
T’ AcAl 10
=1

13



d ) _ 46 58
ZZ:;ProbI{XTK1 € Ai}ﬁié po(A, Jo) 10 > pl(z, Jo) 0
which implies (15).

It remains to justify the construction in Steps 1-5. The validity of Steps 1 and 2
follows from the fact that the transition kernel of the process X; is smooth. To justify
Steps 4 and 5 it is sufficient to consider both processes X; and X, in a compliment to a
neighborhood of the saddle point, where Lemma 3.2 applies.

In order to justify Step 3 we note that by Morse Lemma in a neighborhood O; of
the saddle point A; there is a smooth change of variables, such that in the new variables
the stream function is H(x1,x2) = x1x9, and the interior of Uy corresponds to the first
quadrant x;,xs > 0. In the new variables the generator of the process X;, after a random
change of time, becomes L°f = eL, f+ v,V f, where L is a differential operator with first
and second order terms, with bounded coefficients, and vy (x1, z3) = (—21,22). We shall
consider the operator Lf in the domain DF = O;(z1 > 022 > 0521 + 22 > 5§;x1x2 <
e3}. Make a further change of variables in D*:

(1’1,1‘2) — (U,U) = (

In the new variables, after dividing all the coefficients of the operator by (z1 + x3), which
amounts to a random change of time for the process, the operator can be written as
of
LFf=Mf+ —, 18
f=arfe o (18)
where M* f is a differential operator with first and second order terms. All the coefficients
of M*® can be made arbitrarily small in D¢ by selecting a sufficiently small neighborhood
O, of the point A;, and then taking ¢ to be sufficiently small.

The construction in Step 3 now follows from Lemma 3.2 by comparing the process
whose generator is the operator (18) with the deterministic process with generator %.
Remark To verify condition (D) (uniform mixing) preceding Lemma 2.1 for the chain
Y it is sufficient to show (see [2], page 197) that there is an integer n > 1, an interval
I C £°x S, and a constant ¢ > 0, such that

p(z,dy) > cA(dy), and pf(x,dy) > cA(dy), for x € LOx S, yeT, (19)

where A(dy) is the Lebesgue measure on I. The proof of estimate (19) is absolutely similar
to that of Lemma 3.1.

4 The Asymptotics of the Transition Times

In this section we shall study the asymptotics of the integral || co Eymidps (), which enters
in the expression (5) for the effective diffusivity.

14



We shall demonstrate the following:
E, 7 < ce 2 for all z € L0 (20)
lir%séEITf = f%(x) uniformly in z €1, (21)
E—r

where f°(z) € C,(L") is a positive function and I is an arbitrary closed interval I C
v(Ai, A;). From parts (a) and (b) of Lemma 2.1 it then follows that

/EO E,mdp () = 5’%( . fP(z)du’(x) +o(1)) as € =0, (22)

where () is the invariant measure on £° for the kernel py(x, dy), defined in Section 3.

The proof of formulas (20) and (21) will rely on a sequence of lemmas stated below.
We shall study separately the probability of the event that the process X; starting form
z € v(A;, A;) reaches OV* before time 77, and the expectation of the time it takes for the
process starting from 9V to reach L£°.

Consider the process X together with the process X;, whose generator in (h, ) co-
ordinates is 19y, + 0p in the domain D = {0(A;) < 0 < 0(4;); |h| < e ~3}. We follow
the process X, till it exits Dj. Let Py(z,dh) be the corresponding transition kernel. Thus
Py(z, dh) coincides with a Gaussian distribution on —*~2 < h < 73, and has two
point masses at h = 4c~2. Similarly let P.(z,dh) be the transition kernel for the
process X, which starts at © € v(A4;, A;) and is stopped at the time o;. We have the
following:

Lemma 4.1. For any continuous function f: R — R, such that |f(h)] < 1+ |h|, there
exists ¢ > 0, such that

/|f(h)|Pg(x,dh) <c for z e vy(4;A4)) . (23)
Furthermore, for any closed interval I C v(A;, A;j),

21_{%/ f(h)(P-(z,dh) — Py(x,dh)) =0, uniformly inxzel. (24)

The proof of Lemma 4.1 is completely similar to that of Lemma 3.1.

We introduce the following notation: 7V is the first time the process X{ leaves V¢,
similarly, 7% and 7V°"Vk are the first instances when X¢ leaves Uy and VN U}, respec-
tively.

In order to estimate the probability that the process X; starting from = € v(4;, A;)
reaches OV* before time 77 we shall need the following

Lemma 4.2. [5] There exists a constant ¢ > 0, such that

E,7"" <c® ! Ine| for any x € V*.
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This Lemma is the same as Lemma 4.7 of [5] (it must be observed that the proof of
Lemma 4.7 of [5] goes through for any Ay < 3).
In the event that Xgi € Ve N Uy, after the stopping time o] the process X; may exit

Ve N Uy either through 0V¢ or through £°. The next lemma estimates the probability
that the process exits the domain through oV*.

Lemma 4.3. There exists ¢ > 0, such that for any v € VEN Uy
[Prob, { X venr, € 0V} — h(x)eé’oﬂ < ce™|lne| . (25)

Proof: Let L° be the generator of the process X; in the domain V* N U,. Then the
probability in (25) is equal to the solution u(z) of the equation Lfu = 0 in V* N Uy with

the boundary conditions u|g—.01 = 1, u|y—g = 0. Let uy(x) = u(x) — % Then u; is the
solution of the equation Lfu; = —L° fﬁf) with the boundary conditions u1|3(vak) = 0.

By Lemma 4.2, since e~' L H(z) is bounded uniformly in &, the solution u; is estimated
as follows:
luy| < coe M E, 7V < e |Ing] .

This implies the statement of the lemma. O
Using the Markov property of the process X; with respect to the stopping time of,
we obtain that there is ¢ > 0, such that for any € £° we have the following:

o0

Prob {7V <7} < / sup  Probz{ X venve € OVEYP.(x,dh) < cs2 | (26)

—oco FEV=:h(T)=h

where U(Z) is the domain which contains T (one of the domains Uy), and the second
inequality is due to Lemma 4.3 and (23). Furthermore, due to (24) we can evaluate the
asymptotics of the event {7V" < 7{; X¢. € VSN U,} as follows:

o0
lir% Prob, {7V < 7{; X5y. € anﬂUk}g‘“*% = lir% hPy(z,dh) , uniformly in x € I.
E— e—
0
(27)
The next lemma allows us to estimate the expectation of the time it takes for the process
starting at OV to return to L°.

Lemma 4.4. For each of the domains Uy, there exists a constant ¢, > 0, such that

lii% ! mE, U = ¢, uniformly in z € 0VENU;. (28)
Note that Lemma 4.4, together with (26) and (27) implies (20) and (21) since the
expectation of the time it takes for the process to reach V¢ can be estimated by Lemma,
4.2. Tt remains to prove Lemma 4.4.
We introduce notations and state several technical lemmas needed for the proof of
Lemma 4.4.

16



Since H(z) = 0 on OUj, we may assume without loss of generality that H(z) > 0
inside Uy in a small neighborhood of U,. Then there is a region V' C Uy, whose boundary
consists of Uy and a level curve {H (z) = Hy}, and, by selecting a sufficiently small Hy,
we can ensure that each level set of H in V is connected and there are no critical points
of H in the closure of V other than on 90U,.

For 0 < H < Hj let us define the following functions:

a(H):/|VH|dl, b(H) = %dl, q(H):/ﬁdl, (29)

in each case the integration is over the level set {H(z) = H,z € V'}. Let r < 2 be a small
constant, to be specified later. Consider the function f(H), which solves the equation

a(H)f"(H) + b(H)f'(H) = —q(H) (30)

with boundary conditions f(0) = f(2r) = 0. While it not used here explicitly, we note
the fact that the operator in the left hand side of (30) after dividing it by the function
2q(H) becomes the generator of the limiting diffusion process on the edge of the graph
corresponding to the domain Uy (cf [5] and Section 5 of this article).

We need the following lemma, which will be proved in Section 6.

Lemma 4.5. There is a function g(r), which satisfies im,_,o g(r) = 0, such that | f'(H)| <
g(r) for all 0 < H < 2r. Further, there is a constant ¢ > 0 such that |f"(H)| < ¢|In H|
and [f"(H)| < .

Let us select constants o and as such that o < oy < a3 < % Define the subsets V4
and VB of V as follows:

VA={zeV;e™ <H(x)<r}, VE={reV;e™ < H(z) <2r} .

Let 74 be the first time the process X¢ leaves V4, similarly 77 is the first time the process
leaves VB, Let z, be the deterministic process

dxy = v(z)dt |

and let T'(x) be the time it takes the process z; starting at 2 to make one rotation along
the level set, T'(x) = inf;so{x; = x}. The next lemma shows that for times of order T'(x)
the process X is in a certain sense close to the deterministic process x;. The lemma is
proved in Section 6.

Lemma 4.6. For any 0 > 0 there is v > 0 such that

Prob,{ sup |H(X;)— H(x,)| > 6%’5} <& for all ze VA (31)
s<T'(z)

There exist &' > 0 and v > 0 such that
Prob,{ sup |X¢ —xz,] >} <& for all z €V (32)

s<T(x)
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One of the main ingredients of the proof of Lemma 4.4 is the following lemma, which
is a particular case of the main result (Theorem 2.3) of [5].

Lemma 4.7. [5] There is a constant ¢, > 0, such that on each level set {H(x) =r,x € V'}
we have
limeE, 7" = ¢, (1 + g1(r)) , (33)

e—0

the limit is uniform on each level set, and g,(r) satisfies lim, o g1(r) = 0.

Lemma 4.7 is different from Lemma 4.4 in that the initial point in (33) belongs to a
fixed level set of H, while in (28) the initial point is asymptotically close to OUy as € — 0.

Proof of Lemma 4.4: We shall demonstrate that there exists a function g(r), such
that lim,_,o g(r) = 0, for which

E, " <& lg(r), (34)
uniformly in z € {H(x) = ¢,z € V}. Let us show that (34) is sufficient to prove the
lemma. As in the proof of Lemma 4.3, from (34) it follows that

g

Prob, {H(X24) = r} =~ < ¢ —g(r) (3)

uniformly in © € {H(z) =*,z € V'}. For x € 0V N Uy, by the Markov property
B,r = Byr' 4 BBy, 7% H(X5) = 1) + By (Be, 7 H(XE) =) . (30)

The first term on the right side of (36) is estimated from above by *~1g(r) due to (34).
The second term has the following asymptotics due to (35) and Lemma 4.7

By (Bxe, 77 H(XZ)) = 1) — g™ 71 < go(r)e™ ™

for sufficiently small e, where go(r) satisfies lim, 5 g2(r) = 0. The last term on the right
side of (36) is estimated from above by c®2~! due to Lemmas 4.2 and 4.3, and the repeated
use of (36). Therefore

|E$TUk — Ck€a1_1| < 50‘1_1g3(7")

for sufficiently small e, and g3(r) which satisfies lim,_,o g3(r) = 0. Since r can be selected
arbitrarily small we obtain lim,_, }fgl—T,Uf = ¢j. It remains to prove (34).
Let 0 = min{7? T(z)}. We shall prove that for some K > 0 for all sufficiently small

values of r KE. (E( X K
7o)+ KESUHOG) _ (G an
for all x € V4. From (37) it follows that
Kf(H
E,m < K/ (H () for = € V. (38)
£
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Due to the estimate on the derivative of f from Lemma 4.5 for x € {H(z) = *,x € V'}
the right side of (38) is estimated from above by Kg(r)e* !, which implies (34). Now we
need to prove (37).

Applying Ito’s formula to f(H(X;)) we obtain

B

(B (X)) ~F (@) = 3. [ (7 ()T HD P4 (H ) AR (X0)ds,

while from (30)

T(x)
T(r) = —/0 (f"(H(2,)|VH ()] + f'(H (2,))AH (,))ds

Thus, what we want to show is that there is a constant K; such that for all z € V4

. [ TS - £ ) T H ) Pl
B, / IAH(XD) = £/ (H(r)AH(m)lds|+ 39
Bl [ U HOEDIVHOR + £ X)AH(C)lds] < K@)

Since f’ and AH are bounded, and K; can be taken arbitrarily large, it is sufficient to
estimate only those of the terms in (39) which contain the second derivative of f. By
Lemma 4.6 we have Prob,{c? < T(z)} < &7, and the second derivative of f can be
estimated by Lemma 4.5. Therefore for the last term containing f” we have

I|/ XN|VH(XE)|?ds| < T'(z)]In(e*#)|Prob,{c? < T(x)} < ¢T'(x) .
The estimate

xl/ FIHXO)VH (XD = f"(H (2,))|VH (x)["]ds| < cT'(x)

follows from Lemma 4.6 and the estimates on f” and f" of Lemma 4.5. This completes
the proof of Lemma 4.4. O

Proof of Theorem 1.1: The effective diffusivity D(e) is related to the variance d*
of the limit of the functional of the Markov chain, and to the integral of the expectation
of the transition times via formula (5). As shown in Lemma 3.1 and in the Remark fol-
lowing it, Lemma 2.1 applies, and therefore there exists the limit d° = lim._,qd*. The
asymptotics of the integral [., E,7{duc(z) is given by (22). This completes the proof of
the theorem. O
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5 The Case of the Open Channels

In this section it will be convenient to consider the process )N(f, which is the same as X7,
but only accelerated by the factor %, that is X; = Xf/g. This process satisfies the equation

~ 1 ~ ~
dX: = —v(X)dt + dW,, X eR.
9

Note, that as a process on the torus, )?f is uniformly (in ) exponentially mixing. Fol-
lowing [5] we consider the finite graph G' which corresponds to the structure of the level
sets of H on the torus.

The graph G is constructed as follows: we identify all the points which belong to each
connected component of each level set of H. This way each of the domains Uy, bounded by
the separatrices, gets mapped into an edge of the graph, while the separatrices themselves
get mapped into the vertices. Let e(X}) label the edge of the graph and let H(X}) be
the coordinate on the edge. Then the process (e(X7), H(Xf)) can be considered as a
process on the graph. It is proved in [5] (Theorem 2.2) that the process (e(X?), H (X))
converges to a certain Markov process on the graph with continuous trajectories, which
is exponentially mixing. We state the result here in less generality than in [5], but this is
sufficient for our purposes.

Theorem 5.1. [5] There is a Markov (diffusion) process Y; on the graph G, which is
exponentially mizing, and has continuous trajectories, such that for any T > 0, the process
(e(XF), H(X])) converges to Yy weakly in C([0,T], Q).

We are now in the position to prove Theorem 1.2. B
Proof of Theorem 1.2: The displacement of the process X; in the direction x; (the
direction of the channels) is given by

1t
(' =1 [ S+ w7,

where v; is the x; component of the velocity field. Therefore,

Ba(L fyo(XDds +W))? 1, Ey(fy vi(X2)ds)’
t

Uy 1 — (1
D{e) = Jm (%) ¢ Am

+o0(1)) =

2 [ B (Rt o1),

where )?g is distributed according to the invariant (Lebesgue) measure A\ on T?. For a
function f € C*(T?), let f(e, H), (e, H) € G be the function defined on the graph, other
than on the vertices, which is equal to the average of f over the corresponding connected
component of the level set of H

_ B fOT(m)f(xs)ds
f(eﬂH) - T(l‘) )
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where x; is the solution of the deterministic equation dz; = v(x;)dt, the initial point x
belongs to the level set, and T'(x) is the time of one revolution around the level set. Tt is
easily seen that for any initial point x which does not belong to any of the separatrices

of H we have .

lim [ E,f(X%)ds=0, if f(e,H)=0.

e—=0 0
Therefore,
t

t ~ ~ ~ ~ ~
lim E)v(Xg)v1(X7)ds = lim E v (Xg)v1(e(X?), H(XE)) ds =

e—0 0 e—0 0

/0 B, (V)7 (V) ds | (40)

where p is the measure on GG, which is invariant for the process V;.
The integrals

/ By (X)01 (X7) ds
t

and ~
/ B, 7, (Yo)7 (V) ds
t

can be made arbitrarily small by selecting sufficiently large ¢ due to uniform mixing of
the processes X; and Y;. Therefore,

o0

lim [ Byoy (X0)o (X7 ds = / B, (Vo) o1 (V) ds, (41)
0

e—0 0

which shows that the asymptotics for D'!(¢) is as stated in the theorem.

Now let us consider the asympotics for D??*(g). Note that vy(e, H) = 0, thus the
arguments leading to (41) do not provide the asymptotics of D*(e). Let Py,..., P, be
those of the separatrices of H on the torus which, when unfolded onto the plane, are
non-compact. Let us select a point A; on each of P;. Let us introduce the sequence of
stopping times 7, n > 1, which are the consecutive times when X; makes the transition
to a different level set P,. Thus )?ﬁn is a Markov chain on the set {P,..., P,}. We can
also consider the Markov chain

Z?i = (‘3578—”77—71 — Tp—1, An)

on the extended phase space {P;,...P,} x Ry x R The third component A, is defined
as follows: If X* is considered on the plane, then

A, = A%*(n) — A%(n — 1),

where A%(n) is the x5 coordinate of the point corresponding to the separatrix containing
the point X7 .
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Similarly we can introduce the stopping times 7, for the process Y; on the graph, which
are the consecutive times when Y; visits different vertices Q; = H(FP;) of G, corresponding
to the unbounded separatrices of H. Together with the Markov chain Y, we can consider
the chain

Zn — (Ynna M — Mn—1, zn)

on {Q1,...Qn} X Ry xR, where A, is defined the same way as A,.

Let 4 be the invariant measure for the chain Z, and let i be the invariant measure
for the chain Z,. Let f be the function defined on the state space of the chain Z, which
is equal to the third component: f(x,7, A) = A. The function fis defined the same way

on {Q1,...Qn} xR, xR
By the central limit theorem applied to the chain Z, there is a number d° such that

" Z¢
lim M = N(0,d°).
n—oo n
Similarly, s
v f(Z; ~
lim 22202 _ o 5y
n—00 n

The effective diffusivity in the x, direction is then different form d® by the factor
s [ ndw,
ed(e)
[ mdps

From Theorem 2.2 in [5] and the uniform mixing of the Markov chains ZZ and Z, it
easily follows that

D22( )

d(e) = d
and
/Tld/I,E — /nldﬁ
This completes the proof of Theorem 1.2. O

6 Proof of the Technical Lemmas

Proof of Lemma 4.5: For any function u € C*(Uy) we have

uAH (VH v(|VH|)>
42
dH/udl |VH|2dl+/ V| dl , (42)

where the integrals are over the level set {H (z) = H,xz € V'}. In particular b(H) = o'(H),
and therefore equation (30) can be written as

(a(H)f'(H))" = —q(H) . (43)
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From the definition of the coefficients a(H),b(H), and ¢(H) it easily follows that

lima(H) =a9>0; b(H)=0(|InH|) as H—0; ¢(H)=0(|InH|) as H— 0. (44)

H—0
Further, with the help of Morse Lemma and (42) it is easily seen that

1 1

V(H) = O(E) as H—0; ¢(H)= O(ﬁ) as H—0. (45)
Let H,, € (0,2r) be the point where f(H) achieves its maximum, thus f'(H,,) = 0. From
(43) it follows that
B —f;m q(s)ds
- a(H)
Thus, the estimate on the first derivative of f stated in the Lemma follows from (44).
Rewrite (30) as

f'(H) (46)

neppy —  4CH) +b(H) f'(H)

From (44) in now follows that |f"(H)| < ¢|/In H| for some ¢ > 0. Differentiating both
sides of (30) we obtain

H) +V'(H)f'(H) + b(H) ["(H) + o' (H) f"(H)

m _ q,(
f (H) - (L(H) :

The estimate on f"”(H) now follows from the estimates on the first two derivatives and
from (44) and (45). This completes the proof of the Lemma. O

Proof of Lemma 4.6: The proof is based on the use of Lemma 3.2. We can not
however apply Lemma 3.2 to the pair of processes X; and x; directly, since the rotation
time T'(x) grows logarithmically in ¢ when z € V4.

Let us establish the following property of the deterministic flow z;:

Let 0 =ty < t; <ty < ...<t,. Consider a process y;, which solves the equation

dy, = v(ye)dt (47)

on each of the segments [ty,t1), [t1,t2), ..., [tn_1, tn], With a finite number of jump discon-
tinuities limy_, 4 y(t) — limyy, y(t) = pi, @ = 1,...,n — 1. Then for any positive ¢ there
are positive x and ¢’ such that under the conditions

n—1
Ty = Yy € VA ZHPZH <er ™ty —t < c|Ing]
i=1

we have

sup ||yr — x| < €2 (48)
0<t<tn
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Note that it is sufficient to establish the following: for any pair of points ag, by such that
1
ag € VA and ||ag — bg|| < €27 we have

_1
sup ||at—bt|| < 626,+H 2||a0—b0|| s (49)
0<t<c|lne]

where a; and b; are the solutions for the deterministic flow (47). Let us take

, 11
§ _H_Z(i_%)' (50)

The time it takes for the trajectory of (47) to make one rotation along the level set
{H(z) = H,x € V} is equal to T(x) = q(H(x)), where q(H) was defined in (29) and is a
smooth function for sufficiently small positive H, which satisfies

q(H)=0(|InHJ), ¢'(H) = O(%) as H — 0 . (51)

The number of full rotations of the trajectory starting from aq is equal to [T(zo)] and the
time it takes to make these rotations is equal to [%]T(ag). It takes [T(ZO)]T(bU) to make
the same number of rotations for the trajectory starting at by.

Due to (51) the difference is estimated as follows;
t t

—|T(ap) — |=——=|T

HT(CI,O)] ( 0) [T(ao)] (

Here we used the facts that t < ¢|Ing| and that H(ag) > £*>. Now consider the images

of ag and by under the flow (47) for time ¢t < T'(ag). Using the reduction of the flow to a

linear system in a neighborhood of each of the saddle points (Hartman-Grobman Theorem
[7]), it is easy to show that

bo)| < const|Ine|e™?||ag — bol| - (52)

sup ||a; — b|| < const||ag — bg|le™** .
0<T(ao)
Combining this with (52) and with the fact that the speed of motion in (47) is bounded,
we obtain (49) with ¢’ and « defined in (50). This in turn implies (48) as noted above.
Note that 0 < 26’ < § — « and that by making x smaller (if necessary) we can satisfy
0 < k < d, where § is the same as in (31). Observe that for some ¢ > 0 we have

T(z) < c|Ing| for all z € V™ (53)

Select the points 0 = %y < t; < ty < ... < t, = T(x) in such a way that 5|Ine| <
tiz1 —ti| < f|Ing| fori = 0,...,n — 1, where K is the constant from Lemma 3.2 (applied
to the pair of processes X; and z;). By (53) there is the estimate n < 225, Let yf
be the piecewise continuous process, which is defined by the conditions: y; = Xi and
dy; = v(y;)dt on [t;, t;v1), i =0,..,n— 1. By Lemma 3.2

n—1
1, 2CK 5
Prob,{ E sup || X7 — || > ez "} < ()% . (54)
i—0 tEltisti+1) K
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Due to continuity of X; formula (54) provides an estimate on the sum of the jumps of
the process y;. From (48) it now follows that

) 2cK
Prob, {||z — yi|| > €'} < (5= )%" . (55)
K
This, together with (54) implies (32) for any v < k. Since H(x;) is constant and H(y;) is
piecewise constant, we have

n—1 1 5
1 £2
Prob,{ sup |H(X?) — H(z;)| > 27’} < Prob, 5 sup || X] =il > ———} .
{th(x)| ( t) ( t)| } {izo vt i) || t t|| sup||VH||}

This, together with (54) and the condition that x < ¢ implies (31) for any v < . This
completes the proof of the Lemma. O
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