Branching diffusion in inhomogeneous media
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Abstract

We investigate the long-time evolution of branching diffusion processes (starting
with a finite number of particles) in inhomogeneous media. The qualitative behavior
of the processes depends on the intensity of the branching. In the super-critical
regime, we describe the asymptotics of the number of particles in a given domain.
In the sub-critical and critical regimes, we describe the distribution of the limiting
number of particles.
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1 Introduction

Consider a collection of particles in R? that move diffusively and independently. Besides
the diffusive motion, the particles can duplicate with the rate of duplication Bv(z), » € R?,
where x is the position of a given particle, v is a continuous non-negative compactly
supported function and § > 0 is a parameter controlling the duplication rate. Both
copies start moving independently immediately after the duplication.

We will give a detailed description of the behavior of the branching diffusion in R¢
in the case when v is a compactly supported function and ¢ is large. The asymptotics
depends on whether (3 is above, at, or below the critical value (3., which is the infimum
of values of 3 for which the operator

LPu(z) = %Au(x) + po(x)u(z) (1)

has a positive eigenvalue. This is the operator in the right hand side of the equations on
the particle density and higher order correlation functions, given below.

As follows from the results of [7] (see also [16], [3]), for § > [, the number of particles
in a given region U at time ¢ has the asymptotics

n,(U) ~6*°(mt§/UsO(y)dy,
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where \o(3) is the largest eigenvalue of L?, ¢ is a random variable that depends on the
initial configuration of particles (assumed to be finite in number) and ¢ is a determin-
istic function (limiting density profile). Intuitively, the presence of the random variable
¢ reflects the effect of branching at random times while the number of particles is small.
After the number of particles becomes sufficiently large, it keeps growing nearly deter-
ministically due to the fact that the bulk of particles is located near the support of v and
due an ‘averaging’ effect in the branching mechanism. In this paper we will describe the
distribution of £ in terms of its moments.

When 5 < (. (and d > 3), the effect of transience of the diffusion outweighs the
branching, and all the particles will eventually wander off to infinity (assuming that
initially there were finitely many particles). It will be shown that for § < (., the total
number of particles tends, as t — 0o, to a finite random limit, whose distribution will be
identified.

The case when 3 = (3, is interesting when d > 3 (8., = 0 for d = 1, 2). In this case the
total number of particles will be shown to tend to a finite limit almost surely, although
the expectation of the total number of particles tends to infinity.

Some of the corresponding results for the processes on the lattice with branching at
the origin were obtained in [1], [4], [2], [17] . The main difficulty here, compared to the
latter series of papers, is that the explicit formulas for the resolvent of the generator that
were helpful in analyzing the processes with branching at the origin are not available
now. Besides allowing the treatment of the general potential v, the techniques developed
in this paper will allow us to study some of the more intricate properties of the limiting
distribution: the fluctuations of the local number of particles conditioned on the total
number of particles in the super-critical case, the growth of the region containing the
particles and the distribution of the number of particles in the regime of large deviations
(near the edge of the region containing the particles). These properties will be the subject
of a subsequent paper.

The results on the large time asymptotics (Sections 4-6) will be obtained from the
equations on the particle density and higher order correlation functions derived in Sec-
tion 2. The analysis will be based on the spectral representation of solutions in the
appropriate function spaces followed by the asymptotic analysis of integrals with inte-
grands that depend on several parameters. Some of the techniques are related to those
employed by us in the study of a polymer distribution in a mean field model ([6]). There,
the asymptotics of a single equation (rather than a recursive system of equations) in the
parameters t and 3 was examined.

Finally, let us mention a number of recent papers on the parabolic Anderson model,
where v is a stationary random field (see, for example, [11], [12], [5], [10], [9], [13]). When
v is random, the behavior of the solution to (2)-(3) essentially depends on nature of the
tails of the distribution of v. It has been shown that in many cases the main contribution
to the creation of the total number of particles is given by the isolated high peaks of
the random potential. Moreover, when t is large, the bulk of the solution is located near
one of those peaks with high probability. This adds to the importance of the study of



branching diffusions in the case when v is localized.

2 Equations on correlation functions

Let Bs be a ball of radius ¢ in R?. For t > 0 and z, y1, ys, ... € R? with all y; distinct, define
the particle density p; (¢, x,y1) and the higher order correlation functions p,(t, z,y1, ..., Yn)
as the limits of probabilities of finding n distinct particles in Bs(y1),...,Bs(yn), respectively,
divided by Vol"(Bjs), under the condition that there is a unique particle at t = 0 located
at x. We extend p,(t,z,y1,...,y,) by continuity to allow for y; which are not necessarily
distinct. For fixed y, the density satisfies the equation

1
atpl (t> x, yl) - iApl (ta z, ?Jl) + ﬁv(‘r)pl (ta z, y1)7 (2)

pl(O,JJ,yl) = 53/1(*7:)' (3)
Indeed, let s,¢ > 0. Then we can write

lz—2|2

_d lz—=|"
pl(s + tax:yl) = (271'8) 2 /d e 2 pl(tazayl)d'z + ﬁv(x)spl(t,m,yl) + &(87t7x7y1>7 (4)
R

where the term with the integral on the right hand side is due to the effect of the diffusion
on the interval [0, s], the second term is due to the probability of branching on [0, s], and
a is the correction term. The correction term is present since (a) more than one instance
of branching may occur before time s, and (b) even if a single branching occurs between
the times 0 and s, then the original particle will be located not at x but at a nearby
point and the intensity of branching there is slightly different from Sv(x). It is clear that
limg o sup, ,epa (s, t,2,y)/s = 0. After subtracting p;(¢,z,y1) from both sides of (4),
dividing by s and taking the limit as s | 0, we obtain (2).
The equations on p,, n > 1, are somewhat more complicated:

1
atpn(ta z, Y, 7yn) = éApn(taxa Y1, - yn)—i_ﬂv(x) (pn(ta z, Y, 7yn) + Hn(ta z, Y, 7yn)) )
(5)
pn(oaxayla 7yn) =0. (6)

Here

Hn(tvxvyla“'vyn) = Z p|U\(tvl‘7 U)pn—|U\(t>x7Y\U)7
UCY,U#D

where Y = (y1, ..., yn), U is a proper non-empty subsequence of Y, and |U]| is the number of
elements in this subsequence. Equation (5) is derived similarly to (2). The combinatorial
term H,, appears after taking into account the event that there is a single branching on
the time interval [0, s], the descendants of the first particle are found at the points in U at
time s + ¢, while the descendants of the second particle are found at the points of Y \ U,
with the summation over all possible choices of U.
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3 Analytic Properties of the Resolvent

Here we recall some basic facts about the operator L? : L?(R?) — L2?(RY) (see (1)) and
its resolvent Rf = (LP — X\)71. We will assume that v > 0 is continuous, compactly
supported and not identically equal to zero. It is well-known that the spectrum of L?
consists of the absolutely continuous part (—oo, 0] and at most a finite number of non-
negative eigenvalues:

o(LP) = (=00, 0]U{N}, 0<j<N, A =X(d) >0,

We enumerate the eigenvalues in the decreasing order. Thus, if {\;} # 0, then Ay =

max Aj. Thus the resolvent Rf : L?(R?) — L2(RY) is a meromorphic operator valued
function on C' = C\(—o0, 0].

Lemma 3.1. There ezists B, > 0 (which will be called the critical value of B) such
that supa(LP) = 0 for 8 < B., and supo(LP) = \g(B) > 0 for 8 > Ber. For B > B,
the eigenvalue \o(B) is a strictly increasing and continuous function of 3. Moreover,

limmﬁm )\(ﬁ) =0 and limmoo )\(ﬁ) = Q.

The proof of this lemma is standard (see Lemma 4.1 of [6]). Denote the kernel of R}
by Rf (x,y). If 5 =0, the kernel depends on the difference x — y and will intermittently
use the notations R(z,y) and RS(z — y). The kernel R3(x) can be expressed through
the Hankel function HS":

R)(z) = cdkH(k\xy)Pgﬂgjl(z\/ﬁkyx\), k=+V\ Rek>0. (7)
We shall say that f € Cexp(R?) (or simply Ceyp) if f is continuous and

zI2
11| copea) = sup (| f(x)]e) < oo.
z€R4

The space of bounded continuous functions on R? will be denoted by C'(R?) or simply C'.
The following lemma will be proved in the Appendix.

Lemma 3.2. The operator RS : Cop(RY) — C(R?) is meromorphic in A € C'. Its poles
are of the first order and are located at eigenvalues of the operator LP. For each ¢ > 0
and some A = A(3), the operator is uniformly bounded in A € C', |arg\| < w—e, |A| > A.
It is of order O(1/|\|) as A — oo, |argA| < 7 — e.
Ifd > 3 and 8 € [0, (), then Rf has the following asymptotic behavior as A — 0,
AeC: ) )
R =@\t PPN +O(N\7), d>3, d—odd, (8)

R = QN2 In(1/A) + PP(\) + O(IA|2| In Al + [A[“2|In A]2), d>4, d—even, (9)

where Pdﬁ are polynomials with coefficients that are bounded operators and Qg are bounded
operators.



The limit Pf (0) = limy_g re Rf will be denoted by Rg . It is an operator acting from
Coxp(RY) to C(R?).

It will be shown in the Appendix that if 8 > [, then the eigenvalue A\o(3) of the
operator L7 is simple and the corresponding eigenfunction does not change sign (and so
can be assumed to be positive). From this and Lemma 3.2 it follows that the residue of
Rf at Ao is the integral operator with the kernel ¢5(x)1s(y), where 15 is the positive
eigenfunction normalized by the condition ||¢s|| 2re) = 1. Note that )3 decays exponen-
tially at infinity. More precisely, it follows from (7) that if we write = as (6, |z|) in polar
coordinates, then there is a continuous function fz such that

Ya(@) ~ f5(0)|2]27% exp(—v/2holz]) as |z| — oc. (10)

If 3 = ., then \y = 0 might not be an eigenvalue of the operator L?. As shown in
Lemma 7.3, for d > 3 there is a unique (up to a multiplicative constant) positive function
15 (the ground state of L) which satisfies

g
or

1 _ —
Loy = S0+ Bugs =0, () = O™, Z2(a) = O(lal ) as r=1a| = o
In fact, ¢ is a genuine eigenvector (element of L*(R?)) if and only if d > 5. We will
normalize vg by the condition that ||Bvis]|p2rey = 1.

4 The super-critical case

Throughout this section we assume that 3 > .. First, let us introduce some notations.
Note that the dependence of some of the quantities below on  in not reflected in the
notation in order to avoid overcrowded formulas. For a positive number x, we define the
curve I'(x) in the complex plane as follows:

[(x) = {\: |ImA| = /4z(x — Re)), ReX > 0} U{)\ : [ImA| = 22(1 — Re\), ReA < 0}.

Thus I'(x) is a union of a piece of the parabola with the vertex in = that points in the
direction of the negative real axis and two rays tangent to the parabola at the points
it intersects the imaginary axis. The choice of the curve is somewhat arbitrary, yet the
following properties of I'(z) will be important:

First, ReA < z for A € I'(x). Second, since the rays form a positive angle with the
negative real semi-axis, we have |arg\| < m — e(z) for all A € I'(x) for some e(z) > 0.
Third, since the rays are tangent to the parabola, and the parabola is mapped into the
line {\ : ReA = y/z} by the mapping A — /A, the image of the curve I'(z) under the
same mapping lies in the half-plane {\ : ReA > /z}.

The integration along the vertical lines in the complex plane and along contours I'(x),
below, is performed in the direction of the increasing complex part.
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We'll need estimates on the solutions of the following parabolic equation. Let
Ot ) = 580(t0) + Bo(a)plt, ), pl(0,2) = 9(x) € oy (1)
We'll denote the Laplace transform of a function f by f,
Foo =@ = [ es-rn s

Let r be the distance between A\ and the rest of the spectrum of the operator L?. In the
arguments that follow we’ll use the symbol A to denote constants that may differ from
line to line.

Lemma 4.1. For each € € (0,7), the solution of (11) has the form

p(t, z) = exp(Aot) (¥, g)vs(x) + q(t, ), (12)
where

lla(t,)lle < A(e) exp((Ao = €)t)][gl] ey
Proof. After the Laplace transform, the equation becomes

1 ~ ~
(FA+Pv)p—Ap=—g.
Thus, the solution p can be represented as
1
p(t,) = MR gdA. (13)

2mi Red=Xo+1

The resolvent is meromorphic in the complex plane outside of the interval (—oo, Ay — 7],
with the only (simple) pole at Ay with the principal part of the Laurent expansion being
the integral operator with the kernel ¢g(x)13(y) /(Ao — A).

By Lemma 3.2, the norm of the R} does not exceed A/|\| near infinity to the right of
['(Ao — €). Therefore, the same integral as in (13) but along the segment parallel to the
real axis connecting a point Ag + 1 + ib with the contour I'(A\g — ¢) tends to zero when
b — oo. Therefore, we can replace the contour of integration in (13) by I'(A\g — €). The

residue gives the main term, while the integral over I'(A\g — ) gives the remainder term.
O

Lemma 4.2. Let K C R? be a compact set. For each ¢ € (0,1), the function pi(t,x,y)
satisfies

pi(t, z,y) = exp(Aot)¥s(x)vs(y) + a(t, 2, y),
where

sup [q(t, z, y)| < A(e) exp((Ao — &)t = [y|v/2(ho — €))

zeK
fort>1/2.



Proof. Let K’ be a compact set that contains supp(v) U K in its interior. Consider first
the case when y € K’. Apply (12) with ¢ replaced by ' = ¢ — 1/2 and g = p1(1/2,-,y).
In order to calculate the main term of the asymptotics, we note that ||g|c,,, is bounded
uniformly in y € K’ and

(113,) = ex( Mo s ).

The latter follows from

1/2
0= [ + ) exp=tba). pi)dt =

1/2
(exp(=Aat)uin )25+ [ ((exp(=Dat)a), (57 + L))t =
0

(exp(—50)5, 1 (1/2, ) = (W5, pr (0, 9) =

1
eXp(—i)\o)Wﬁa@ — s(y)-
Therefore, (12) implies that

p1(t, 2, y) = exp(Aot)Vs(y)vs(x) + exp((Ao — €)t)q(t, z,y),

where ||q(t, -, y)||c < A(K’) for all y € K'. It remains to consider the case when y ¢ K.

Let u(t,z,y) = p1(t, z,y) —po(t, x,y), where pg is the fundamental solution of the heat
equation. Then u satisfies the non-homogeneous version of (11) with the right hand side
f=—pv(x)po(t, z,y) and g = 0. Note that f is a smooth function since y ¢ K’. Solving
this equation for u using the Laplace transform, as in the proof of Lemma 4.1, we obtain

1

U(t, ) y) = T 5 e)\tRf(_BUﬁO()\a ) y))d)‘
270 JRea=Ao+1
1
=3 N RY(BU RS (- y))dA (14)

T JReA=Mo+1

1
— exp(Aot) (U, AR, (p)s = 5= | MRY(BURS(y)d,

T JT(Mo—e)

where the first term on the right hand side is due to the residue at A = Ag. The first term
can be re-written as

exp(Aot) (¥5, SRS, (- y))s(w) =
exp(Aot) (B3, (Bv15)) (y)a(w) = — exp(Aot) s (y) ¥p(x).

The last equality here follows from the fact that 15 is an eigenfunction with eigenvalue
Ao, that is

1
(58 = M)y = —Bus.
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In order to estimate the second term on the right hand side of (14), we note that from (7)
(see also (33)) it follows that

d_3 1_4d
IRz, )| < A(D)|VAIZ 2|z — y|2~ 5| exp(—V2A|y — )]
if |\, |y — x| > {. Thus

180RS (-, 9)]|cu < AE)|y[2~2[VA]Z2 exp(—/2(h — £)[y])

for y ¢ K', A € T(\o — ¢) due to the fact that Rev/A > /Ay — ¢ for A € T'(\g — ¢) and
ly — x| > [ for x € supp(v), y ¢ K'.
Hence, using the estimate on the norm of Rf : Cexp — C' from Lemma 3.2, we obtain

IRYBOR(m))lle < AE)IVAE R exp(—v/2(h — 2)ly]), A €T —e).

Therefore, since ReA < \g — ¢ for A € I'(A\g — €) and the factor e* decays exponentially
along I'(A\g — ¢), the C-norm of the second term on the right hand side of (14) does not

exceed A(g)exp((Ag — &)t — |y|\/2(Ao —€)). The term py(t,z,y) with z € K, y ¢ K,
t > 1/2, is estimated by the same expression, possibly with a different constant A(e).
Indeed, if t > 1/2, then

polt,z,y) < Aexp(—ly — z|*/2t) < Aexp((Ao — &)t — [y — z[3/2(Xo — €))

since

ly = al?/2t + (Ao =€)t = |y — 2[v/2(h — €) = (ly — 2]/ V2t = /(X = )1)* > 0.

O
We’ll need additional notations in order to describe the asymptotics of p, with n > 1.

Let al(t,y) = ¥s(y) and o?(t,y) = exp(—et — |y|\/2(Ao —€)). Consider all possible
sequences o = (07, ..., 0,) with o; € {1,2}. By I”(¢, 41, ..., yn) we denote the quantity

2t 1, oY) = sup ' (L, 1) - oo - @Z™(L, Yy).
0£(1e1)

Let P, : Cexp — C be the operator that maps the initial function g to the solution
p(t,-) of equation (11). Let Pg(x) = exp(Aot){¢¥s, 9)1s(z) and P} = P,— P?. Lemma 4.1
states that

1P/ || < A(e) exp((Ao — €)1).

The particular form of P? then implies that
1P < [IP]] + [P < A”exp(Aot). (15)

For g € Cexp and n > 2, we denote
I.(g) == RS/\Og = / exp(—nAgs)Psgds € C.
0
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Note that , .
/ exp(nXgs)Pi_sgds = exp(nAot) / exp(—nAgs)Psgds
0 0

= exp(nAot)(I,(g) + O(exp(—(n — 1)\ot))) as t — oc. (16)
The functions f1, fs, ... are defined inductively: f; = 13 and

n—1
Jn= 5; k!(nniik)![n(vfkfnk)a n>2. (17)
Lemma 4.3. Let K C R? be a compact set. For each e € (0,7), the function p, satisfies
Pt Y1, oy Yn) = exp(ndot) fr(2)Vs(y1) « oo Va(Yn) + @u(t, 2, Y1, oy Yn)s (18)
where
31612 lgn(t, 2,1, s yn)| < An(e) exp(nAot) 2 (E, Y1,y ooy Yn) (19)
fort>1/2.

Proof. For n = 1, the relation (18) coincides with the statement of Lemma 4.2. Let us
assume that (18) holds for all natural numbers up to and including n — 1. A generic
subsequence U C Y = (y1, ..., yn) will be written as U = (2, ..., zjy|) and its complement
as Y\ U = (%1, ..., Zo—y|). By the Duhamel principle applied to the equation for p,, we
obtain

t
pn(t7'7y17‘“7yn) :/ Pt—s(ﬁv Z p|U\(87'7217"‘72|U\)pn—\U|(87'7217"'7En—\U|))dS
0 UCY,U#0

- / Pey(Bo Y exp(Us)fio(Ws(z1) - o - ()

UCY,U#0D
x exp((n — |U[)Aos) fajuo (V¥s(Z1) - .. - ¥p(Zn—jvy))ds (20)
—1—2/ P,_s(Bv Z exp(|U|Nos) flu|()¥s(21) = o - a(210)) Qi (S5 Z1s oy Znjur]) ) dS
0 UCY,U#0

t
+/ -Pt—s(ﬁv Z Q\U|(87'7217"'7Z\U|)qnf|U\(S7'7217"‘7En7|U\))d8'
0

UCY,U#D

The second and third integrals on the right hand side of (20) contribute only to the
remainder term. Indeed, consider the contribution to the second integral from the term
with a given U:

/0 Py s(Bvexp(|U[Aos) flu)()s(21) - - ¥ (20 @nju) (85, 215 ooy Znjur)) )ds
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< Ada(z) s (z0) / Pre(wexp(|UDos) fio ()

x exp((n — [U[)Aos)II2 V(5,21 .., 2o jo)) ) ds
< Avg(z) - ... 'W}(ZUO/ exp(Ao(t — 5)) exp(nos) I 1VI(s, 2y, vy Zp—ju]))ds
0

< Aexp(nAo)a(zr).- o)V (E,Z, o ) < Aexp(rATIE(E 1, s ).

where the first inequality follows from the inductive assumption and the second one
from (15). The third integral on the right hand side of (20) is estimated similarly. It
remains to consider the first integral. It is equal to

1/),8(91)'--- '1/),@(%)/0 eXp(n/\OS)Pt—s(ﬁU Z f|U\fnf|U\)dS

UCY,U#D

= Up(y1) - - - Yp(yn) exp(nAot) (ful-) + Oexp(=(n = 1)Aot))) ,

where the last equality follows from (16). Thus we obtain the main term from the right
hand side of (18) plus the correction

Up(y1) - - - ¥p(yn) exp(nAet)O(exp(=(n — 1)Aot))

for which the estimate (19) holds since ¥3(y1) exp(—Aot) < a2(t,y1) due to (10). O

We will now use Lemma 4.3 to draw conclusions about the distribution of particles
at time t. First, let us observe that for each x the sequence (fRd wg(y)dy)n folz), n>1,
serves as a sequence of moments for a random variable £%% whose distribution is defined
uniquely. Indeed, by the Carleman theorem, it is sufficient to check that

> (ﬁix)) = 1)

n=1

From (15) it follows that there is a constant A such that

A
[ (9)lle < m\\gf Corpr TV 2 2.

Therefore, from (17) it follows that for a different constant A,

— (n—1)!

||anCSAzmekHCan—kHC= n=>2 |[fille <A
k| !

From here, by induction on n it follows that || f,||c < A**~'n!, which in turn implies (21)
since n! < ((n+1)/2)™.
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Let ny"*(U) be the number of particles in a domain U C R, assuming that at ¢t = 0
there was one particle located at x. We will write n;"* instead of n}""(R?). Note that

E(ntﬂ’x(U))":ZS(n,k)/U.../Upk(t,x,yl,...,yk)dyl...dyk, (22)

where S(n, k) is the Stirling number of the second kind (the number of ways to partition
n elements into k£ nonempty subsets). Formula (22) easily follows if we write

nP*(U) = 3 nf (),

where U = L;A; is the partition of U into small sub-domains, and then take the limit as
max; diam(4;) — 0.
Let £€7% be a random variable with the moments

By = ([ ostiar) o),

Let (g be the density on R? given by

pale) = va(@)/ [ vs(w)dy.

Theorem 4.4. For each x € R? and each domain U C R?,

tim (exp(~Aot)nf (7)) = € / pp(2)de

t—o0
i distribution.

Proof. By the theorem of Frechet and Shohat [8], it is sufficient to prove the convergence
of the moments. By (22) the n-th moment of exp(—Xot)ny*(U) is equal to

E(exp(—)\ot)ntﬂ’x(U))n :exp(—n/\ot)ZS(n, k’)/ / Pr(ts @, Y1y o Yo ) Ay dys.
v Ju

k=1

First consider the contribution to the right hand side from the term with & = n. Note
that S(n,n) = 1. We use (18) for the asymptotics of p,,. The contribution from the term
qn(t, 2,91, ..., yn) tends to zero:

tlim exp(—n)\ot)/ / Gn(t, T, Y1, ooy Yn)dyy ...dy, = 0,
— U U

as follows from the definition of II”(¢,y1,...,y,). The contribution from the main term
gives the desired expression:

Jim exp(-tat) [ . [ expmdat) o @) is (o), = B[ pate)de)
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It remains to note that the contribution from each of the terms with k£ < n tends to zero.
Indeed, it is equal to

exp(—(n — k)Aot) (exp(—k‘)\ot)S(n, k) /U /Upk(t,x,yl, ...,yk)dyl...dyk) .

The expression inside the brackets tends to a finite limit as in the case k = n, while the
exponential factor in front of the brackets tends to zero for k < n. O

5 The sub-critical case

Throughout this section we assume that d > 3 and 3 € (0, 8.). We will show that the
total number of particles nt’g " tends to a random limit when ¢ — oco. Denote the integrals
of the correlation functions by p, (¢, x):

ﬁn(t,x):/ / Pt 2, Y1,y ooy Yn )Y e Y.
R:  JRd

From (2)-(3) and (5)-(6) it follows that these quantities satisfy the equations

1
Oipy(t,x) = éApl (t,x) + po(x)py (t, ),

pl(oa'x) = 1
and for n > 1:

atﬁn(tu JJ) = %Aﬁn(ta Z‘) + ﬂv(l‘) (ﬁn(t7 JJ) + i k"(%lk)'ﬁk(t’ x)ﬁn—k:(t’ x)) )

Pn(0,2) = 0.

As in the previous section, in order to find the asymptotics of the total number of particles,
we will study the asymptotics of p,,(t,z) as r — oo.

Lemma 5.1. For € (0, ), there is a constant A such that the solution p of (11) can
be estimated as follows
1ot )le < AL +1)"?|gllcn (23)

If the initial condition g € Cexp, in (11) is replaced by g = 1, then

lim p(t, ) =1+ pp(z) (24)

in C(RY), where p3 = —RY(Bv).
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Proof. Let d > 3 be odd. As in (13), we represent the solution as an integral

1
t,) = —=— eMRY gd\.
p( ) ) 271'2 Rel=1 )\g
Since the integrand is analytic in C’ with appropriate decay at infinity and has a limit as
A — 0, we can replace the contour of integration by

v={z € C:Rez=—|Imz|}.
Using the representation (8) for R}, we obtain

plt) = =5 [ QN+ PIO) + 00 D)gan

271 ~

The contribution to the integral from the first term is estimated as follows
B Aty -1 J R s 21 —d
Qs [ e\ tane = [1Qjgt ! [ ers! tdsllo < At gl
v v

where we used the change of variable s = At. The contribution from the second term is
equal to zero since the integrand is analytic and the contour can be moved arbitrarily far
to the left along the real axis. The third term can be treated in the same way as the first
one, resulting in the decay in ¢ of order t=5=1. The obtained estimates imply (23) for
t > 1. Clearly (23) holds for t < 1.

The case when d > 4 is even is treated similarly. The slight difference is that the

contribution from the main term is now, up to a multiplicative constant, equal to
Qg / AT In(1/\)dA.
.
After the change of variable s = At, the integral is seen to be equal to
o /essgl In(t/s)ds = % lnt/essglds iR /essglln(l/s)ds.
vy

v v

The first integral on the right hand side is equal to zero since the integrand is an analytic
function, and the contour can therefore be moved arbitrarily far to the left along the real
axis. The second term on the right hand side has the desired order in ¢.

It remains to prove (24). Note that w(t,x) = p(t,z) — 1 is the solution of the problem

ow(t 1
% = jAuw(t,z) + fo(z)w(t, z) + fu(z), w(0,z) =0.
By the Duhamel formula,
w(t, ) = -1 /t/ex(t—S)Rﬁ(ﬁv)dAds _
2w Sy Sy A

13



-1 e -1 et
- / (- / CR3(Bv)ix

v v

since in the domain % to the right of the contour v, the operator Rf is analytic and
decays as |A|7! at infinity. We make the change of variables s = At and obtain, as t — oo,

L[ R aar= =[R2, 60ds — R i ]
- - _ — J— —
2mi ., A 211 S/t vIas v) 5= Pp
O
For g € Cuxp, we define J(g) = fooo P;gds. From Lemma 5.1 it follows that
17Dl < Allgllces (25)

for some constant A. Let us define the sequence of functions fi, fo,... inductively via:
Ji =1+ g and

62 wn o Widas) nz2. (26)
Lemma 5.2. For each n > 1 we have
lim 7, (¢,-) = fu (27)

in C(R?).

Proof. For n = 1, the statement coincides with the second part of of Lemma 5.1. Let
us assume that (27) holds for all natural numbers up to and including n — 1. Define the
functions cx(t,z) = py(t, ) — fr(x). Thus ||ex(t, )||c — 0 as t — oo for k < n — 1. By
the Duhamel principle applied to the equation for p,,, we obtain

pit) = [ Py W%k),m(s, sl s
0 k=1"" '
/ P sﬁvzk, i fefamcdds (28)

/ P ﬂvzk' Sy ) fa k)ds—i—/ Pts(ﬁv;k!(nniik)!ck(s,-)cnk(s,-))ds.

From Lemma 5.1 it follows that ||Pg|lc < A(1 + t)~%?||g]|c,,, for some constant A.
Therefore the C-norm of the sum of the last two term on the right hand side of (28) is
estimated from above by

/Ot v(s)(1+t — s)~¥%ds,

14



where v(s) is some function such that v(s) — 0 as s — oco. The latter integral tends
to zero when t — oo since d > 3. It remains to note that the first term on the right
hand side of (28) tends to f, in the C-norm, as immediately follows from the definition
of J. .

Theorem 5.3. For each x € R?, the total number of particles ny’® converges almost surely,
as t — oo, to a random variable (°* with the moments m,(z) = >_1_, S(n, k) fi(z).

Proof. Since ny"* is monotonically increasing in ¢, and the moments converge to m,,(x)
(as follows from (22) and Lemma 5.2), we have convergence almost surely to a random
variable with the specified moments. O

6 The critical case

Throughout this section we assume that d > 3. We will show that for 3 = 3., the total
number of particles tends almost surely to a finite random limit, while the expectation of
the number of particles tends to infinity.

It is clear that the random variables n;"* can be realized on a common probability
space in such a way that n;"* < nt//’x whenever 3 < ' and t < t'. Therefore, in order to
show that En," — oo as t — oo, it is sufficient to show that

lim lim En}"* = oco.
B1Ber t—00

This follows from Lemma 7.3 of [6], which can be stated as follows:

Lemma 6.1. There are positive constant by, d > 3, such that

b
lim En,"" = d

t—00 B ﬁcr - 6

is valid in C(RY), where g, is the positive ground state for L.

Vg (2) +O(1) as B 1 Ber

Now we prove the main theorem of this section.

Theorem 6.2. For each x, the limit n® = lim;_ ntﬂ”’x 1s finite almost surely.
Proof. Let S(x) = P(n® = 00). Let us show that S(z) depends continuously on z. Indeed,
let z € R? and € > 0 be fixed. There exist § > 0 and ¢ > 0 such that for |y — z| < § the
branching processes starting at x and y have the following properties:

(a) The probability that at least one branching occurs on the interval [0, ] for either
of the processes does not exceed ¢/3;

(b) There is a positive function ¢(z) such that [, ¢(z) > 1 —¢/3, which serves as a
lower bound for both of the heat kernels p(t, z, z) and p(t,y, 2).

This shows that the branching processes starting at x and y can be coupled on an
event of probability at least 1 —e, and therefore |S(z) —S(y)| < e, proving the continuity.

15



Suppose that S(x) is not identically equal to zero. Then S(z) # 0 on a set of positive
measure, due to the continuity. By the Markov property, S(z) > [..p(1,2,2)S(2)dz,
which shows that S(z) > 0 for all z € R%. Let

m= min S(z)>0.
z€supp(v)
Let Q* = {n® = oco}. Take N = [4/m] + 1. Let r* be the probability that there are
at least N particles on the support of v before time ¢ = 1. Clearly, there is a positive
constant r such that
r® >r for all x € supp(v). (29)

Define the random times 77, 75, ... to be the consecutive instances of branching for the
process starting at x. There is at least one particle on supp(v) at each of the times 77, and
7% — oo almost surely on *. Therefore, from (29) and the Markov property it follows
that almost surely on 2 there is a random time 7% such that there are N particles on the
support of v at the time 7. Therefore, there exists 7' < oo such that P(7* < T') > m/2
for © € supp(v). Note that T" can be taken to be independent of x using the continuity
in z of the probabilities under consideration and the compactness of supp(v).

Now fix an arbitrary « € supp(v). We saw that with probability at least m/2 there
are at least IV particles at time 7% and therefore also at time 7', that is Eng”’x > Nm/2.
Applying the Markov property with respect to the stopping time 7% and using the fact
that the particles move independently, we see that EngT > (Nm/2)?% and, continuing by
induction, that Enjs® > (Nm/2)F > 2.

Therefore, the expectation of the total number of particles grows at least exponentially
with some exponent v > 0. On the other hand, from the arguments in Theorem 4.4 it
follows that for # > . the expectation of the number of particles grows exponentially
with the exponent A\g(3). Since Ao(5) | 0 as 8 | Be and ny™* depends monotonically on
0B, we conclude that v = 0. Thus we come to a contradiction with our assumption that
S(x) is not identically zero. O

Remark 1. Tt is not difficult to see that the random variables n}™* can be realized
on a common probability space in such a way that (%® from Theorem 5.3 converge almost

surely, as 8 T B, to n".

Remark 2. Using the spectral techniques similar to those employed above and in [6],
one can get the asymptotics of the higher order moments of n),"".

7 Appendix

Here we prove several statements on the analytic properties of the resolvent Rf. We
largely follow [6]. The new steps concern the asymptotics of the resolvent as A — 0.
Denote

Ay = 0(2) R 1 Cop(RY) — Clyp(RY).
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The following lemma is similar to Lemmas 5.1 and 5.2 of [6] (see also [15] for a similar
statement for general elliptic operators), the difference being that we now obtain a more
precise asymptotics of RS and Ay near the origin.

Lemma 7.1. Consider the operators RS : Cexp(RY) — C(R?) and Ay @ Cep(R?Y) —
Corp(RY).
(1) The operators RY and Ay are analytic in X € C'.
(2) The operator Ay is compact for A € C'.
(3) For each & > 0, we have max(||RY||,||Ax]]) = O(1/|\]) as X — oo, |arg\| < 7 —e.
(4) The operator RS has the following asymptotic behavior as A — 0, A € C':

R) = Qa\2 '+ PyA) + O(]A]2), d>3, d—odd, (30)
RY = QA2 In(1/A) + Ps(\) + O(A[2|nA|), d >4, d—even, (31)
where Py are polynomials with coefficients which are bounded operators and
Qif =qa | flx)dx
Rd

where qq # 0.

Remark. The term with the coefficient (), is the main non-analytic term of the expansion
as A — 0.

Proof. Let d be odd. From (7) it follows that the kernel R3(z) is an analytic function of
A € C and the following estimates holds

|RQ(x)] < Cal VAP VA2, V| < 1, (32)
|RY(2)] < Cal VA2l Y2l |V 75, V] > 1. (33)

Moreover, these estimate admits differentiation in A and x resulting in

2B < oA, Vel <1, (34)

330() /X 1d=2] 2Nz |_x| e
=21 < CUVAI e 1V xz] =" (W \\/X\)’ VAz| > 1, (35)

and
IV, R(2)] < CHVAI2 Va2 ﬁ Vil <1, (36)
VL RY(2)] < CHIVA2]e VPVl A5 <ﬁ+|ﬁ|>, NS T
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where Cy, C! and C] are positive constants. The estimates (32)-(33) and (34)-(35) imply
the analyticity of the operators R} and Aj.

The estimates (32)-(33) and (36)-(37) imply that the operator RY : Ceyp(RY) — CH(R?)
is bounded. Then the standard Sobolev embedding theorem implies the compactness of
the operator Ay = vRY in the space Cey,(RY).

In order to prove the third statement of the lemma, we observe that the norm of RS
can be estimated by [, |R3(x)|dx, which is of order O(1/|\A[) as A — oo, |argA| < 7 — ¢,
due to (32)-(33).

To prove the fourth statement, we need a more detailed asymptotics of the kernel
RY(x) when |vAz| | 0. Namely, it follows from the properties of the Hankel functions
and (7) that there are a constant a; € C and a polynomial b; with complex coefficients
such that

(@) = 2~ (aa(VA)™2 + byNal?) + O(VAZY)) as [VAzl L0, A€ (38)
Combined with (33) and the definition of the space Cey,(R?), this easily implies the fourth
statement of the lemma.

The case of even d is similar. The main difference concerns formulas (32) and (38).
The estimate (32) remains valid except the case d = 2, where it is replaced by

(@) < Colnvial, |Vazl <1,
while (38) is replaced by

RX(x) = [af* <ad(\/X\xy)d*2 In(VA[z]) + ba(Alz*) + O(IV Aal| ln(\/xlx\)\» (39)

as ]\/Xx] 1 0, A € C'. The rest of the arguments proceed as earlier, but now employing
(39) instead of (38). O
The following lemma is simply a resolvent identity.

Lemma 7.2. For A € C', we have the following relation between the meromorphic
operator-valued functions

R{ = R} — R}(I + Bu(z)R) ™" (Bu(x) RY) (40)

Remark. Note that (40) can be written as
RY = R} — R(I + Ay (Bu(@)RY).
From here it also follows that
R{ = R3(I+ BAN), (41)
which should be understood as an identity between meromorphic in A operators acting
from Coyp,(R?) to C(R?).
The kernels of the operators I + Ay, A € C', are described by the following lemma.
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Lemma 7.3. (1) The operator-valued function (I + 3Ay)~" is meromorphic in C'. It has
a pole at X € C' if and only if X is an eigenvalue of L. These poles are of the first order.

(2) Let \i(B) be a positive eigenvalue of LP. There is a one-to-one correspondence
between the kernel of the operator I + BAy, and the eigenspace of the operator LP cor-
responding to the eigenvalue \;. Namely, if (I + SA\,)h = 0, then ¢ = —Rgih is an
eigenfunction of LP and h = Buip.

(8) If d > 3, there is a one-to-one correspondence between the kernel of the operator
I+ BAy and solution space of the problem

W
or

(z) = O(|z|*™%) as r = |r| — oco.

(42)
Namely, if (I + BAo)h =0 for h € Cexp(RY), then ¢p = —Rh is a solution of (42) and
h = Boy.

Proof. The operator Ay, A € C’, is analytic, compact, and tends to zero as A\ — 400 by
Lemma 7.1. Therefore (I + 3A,)~! is meromorphic by the Analytic Fredholm Theorem.

If A € C'is a pole of (I + BA\)~!, then it is also a pole of the same order of Rf
as follows from (41) since the kernel of RS is trivial. Therefore the pole is simple and
coincides with one of the eigenvalues );. Note that ) is a pole of (I + 3A4,)~! if and only
if the kernel of I + 3A, is non-trivial. Let h € Ceyp(R?) be such that ||h||c,,, gy # 0 and
(I + BvRY)h = 0. Then ¢ := —RYh € L*(R?) and (3A — A + fu)y = 0, that is ¢ is an
eigenfunction of LS.

Conversely, let ¢ € L*(R%) be an eigenfunction corresponding to an eigenvalue \;,
that is

LP() = S8+ Bolayd =0, ¥(x) = O(|af)

1
(SA = X)Y + fvip = 0. (43)
Denote h = fuvyp. Then (3A — N) = —h. Thus ¢ = —RS h and (43) implies that

h satisfies (I + SvRY )h :20. Note that h € C®(R?), h vanishes outside supp(v), and
therefore belongs to the kernel of I 4+ 3A,,. This completes the proof of the first two
statements.

Similar arguments can be used to prove the last statement. If h € Cey,(RY) is such
that |[h]|c,., ®e) # 0 and (I + BAg)h = 0, then h has compact support and the integral
operator R can be applied to h. It is clear that ¢ := —R)h satisfies (42).

In order to prove that any solution of (42) corresponds to an eigenvector of I + A,
one only needs to show that the solution ¢ of the problem (42) can be represented in the

form ¢p = —RYh with h = Buvtp. The latter follows from the Green formula

vla) = ~(EGON@) + [ R - p)u) - 5 B - pvlds. el <a

ly|=a

after passing to the limit as a — oo. O
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Remark. The relations (42) are an analogue of the eigenvalue problem for zero eigen-
value and the eigenfunction ¢ which does not necessarily belong to L?(R?). We shall call
a non-zero solution of (42) a ground state.

Due to the monotonicity and continuity of A = A\o(3) for 5 > [, we can define the
inverse function

ﬁ = ﬁ()‘) : [07 OO) - [ﬁ(ﬂ‘aoo)'
We’ll prove that the operator — Ay, A > 0, has a non-negative kernel and has a positive

simple eigenvalue such that all the other eigenvalues are smaller in absolute value. Such
an eigenvalue is called the principal eigenvalue.

Lemma 7.4. The operator —Ay, A > 0, has the principal eigenvalue. This eigenvalue
is equal to 1/3(X\) and the corresponding eigenfunction can be taken to be positive in the
interior of supp(v) and equal to zero outside of supp(v). If d > 3, then the same is true
for the operator — Ay (in particular, B.. > 0).

Proof. The maximum principle for the operator (3A — A), A > 0, implies that the kernel
of the operator RS, A\ > 0, is negative. Thus, by (7), for all y the kernel of —A, is
positive when z is in the interior of supp(v) and zero otherwise. Thus —Ay, A > 0, has
the principal eigenvalue (see [14]). On the other hand, by Lemma 7.3, 1/3()\) is a positive
eigenvalue of —A,. Note that this is the largest positive eigenvalue of —A,. Indeed, if
p=1/3">1/B(\) is an eigenvalue of —A,, then X is one of the eigenvalues \; of L% by
Lemma 7.3. Therefore, \;(3") = X\o(5) for ' < . This contradicts the monotonicity of
Ao((). Hence the statement of the lemma concerning the case A > 0 holds.

For d > 3, the kernel of — A is equal to vP; and has the same properties as the kernel
of —Ay, A > 0. Thus —Ay has the principal eigenvalue. Since Ay, — Ag as A | 0, the
principal eigenvalue 1/3(\) converges to the principal eigenvalue u < oo of —A4y. On
the other hand, S(\) is a continuous function, and therefore y = 1/0,., which proves the
statement concerning the case A = 0. U

Remark. Let d > 3. Lemmas 7.3 and 7.4 imply that the ground state of the operator
LP for 3 = B, (defined by (42)) is defined uniquely up to a multiplicative constant and
corresponds to the principal eigenvalue of Ay. If 8 < .., then the ground state (with
A = 0) does not exist and the operator I + FAy has a bounded inverse.

We can finally proceed with the proof of Lemma 3.2.

Proof of Lemma 3.2. The analytic properties of Rf follow from (41) and the corresponding
properties of (I + 3A,)~! which are in turn due to Lemma 7.3.

By Lemma 7.1, the norm of A, decays at infinity when A\ — oo, |arg\| < 7 — ¢.
Therefore there is A > 0 such that the operator (I+3A,)~! is bounded for |arg\| < 7 —¢,
Al > A. The decay of the norm of R} now follows from (41) and the third part of
Lemma 7.1.
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Now let us prove (8). Let d > 3 be odd. We use (30) to represent I + A, as
I+ BAy =B+ Cj,

where B = I+ 34y and Cy = Bo(QuAT 1+ Py(A) — Py(0) + O(|A|2)). Since B is invertible
(see the Remark following Lemma 7.4) and C — 0 as A — 0, A € C’, we have

(I+BA) ' =(B+Cy\) =~ (B'C\)+(B'C\)?*—..)B™!

for all sufficiently small A\ € C’. Combining this with (41) and using (30), we obtain (8).

In order to prove (9), we can repeat the same arguments, starting with (31) instead
of (30). O
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