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Abstract

The aim of this paper is to investigate the distribution of a continuous homopoly-
mer in the presence of an attractive finitely supported potential. The most intricate
behavior can be observed if we simultaneously vary two parameters: the temper-
ature, which approaches the critical value, and the length of the polymer, which
tends to infinity. As the main result, we identify the distributions that appear in
the limit (after a diffusive scaling of the original polymer measures) and depend on
the relation between the two parameters.

1 Introduction

We consider the following model of long homogeneous polymer chains in an attractive po-
tential field. Let the space C([0,T],RY) be equipped with the Wiener measure Por and
suppose that we have a smooth, nonnegative, not identically equal to zero, compactly sup-
ported potential v € C5°(R?) and a coupling constant 3 > 0 (inverse temperature), which
regulates the strength of the attraction. The elements w(.) of the space are interpreted as
realizations of a continuous homopolymer on [0,7] and are distributed according to the
Gibbs measure P with
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Zsr = Bo el Jo vw®)idt

is the partition function.

Thus the polymer measure we consider is of a “mean field” type, where the polymer
chain interacts with the external attractive potential (as in [6]). While the potential is
assumed to be constant in time in our paper, many interesting results have been ob-
tained for disordered media, i.e., time-dependent random potentials (existence of phase
transitions, dependence of the growth rate of the partition function on the temperature,
etc., see [2], [5], for example). We suspect, however, that the disordered models are not



amenable to such a detailed analysis of the phase transition phenomena as found in the
current paper.

It follows from the Feynman-Kac formula that under the measures Pg r, the processes
{w(t),0 <t < T} are time-inhomogeneous and Markovian and that their transition den-
sities can be expressed in terms of the fundamental solution ps of the parabolic equation

1
o7 = Hou, where  Hg= A+ fu: L*(R%) — L*(RY). (1)
More precisely, the finite-dimensional distributions are
P,B,T<w(t1) € A17 L) w<tn
1

) € An) =
= Z_/ / / ps(t1,0,21)..p5(T — tn, T, y)dydzx,,...dz;
BT JA; A, JRd

for 0 <t; <..<t,<Tand Ay,.., A, € B(R?).
It is worth noting that

(2)

Zﬁ,t:/ ps(t,0,y)dy.
RS

It was shown that in d > 3, at a ceratin (critical) value of the coupling constant, there
occurs a phase transition occurs between a densely packed globular state and an extended
phase of the polymer. Namely, for 8 > .., a typical polymer realization is at a distance
of order one from the origin as T' — oo. On the other hand, for 8 < .., the realizations
need to be scaled by the factor v/T in the spatial variables in order to get a non-trivial
limit (as in Theorem 1.1 below). The critical value of the coupling constant is

Per = sup{f > 0| supo(Hgz) = 0},

where o(Hp) is the spectrum of the operator Hpg.
Here’s the precise statement of the result proved in [3] that is relevant to this paper.

Theorem 1.1. Fora > 0, let f, : C([0,T],R?) — C([0,aT],R3) be the mapping defined
by (faw)(t) = Vaw(t/a), and let f,P be the push-forward of a measure P by this mapping.
There is a measure Qy on C([0,1],R3) that corresponds to a certain time-inhomogeneous
Markov process starting at the origin such that

fr-1Pg,. 7= Qo as T — oo.

Remark 1.2. We use the subscript 0 in the notation for the limiting measure since we
will introduce a whole class of measures, and Qu will be just a particular member of this
class.

Remark 1.3. For 8 < [, the measures fr-1Pgr converge to the Wiener measure on
C([0,1],R?). Note, however, that this convergence and the convergence in Theorem 1.1
take place for fixed values of B that don’t scale with T



In this paper we'll allow 3 = 8(T) to change in such a way that (3(T) — fe)VT — X.
We'll show that there are measures Q. and a linear mapping v(x) = ¢y such that

fT—lPﬁ(T%T = Q’Y(X) as 1T — oo.

Before formulating this as a theorem, let us describe the limiting measures Q,. They
were introduced in [4] as the polymer measures on C([0,1],R?) corresponding to zero-
range attracting potentials (i.e., the potentials that are, roughly speaking, concentrated
at the origin). More precisely, it was shown in [4] that, for each v € R, the polymer
measures corresponding to the potentials

2 x
o5 (@) = (g5 + Dxa(2) 3)
converge as € | 0. (Here yp is the indicator function of the unit ball centered at the
origin.) The limit will be denoted by Q,. It is worth noting that all the measures (), are
spherically symmetric and thus the dependence of the polymer measures Pgy 7 on the
‘shape’ of the potential disappears in the limit.

Another, less intuitive, but more convenient, way to define the measures Q, is through
the self-adjoint extensions of the Laplacian acting on R? \ 0. Namely, it was shown in
[1] that there is a one-parameter family {£,,y € R} of self-adjoint operators acting on
L*(R3) such that £, f = Af whenever f € C5°(R?\ 0). The kernel of exp(tL,), t > 0, is
given by

o) eyt et "
ﬁ t7I7y = + / ) 4
! (2mt)32 4 Jr) (V2ZA = )lz]ly]

where z,y # 0, I'(a) = {z € C|Rez = a}, and a > ~*/2. Thus 7 (t,z,y) can be

interpreted as the formal fundamental solution of the parabolic equation

E = £7u.

By analogy with (2), we can define the measures ﬁi,T’ whose finite-dimensional distribu-
tions are given by the formula

L (tl) €Ay, w

/ / / pry tlwr xl p'y<T tnuxn7y>dydxn dxl
'y7 Aq R4
for 0 <t <..<t,<TandAy,.., A, € B(R?), where

hUI
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Z 1z t,r,y)dy =1+ — d.
) = [ mtend=1e g [ oS

Note the dependence of the measures on the initial point z € R3. In fact, neither

p,(t1,z,y) nor Z.,p(x) are defined for x = 0, but we can make sense out of FS,T by
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taking the limit of ?th as x — 0. If we put Q, = Fg}l,
measures corresponding to zero-range potentials.

It is also worth mentioning that the assumption d = 3 is important. Indeed, there is
no phase transition for d = 1, 2, while for dimensions higher than 3 there are no nontrivial
self-adjoint extensions of the Laplacian.

we’ll obtain the same family of

2 The main result

It was shown in Lemmas 5.4 and 5.5 of [3] that the solution space of the problem

SAUF farl@)p =0, U@ = O™, o) = 0l ?) s fa] > o0

is one-dimensional, and v can be chosen to be positive.
The main result of our paper is the following.

Theorem 2.1. If (B(T) — Be)VT — X, then

folp/g(T%T = Q'Y(X) as 1T — oo,

where y(x) = cx with

(Jrs v(2)¥(x)dx)?
V27 [ v(2)2(z)da

The proof will rely on the asymptotic formulas for the fundamental solution of (1) and
the partition function, which can be found in the right-hand side of (2). We formulate
these asymptotic formulas in several propositions below.

Let us introduce the space

€= ﬁ/(ﬂ?{h) and 7 =

Con(®) = { 1 € CRIlcu, = sup1 01" <

z€R3
For f € Ceyp(R?), the solution of the parabolic problem

ou

i Hgryu, u(0,7) = f(z) (5)

is given by the inverse Laplace transform

1
ugr)(t,z) = —5— eM(Rpry(N) f)(z)dA, (6)
210 Jr(2o(B(T))+5/T)

where \o(3) = supo(Hpg), 6 > 0, and Rg(\) = (Hg — AI)~! is the resolvent of Hp.

Proposition 2.2. For e > 0, we have



1. (The solution of the Cauchy problem)

At —vaxlad
1 a(f)/ eT e VT
U t,r) = ——— A\ + fT,t,x 7
s(be) = =55 | VI Tl ¢ (T, ) (7)

with v = v/2x/(1p%), § >0, and

of) =k [ vl@)fdr,  x=

Ber Jgs v(@)tb()dx”

where the error term satisfies

sup " (T,t,2)] = || fllew, OT ), (8)

eT<t<T,eV/T<|z|<e VT

2. (The fundamental solution)

t _ lz|
mww/ et VT

p t7y7x = T = . d/\—f_qT:taywra 9
B(T)( ) ﬁ 271 F(%Jré) \/ﬁ—v |[L’| ( ) ( )

where
sup T)q(T,t,y,z)| — 0.
T <t<T,eV/T<|z|<e WWT,|y|<e!

We'll also need the asymptotics of the fundamental solution when v is of order V7.
Proposition 2.3. Fore > 0,
1 e%f\/ﬁ\z\jf\y\
pa(t,9.2) = polt.2) + /.. A+ q(Tity.a),  (10)
\/_47 e 1) (V2X = 7)lzly]

where pg 1s the fundamental solution of the heat equation and

sup T32¢(T,t,y,z) — 0. (11)
eT<t<T,eV/T<|y|,|z|<e= VT

We will need one more result concerning the behavior of the partition sum with respect
to the measure P§; (the Wiener measure Py translated by the vector z).

Proposition 2.4. If Zs(v) = Ef reP Jov Ndt then for every e > 0, we have
At _\/ﬁm
ZB(T)t( = 1+— °r d)\—i—qZ(T t .T)
| i Jo(2es) VA= Ml ek
where
lim sup 1¢%(T,t, )| = 0.

T_woef<|a:\<€—1 T,eT<t<T



3 Proofs

Note that the expression (6) for the solution of (5) contains the resolvent of the operator
Hp inside the integral. It will be seen that the main contribution to the integral comes
from the values of A that are close to zero. Therefore, it is important to know the
asymptotics of the resolvent as A — 0. First, let us make several observations concerning
the spectrum of Hz (a more detailed discussion of the spectral properties of Hg together
with the proofs of the following four lemmas can be found in [3]).

It is well known that for some 0 < N < oo

o(Hg) = (—00,0] U {A;})

=0
where the eigenvalues are enumerated in decreasing order.
Lemma 3.1. For § < [, we have supo(Hg) = 0, while supo(Hg) = Xo(B) > 0 for

B > Ber- In the latter case, A\o(B) is a simple eigenvalue. It is a strictly increasing and
continuous function of . Moreover, limg g Ao(8) = 0 and limgye A(B) = o0.

Due to the monotonicity and continuity of A = A\g(3) for f > B, we can define the
inverse function

B =Bo(A) : [0,00) = [Ber, 00).
Let C' = C\(—o00,0].
The resolvent Rg(\) = (Hz — AI)~! is a meromorphic operator valued function on C'.
Let us introduce the operator

AN =v(2)Ro(N) 1 Cop(RY) = Cerp(R?), A eC.
We have the following identity for the resolvent
Rs(N) = Ro(A\)(I + BA(N)) " A e T, (12)

From this it is not difficult to show that 1/5y(\) is the principal eigenvalue of —A(\) and
using this, we can extend the domain of fy to [0, 00) U (U NC’), where U is a sufficiently
small neighborhood of zero.

Lemma 3.2. (Asymptotic behavior)

a) The principal eigenvalue has the following behavior as 6 ] Pe

Mo(B) = 7%(/3 — Bu)(1+ o(1)).

b) The small X asymptotics of Bo(N) is given by

L _ 1
BO(A) B cr n

VA+0L), A= 0reC. (13)



Lemma 3.3. We have

a) For every € > 0, Ro(\) : Coxp(R?) = C(R?) is a bounded operator with ||Ro(N)|| =
O(IM™Y) as X — oo, |arg\| <7 —e.

b) The operator (I + BA(X))™" on Cexy(R?) is meromorphic in C'. For each e, A > 0,
there is a 0 > 0 such that it is uniformly bounded operator in A € C', |arg A\| <
™= 67’)\‘ 2 A; ’6 - Bcr’ S J.

As for the A\ — 0 asymptotics,

Lemma 3.4. There are Ay > 0 and §y > 0 such that for A € C'U{0},|A] < Ao, |8 — Bex| <
0,8 # o(N), we have

(I+BAMN) ™" = %(3 LSO + O B)

as operators on Cey,(R?), where B is the one dimensional operator with kernel

@)
Jgs v(@) Y (z)da’

S =0K/|A]), S(0) =0, and C(X, B) is bounded uniformly in A and (.

B(z,y)

Now for f € Cexp(R?), define

gr(zy) = (I + B(T)A(2) " f(y)
The key to the proofs in this paper is the following lemma.

Lemma 3.5. For é > 0,

AN L 27y b @) (o)
Ir ( ,y) ﬁﬁcr (fR3 v(:n)zb(:zc)d:zc)2 V22X — 5

T + (KA T) () (14)

as T — oo for X € T'(v%/2 +6), where K(\,T) is uniformly bounded as an operator on
Coxp(R?).

Proof. First consider the || < aT case for a sufficiently small in order for the following
to make sense. Lemma 3.2 yields

Bo(2) = Ber + vz + O(2), z—0,2z¢eC. (15)
Using that
g X L (L
B(T)_ﬁcr+ﬁ+0(ﬁ>, T-)OO, (16)
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we can write for A € ['(v%/2 + §) that

B (%) B(T) = ﬁcr%\/;— % +0 (%) +o(1/VT) (17)
as T — oo. Using the definition of v, this can be rewritten as
bolz) Bo (2) - )
5 (2) =00 B+ 0 () to(L)
var +0.(1),

ﬁcr’}ﬁ (\/ﬁ ’Y)

where O,(1) denotes a bounded quantity depending on a.
Combining (18) and Lemma 3.4 gives

f (AN L 2 [ (@) f(@)de vu(y)d(y) | s
Ir (Ty> ﬁﬁcr (oo () ia)d)’ V2X = N

as |A\| < aT and T — oo, where O,(1) is a bounded operator.
For |A| > aT, the first term on the right hand side of (14) is uniformly bounded. By
Lemma 3.3 and 5(T) — S, so is the left hand side, and therefore their difference too.

0
Proof of Proposition 2.2. Fix 6 > 0 and note that
1
wn(tr) = o [ (BN, ) a)dA = (19)
T JT (M0 (B(T))+8/T)

_ Jaxle=yl
1 v [ EVYFE d
=5 eT ——9r | =¥ ) dy—

270 Jr (g (B(T))+6) g3 27|z — Y| T T

after a change of variables, where we used the explicit expression for the kernel of Ry()),
which is just Green’s function for the Laplacian on the whole space. Note that by Lemma
3.3 a), moving the contour is permitted.

By Lemma 3.2 and (16), we have

M(B(T) = =5 () = ) 4 o(5(T) = ) = Sz b0 (7). 20

and we get TAo(B(T)) — = 54 =
path T'(4?/2 + §) as the contour of integration.

= ~v2/2. Therefore, for large enough 7', we can take the



Let us denote the first term in (14) by g7, and let g3 = gr — gp. If uf ;) stands for
the contour integral (19) with ¢% in place of gz, then we have

u%(T)(tux) = (21>
_ 1 O‘(f) eA% 1 67@\1—\/%/I
- VT 2mi /1“<f+5> V2 = 7 Jgs v(w)p(w)dw /R Iz — ] v(y)P(y)dydA.

It’s easy to see by Taylor’s formula that for y bounded, ev/T < |z| < e 'WT, X €
['(v%/2 + 0), there are C, o > 0 such that for large enough T,

e*\/ﬁ‘z\;%‘ e—\/ﬁ% R
_ <C
|z =yl |z r

Plugging this back into (21), the first term gives the main term of (7), while the remainder
is easily shown to satisfy (8) (as v has compact support, all integrals exist).
The remaining error term is

_ /oy lz—yl
e 2A VT

1 s
ubon (t, 1) = — / e/\T/ —— (K, T) ) (y)dyd.

Splitting the spatial integration as

1
O Iy
21T o2 ys) Jyi<oZy STy

we get, after making the substitution & := A\t/T,

Ugla(T) (t,r) =

11 / 57‘/%‘@ 1 2 .2
«a =5 e Vi ——(K(A&),T)f)(y)e? e ¥ dydg.
2T T ek e j240) Sl =E 27T|33—y|( MO DN )
Now 1/|z —y| < 2/(eV/T) yields
1] cex, © (€)
N T

Before we estimate I,, we need to make the following observation. The contour of
integration in all the previous formulas as well as in the expression for I, can be bent
towards the negative real axis. Namely, by I'(a), we mean a union of two rays emanating
from a that make a +45 degree angle with the negative real axis. In all the preceeding
formulas, the integration can be performed on either of the corresponding contours I'
or IV since the integrands are analytic and decay along the imaginary axis and decay
expononentially in the negative real direction.



Then the change of variables & := At/T yields

11 — 2 lz=ul 1 2 _.2
I, = —‘—/ / TV e (K(N(E), T) f)(y)e eV dyd.
210 T Jri(g (2 /24)) Syl 2mlz —y|

Setting = v/Tz and y = V/Tu, we get

_er ‘eg—m@\z—w
1| < Clechxp - 322 / / —ef(uL%)Tdudfa
@m)? T2 Jotezorey Juss 12— ul

from where the exponential decay of |[,| as T' — oo and thus the first claim of the Theorem
follow.
It is not difficult to deduce (9) from (7) after noting that the fundamental solution at

time ¢ is the solution with the initial data ps(t,y,0) evaluated at time ¢ — 6. ]
Proof of Proposition 2.3. Let ur = pgr) — po. Then
0

EUT Hpgryur + Bupo,

with initial condition zero. By the Duhamel formula,

Pty / [ vt = s,z 000 (s, 2)dzds,
]RB
which can be written as

ur(t, y, @
)\t;s _m \z\

/ /]1{3 \/—27” /F(v +6) md)ﬂﬁ( )ﬁ( ) (Z)pO(S,y70)dZd8+hT(t7y,x)

where hr(t,y,x) is an error term. The first term, denoted by u°(¢,y,x), can be easily
seen to equal

1 B(T) [*
ug"(t7 Y, I) = \/Tﬁﬁ( ) /0 wT,)\,:E(t - S)p0<57 Y, O>d57 (22)
where
1 eA%ﬂ/ﬁ%
Wy 2(t) = — —d\. 23
)= o /F(fm (V2X = 7)lz| )

We can evaluate the convolution in (22) in the following way. First note that (23) is
an inverse transform, while the transform of py(s,y,0) is e”V2Wl /27|y, and thus the
transform of the convolution is

T V()

21 (VAT —9)lallyl
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Applying the inverse formula of the Laplace transform and substituting A — A\/T, we get
the main term in (10).
The remainder term can be written as

hT(tayax) = h’_(l})(tayvx) + hg?)(tyaaj))
where
PRAVEN N

(1) e ‘
hy' (T, t,y, / o \/_27” /I‘(’Y 5 (V2h 7)|$|d>\
(2)v(2)B(T)(po(s,y,2) — po(s,y,0))dzds.

Using the same Laplace transform trick, this can be shown to equal

. _uaxlal Y, v
1 B(T) 1 / ekf ¢ VAV <e VAARE e ‘/ﬁﬁ)dzd)\

~

VT B 2mi r(Z+5) V2 || ly — 2| Y

and this can be shown to satisfy (11) the same way the main term in (7) followed from
(21). The last remaining term hg? ) containing the error term of (9) can easily be shown
to satisfy (11). O
Proof of Proposition 2.4. Applying the Laplace transform techniques, it is not difficult to
show (see Lemma 7.1 in [3]) that

1 e>\t

(z) —1=—-— — A A
Za(T), (z) —1 271 T(Xo(B(T))+2) A (Rﬁ(T)( )(Bv))(x)d

Using this formula, one can prove the claim following the same steps as in the above proof
of Proposition 2.2. n
The next lemma easily follows from the Feynman-Kac formula.

Lemma 3.6. forO0=ty <t1 <..<t,<T,

— t;, Tj, $z‘+1)ZB,T—tn (7)

n—1
. t;
Psr(z(ty) € day, ..., x(t,) € dzy,) = [[ico pstia
Zgr

dxy...dx,,.

Proof of Theorem 2.1. By Lemma 3.6, the finite-dimensional densities of the measure
Jr—1Pgyr for 0 <ty <...<t, <1and x1, ...,y € R? are

-----

Za(r),r(1—t,) (@, TY?)
Zgr),r(0)

= T3n/2pﬁ(T) (tlT, O, I1T1/2)p5(T)((tn - tn_l)T, ZEn_lTl/2, C(ZnTl/Q)

Let’s introduce
pT(Sa t, Y, ZL‘) = Da(1) (T(t - 3)7 yT1/27 le/Q)

11



and

T Zg(ry,ra - @T?)
pﬁ(T)(S’ &Y, :U) Zg(ry,r(1—5) YT /?)

pg(T) (571,%90)
Zg(ry,r(1—s) WT/?)

t<1,
RT(S,t,y,x) = T3/2.
t=1.

Then it is not hard to show that
pz; 77777 o (1, ) = RY(0,t1,0,21) oo RT (ty_1, tp, Ty, ).

Note that by Proposition 2.2 and Proposition 2.3, we have for x # 0

0 M—V2)|z|
lim Tpgery(Tt,0,2T"/?) = w(0) / A, (24)
s 2 et o (VA - )lal
while for x,y # 0,
lim T3/2pﬁ(;p) (Tt,yTl/Q,le/Q) = (25)

T—oo

12
_le—y? eM=V2A(|z|+y])

. / A\
Gt T e (VA= fellyl

By Proposition 2.4, for x # 0,

Zoeryre(xTY?) = Z,4(x), T — oo. (26)
Using this, (25) and (4), it follows that for x,y # 0,

fRS ﬁv(t, 1,x,2)dz
fRB ]_?,Y(S, 17 Y, Z)dZ

lim R”(s,t,y,x) = R(s,t,y,2) = p,(t—s,y,7)

T—o00

Moreover, as follows from (24) and (4), it is not difficult to see that if = # 0,

s Dt 1, 2)dz
lim R (s,t,0,2) = R(s,t,0,7) := limp. (t — s,y,7) fRd Z_?W( ) .
T—o0 y—0 fR3 py(sa 17yaz)dz

Since R(s,t,y,x) is the transition density of the polymer under the measure @, (as
discussed in Section 1 and as shown in [4]), this implies the convergence of the finite-
dimensional distributions and the result will follow once tightness is shown. On the other
hand, the proof of tightness is only a slight modification of the proof of Lemma 10.5 in
[3] (where the case of fixed  was treated), so we don’t provide it here. O
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