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Degree fluctuations in real networks
A. L. Barabasi, Network Science
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Exponential vs power-law networks
Figure is from R. Albert, H. Jeong, and A.-L. Barabasi

Red: 5 nodes with highest degree, green: their first neighbors.



• Observed that numerous real-world networks exhibit power-law degree 
distribution  pk ~ k-𝛾


• Argued that this is the result of two factors: (1) growth and (2) preferential 
attachment


• Proposed a simple growth model leading to pk ~ k-3

Growth and preferential attachment 

lead to power-law degree distribution

A.-L. Barabasi and R. Albert (1999)



Poisson vs power-law
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Poisson distribution is sharply 

peaked at z = <k>,

indicating that there is a 
characteristic scale for k.

Power-law distribution does 
not have a characteristic 

scale.



• Start with m vertices and no edges


• Step 1: add a vertex and link it to all vertices.


• Step 2, 3, 4, …: add a vertex with m edges and link it to m 
different vertices. The probability that at step t the new 
vertex will be linked to vertex i is P(ki) = ki/𝚺jkj, where ki is 
the degree of vertex i.


• After t steps, there will be m + t vertices and mt edges.

Barabasi-Albert growth model
Preferential attachment



(A) The power-law connectivity distribution at t 􏱦 150,000 (circles) and t 􏱦 200,000 
(squares) as obtained from the model, using m0 = m = 􏱦5. The slope of the dashed line 
is 􏱱 􏱦 2.9. 


(B) The exponential connectivity distribution for model A, in the case of m0 = m = 􏱦1 
(circles), m0 = m = 􏱦3 (squares), m0 = m = 􏱦5 (diamonds) , and m0 = m = 􏱦7 
(triangles)􏱦.



Emergence of a power law
A.-L. Barabasi and R. Albert, (1999)

Make time continuous to facilitate calculations

The rate at which a vertex acquires edges is
dki
dt

=
ki
2t
.
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Justification: the rate must be proportional to ki and all rates must sum up to m.
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Initially, ki(ti) = m.
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Here, ti is the time at which vertex i is added.
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Emergence of a power law
A.-L. Barabasi and R. Albert, (1999)

Make time continuous to facilitate calculations

Justification: the rate must be proportional to ki and all rates must sum up to m.
<latexit sha1_base64="2N48fwpNVjwuybMgS/1vOIMLM48="></latexit><latexit sha1_base64="2N48fwpNVjwuybMgS/1vOIMLM48="></latexit><latexit sha1_base64="2N48fwpNVjwuybMgS/1vOIMLM48="></latexit><latexit sha1_base64="2N48fwpNVjwuybMgS/1vOIMLM48="></latexit>

The rate at which a vertex acquires edges is
dki
dt

=
ki
2t
.
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Emergence of a power law
A.-L. Barabasi and R. Albert, (1999)

Make time continuous to facilitate calculations

Justification: the rate must be proportional to ki and all rates must sum up to m.
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Hence, ki(t) = m
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The probability that at time t a vertex i has < k edges is P [ki(t) < k] = P
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Make time continuous to facilitate calculations

Justification: the rate must be proportional to ki and all rates must sum up to m.
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Initially, ki(ti) = m.
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Emergence of a power law
A.-L. Barabasi and R. Albert, (1999)

Make time continuous to facilitate calculations

Justification: the rate must be proportional to ki and all rates must sum up to m.
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The rate at which a vertex acquires edges is
dki
dt

=
ki
2t
.

<latexit sha1_base64="m82UeB31CY8SF28r4FNPF5mfxVM="></latexit><latexit sha1_base64="m82UeB31CY8SF28r4FNPF5mfxVM="></latexit><latexit sha1_base64="m82UeB31CY8SF28r4FNPF5mfxVM="></latexit><latexit sha1_base64="m82UeB31CY8SF28r4FNPF5mfxVM="></latexit>

X

i

dki
dt

=
1

2t

X

i

ki =
2mt

2t
= m
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Hence, ki(t) = m
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t

ti
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, where ti is the time when vertex i was added.
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The probability that at time t a vertex i has < k edges is P [ki(t) < k] = P
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Now, find the pdf: p(k) =
@P [ki(t) < k]

@k
=

2m2t

k3(t+m)
! 2m2

k3
.
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Initially, ki(ti) = m.
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A. L. Barabasi, Network Science



A. L. Barabasi, Network Science



• Two types of random networks: Poisson and scale-free


• Two types of disturbances: random failures and targeted 
attacks.


• Poisson random graphs are equally tolerant to random 
failures and targeted attacks.


• Scale-free random graphs are highly tolerant to random 
failures but extremely vulnerable to targeted attacks.

Error and Attack tolerance
R. Albert, H. Jeong, and A.-L. Barabasi



E = “Exponential” = “Poisson” = 

“Erdos-Renyi”


SF = “Scale-free” = “Power law”


d = the average length of the 

shortest path


f = fraction of removed nodes


Failure = removal of randomly 

picked nodes


Attack = removal of nodes of 

highest degree 





• Scale-free networks are rare. A. Broido, A. Clauset. 


• Nature Communications 10, 1017 (2019)


• a supplement


• ArXiv preprint (2018)(contains more details)


• An article in Quanta Magazine


• A. L. Barabasi’s response: Love is All You Need. (2018)


• Conceptual problem. Power law is an idealized model. Real 
networks formed as a result of more complex processes.


• Methodological problem. The criterion for a power-law 
networks set up by B&C is highly artificial. Even some truly 
scale-free networks fail to satisfy it.

A debate about scale-free networks

https://www.nature.com/articles/s41467-019-08746-5
https://static-content.springer.com/esm/art:10.1038/s41467-019-08746-5/MediaObjects/41467_2019_8746_MOESM1_ESM.pdf
https://arxiv.org/pdf/1801.03400.pdf
https://www.quantamagazine.org/scant-evidence-of-power-laws-found-in-real-world-networks-20180215/
https://uploads-ssl.webflow.com/58bcae2c9d6c401e73a26fed/5aa01d3e24eebb000199a0a2_loveisallyouneed.pdf


• Recall the criterion for the phase transition from no giant 
component to its existence

Resilience to random breakdowns
Cohen, Erez, ben Avraham, Havlin, 2000

0 = z2 � z1 = hk2i � 2hki, or  :=
hk2i
hki = 2
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• Recall the criterion for the phase transition from no giant 
component to its existence


• Imagine that each node is destroyed with probability p. 

Resilience to random breakdowns
Cohen, Erez, ben Avraham, Havlin, 2000

v

k0 = the original number of first neighbors of v 
k = the number of first neighbors of v that are not destroyed 

0 = z2 � z1 = hk2i � 2hki, or  :=
hk2i
hki = 2

<latexit sha1_base64="flaNjiTMK/0JyAEVd3RFJIwKHR0="></latexit><latexit sha1_base64="flaNjiTMK/0JyAEVd3RFJIwKHR0="></latexit><latexit sha1_base64="flaNjiTMK/0JyAEVd3RFJIwKHR0="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="IupR79knC0IAdOEysiWjJCpk35E="></latexit><latexit sha1_base64="IupR79knC0IAdOEysiWjJCpk35E="></latexit><latexit sha1_base64="CF+XJvZhYp7HgTGdZ5OHcPlNUfQ="></latexit><latexit sha1_base64="flaNjiTMK/0JyAEVd3RFJIwKHR0="></latexit><latexit sha1_base64="flaNjiTMK/0JyAEVd3RFJIwKHR0="></latexit><latexit sha1_base64="flaNjiTMK/0JyAEVd3RFJIwKHR0="></latexit><latexit sha1_base64="flaNjiTMK/0JyAEVd3RFJIwKHR0="></latexit><latexit sha1_base64="flaNjiTMK/0JyAEVd3RFJIwKHR0="></latexit><latexit sha1_base64="flaNjiTMK/0JyAEVd3RFJIwKHR0="></latexit>
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◆
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<latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit>
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<latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit>
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<latexit sha1_base64="3UAy66G/pZihox3z0slVTa/CuC4="></latexit><latexit sha1_base64="3UAy66G/pZihox3z0slVTa/CuC4="></latexit><latexit sha1_base64="3UAy66G/pZihox3z0slVTa/CuC4="></latexit><latexit sha1_base64="3UAy66G/pZihox3z0slVTa/CuC4="></latexit>

k

k0

=
1X

k0=0

P (k0)
k0X

k=0

k

✓
k0
k

◆
(1� p)kpk0�k

<latexit sha1_base64="G3sULvlHnef30ETsK7xWH/ZFGts="></latexit><latexit sha1_base64="G3sULvlHnef30ETsK7xWH/ZFGts="></latexit><latexit sha1_base64="G3sULvlHnef30ETsK7xWH/ZFGts="></latexit><latexit sha1_base64="G3sULvlHnef30ETsK7xWH/ZFGts="></latexit>
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<latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit>
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<latexit sha1_base64="3UAy66G/pZihox3z0slVTa/CuC4="></latexit><latexit sha1_base64="3UAy66G/pZihox3z0slVTa/CuC4="></latexit><latexit sha1_base64="3UAy66G/pZihox3z0slVTa/CuC4="></latexit><latexit sha1_base64="3UAy66G/pZihox3z0slVTa/CuC4="></latexit>
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<latexit sha1_base64="G3sULvlHnef30ETsK7xWH/ZFGts="></latexit><latexit sha1_base64="G3sULvlHnef30ETsK7xWH/ZFGts="></latexit><latexit sha1_base64="G3sULvlHnef30ETsK7xWH/ZFGts="></latexit><latexit sha1_base64="G3sULvlHnef30ETsK7xWH/ZFGts="></latexit>
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<latexit sha1_base64="uhUT7C9GFY00cOQm9ps+e+ME9uA="></latexit><latexit sha1_base64="uhUT7C9GFY00cOQm9ps+e+ME9uA="></latexit><latexit sha1_base64="uhUT7C9GFY00cOQm9ps+e+ME9uA="></latexit><latexit sha1_base64="uhUT7C9GFY00cOQm9ps+e+ME9uA="></latexit>
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<latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit>
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(1� p)kpk0�k

<latexit sha1_base64="3UAy66G/pZihox3z0slVTa/CuC4="></latexit><latexit sha1_base64="3UAy66G/pZihox3z0slVTa/CuC4="></latexit><latexit sha1_base64="3UAy66G/pZihox3z0slVTa/CuC4="></latexit><latexit sha1_base64="3UAy66G/pZihox3z0slVTa/CuC4="></latexit>
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<latexit sha1_base64="G3sULvlHnef30ETsK7xWH/ZFGts="></latexit><latexit sha1_base64="G3sULvlHnef30ETsK7xWH/ZFGts="></latexit><latexit sha1_base64="G3sULvlHnef30ETsK7xWH/ZFGts="></latexit><latexit sha1_base64="G3sULvlHnef30ETsK7xWH/ZFGts="></latexit>
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<latexit sha1_base64="uhUT7C9GFY00cOQm9ps+e+ME9uA="></latexit><latexit sha1_base64="uhUT7C9GFY00cOQm9ps+e+ME9uA="></latexit><latexit sha1_base64="uhUT7C9GFY00cOQm9ps+e+ME9uA="></latexit><latexit sha1_base64="uhUT7C9GFY00cOQm9ps+e+ME9uA="></latexit>
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<latexit sha1_base64="Kfam+Pp+xpnpa2UuefUHiKhL4z0="></latexit><latexit sha1_base64="Kfam+Pp+xpnpa2UuefUHiKhL4z0="></latexit><latexit sha1_base64="Kfam+Pp+xpnpa2UuefUHiKhL4z0="></latexit><latexit sha1_base64="Kfam+Pp+xpnpa2UuefUHiKhL4z0="></latexit>
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<latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit>
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<latexit sha1_base64="3UAy66G/pZihox3z0slVTa/CuC4="></latexit><latexit sha1_base64="3UAy66G/pZihox3z0slVTa/CuC4="></latexit><latexit sha1_base64="3UAy66G/pZihox3z0slVTa/CuC4="></latexit><latexit sha1_base64="3UAy66G/pZihox3z0slVTa/CuC4="></latexit>
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(1� p)kpk0�k

<latexit sha1_base64="G3sULvlHnef30ETsK7xWH/ZFGts="></latexit><latexit sha1_base64="G3sULvlHnef30ETsK7xWH/ZFGts="></latexit><latexit sha1_base64="G3sULvlHnef30ETsK7xWH/ZFGts="></latexit><latexit sha1_base64="G3sULvlHnef30ETsK7xWH/ZFGts="></latexit>
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✓
k0
k

◆
xkyk0�k

<latexit sha1_base64="uhUT7C9GFY00cOQm9ps+e+ME9uA="></latexit><latexit sha1_base64="uhUT7C9GFY00cOQm9ps+e+ME9uA="></latexit><latexit sha1_base64="uhUT7C9GFY00cOQm9ps+e+ME9uA="></latexit><latexit sha1_base64="uhUT7C9GFY00cOQm9ps+e+ME9uA="></latexit>
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◆
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<latexit sha1_base64="Kfam+Pp+xpnpa2UuefUHiKhL4z0="></latexit><latexit sha1_base64="Kfam+Pp+xpnpa2UuefUHiKhL4z0="></latexit><latexit sha1_base64="Kfam+Pp+xpnpa2UuefUHiKhL4z0="></latexit><latexit sha1_base64="Kfam+Pp+xpnpa2UuefUHiKhL4z0="></latexit>

x 7! 1� p, y 7! p
<latexit sha1_base64="YpT/4fWvmPH7stlrbSf0UoFYwMw=">AAACBXicdVDLSgMxFM3UV62vUZciBIvgQsukiG13BTcuK1hb6JSSSTNtaGYmJhlxGLpy46+4caHi1n9w59+Y6QNU9EDgcM693JzjCc6UdpxPK7ewuLS8kl8trK1vbG7Z2zvXKooloU0S8Ui2PawoZyFtaqY5bQtJceBx2vJG55nfuqVSsSi80omg3QAPQuYzgrWRevb+nRtgoXQE0Yk4dm9i3IfJXBI9u+iUHMdBCMGMoMqZY0itVi2jKkSZZVAEMzR69ofbj0gc0FATjpXqIEfoboqlZoTTccGNFRWYjPCAdgwNcUBVN53EGMNDo/ShH0nzQg0n6veNFAdKJYFnJgOsh+q3l4l/eZ1Y+9VuykIRaxqS6SE/5tBEzDqBfSYp0TwxBBPJzF8hGWKJiTbNFUwJ86Twf9Isl2oldHlarFdnbeTBHjgARwCBCqiDC9AATUDAPXgEz+DFerCerFfrbTqas2Y7u+AHrPcvFz2Ybw==</latexit><latexit sha1_base64="YpT/4fWvmPH7stlrbSf0UoFYwMw=">AAACBXicdVDLSgMxFM3UV62vUZciBIvgQsukiG13BTcuK1hb6JSSSTNtaGYmJhlxGLpy46+4caHi1n9w59+Y6QNU9EDgcM693JzjCc6UdpxPK7ewuLS8kl8trK1vbG7Z2zvXKooloU0S8Ui2PawoZyFtaqY5bQtJceBx2vJG55nfuqVSsSi80omg3QAPQuYzgrWRevb+nRtgoXQE0Yk4dm9i3IfJXBI9u+iUHMdBCMGMoMqZY0itVi2jKkSZZVAEMzR69ofbj0gc0FATjpXqIEfoboqlZoTTccGNFRWYjPCAdgwNcUBVN53EGMNDo/ShH0nzQg0n6veNFAdKJYFnJgOsh+q3l4l/eZ1Y+9VuykIRaxqS6SE/5tBEzDqBfSYp0TwxBBPJzF8hGWKJiTbNFUwJ86Twf9Isl2oldHlarFdnbeTBHjgARwCBCqiDC9AATUDAPXgEz+DFerCerFfrbTqas2Y7u+AHrPcvFz2Ybw==</latexit><latexit sha1_base64="YpT/4fWvmPH7stlrbSf0UoFYwMw=">AAACBXicdVDLSgMxFM3UV62vUZciBIvgQsukiG13BTcuK1hb6JSSSTNtaGYmJhlxGLpy46+4caHi1n9w59+Y6QNU9EDgcM693JzjCc6UdpxPK7ewuLS8kl8trK1vbG7Z2zvXKooloU0S8Ui2PawoZyFtaqY5bQtJceBx2vJG55nfuqVSsSi80omg3QAPQuYzgrWRevb+nRtgoXQE0Yk4dm9i3IfJXBI9u+iUHMdBCMGMoMqZY0itVi2jKkSZZVAEMzR69ofbj0gc0FATjpXqIEfoboqlZoTTccGNFRWYjPCAdgwNcUBVN53EGMNDo/ShH0nzQg0n6veNFAdKJYFnJgOsh+q3l4l/eZ1Y+9VuykIRaxqS6SE/5tBEzDqBfSYp0TwxBBPJzF8hGWKJiTbNFUwJ86Twf9Isl2oldHlarFdnbeTBHjgARwCBCqiDC9AATUDAPXgEz+DFerCerFfrbTqas2Y7u+AHrPcvFz2Ybw==</latexit><latexit sha1_base64="YpT/4fWvmPH7stlrbSf0UoFYwMw=">AAACBXicdVDLSgMxFM3UV62vUZciBIvgQsukiG13BTcuK1hb6JSSSTNtaGYmJhlxGLpy46+4caHi1n9w59+Y6QNU9EDgcM693JzjCc6UdpxPK7ewuLS8kl8trK1vbG7Z2zvXKooloU0S8Ui2PawoZyFtaqY5bQtJceBx2vJG55nfuqVSsSi80omg3QAPQuYzgrWRevb+nRtgoXQE0Yk4dm9i3IfJXBI9u+iUHMdBCMGMoMqZY0itVi2jKkSZZVAEMzR69ofbj0gc0FATjpXqIEfoboqlZoTTccGNFRWYjPCAdgwNcUBVN53EGMNDo/ShH0nzQg0n6veNFAdKJYFnJgOsh+q3l4l/eZ1Y+9VuykIRaxqS6SE/5tBEzDqBfSYp0TwxBBPJzF8hGWKJiTbNFUwJ86Twf9Isl2oldHlarFdnbeTBHjgARwCBCqiDC9AATUDAPXgEz+DFerCerFfrbTqas2Y7u+AHrPcvFz2Ybw==</latexit>
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◆
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<latexit sha1_base64="Du5uEtxUuu4yfpuFsleJ60DAgfY="></latexit><latexit sha1_base64="Du5uEtxUuu4yfpuFsleJ60DAgfY="></latexit><latexit sha1_base64="Du5uEtxUuu4yfpuFsleJ60DAgfY="></latexit><latexit sha1_base64="Du5uEtxUuu4yfpuFsleJ60DAgfY="></latexit>
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<latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit>
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<latexit sha1_base64="3UAy66G/pZihox3z0slVTa/CuC4="></latexit><latexit sha1_base64="3UAy66G/pZihox3z0slVTa/CuC4="></latexit><latexit sha1_base64="3UAy66G/pZihox3z0slVTa/CuC4="></latexit><latexit sha1_base64="3UAy66G/pZihox3z0slVTa/CuC4="></latexit>
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<latexit sha1_base64="G3sULvlHnef30ETsK7xWH/ZFGts="></latexit><latexit sha1_base64="G3sULvlHnef30ETsK7xWH/ZFGts="></latexit><latexit sha1_base64="G3sULvlHnef30ETsK7xWH/ZFGts="></latexit><latexit sha1_base64="G3sULvlHnef30ETsK7xWH/ZFGts="></latexit>

=
1X

k0=0
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<latexit sha1_base64="ioYu7AICgNN1fM1m/G7byr1l/Rw="></latexit><latexit sha1_base64="ioYu7AICgNN1fM1m/G7byr1l/Rw="></latexit><latexit sha1_base64="ioYu7AICgNN1fM1m/G7byr1l/Rw="></latexit><latexit sha1_base64="ioYu7AICgNN1fM1m/G7byr1l/Rw="></latexit>

hki = hk0i(1� p)
<latexit sha1_base64="hQj6JVrkmeJTDyOeFX610A9O2Gk="></latexit><latexit sha1_base64="hQj6JVrkmeJTDyOeFX610A9O2Gk="></latexit><latexit sha1_base64="hQj6JVrkmeJTDyOeFX610A9O2Gk="></latexit><latexit sha1_base64="hQj6JVrkmeJTDyOeFX610A9O2Gk="></latexit>
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<latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit>
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<latexit sha1_base64="hQj6JVrkmeJTDyOeFX610A9O2Gk="></latexit><latexit sha1_base64="hQj6JVrkmeJTDyOeFX610A9O2Gk="></latexit><latexit sha1_base64="hQj6JVrkmeJTDyOeFX610A9O2Gk="></latexit><latexit sha1_base64="hQj6JVrkmeJTDyOeFX610A9O2Gk="></latexit>
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<latexit sha1_base64="0E8+bo7YggrFRcvAFKSuCF7c5QU="></latexit><latexit sha1_base64="0E8+bo7YggrFRcvAFKSuCF7c5QU="></latexit><latexit sha1_base64="0E8+bo7YggrFRcvAFKSuCF7c5QU="></latexit><latexit sha1_base64="0E8+bo7YggrFRcvAFKSuCF7c5QU="></latexit>
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<latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit>
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<latexit sha1_base64="hQj6JVrkmeJTDyOeFX610A9O2Gk="></latexit><latexit sha1_base64="hQj6JVrkmeJTDyOeFX610A9O2Gk="></latexit><latexit sha1_base64="hQj6JVrkmeJTDyOeFX610A9O2Gk="></latexit><latexit sha1_base64="hQj6JVrkmeJTDyOeFX610A9O2Gk="></latexit>
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◆
(1� p)kpk0�k

=
1X

k0

P (k0)
k0X

k=0

k2
✓

k0
k

◆
(1� p)kpk0�k

<latexit sha1_base64="0E8+bo7YggrFRcvAFKSuCF7c5QU="></latexit><latexit sha1_base64="0E8+bo7YggrFRcvAFKSuCF7c5QU="></latexit><latexit sha1_base64="0E8+bo7YggrFRcvAFKSuCF7c5QU="></latexit><latexit sha1_base64="0E8+bo7YggrFRcvAFKSuCF7c5QU="></latexit>

x 7! 1� p, y 7! p
<latexit sha1_base64="YpT/4fWvmPH7stlrbSf0UoFYwMw=">AAACBXicdVDLSgMxFM3UV62vUZciBIvgQsukiG13BTcuK1hb6JSSSTNtaGYmJhlxGLpy46+4caHi1n9w59+Y6QNU9EDgcM693JzjCc6UdpxPK7ewuLS8kl8trK1vbG7Z2zvXKooloU0S8Ui2PawoZyFtaqY5bQtJceBx2vJG55nfuqVSsSi80omg3QAPQuYzgrWRevb+nRtgoXQE0Yk4dm9i3IfJXBI9u+iUHMdBCMGMoMqZY0itVi2jKkSZZVAEMzR69ofbj0gc0FATjpXqIEfoboqlZoTTccGNFRWYjPCAdgwNcUBVN53EGMNDo/ShH0nzQg0n6veNFAdKJYFnJgOsh+q3l4l/eZ1Y+9VuykIRaxqS6SE/5tBEzDqBfSYp0TwxBBPJzF8hGWKJiTbNFUwJ86Twf9Isl2oldHlarFdnbeTBHjgARwCBCqiDC9AATUDAPXgEz+DFerCerFfrbTqas2Y7u+AHrPcvFz2Ybw==</latexit><latexit sha1_base64="YpT/4fWvmPH7stlrbSf0UoFYwMw=">AAACBXicdVDLSgMxFM3UV62vUZciBIvgQsukiG13BTcuK1hb6JSSSTNtaGYmJhlxGLpy46+4caHi1n9w59+Y6QNU9EDgcM693JzjCc6UdpxPK7ewuLS8kl8trK1vbG7Z2zvXKooloU0S8Ui2PawoZyFtaqY5bQtJceBx2vJG55nfuqVSsSi80omg3QAPQuYzgrWRevb+nRtgoXQE0Yk4dm9i3IfJXBI9u+iUHMdBCMGMoMqZY0itVi2jKkSZZVAEMzR69ofbj0gc0FATjpXqIEfoboqlZoTTccGNFRWYjPCAdgwNcUBVN53EGMNDo/ShH0nzQg0n6veNFAdKJYFnJgOsh+q3l4l/eZ1Y+9VuykIRaxqS6SE/5tBEzDqBfSYp0TwxBBPJzF8hGWKJiTbNFUwJ86Twf9Isl2oldHlarFdnbeTBHjgARwCBCqiDC9AATUDAPXgEz+DFerCerFfrbTqas2Y7u+AHrPcvFz2Ybw==</latexit><latexit sha1_base64="YpT/4fWvmPH7stlrbSf0UoFYwMw=">AAACBXicdVDLSgMxFM3UV62vUZciBIvgQsukiG13BTcuK1hb6JSSSTNtaGYmJhlxGLpy46+4caHi1n9w59+Y6QNU9EDgcM693JzjCc6UdpxPK7ewuLS8kl8trK1vbG7Z2zvXKooloU0S8Ui2PawoZyFtaqY5bQtJceBx2vJG55nfuqVSsSi80omg3QAPQuYzgrWRevb+nRtgoXQE0Yk4dm9i3IfJXBI9u+iUHMdBCMGMoMqZY0itVi2jKkSZZVAEMzR69ofbj0gc0FATjpXqIEfoboqlZoTTccGNFRWYjPCAdgwNcUBVN53EGMNDo/ShH0nzQg0n6veNFAdKJYFnJgOsh+q3l4l/eZ1Y+9VuykIRaxqS6SE/5tBEzDqBfSYp0TwxBBPJzF8hGWKJiTbNFUwJ86Twf9Isl2oldHlarFdnbeTBHjgARwCBCqiDC9AATUDAPXgEz+DFerCerFfrbTqas2Y7u+AHrPcvFz2Ybw==</latexit><latexit sha1_base64="YpT/4fWvmPH7stlrbSf0UoFYwMw=">AAACBXicdVDLSgMxFM3UV62vUZciBIvgQsukiG13BTcuK1hb6JSSSTNtaGYmJhlxGLpy46+4caHi1n9w59+Y6QNU9EDgcM693JzjCc6UdpxPK7ewuLS8kl8trK1vbG7Z2zvXKooloU0S8Ui2PawoZyFtaqY5bQtJceBx2vJG55nfuqVSsSi80omg3QAPQuYzgrWRevb+nRtgoXQE0Yk4dm9i3IfJXBI9u+iUHMdBCMGMoMqZY0itVi2jKkSZZVAEMzR69ofbj0gc0FATjpXqIEfoboqlZoTTccGNFRWYjPCAdgwNcUBVN53EGMNDo/ShH0nzQg0n6veNFAdKJYFnJgOsh+q3l4l/eZ1Y+9VuykIRaxqS6SE/5tBEzDqBfSYp0TwxBBPJzF8hGWKJiTbNFUwJ86Twf9Isl2oldHlarFdnbeTBHjgARwCBCqiDC9AATUDAPXgEz+DFerCerFfrbTqas2Y7u+AHrPcvFz2Ybw==</latexit>

✓
x
d

dx

◆2

(x+ y)k0 = x
d

dx

⇥
xk0(x+ y)k0�1

⇤
= xk0(x+ y)k0�1 + x2k0(k0 � 1)(x+ y)k0�2

=
k0X

k=0

k2
✓

k0
k

◆
xkyk0�k

<latexit sha1_base64="GTVe57BrM0vpt90upc2TMBUFD7M="></latexit><latexit sha1_base64="GTVe57BrM0vpt90upc2TMBUFD7M="></latexit><latexit sha1_base64="GTVe57BrM0vpt90upc2TMBUFD7M="></latexit><latexit sha1_base64="GTVe57BrM0vpt90upc2TMBUFD7M="></latexit>



v

k0 = the original number of first neighbors of v 
k = the number of first neighbors of v that are not destroyed 

P 0(k) =
1X

k0=k

P (k0)

✓
k0
k

◆
(1� p)kpk0�k

<latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit>

k

k0

hki = hk0i(1� p)
<latexit sha1_base64="hQj6JVrkmeJTDyOeFX610A9O2Gk="></latexit><latexit sha1_base64="hQj6JVrkmeJTDyOeFX610A9O2Gk="></latexit><latexit sha1_base64="hQj6JVrkmeJTDyOeFX610A9O2Gk="></latexit><latexit sha1_base64="hQj6JVrkmeJTDyOeFX610A9O2Gk="></latexit>

hk2i =
1X

k=0

k2
1X

k0=k

P (k0)

✓
k0
k

◆
(1� p)kpk0�k

=
1X

k0

P (k0)
k0X

k=0

k2
✓

k0
k

◆
(1� p)kpk0�k

<latexit sha1_base64="0E8+bo7YggrFRcvAFKSuCF7c5QU="></latexit><latexit sha1_base64="0E8+bo7YggrFRcvAFKSuCF7c5QU="></latexit><latexit sha1_base64="0E8+bo7YggrFRcvAFKSuCF7c5QU="></latexit><latexit sha1_base64="0E8+bo7YggrFRcvAFKSuCF7c5QU="></latexit>

x 7! 1� p, y 7! p
<latexit sha1_base64="YpT/4fWvmPH7stlrbSf0UoFYwMw=">AAACBXicdVDLSgMxFM3UV62vUZciBIvgQsukiG13BTcuK1hb6JSSSTNtaGYmJhlxGLpy46+4caHi1n9w59+Y6QNU9EDgcM693JzjCc6UdpxPK7ewuLS8kl8trK1vbG7Z2zvXKooloU0S8Ui2PawoZyFtaqY5bQtJceBx2vJG55nfuqVSsSi80omg3QAPQuYzgrWRevb+nRtgoXQE0Yk4dm9i3IfJXBI9u+iUHMdBCMGMoMqZY0itVi2jKkSZZVAEMzR69ofbj0gc0FATjpXqIEfoboqlZoTTccGNFRWYjPCAdgwNcUBVN53EGMNDo/ShH0nzQg0n6veNFAdKJYFnJgOsh+q3l4l/eZ1Y+9VuykIRaxqS6SE/5tBEzDqBfSYp0TwxBBPJzF8hGWKJiTbNFUwJ86Twf9Isl2oldHlarFdnbeTBHjgARwCBCqiDC9AATUDAPXgEz+DFerCerFfrbTqas2Y7u+AHrPcvFz2Ybw==</latexit><latexit sha1_base64="YpT/4fWvmPH7stlrbSf0UoFYwMw=">AAACBXicdVDLSgMxFM3UV62vUZciBIvgQsukiG13BTcuK1hb6JSSSTNtaGYmJhlxGLpy46+4caHi1n9w59+Y6QNU9EDgcM693JzjCc6UdpxPK7ewuLS8kl8trK1vbG7Z2zvXKooloU0S8Ui2PawoZyFtaqY5bQtJceBx2vJG55nfuqVSsSi80omg3QAPQuYzgrWRevb+nRtgoXQE0Yk4dm9i3IfJXBI9u+iUHMdBCMGMoMqZY0itVi2jKkSZZVAEMzR69ofbj0gc0FATjpXqIEfoboqlZoTTccGNFRWYjPCAdgwNcUBVN53EGMNDo/ShH0nzQg0n6veNFAdKJYFnJgOsh+q3l4l/eZ1Y+9VuykIRaxqS6SE/5tBEzDqBfSYp0TwxBBPJzF8hGWKJiTbNFUwJ86Twf9Isl2oldHlarFdnbeTBHjgARwCBCqiDC9AATUDAPXgEz+DFerCerFfrbTqas2Y7u+AHrPcvFz2Ybw==</latexit><latexit sha1_base64="YpT/4fWvmPH7stlrbSf0UoFYwMw=">AAACBXicdVDLSgMxFM3UV62vUZciBIvgQsukiG13BTcuK1hb6JSSSTNtaGYmJhlxGLpy46+4caHi1n9w59+Y6QNU9EDgcM693JzjCc6UdpxPK7ewuLS8kl8trK1vbG7Z2zvXKooloU0S8Ui2PawoZyFtaqY5bQtJceBx2vJG55nfuqVSsSi80omg3QAPQuYzgrWRevb+nRtgoXQE0Yk4dm9i3IfJXBI9u+iUHMdBCMGMoMqZY0itVi2jKkSZZVAEMzR69ofbj0gc0FATjpXqIEfoboqlZoTTccGNFRWYjPCAdgwNcUBVN53EGMNDo/ShH0nzQg0n6veNFAdKJYFnJgOsh+q3l4l/eZ1Y+9VuykIRaxqS6SE/5tBEzDqBfSYp0TwxBBPJzF8hGWKJiTbNFUwJ86Twf9Isl2oldHlarFdnbeTBHjgARwCBCqiDC9AATUDAPXgEz+DFerCerFfrbTqas2Y7u+AHrPcvFz2Ybw==</latexit><latexit sha1_base64="YpT/4fWvmPH7stlrbSf0UoFYwMw=">AAACBXicdVDLSgMxFM3UV62vUZciBIvgQsukiG13BTcuK1hb6JSSSTNtaGYmJhlxGLpy46+4caHi1n9w59+Y6QNU9EDgcM693JzjCc6UdpxPK7ewuLS8kl8trK1vbG7Z2zvXKooloU0S8Ui2PawoZyFtaqY5bQtJceBx2vJG55nfuqVSsSi80omg3QAPQuYzgrWRevb+nRtgoXQE0Yk4dm9i3IfJXBI9u+iUHMdBCMGMoMqZY0itVi2jKkSZZVAEMzR69ofbj0gc0FATjpXqIEfoboqlZoTTccGNFRWYjPCAdgwNcUBVN53EGMNDo/ShH0nzQg0n6veNFAdKJYFnJgOsh+q3l4l/eZ1Y+9VuykIRaxqS6SE/5tBEzDqBfSYp0TwxBBPJzF8hGWKJiTbNFUwJ86Twf9Isl2oldHlarFdnbeTBHjgARwCBCqiDC9AATUDAPXgEz+DFerCerFfrbTqas2Y7u+AHrPcvFz2Ybw==</latexit>

k0X

k=0

k2
✓

k0
k

◆
(1� p)kpk0�k = k0(1� p) + k0(k0 � 1)(1� p)2 = k20(1� p)2 + k0p(1� p)

<latexit sha1_base64="6m5LmoVMRyOEIAa35Pbxmn8g344="></latexit><latexit sha1_base64="6m5LmoVMRyOEIAa35Pbxmn8g344="></latexit><latexit sha1_base64="6m5LmoVMRyOEIAa35Pbxmn8g344="></latexit><latexit sha1_base64="6m5LmoVMRyOEIAa35Pbxmn8g344="></latexit>

✓
x
d

dx

◆2

(x+ y)k0 = x
d

dx

⇥
xk0(x+ y)k0�1

⇤
= xk0(x+ y)k0�1 + x2k0(k0 � 1)(x+ y)k0�2

=
k0X

k=0

k2
✓

k0
k

◆
xkyk0�k

<latexit sha1_base64="GTVe57BrM0vpt90upc2TMBUFD7M="></latexit><latexit sha1_base64="GTVe57BrM0vpt90upc2TMBUFD7M="></latexit><latexit sha1_base64="GTVe57BrM0vpt90upc2TMBUFD7M="></latexit><latexit sha1_base64="GTVe57BrM0vpt90upc2TMBUFD7M="></latexit>



v

k0 = the original number of first neighbors of v 
k = the number of first neighbors of v that are not destroyed 

P 0(k) =
1X

k0=k

P (k0)

✓
k0
k

◆
(1� p)kpk0�k

<latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit>

k

k0

hki = hk0i(1� p)
<latexit sha1_base64="hQj6JVrkmeJTDyOeFX610A9O2Gk="></latexit><latexit sha1_base64="hQj6JVrkmeJTDyOeFX610A9O2Gk="></latexit><latexit sha1_base64="hQj6JVrkmeJTDyOeFX610A9O2Gk="></latexit><latexit sha1_base64="hQj6JVrkmeJTDyOeFX610A9O2Gk="></latexit>

hk2i =
1X

k0=0

P (k0)
⇥
k20(1� p)2 + k0p(1� p)

⇤

= hk20i(1� p)2 + hk0ip(1� p)
<latexit sha1_base64="tB/as08wXgCKRpp+mu0AosuwM6M="></latexit><latexit sha1_base64="tB/as08wXgCKRpp+mu0AosuwM6M="></latexit><latexit sha1_base64="tB/as08wXgCKRpp+mu0AosuwM6M="></latexit><latexit sha1_base64="tB/as08wXgCKRpp+mu0AosuwM6M="></latexit>



v

k0 = the original number of first neighbors of v 
k = the number of first neighbors of v that are not destroyed 

P 0(k) =
1X

k0=k

P (k0)

✓
k0
k

◆
(1� p)kpk0�k

<latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit>

hk2i = hk20i(1� p)2 + hk0ip(1� p)
<latexit sha1_base64="fQEO1mUsQFA5qrsa0XchRBJxnsA=">AAACM3icbVBPSwJBHJ21f2b/tjp2GZLAiGRXguwQCF2CLgZtCq7K7Djq4OzsMjMbyOKH6tIH6RJBh4qufYfGdRPTHgw83vs9fvN7XsioVJb1amSWlldW17LruY3Nre0dc3fvXgaRwMTBAQtE3UOSMMqJo6hipB4KgnyPkZo3uBr7tQciJA34nRqGpOmjHqddipHSUtu8cRniPUbgoFVyxYReTrW2NVUL9ml43CrBEzjj/ibCxG2beatoJYCLxE5JHqSots1ntxPgyCdcYYakbNhWqJoxEopiRkY5N5IkRHiAeqShKUc+kc04OXoEj7TSgd1A6McVTNTZRIx8KYe+pyd9pPpy3huL/3mNSHXLzZjyMFKE48mibsSgCuC4QdihgmDFhpogLKj+K8R9JBBWuuecLsGeP3mROKXiRdG+PctXymkbWXAADkEB2OAcVMA1qAIHYPAIXsA7+DCejDfj0/iajGaMNLMP/sD4/gFPBKhU</latexit><latexit sha1_base64="fQEO1mUsQFA5qrsa0XchRBJxnsA=">AAACM3icbVBPSwJBHJ21f2b/tjp2GZLAiGRXguwQCF2CLgZtCq7K7Djq4OzsMjMbyOKH6tIH6RJBh4qufYfGdRPTHgw83vs9fvN7XsioVJb1amSWlldW17LruY3Nre0dc3fvXgaRwMTBAQtE3UOSMMqJo6hipB4KgnyPkZo3uBr7tQciJA34nRqGpOmjHqddipHSUtu8cRniPUbgoFVyxYReTrW2NVUL9ml43CrBEzjj/ibCxG2beatoJYCLxE5JHqSots1ntxPgyCdcYYakbNhWqJoxEopiRkY5N5IkRHiAeqShKUc+kc04OXoEj7TSgd1A6McVTNTZRIx8KYe+pyd9pPpy3huL/3mNSHXLzZjyMFKE48mibsSgCuC4QdihgmDFhpogLKj+K8R9JBBWuuecLsGeP3mROKXiRdG+PctXymkbWXAADkEB2OAcVMA1qAIHYPAIXsA7+DCejDfj0/iajGaMNLMP/sD4/gFPBKhU</latexit><latexit sha1_base64="fQEO1mUsQFA5qrsa0XchRBJxnsA=">AAACM3icbVBPSwJBHJ21f2b/tjp2GZLAiGRXguwQCF2CLgZtCq7K7Djq4OzsMjMbyOKH6tIH6RJBh4qufYfGdRPTHgw83vs9fvN7XsioVJb1amSWlldW17LruY3Nre0dc3fvXgaRwMTBAQtE3UOSMMqJo6hipB4KgnyPkZo3uBr7tQciJA34nRqGpOmjHqddipHSUtu8cRniPUbgoFVyxYReTrW2NVUL9ml43CrBEzjj/ibCxG2beatoJYCLxE5JHqSots1ntxPgyCdcYYakbNhWqJoxEopiRkY5N5IkRHiAeqShKUc+kc04OXoEj7TSgd1A6McVTNTZRIx8KYe+pyd9pPpy3huL/3mNSHXLzZjyMFKE48mibsSgCuC4QdihgmDFhpogLKj+K8R9JBBWuuecLsGeP3mROKXiRdG+PctXymkbWXAADkEB2OAcVMA1qAIHYPAIXsA7+DCejDfj0/iajGaMNLMP/sD4/gFPBKhU</latexit><latexit sha1_base64="fQEO1mUsQFA5qrsa0XchRBJxnsA=">AAACM3icbVBPSwJBHJ21f2b/tjp2GZLAiGRXguwQCF2CLgZtCq7K7Djq4OzsMjMbyOKH6tIH6RJBh4qufYfGdRPTHgw83vs9fvN7XsioVJb1amSWlldW17LruY3Nre0dc3fvXgaRwMTBAQtE3UOSMMqJo6hipB4KgnyPkZo3uBr7tQciJA34nRqGpOmjHqddipHSUtu8cRniPUbgoFVyxYReTrW2NVUL9ml43CrBEzjj/ibCxG2beatoJYCLxE5JHqSots1ntxPgyCdcYYakbNhWqJoxEopiRkY5N5IkRHiAeqShKUc+kc04OXoEj7TSgd1A6McVTNTZRIx8KYe+pyd9pPpy3huL/3mNSHXLzZjyMFKE48mibsSgCuC4QdihgmDFhpogLKj+K8R9JBBWuuecLsGeP3mROKXiRdG+PctXymkbWXAADkEB2OAcVMA1qAIHYPAIXsA7+DCejDfj0/iajGaMNLMP/sD4/gFPBKhU</latexit>

hki = hk0i(1� p)
<latexit sha1_base64="4FH0wpBvyTQuMPX11FOdfbCI66w=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARKmJJRLAuhIIblxWMLTShTKYn7dDJJMxMhFL6EG58FTcuVNy6cefbOL0o2vrDwM93zuHM+cOUM6Ud59PKLSwuLa/kVwtr6xubW/b2zq1KMknBowlPZCMkCjgT4GmmOTRSCSQOOdTD3uWoXr8DqVgibnQ/hSAmHcEiRok2qGUf+ZyIDgfc8+XEXOAf1HK+Yck9Tg9bdtEpO2PheeNOTRFNVWvZH347oVkMQlNOlGq6TqqDAZGaUQ7Dgp8pSAntkQ40jRUkBhUMxkcN8YEhbRwl0jyh8Zj+nhiQWKl+HJrOmOiumq2N4H+1ZqajSjBgIs00CDpZFGUc6wSPEsJtJoFq3jeGUMnMXzHtEkmoNjkWTAju7Mnzxjspn5fd69NitTJNI4/20D4qIRedoSq6QjXkIYru0SN6Ri/Wg/VkvVpvk9acNZ3ZRX9kvX8Bm2CczA==</latexit><latexit sha1_base64="4FH0wpBvyTQuMPX11FOdfbCI66w=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARKmJJRLAuhIIblxWMLTShTKYn7dDJJMxMhFL6EG58FTcuVNy6cefbOL0o2vrDwM93zuHM+cOUM6Ud59PKLSwuLa/kVwtr6xubW/b2zq1KMknBowlPZCMkCjgT4GmmOTRSCSQOOdTD3uWoXr8DqVgibnQ/hSAmHcEiRok2qGUf+ZyIDgfc8+XEXOAf1HK+Yck9Tg9bdtEpO2PheeNOTRFNVWvZH347oVkMQlNOlGq6TqqDAZGaUQ7Dgp8pSAntkQ40jRUkBhUMxkcN8YEhbRwl0jyh8Zj+nhiQWKl+HJrOmOiumq2N4H+1ZqajSjBgIs00CDpZFGUc6wSPEsJtJoFq3jeGUMnMXzHtEkmoNjkWTAju7Mnzxjspn5fd69NitTJNI4/20D4qIRedoSq6QjXkIYru0SN6Ri/Wg/VkvVpvk9acNZ3ZRX9kvX8Bm2CczA==</latexit><latexit sha1_base64="4FH0wpBvyTQuMPX11FOdfbCI66w=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARKmJJRLAuhIIblxWMLTShTKYn7dDJJMxMhFL6EG58FTcuVNy6cefbOL0o2vrDwM93zuHM+cOUM6Ud59PKLSwuLa/kVwtr6xubW/b2zq1KMknBowlPZCMkCjgT4GmmOTRSCSQOOdTD3uWoXr8DqVgibnQ/hSAmHcEiRok2qGUf+ZyIDgfc8+XEXOAf1HK+Yck9Tg9bdtEpO2PheeNOTRFNVWvZH347oVkMQlNOlGq6TqqDAZGaUQ7Dgp8pSAntkQ40jRUkBhUMxkcN8YEhbRwl0jyh8Zj+nhiQWKl+HJrOmOiumq2N4H+1ZqajSjBgIs00CDpZFGUc6wSPEsJtJoFq3jeGUMnMXzHtEkmoNjkWTAju7Mnzxjspn5fd69NitTJNI4/20D4qIRedoSq6QjXkIYru0SN6Ri/Wg/VkvVpvk9acNZ3ZRX9kvX8Bm2CczA==</latexit><latexit sha1_base64="4FH0wpBvyTQuMPX11FOdfbCI66w=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARKmJJRLAuhIIblxWMLTShTKYn7dDJJMxMhFL6EG58FTcuVNy6cefbOL0o2vrDwM93zuHM+cOUM6Ud59PKLSwuLa/kVwtr6xubW/b2zq1KMknBowlPZCMkCjgT4GmmOTRSCSQOOdTD3uWoXr8DqVgibnQ/hSAmHcEiRok2qGUf+ZyIDgfc8+XEXOAf1HK+Yck9Tg9bdtEpO2PheeNOTRFNVWvZH347oVkMQlNOlGq6TqqDAZGaUQ7Dgp8pSAntkQ40jRUkBhUMxkcN8YEhbRwl0jyh8Zj+nhiQWKl+HJrOmOiumq2N4H+1ZqajSjBgIs00CDpZFGUc6wSPEsJtJoFq3jeGUMnMXzHtEkmoNjkWTAju7Mnzxjspn5fd69NitTJNI4/20D4qIRedoSq6QjXkIYru0SN6Ri/Wg/VkvVpvk9acNZ3ZRX9kvX8Bm2CczA==</latexit>

 =
hk2i
hki

=
hk20i(1� p) + hk0ip

hk0i

=
hk20i
hk0i

(1� p) + p
<latexit sha1_base64="aD6NXpYGz4dPMIqkVeBu2AJQ0mk="></latexit><latexit sha1_base64="aD6NXpYGz4dPMIqkVeBu2AJQ0mk="></latexit><latexit sha1_base64="aD6NXpYGz4dPMIqkVeBu2AJQ0mk="></latexit><latexit sha1_base64="aD6NXpYGz4dPMIqkVeBu2AJQ0mk="></latexit>



v

k0 = the original number of first neighbors of v 
k = the number of first neighbors of v that are not destroyed 

P 0(k) =
1X

k0=k

P (k0)

✓
k0
k

◆
(1� p)kpk0�k

<latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit><latexit sha1_base64="X3sDzU0NxLp0m9K4x1/I3Ki+HBY="></latexit>

hk2i = hk20i(1� p)2 + hk0ip(1� p)
<latexit sha1_base64="fQEO1mUsQFA5qrsa0XchRBJxnsA=">AAACM3icbVBPSwJBHJ21f2b/tjp2GZLAiGRXguwQCF2CLgZtCq7K7Djq4OzsMjMbyOKH6tIH6RJBh4qufYfGdRPTHgw83vs9fvN7XsioVJb1amSWlldW17LruY3Nre0dc3fvXgaRwMTBAQtE3UOSMMqJo6hipB4KgnyPkZo3uBr7tQciJA34nRqGpOmjHqddipHSUtu8cRniPUbgoFVyxYReTrW2NVUL9ml43CrBEzjj/ibCxG2beatoJYCLxE5JHqSots1ntxPgyCdcYYakbNhWqJoxEopiRkY5N5IkRHiAeqShKUc+kc04OXoEj7TSgd1A6McVTNTZRIx8KYe+pyd9pPpy3huL/3mNSHXLzZjyMFKE48mibsSgCuC4QdihgmDFhpogLKj+K8R9JBBWuuecLsGeP3mROKXiRdG+PctXymkbWXAADkEB2OAcVMA1qAIHYPAIXsA7+DCejDfj0/iajGaMNLMP/sD4/gFPBKhU</latexit><latexit sha1_base64="fQEO1mUsQFA5qrsa0XchRBJxnsA=">AAACM3icbVBPSwJBHJ21f2b/tjp2GZLAiGRXguwQCF2CLgZtCq7K7Djq4OzsMjMbyOKH6tIH6RJBh4qufYfGdRPTHgw83vs9fvN7XsioVJb1amSWlldW17LruY3Nre0dc3fvXgaRwMTBAQtE3UOSMMqJo6hipB4KgnyPkZo3uBr7tQciJA34nRqGpOmjHqddipHSUtu8cRniPUbgoFVyxYReTrW2NVUL9ml43CrBEzjj/ibCxG2beatoJYCLxE5JHqSots1ntxPgyCdcYYakbNhWqJoxEopiRkY5N5IkRHiAeqShKUc+kc04OXoEj7TSgd1A6McVTNTZRIx8KYe+pyd9pPpy3huL/3mNSHXLzZjyMFKE48mibsSgCuC4QdihgmDFhpogLKj+K8R9JBBWuuecLsGeP3mROKXiRdG+PctXymkbWXAADkEB2OAcVMA1qAIHYPAIXsA7+DCejDfj0/iajGaMNLMP/sD4/gFPBKhU</latexit><latexit sha1_base64="fQEO1mUsQFA5qrsa0XchRBJxnsA=">AAACM3icbVBPSwJBHJ21f2b/tjp2GZLAiGRXguwQCF2CLgZtCq7K7Djq4OzsMjMbyOKH6tIH6RJBh4qufYfGdRPTHgw83vs9fvN7XsioVJb1amSWlldW17LruY3Nre0dc3fvXgaRwMTBAQtE3UOSMMqJo6hipB4KgnyPkZo3uBr7tQciJA34nRqGpOmjHqddipHSUtu8cRniPUbgoFVyxYReTrW2NVUL9ml43CrBEzjj/ibCxG2beatoJYCLxE5JHqSots1ntxPgyCdcYYakbNhWqJoxEopiRkY5N5IkRHiAeqShKUc+kc04OXoEj7TSgd1A6McVTNTZRIx8KYe+pyd9pPpy3huL/3mNSHXLzZjyMFKE48mibsSgCuC4QdihgmDFhpogLKj+K8R9JBBWuuecLsGeP3mROKXiRdG+PctXymkbWXAADkEB2OAcVMA1qAIHYPAIXsA7+DCejDfj0/iajGaMNLMP/sD4/gFPBKhU</latexit><latexit sha1_base64="fQEO1mUsQFA5qrsa0XchRBJxnsA=">AAACM3icbVBPSwJBHJ21f2b/tjp2GZLAiGRXguwQCF2CLgZtCq7K7Djq4OzsMjMbyOKH6tIH6RJBh4qufYfGdRPTHgw83vs9fvN7XsioVJb1amSWlldW17LruY3Nre0dc3fvXgaRwMTBAQtE3UOSMMqJo6hipB4KgnyPkZo3uBr7tQciJA34nRqGpOmjHqddipHSUtu8cRniPUbgoFVyxYReTrW2NVUL9ml43CrBEzjj/ibCxG2beatoJYCLxE5JHqSots1ntxPgyCdcYYakbNhWqJoxEopiRkY5N5IkRHiAeqShKUc+kc04OXoEj7TSgd1A6McVTNTZRIx8KYe+pyd9pPpy3huL/3mNSHXLzZjyMFKE48mibsSgCuC4QdihgmDFhpogLKj+K8R9JBBWuuecLsGeP3mROKXiRdG+PctXymkbWXAADkEB2OAcVMA1qAIHYPAIXsA7+DCejDfj0/iajGaMNLMP/sD4/gFPBKhU</latexit>

hki = hk0i(1� p)
<latexit sha1_base64="4FH0wpBvyTQuMPX11FOdfbCI66w=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARKmJJRLAuhIIblxWMLTShTKYn7dDJJMxMhFL6EG58FTcuVNy6cefbOL0o2vrDwM93zuHM+cOUM6Ud59PKLSwuLa/kVwtr6xubW/b2zq1KMknBowlPZCMkCjgT4GmmOTRSCSQOOdTD3uWoXr8DqVgibnQ/hSAmHcEiRok2qGUf+ZyIDgfc8+XEXOAf1HK+Yck9Tg9bdtEpO2PheeNOTRFNVWvZH347oVkMQlNOlGq6TqqDAZGaUQ7Dgp8pSAntkQ40jRUkBhUMxkcN8YEhbRwl0jyh8Zj+nhiQWKl+HJrOmOiumq2N4H+1ZqajSjBgIs00CDpZFGUc6wSPEsJtJoFq3jeGUMnMXzHtEkmoNjkWTAju7Mnzxjspn5fd69NitTJNI4/20D4qIRedoSq6QjXkIYru0SN6Ri/Wg/VkvVpvk9acNZ3ZRX9kvX8Bm2CczA==</latexit><latexit sha1_base64="4FH0wpBvyTQuMPX11FOdfbCI66w=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARKmJJRLAuhIIblxWMLTShTKYn7dDJJMxMhFL6EG58FTcuVNy6cefbOL0o2vrDwM93zuHM+cOUM6Ud59PKLSwuLa/kVwtr6xubW/b2zq1KMknBowlPZCMkCjgT4GmmOTRSCSQOOdTD3uWoXr8DqVgibnQ/hSAmHcEiRok2qGUf+ZyIDgfc8+XEXOAf1HK+Yck9Tg9bdtEpO2PheeNOTRFNVWvZH347oVkMQlNOlGq6TqqDAZGaUQ7Dgp8pSAntkQ40jRUkBhUMxkcN8YEhbRwl0jyh8Zj+nhiQWKl+HJrOmOiumq2N4H+1ZqajSjBgIs00CDpZFGUc6wSPEsJtJoFq3jeGUMnMXzHtEkmoNjkWTAju7Mnzxjspn5fd69NitTJNI4/20D4qIRedoSq6QjXkIYru0SN6Ri/Wg/VkvVpvk9acNZ3ZRX9kvX8Bm2CczA==</latexit><latexit sha1_base64="4FH0wpBvyTQuMPX11FOdfbCI66w=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARKmJJRLAuhIIblxWMLTShTKYn7dDJJMxMhFL6EG58FTcuVNy6cefbOL0o2vrDwM93zuHM+cOUM6Ud59PKLSwuLa/kVwtr6xubW/b2zq1KMknBowlPZCMkCjgT4GmmOTRSCSQOOdTD3uWoXr8DqVgibnQ/hSAmHcEiRok2qGUf+ZyIDgfc8+XEXOAf1HK+Yck9Tg9bdtEpO2PheeNOTRFNVWvZH347oVkMQlNOlGq6TqqDAZGaUQ7Dgp8pSAntkQ40jRUkBhUMxkcN8YEhbRwl0jyh8Zj+nhiQWKl+HJrOmOiumq2N4H+1ZqajSjBgIs00CDpZFGUc6wSPEsJtJoFq3jeGUMnMXzHtEkmoNjkWTAju7Mnzxjspn5fd69NitTJNI4/20D4qIRedoSq6QjXkIYru0SN6Ri/Wg/VkvVpvk9acNZ3ZRX9kvX8Bm2CczA==</latexit><latexit sha1_base64="4FH0wpBvyTQuMPX11FOdfbCI66w=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARKmJJRLAuhIIblxWMLTShTKYn7dDJJMxMhFL6EG58FTcuVNy6cefbOL0o2vrDwM93zuHM+cOUM6Ud59PKLSwuLa/kVwtr6xubW/b2zq1KMknBowlPZCMkCjgT4GmmOTRSCSQOOdTD3uWoXr8DqVgibnQ/hSAmHcEiRok2qGUf+ZyIDgfc8+XEXOAf1HK+Yck9Tg9bdtEpO2PheeNOTRFNVWvZH347oVkMQlNOlGq6TqqDAZGaUQ7Dgp8pSAntkQ40jRUkBhUMxkcN8YEhbRwl0jyh8Zj+nhiQWKl+HJrOmOiumq2N4H+1ZqajSjBgIs00CDpZFGUc6wSPEsJtJoFq3jeGUMnMXzHtEkmoNjkWTAju7Mnzxjspn5fd69NitTJNI4/20D4qIRedoSq6QjXkIYru0SN6Ri/Wg/VkvVpvk9acNZ3ZRX9kvX8Bm2CczA==</latexit>

 =
hk2i
hki

=
hk20i(1� p) + hk0ip

hk0i

=
hk20i
hk0i

(1� p) + p
<latexit sha1_base64="aD6NXpYGz4dPMIqkVeBu2AJQ0mk="></latexit><latexit sha1_base64="aD6NXpYGz4dPMIqkVeBu2AJQ0mk="></latexit><latexit sha1_base64="aD6NXpYGz4dPMIqkVeBu2AJQ0mk="></latexit><latexit sha1_base64="aD6NXpYGz4dPMIqkVeBu2AJQ0mk="></latexit>

Critical probability of failure

 = 0(1� pc) + pc = 2
<latexit sha1_base64="/XaIkGG0uw7yZkHsylWiFHnh52s=">AAACCnicbZBPS8MwGMbT+W/Of1WPXsKGMBFHOwTnQRh48TjBusFWSpqlW1iahiQVRtndi1/FiwcVr34Cb34bs60H3Xwh5MfzvC/J+4SCUaUd59sqrKyurW8UN0tb2zu7e/b+wb1KUomJhxOWyE6IFGGUE09TzUhHSILikJF2OLqe+u0HIhVN+J0eC+LHaMBpRDHSRgrscm+EhEDwCs4hcKrumQjwCTyF5jJ6PbArTs2ZFVwGN4cKyKsV2F+9foLTmHCNGVKq6zpC+xmSmmJGJqVeqohAeIQGpGuQo5goP5vtMoHHRunDKJHmcA1n6u+JDMVKjePQdMZID9WiNxX/87qpjhp+RrlINeF4/lCUMqgTOA0G9qkkWLOxAYQlNX+FeIgkwtrEVzIhuIsrL4NXr13W3NvzSrORp1EER6AMqsAFF6AJbkALeACDR/AMXsGb9WS9WO/Wx7y1YOUzh+BPWZ8/wSKX1A==</latexit><latexit sha1_base64="/XaIkGG0uw7yZkHsylWiFHnh52s=">AAACCnicbZBPS8MwGMbT+W/Of1WPXsKGMBFHOwTnQRh48TjBusFWSpqlW1iahiQVRtndi1/FiwcVr34Cb34bs60H3Xwh5MfzvC/J+4SCUaUd59sqrKyurW8UN0tb2zu7e/b+wb1KUomJhxOWyE6IFGGUE09TzUhHSILikJF2OLqe+u0HIhVN+J0eC+LHaMBpRDHSRgrscm+EhEDwCs4hcKrumQjwCTyF5jJ6PbArTs2ZFVwGN4cKyKsV2F+9foLTmHCNGVKq6zpC+xmSmmJGJqVeqohAeIQGpGuQo5goP5vtMoHHRunDKJHmcA1n6u+JDMVKjePQdMZID9WiNxX/87qpjhp+RrlINeF4/lCUMqgTOA0G9qkkWLOxAYQlNX+FeIgkwtrEVzIhuIsrL4NXr13W3NvzSrORp1EER6AMqsAFF6AJbkALeACDR/AMXsGb9WS9WO/Wx7y1YOUzh+BPWZ8/wSKX1A==</latexit><latexit sha1_base64="/XaIkGG0uw7yZkHsylWiFHnh52s=">AAACCnicbZBPS8MwGMbT+W/Of1WPXsKGMBFHOwTnQRh48TjBusFWSpqlW1iahiQVRtndi1/FiwcVr34Cb34bs60H3Xwh5MfzvC/J+4SCUaUd59sqrKyurW8UN0tb2zu7e/b+wb1KUomJhxOWyE6IFGGUE09TzUhHSILikJF2OLqe+u0HIhVN+J0eC+LHaMBpRDHSRgrscm+EhEDwCs4hcKrumQjwCTyF5jJ6PbArTs2ZFVwGN4cKyKsV2F+9foLTmHCNGVKq6zpC+xmSmmJGJqVeqohAeIQGpGuQo5goP5vtMoHHRunDKJHmcA1n6u+JDMVKjePQdMZID9WiNxX/87qpjhp+RrlINeF4/lCUMqgTOA0G9qkkWLOxAYQlNX+FeIgkwtrEVzIhuIsrL4NXr13W3NvzSrORp1EER6AMqsAFF6AJbkALeACDR/AMXsGb9WS9WO/Wx7y1YOUzh+BPWZ8/wSKX1A==</latexit><latexit sha1_base64="/XaIkGG0uw7yZkHsylWiFHnh52s=">AAACCnicbZBPS8MwGMbT+W/Of1WPXsKGMBFHOwTnQRh48TjBusFWSpqlW1iahiQVRtndi1/FiwcVr34Cb34bs60H3Xwh5MfzvC/J+4SCUaUd59sqrKyurW8UN0tb2zu7e/b+wb1KUomJhxOWyE6IFGGUE09TzUhHSILikJF2OLqe+u0HIhVN+J0eC+LHaMBpRDHSRgrscm+EhEDwCs4hcKrumQjwCTyF5jJ6PbArTs2ZFVwGN4cKyKsV2F+9foLTmHCNGVKq6zpC+xmSmmJGJqVeqohAeIQGpGuQo5goP5vtMoHHRunDKJHmcA1n6u+JDMVKjePQdMZID9WiNxX/87qpjhp+RrlINeF4/lCUMqgTOA0G9qkkWLOxAYQlNX+FeIgkwtrEVzIhuIsrL4NXr13W3NvzSrORp1EER6AMqsAFF6AJbkALeACDR/AMXsGb9WS9WO/Wx7y1YOUzh+BPWZ8/wSKX1A==</latexit>

pc = 1� 1

0 � 1
<latexit sha1_base64="ItwDKQefSAtgYk0F4Sch4ZFLj/o=">AAACBnicbVBNS8NAEN34WetX1KMgi0Xw0pIVwXoQCl48VjC20ISw2W7apZtk2d0IJeTmxb/ixYOKV3+DN/+N2zYHbX0w8Hhvhpl5oeBMacf5tpaWV1bX1isb1c2t7Z1de2//XqWZJNQlKU9lN8SKcpZQVzPNaVdIiuOQ0044up74nQcqFUuTOz0W1I/xIGERI1gbKbCPREDgFUSwDr1IYpKjIvdGWAgcOHVUBHbNaThTwEWCSlIDJdqB/eX1U5LFNNGEY6V6yBHaz7HUjHBaVL1MUYHJCA9oz9AEx1T5+fSPAp4YpQ+jVJpKNJyqvydyHCs1jkPTGWM9VPPeRPzP62U6avo5S0SmaUJmi6KMQ53CSSiwzyQlmo8NwUQycyskQ2zi0Ca6qgkBzb+8SNyzxmUD3Z7XWs0yjQo4BMfgFCBwAVrgBrSBCwh4BM/gFbxZT9aL9W59zFqXrHLmAPyB9fkDhDyXXQ==</latexit><latexit sha1_base64="ItwDKQefSAtgYk0F4Sch4ZFLj/o=">AAACBnicbVBNS8NAEN34WetX1KMgi0Xw0pIVwXoQCl48VjC20ISw2W7apZtk2d0IJeTmxb/ixYOKV3+DN/+N2zYHbX0w8Hhvhpl5oeBMacf5tpaWV1bX1isb1c2t7Z1de2//XqWZJNQlKU9lN8SKcpZQVzPNaVdIiuOQ0044up74nQcqFUuTOz0W1I/xIGERI1gbKbCPREDgFUSwDr1IYpKjIvdGWAgcOHVUBHbNaThTwEWCSlIDJdqB/eX1U5LFNNGEY6V6yBHaz7HUjHBaVL1MUYHJCA9oz9AEx1T5+fSPAp4YpQ+jVJpKNJyqvydyHCs1jkPTGWM9VPPeRPzP62U6avo5S0SmaUJmi6KMQ53CSSiwzyQlmo8NwUQycyskQ2zi0Ca6qgkBzb+8SNyzxmUD3Z7XWs0yjQo4BMfgFCBwAVrgBrSBCwh4BM/gFbxZT9aL9W59zFqXrHLmAPyB9fkDhDyXXQ==</latexit><latexit sha1_base64="ItwDKQefSAtgYk0F4Sch4ZFLj/o=">AAACBnicbVBNS8NAEN34WetX1KMgi0Xw0pIVwXoQCl48VjC20ISw2W7apZtk2d0IJeTmxb/ixYOKV3+DN/+N2zYHbX0w8Hhvhpl5oeBMacf5tpaWV1bX1isb1c2t7Z1de2//XqWZJNQlKU9lN8SKcpZQVzPNaVdIiuOQ0044up74nQcqFUuTOz0W1I/xIGERI1gbKbCPREDgFUSwDr1IYpKjIvdGWAgcOHVUBHbNaThTwEWCSlIDJdqB/eX1U5LFNNGEY6V6yBHaz7HUjHBaVL1MUYHJCA9oz9AEx1T5+fSPAp4YpQ+jVJpKNJyqvydyHCs1jkPTGWM9VPPeRPzP62U6avo5S0SmaUJmi6KMQ53CSSiwzyQlmo8NwUQycyskQ2zi0Ca6qgkBzb+8SNyzxmUD3Z7XWs0yjQo4BMfgFCBwAVrgBrSBCwh4BM/gFbxZT9aL9W59zFqXrHLmAPyB9fkDhDyXXQ==</latexit><latexit sha1_base64="ItwDKQefSAtgYk0F4Sch4ZFLj/o=">AAACBnicbVBNS8NAEN34WetX1KMgi0Xw0pIVwXoQCl48VjC20ISw2W7apZtk2d0IJeTmxb/ixYOKV3+DN/+N2zYHbX0w8Hhvhpl5oeBMacf5tpaWV1bX1isb1c2t7Z1de2//XqWZJNQlKU9lN8SKcpZQVzPNaVdIiuOQ0044up74nQcqFUuTOz0W1I/xIGERI1gbKbCPREDgFUSwDr1IYpKjIvdGWAgcOHVUBHbNaThTwEWCSlIDJdqB/eX1U5LFNNGEY6V6yBHaz7HUjHBaVL1MUYHJCA9oz9AEx1T5+fSPAp4YpQ+jVJpKNJyqvydyHCs1jkPTGWM9VPPeRPzP62U6avo5S0SmaUJmi6KMQ53CSSiwzyQlmo8NwUQycyskQ2zi0Ca6qgkBzb+8SNyzxmUD3Z7XWs0yjQo4BMfgFCBwAVrgBrSBCwh4BM/gFbxZT9aL9W59zFqXrHLmAPyB9fkDhDyXXQ==</latexit>



Random failures in random graphs 

with power-law degree distribution

P (k0) = ck�↵
0 , k0 = m,m+ 1, . . . ,K

<latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit>
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with power-law degree distribution

P (k0) = ck�↵
0 , k0 = m,m+ 1, . . . ,K

<latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit>

Z K

m
ck�↵

0 dk0 =
⇥
c(1� ↵)k1�↵

0

⇤K
m

= c(1� ↵)[K1�↵ �m1�↵] = 1
<latexit sha1_base64="X2foRoDoAVYr/lvMqdttBeYhDaQ="></latexit><latexit sha1_base64="X2foRoDoAVYr/lvMqdttBeYhDaQ="></latexit><latexit sha1_base64="X2foRoDoAVYr/lvMqdttBeYhDaQ="></latexit><latexit sha1_base64="X2foRoDoAVYr/lvMqdttBeYhDaQ="></latexit>

c ⇡ m↵�1

↵� 1
<latexit sha1_base64="1oXajJc8aYbu64IYkWuHL86T1O0=">AAACDnicbZC9TsMwFIUdfkv5CzCyWFQgFqoEIVG2SiyMRSK0UlOqG9dprTqJZTuIKsobsPAqLAyAWJnZeBvcNgO0HMnSp3Pv1fU9geBMacf5thYWl5ZXVktr5fWNza1te2f3ViWpJNQjCU9kKwBFOYupp5nmtCUkhSjgtBkML8f15j2ViiXxjR4J2omgH7OQEdDG6tpHxAchZPLghxJIFt1lPnAxgBM3zwvEhrt2xak6E+F5cAuooEKNrv3l9xKSRjTWhINSbdcRupOB1Ixwmpf9VFEBZAh92jYYQ0RVJ5vck+ND4/RwmEjzYo0n7u+JDCKlRlFgOiPQAzVbG5v/1dqpDmudjMUi1TQm00VhyrFO8Dgc3GOSEs1HBoBIZv6KyQBMMNpEWDYhuLMnz4N3Wr2outdnlXqtSKOE9tEBOkYuOkd1dIUayEMEPaJn9IrerCfrxXq3PqatC1Yxs4f+yPr8Aa88nJU=</latexit><latexit sha1_base64="1oXajJc8aYbu64IYkWuHL86T1O0=">AAACDnicbZC9TsMwFIUdfkv5CzCyWFQgFqoEIVG2SiyMRSK0UlOqG9dprTqJZTuIKsobsPAqLAyAWJnZeBvcNgO0HMnSp3Pv1fU9geBMacf5thYWl5ZXVktr5fWNza1te2f3ViWpJNQjCU9kKwBFOYupp5nmtCUkhSjgtBkML8f15j2ViiXxjR4J2omgH7OQEdDG6tpHxAchZPLghxJIFt1lPnAxgBM3zwvEhrt2xak6E+F5cAuooEKNrv3l9xKSRjTWhINSbdcRupOB1Ixwmpf9VFEBZAh92jYYQ0RVJ5vck+ND4/RwmEjzYo0n7u+JDCKlRlFgOiPQAzVbG5v/1dqpDmudjMUi1TQm00VhyrFO8Dgc3GOSEs1HBoBIZv6KyQBMMNpEWDYhuLMnz4N3Wr2outdnlXqtSKOE9tEBOkYuOkd1dIUayEMEPaJn9IrerCfrxXq3PqatC1Yxs4f+yPr8Aa88nJU=</latexit><latexit sha1_base64="1oXajJc8aYbu64IYkWuHL86T1O0=">AAACDnicbZC9TsMwFIUdfkv5CzCyWFQgFqoEIVG2SiyMRSK0UlOqG9dprTqJZTuIKsobsPAqLAyAWJnZeBvcNgO0HMnSp3Pv1fU9geBMacf5thYWl5ZXVktr5fWNza1te2f3ViWpJNQjCU9kKwBFOYupp5nmtCUkhSjgtBkML8f15j2ViiXxjR4J2omgH7OQEdDG6tpHxAchZPLghxJIFt1lPnAxgBM3zwvEhrt2xak6E+F5cAuooEKNrv3l9xKSRjTWhINSbdcRupOB1Ixwmpf9VFEBZAh92jYYQ0RVJ5vck+ND4/RwmEjzYo0n7u+JDCKlRlFgOiPQAzVbG5v/1dqpDmudjMUi1TQm00VhyrFO8Dgc3GOSEs1HBoBIZv6KyQBMMNpEWDYhuLMnz4N3Wr2outdnlXqtSKOE9tEBOkYuOkd1dIUayEMEPaJn9IrerCfrxXq3PqatC1Yxs4f+yPr8Aa88nJU=</latexit><latexit sha1_base64="1oXajJc8aYbu64IYkWuHL86T1O0=">AAACDnicbZC9TsMwFIUdfkv5CzCyWFQgFqoEIVG2SiyMRSK0UlOqG9dprTqJZTuIKsobsPAqLAyAWJnZeBvcNgO0HMnSp3Pv1fU9geBMacf5thYWl5ZXVktr5fWNza1te2f3ViWpJNQjCU9kKwBFOYupp5nmtCUkhSjgtBkML8f15j2ViiXxjR4J2omgH7OQEdDG6tpHxAchZPLghxJIFt1lPnAxgBM3zwvEhrt2xak6E+F5cAuooEKNrv3l9xKSRjTWhINSbdcRupOB1Ixwmpf9VFEBZAh92jYYQ0RVJ5vck+ND4/RwmEjzYo0n7u+JDCKlRlFgOiPQAzVbG5v/1dqpDmudjMUi1TQm00VhyrFO8Dgc3GOSEs1HBoBIZv6KyQBMMNpEWDYhuLMnz4N3Wr2outdnlXqtSKOE9tEBOkYuOkd1dIUayEMEPaJn9IrerCfrxXq3PqatC1Yxs4f+yPr8Aa88nJU=</latexit>

Hence
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with power-law degree distribution

P (k0) = ck�↵
0 , k0 = m,m+ 1, . . . ,K

<latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit>

Estimate maximal vertex degree for a finite network with N nodes

I.e., the probability that a node has at least K first neighbors is 
1/N, i.e., we expect to have at most one such a node.

Z 1

K
P (k0)dk0 =

1

N
<latexit sha1_base64="1bxnF7EbgL79z1zAP0V8e1aVczo=">AAACD3icbVDLSgMxFM3UV62vUZdugkWsmzIjgnUhFNwIglSwttDWIZNm2tBMZkjuCGWYT3Djr7hxoeLWrTv/xvSx0NYDyT2ccy/JPX4suAbH+bZyC4tLyyv51cLa+sbmlr29c6ejRFFWp5GIVNMnmgkuWR04CNaMFSOhL1jDH1yM/MYDU5pH8haGMeuEpCd5wCkBI3n2YZtL8K7uU1MDGGa10sBzjrrmwue4HShCUzdLrzPPLjplZww8T9wpKaIpap791e5GNAmZBCqI1i3XiaGTEgWcCpYV2olmMaED0mMtQyUJme6k44UyfGCULg4iZY4EPFZ/T6Qk1HoY+qYzJNDXs95I/M9rJRBUOimXcQJM0slDQSIwRHiUDu5yxSiIoSGEKm7+immfmBTAZFgwIbizK8+T+nH5rOzenBSrlWkaebSH9lEJuegUVdElqqE6ougRPaNX9GY9WS/Wu/Uxac1Z05ld9AfW5w/guJwF</latexit><latexit sha1_base64="1bxnF7EbgL79z1zAP0V8e1aVczo=">AAACD3icbVDLSgMxFM3UV62vUZdugkWsmzIjgnUhFNwIglSwttDWIZNm2tBMZkjuCGWYT3Djr7hxoeLWrTv/xvSx0NYDyT2ccy/JPX4suAbH+bZyC4tLyyv51cLa+sbmlr29c6ejRFFWp5GIVNMnmgkuWR04CNaMFSOhL1jDH1yM/MYDU5pH8haGMeuEpCd5wCkBI3n2YZtL8K7uU1MDGGa10sBzjrrmwue4HShCUzdLrzPPLjplZww8T9wpKaIpap791e5GNAmZBCqI1i3XiaGTEgWcCpYV2olmMaED0mMtQyUJme6k44UyfGCULg4iZY4EPFZ/T6Qk1HoY+qYzJNDXs95I/M9rJRBUOimXcQJM0slDQSIwRHiUDu5yxSiIoSGEKm7+immfmBTAZFgwIbizK8+T+nH5rOzenBSrlWkaebSH9lEJuegUVdElqqE6ougRPaNX9GY9WS/Wu/Uxac1Z05ld9AfW5w/guJwF</latexit><latexit sha1_base64="1bxnF7EbgL79z1zAP0V8e1aVczo=">AAACD3icbVDLSgMxFM3UV62vUZdugkWsmzIjgnUhFNwIglSwttDWIZNm2tBMZkjuCGWYT3Djr7hxoeLWrTv/xvSx0NYDyT2ccy/JPX4suAbH+bZyC4tLyyv51cLa+sbmlr29c6ejRFFWp5GIVNMnmgkuWR04CNaMFSOhL1jDH1yM/MYDU5pH8haGMeuEpCd5wCkBI3n2YZtL8K7uU1MDGGa10sBzjrrmwue4HShCUzdLrzPPLjplZww8T9wpKaIpap791e5GNAmZBCqI1i3XiaGTEgWcCpYV2olmMaED0mMtQyUJme6k44UyfGCULg4iZY4EPFZ/T6Qk1HoY+qYzJNDXs95I/M9rJRBUOimXcQJM0slDQSIwRHiUDu5yxSiIoSGEKm7+immfmBTAZFgwIbizK8+T+nH5rOzenBSrlWkaebSH9lEJuegUVdElqqE6ougRPaNX9GY9WS/Wu/Uxac1Z05ld9AfW5w/guJwF</latexit><latexit sha1_base64="1bxnF7EbgL79z1zAP0V8e1aVczo=">AAACD3icbVDLSgMxFM3UV62vUZdugkWsmzIjgnUhFNwIglSwttDWIZNm2tBMZkjuCGWYT3Djr7hxoeLWrTv/xvSx0NYDyT2ccy/JPX4suAbH+bZyC4tLyyv51cLa+sbmlr29c6ejRFFWp5GIVNMnmgkuWR04CNaMFSOhL1jDH1yM/MYDU5pH8haGMeuEpCd5wCkBI3n2YZtL8K7uU1MDGGa10sBzjrrmwue4HShCUzdLrzPPLjplZww8T9wpKaIpap791e5GNAmZBCqI1i3XiaGTEgWcCpYV2olmMaED0mMtQyUJme6k44UyfGCULg4iZY4EPFZ/T6Qk1HoY+qYzJNDXs95I/M9rJRBUOimXcQJM0slDQSIwRHiUDu5yxSiIoSGEKm7+immfmBTAZFgwIbizK8+T+nH5rOzenBSrlWkaebSH9lEJuegUVdElqqE6ougRPaNX9GY9WS/Wu/Uxac1Z05ld9AfW5w/guJwF</latexit>

c ⇡ m↵�1

↵� 1
<latexit sha1_base64="1oXajJc8aYbu64IYkWuHL86T1O0=">AAACDnicbZC9TsMwFIUdfkv5CzCyWFQgFqoEIVG2SiyMRSK0UlOqG9dprTqJZTuIKsobsPAqLAyAWJnZeBvcNgO0HMnSp3Pv1fU9geBMacf5thYWl5ZXVktr5fWNza1te2f3ViWpJNQjCU9kKwBFOYupp5nmtCUkhSjgtBkML8f15j2ViiXxjR4J2omgH7OQEdDG6tpHxAchZPLghxJIFt1lPnAxgBM3zwvEhrt2xak6E+F5cAuooEKNrv3l9xKSRjTWhINSbdcRupOB1Ixwmpf9VFEBZAh92jYYQ0RVJ5vck+ND4/RwmEjzYo0n7u+JDCKlRlFgOiPQAzVbG5v/1dqpDmudjMUi1TQm00VhyrFO8Dgc3GOSEs1HBoBIZv6KyQBMMNpEWDYhuLMnz4N3Wr2outdnlXqtSKOE9tEBOkYuOkd1dIUayEMEPaJn9IrerCfrxXq3PqatC1Yxs4f+yPr8Aa88nJU=</latexit><latexit sha1_base64="1oXajJc8aYbu64IYkWuHL86T1O0=">AAACDnicbZC9TsMwFIUdfkv5CzCyWFQgFqoEIVG2SiyMRSK0UlOqG9dprTqJZTuIKsobsPAqLAyAWJnZeBvcNgO0HMnSp3Pv1fU9geBMacf5thYWl5ZXVktr5fWNza1te2f3ViWpJNQjCU9kKwBFOYupp5nmtCUkhSjgtBkML8f15j2ViiXxjR4J2omgH7OQEdDG6tpHxAchZPLghxJIFt1lPnAxgBM3zwvEhrt2xak6E+F5cAuooEKNrv3l9xKSRjTWhINSbdcRupOB1Ixwmpf9VFEBZAh92jYYQ0RVJ5vck+ND4/RwmEjzYo0n7u+JDCKlRlFgOiPQAzVbG5v/1dqpDmudjMUi1TQm00VhyrFO8Dgc3GOSEs1HBoBIZv6KyQBMMNpEWDYhuLMnz4N3Wr2outdnlXqtSKOE9tEBOkYuOkd1dIUayEMEPaJn9IrerCfrxXq3PqatC1Yxs4f+yPr8Aa88nJU=</latexit><latexit sha1_base64="1oXajJc8aYbu64IYkWuHL86T1O0=">AAACDnicbZC9TsMwFIUdfkv5CzCyWFQgFqoEIVG2SiyMRSK0UlOqG9dprTqJZTuIKsobsPAqLAyAWJnZeBvcNgO0HMnSp3Pv1fU9geBMacf5thYWl5ZXVktr5fWNza1te2f3ViWpJNQjCU9kKwBFOYupp5nmtCUkhSjgtBkML8f15j2ViiXxjR4J2omgH7OQEdDG6tpHxAchZPLghxJIFt1lPnAxgBM3zwvEhrt2xak6E+F5cAuooEKNrv3l9xKSRjTWhINSbdcRupOB1Ixwmpf9VFEBZAh92jYYQ0RVJ5vck+ND4/RwmEjzYo0n7u+JDCKlRlFgOiPQAzVbG5v/1dqpDmudjMUi1TQm00VhyrFO8Dgc3GOSEs1HBoBIZv6KyQBMMNpEWDYhuLMnz4N3Wr2outdnlXqtSKOE9tEBOkYuOkd1dIUayEMEPaJn9IrerCfrxXq3PqatC1Yxs4f+yPr8Aa88nJU=</latexit><latexit sha1_base64="1oXajJc8aYbu64IYkWuHL86T1O0=">AAACDnicbZC9TsMwFIUdfkv5CzCyWFQgFqoEIVG2SiyMRSK0UlOqG9dprTqJZTuIKsobsPAqLAyAWJnZeBvcNgO0HMnSp3Pv1fU9geBMacf5thYWl5ZXVktr5fWNza1te2f3ViWpJNQjCU9kKwBFOYupp5nmtCUkhSjgtBkML8f15j2ViiXxjR4J2omgH7OQEdDG6tpHxAchZPLghxJIFt1lPnAxgBM3zwvEhrt2xak6E+F5cAuooEKNrv3l9xKSRjTWhINSbdcRupOB1Ixwmpf9VFEBZAh92jYYQ0RVJ5vck+ND4/RwmEjzYo0n7u+JDCKlRlFgOiPQAzVbG5v/1dqpDmudjMUi1TQm00VhyrFO8Dgc3GOSEs1HBoBIZv6KyQBMMNpEWDYhuLMnz4N3Wr2outdnlXqtSKOE9tEBOkYuOkd1dIUayEMEPaJn9IrerCfrxXq3PqatC1Yxs4f+yPr8Aa88nJU=</latexit>



Random failures in random graphs 

with power-law degree distribution

P (k0) = ck�↵
0 , k0 = m,m+ 1, . . . ,K

<latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit>

Estimate maximal vertex degree for a finite network with N nodes

I.e., the probability that a node has at least K first neighbors is 
1/N, i.e., we expect to have at most one such a node.

Z 1

K
P (k0)dk0 =

1

N
<latexit sha1_base64="1bxnF7EbgL79z1zAP0V8e1aVczo=">AAACD3icbVDLSgMxFM3UV62vUZdugkWsmzIjgnUhFNwIglSwttDWIZNm2tBMZkjuCGWYT3Djr7hxoeLWrTv/xvSx0NYDyT2ccy/JPX4suAbH+bZyC4tLyyv51cLa+sbmlr29c6ejRFFWp5GIVNMnmgkuWR04CNaMFSOhL1jDH1yM/MYDU5pH8haGMeuEpCd5wCkBI3n2YZtL8K7uU1MDGGa10sBzjrrmwue4HShCUzdLrzPPLjplZww8T9wpKaIpap791e5GNAmZBCqI1i3XiaGTEgWcCpYV2olmMaED0mMtQyUJme6k44UyfGCULg4iZY4EPFZ/T6Qk1HoY+qYzJNDXs95I/M9rJRBUOimXcQJM0slDQSIwRHiUDu5yxSiIoSGEKm7+immfmBTAZFgwIbizK8+T+nH5rOzenBSrlWkaebSH9lEJuegUVdElqqE6ougRPaNX9GY9WS/Wu/Uxac1Z05ld9AfW5w/guJwF</latexit><latexit sha1_base64="1bxnF7EbgL79z1zAP0V8e1aVczo=">AAACD3icbVDLSgMxFM3UV62vUZdugkWsmzIjgnUhFNwIglSwttDWIZNm2tBMZkjuCGWYT3Djr7hxoeLWrTv/xvSx0NYDyT2ccy/JPX4suAbH+bZyC4tLyyv51cLa+sbmlr29c6ejRFFWp5GIVNMnmgkuWR04CNaMFSOhL1jDH1yM/MYDU5pH8haGMeuEpCd5wCkBI3n2YZtL8K7uU1MDGGa10sBzjrrmwue4HShCUzdLrzPPLjplZww8T9wpKaIpap791e5GNAmZBCqI1i3XiaGTEgWcCpYV2olmMaED0mMtQyUJme6k44UyfGCULg4iZY4EPFZ/T6Qk1HoY+qYzJNDXs95I/M9rJRBUOimXcQJM0slDQSIwRHiUDu5yxSiIoSGEKm7+immfmBTAZFgwIbizK8+T+nH5rOzenBSrlWkaebSH9lEJuegUVdElqqE6ougRPaNX9GY9WS/Wu/Uxac1Z05ld9AfW5w/guJwF</latexit><latexit sha1_base64="1bxnF7EbgL79z1zAP0V8e1aVczo=">AAACD3icbVDLSgMxFM3UV62vUZdugkWsmzIjgnUhFNwIglSwttDWIZNm2tBMZkjuCGWYT3Djr7hxoeLWrTv/xvSx0NYDyT2ccy/JPX4suAbH+bZyC4tLyyv51cLa+sbmlr29c6ejRFFWp5GIVNMnmgkuWR04CNaMFSOhL1jDH1yM/MYDU5pH8haGMeuEpCd5wCkBI3n2YZtL8K7uU1MDGGa10sBzjrrmwue4HShCUzdLrzPPLjplZww8T9wpKaIpap791e5GNAmZBCqI1i3XiaGTEgWcCpYV2olmMaED0mMtQyUJme6k44UyfGCULg4iZY4EPFZ/T6Qk1HoY+qYzJNDXs95I/M9rJRBUOimXcQJM0slDQSIwRHiUDu5yxSiIoSGEKm7+immfmBTAZFgwIbizK8+T+nH5rOzenBSrlWkaebSH9lEJuegUVdElqqE6ougRPaNX9GY9WS/Wu/Uxac1Z05ld9AfW5w/guJwF</latexit><latexit sha1_base64="1bxnF7EbgL79z1zAP0V8e1aVczo=">AAACD3icbVDLSgMxFM3UV62vUZdugkWsmzIjgnUhFNwIglSwttDWIZNm2tBMZkjuCGWYT3Djr7hxoeLWrTv/xvSx0NYDyT2ccy/JPX4suAbH+bZyC4tLyyv51cLa+sbmlr29c6ejRFFWp5GIVNMnmgkuWR04CNaMFSOhL1jDH1yM/MYDU5pH8haGMeuEpCd5wCkBI3n2YZtL8K7uU1MDGGa10sBzjrrmwue4HShCUzdLrzPPLjplZww8T9wpKaIpap791e5GNAmZBCqI1i3XiaGTEgWcCpYV2olmMaED0mMtQyUJme6k44UyfGCULg4iZY4EPFZ/T6Qk1HoY+qYzJNDXs95I/M9rJRBUOimXcQJM0slDQSIwRHiUDu5yxSiIoSGEKm7+immfmBTAZFgwIbizK8+T+nH5rOzenBSrlWkaebSH9lEJuegUVdElqqE6ougRPaNX9GY9WS/Wu/Uxac1Z05ld9AfW5w/guJwF</latexit>

c ⇡ m↵�1

↵� 1
<latexit sha1_base64="1oXajJc8aYbu64IYkWuHL86T1O0=">AAACDnicbZC9TsMwFIUdfkv5CzCyWFQgFqoEIVG2SiyMRSK0UlOqG9dprTqJZTuIKsobsPAqLAyAWJnZeBvcNgO0HMnSp3Pv1fU9geBMacf5thYWl5ZXVktr5fWNza1te2f3ViWpJNQjCU9kKwBFOYupp5nmtCUkhSjgtBkML8f15j2ViiXxjR4J2omgH7OQEdDG6tpHxAchZPLghxJIFt1lPnAxgBM3zwvEhrt2xak6E+F5cAuooEKNrv3l9xKSRjTWhINSbdcRupOB1Ixwmpf9VFEBZAh92jYYQ0RVJ5vck+ND4/RwmEjzYo0n7u+JDCKlRlFgOiPQAzVbG5v/1dqpDmudjMUi1TQm00VhyrFO8Dgc3GOSEs1HBoBIZv6KyQBMMNpEWDYhuLMnz4N3Wr2outdnlXqtSKOE9tEBOkYuOkd1dIUayEMEPaJn9IrerCfrxXq3PqatC1Yxs4f+yPr8Aa88nJU=</latexit><latexit sha1_base64="1oXajJc8aYbu64IYkWuHL86T1O0=">AAACDnicbZC9TsMwFIUdfkv5CzCyWFQgFqoEIVG2SiyMRSK0UlOqG9dprTqJZTuIKsobsPAqLAyAWJnZeBvcNgO0HMnSp3Pv1fU9geBMacf5thYWl5ZXVktr5fWNza1te2f3ViWpJNQjCU9kKwBFOYupp5nmtCUkhSjgtBkML8f15j2ViiXxjR4J2omgH7OQEdDG6tpHxAchZPLghxJIFt1lPnAxgBM3zwvEhrt2xak6E+F5cAuooEKNrv3l9xKSRjTWhINSbdcRupOB1Ixwmpf9VFEBZAh92jYYQ0RVJ5vck+ND4/RwmEjzYo0n7u+JDCKlRlFgOiPQAzVbG5v/1dqpDmudjMUi1TQm00VhyrFO8Dgc3GOSEs1HBoBIZv6KyQBMMNpEWDYhuLMnz4N3Wr2outdnlXqtSKOE9tEBOkYuOkd1dIUayEMEPaJn9IrerCfrxXq3PqatC1Yxs4f+yPr8Aa88nJU=</latexit><latexit sha1_base64="1oXajJc8aYbu64IYkWuHL86T1O0=">AAACDnicbZC9TsMwFIUdfkv5CzCyWFQgFqoEIVG2SiyMRSK0UlOqG9dprTqJZTuIKsobsPAqLAyAWJnZeBvcNgO0HMnSp3Pv1fU9geBMacf5thYWl5ZXVktr5fWNza1te2f3ViWpJNQjCU9kKwBFOYupp5nmtCUkhSjgtBkML8f15j2ViiXxjR4J2omgH7OQEdDG6tpHxAchZPLghxJIFt1lPnAxgBM3zwvEhrt2xak6E+F5cAuooEKNrv3l9xKSRjTWhINSbdcRupOB1Ixwmpf9VFEBZAh92jYYQ0RVJ5vck+ND4/RwmEjzYo0n7u+JDCKlRlFgOiPQAzVbG5v/1dqpDmudjMUi1TQm00VhyrFO8Dgc3GOSEs1HBoBIZv6KyQBMMNpEWDYhuLMnz4N3Wr2outdnlXqtSKOE9tEBOkYuOkd1dIUayEMEPaJn9IrerCfrxXq3PqatC1Yxs4f+yPr8Aa88nJU=</latexit><latexit sha1_base64="1oXajJc8aYbu64IYkWuHL86T1O0=">AAACDnicbZC9TsMwFIUdfkv5CzCyWFQgFqoEIVG2SiyMRSK0UlOqG9dprTqJZTuIKsobsPAqLAyAWJnZeBvcNgO0HMnSp3Pv1fU9geBMacf5thYWl5ZXVktr5fWNza1te2f3ViWpJNQjCU9kKwBFOYupp5nmtCUkhSjgtBkML8f15j2ViiXxjR4J2omgH7OQEdDG6tpHxAchZPLghxJIFt1lPnAxgBM3zwvEhrt2xak6E+F5cAuooEKNrv3l9xKSRjTWhINSbdcRupOB1Ixwmpf9VFEBZAh92jYYQ0RVJ5vck+ND4/RwmEjzYo0n7u+JDCKlRlFgOiPQAzVbG5v/1dqpDmudjMUi1TQm00VhyrFO8Dgc3GOSEs1HBoBIZv6KyQBMMNpEWDYhuLMnz4N3Wr2outdnlXqtSKOE9tEBOkYuOkd1dIUayEMEPaJn9IrerCfrxXq3PqatC1Yxs4f+yPr8Aa88nJU=</latexit>

Z 1

K
P (k0)dk0 = c(↵� 1)K1�↵ =

⇣m
K

⌘↵�1
=

1

N
<latexit sha1_base64="YaQgtYUWv2UppyQf/FFbNjXCDAM="></latexit><latexit sha1_base64="YaQgtYUWv2UppyQf/FFbNjXCDAM="></latexit><latexit sha1_base64="YaQgtYUWv2UppyQf/FFbNjXCDAM="></latexit><latexit sha1_base64="YaQgtYUWv2UppyQf/FFbNjXCDAM="></latexit>

K = mN1/(↵�1)
<latexit sha1_base64="wnyUQXXVkZRsLxr7psXydid8yn0=">AAACAHicbVBNS8NAEN3Ur1q/ol4EL4tFqAdrIoL1IBS8CIJUMLbQxrLZbtqlm03Y3QglxIt/xYsHFa/+DG/+GzdtDtr6YODx3gwz87yIUaks69sozM0vLC4Vl0srq2vrG+bm1p0MY4GJg0MWipaHJGGUE0dRxUgrEgQFHiNNb3iR+c0HIiQN+a0aRcQNUJ9Tn2KktNQ1d67gOQyS6/Q+sY8qHcSiATq0D9JS1yxbVWsMOEvsnJRBjkbX/Or0QhwHhCvMkJRt24qUmyChKGYkLXViSSKEh6hP2ppyFBDpJuMPUrivlR70Q6GLKzhWf08kKJByFHi6M0BqIKe9TPzPa8fKr7kJ5VGsCMeTRX7MoAphFgfsUUGwYiNNEBZU3wrxAAmElQ4tC8GefnmWOMfVs6p9c1Ku1/I0imAX7IEKsMEpqINL0AAOwOARPINX8GY8GS/Gu/ExaS0Y+cw2+APj8wfFMZSx</latexit><latexit sha1_base64="wnyUQXXVkZRsLxr7psXydid8yn0=">AAACAHicbVBNS8NAEN3Ur1q/ol4EL4tFqAdrIoL1IBS8CIJUMLbQxrLZbtqlm03Y3QglxIt/xYsHFa/+DG/+GzdtDtr6YODx3gwz87yIUaks69sozM0vLC4Vl0srq2vrG+bm1p0MY4GJg0MWipaHJGGUE0dRxUgrEgQFHiNNb3iR+c0HIiQN+a0aRcQNUJ9Tn2KktNQ1d67gOQyS6/Q+sY8qHcSiATq0D9JS1yxbVWsMOEvsnJRBjkbX/Or0QhwHhCvMkJRt24qUmyChKGYkLXViSSKEh6hP2ppyFBDpJuMPUrivlR70Q6GLKzhWf08kKJByFHi6M0BqIKe9TPzPa8fKr7kJ5VGsCMeTRX7MoAphFgfsUUGwYiNNEBZU3wrxAAmElQ4tC8GefnmWOMfVs6p9c1Ku1/I0imAX7IEKsMEpqINL0AAOwOARPINX8GY8GS/Gu/ExaS0Y+cw2+APj8wfFMZSx</latexit><latexit sha1_base64="wnyUQXXVkZRsLxr7psXydid8yn0=">AAACAHicbVBNS8NAEN3Ur1q/ol4EL4tFqAdrIoL1IBS8CIJUMLbQxrLZbtqlm03Y3QglxIt/xYsHFa/+DG/+GzdtDtr6YODx3gwz87yIUaks69sozM0vLC4Vl0srq2vrG+bm1p0MY4GJg0MWipaHJGGUE0dRxUgrEgQFHiNNb3iR+c0HIiQN+a0aRcQNUJ9Tn2KktNQ1d67gOQyS6/Q+sY8qHcSiATq0D9JS1yxbVWsMOEvsnJRBjkbX/Or0QhwHhCvMkJRt24qUmyChKGYkLXViSSKEh6hP2ppyFBDpJuMPUrivlR70Q6GLKzhWf08kKJByFHi6M0BqIKe9TPzPa8fKr7kJ5VGsCMeTRX7MoAphFgfsUUGwYiNNEBZU3wrxAAmElQ4tC8GefnmWOMfVs6p9c1Ku1/I0imAX7IEKsMEpqINL0AAOwOARPINX8GY8GS/Gu/ExaS0Y+cw2+APj8wfFMZSx</latexit><latexit sha1_base64="wnyUQXXVkZRsLxr7psXydid8yn0=">AAACAHicbVBNS8NAEN3Ur1q/ol4EL4tFqAdrIoL1IBS8CIJUMLbQxrLZbtqlm03Y3QglxIt/xYsHFa/+DG/+GzdtDtr6YODx3gwz87yIUaks69sozM0vLC4Vl0srq2vrG+bm1p0MY4GJg0MWipaHJGGUE0dRxUgrEgQFHiNNb3iR+c0HIiQN+a0aRcQNUJ9Tn2KktNQ1d67gOQyS6/Q+sY8qHcSiATq0D9JS1yxbVWsMOEvsnJRBjkbX/Or0QhwHhCvMkJRt24qUmyChKGYkLXViSSKEh6hP2ppyFBDpJuMPUrivlR70Q6GLKzhWf08kKJByFHi6M0BqIKe9TPzPa8fKr7kJ5VGsCMeTRX7MoAphFgfsUUGwYiNNEBZU3wrxAAmElQ4tC8GefnmWOMfVs6p9c1Ku1/I0imAX7IEKsMEpqINL0AAOwOARPINX8GY8GS/Gu/ExaS0Y+cw2+APj8wfFMZSx</latexit>

Hence K → ∞  as  N → ∞. 



Random failures in random graphs 

with power-law degree distribution

P (k0) = ck�↵
0 , k0 = m,m+ 1, . . . ,K

<latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit>

0 =
hk20i
hk0i

=
(3� ↵)

(2� ↵)

[K3�↵ �m3�↵]

[K2�↵ �m2�↵]
<latexit sha1_base64="+EM/WtBsihWbkkoPfmrzpDOWDQo="></latexit><latexit sha1_base64="+EM/WtBsihWbkkoPfmrzpDOWDQo="></latexit><latexit sha1_base64="+EM/WtBsihWbkkoPfmrzpDOWDQo="></latexit><latexit sha1_base64="+EM/WtBsihWbkkoPfmrzpDOWDQo="></latexit>

pc = 1� 1

0 � 1
<latexit sha1_base64="IgnkHXAERTXhKKhS2Hmu67wurZY="></latexit><latexit sha1_base64="IgnkHXAERTXhKKhS2Hmu67wurZY="></latexit><latexit sha1_base64="IgnkHXAERTXhKKhS2Hmu67wurZY="></latexit><latexit sha1_base64="IgnkHXAERTXhKKhS2Hmu67wurZY="></latexit>



Random failures in random graphs 

with power-law degree distribution

P (k0) = ck�↵
0 , k0 = m,m+ 1, . . . ,K

<latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit>

0 =
hk20i
hk0i

=
(3� ↵)

(2� ↵)

[K3�↵ �m3�↵]

[K2�↵ �m2�↵]
<latexit sha1_base64="+EM/WtBsihWbkkoPfmrzpDOWDQo="></latexit><latexit sha1_base64="+EM/WtBsihWbkkoPfmrzpDOWDQo="></latexit><latexit sha1_base64="+EM/WtBsihWbkkoPfmrzpDOWDQo="></latexit><latexit sha1_base64="+EM/WtBsihWbkkoPfmrzpDOWDQo="></latexit>

K ! 1

0 ⇡
����
3� ↵

2� ↵

����

8
><

>:

m, ↵ > 3

m↵�2K3�↵, 2 < ↵ < 3

K, 1 < ↵ < 2.
<latexit sha1_base64="Pl3Ts0JNEEtWfDaHONVuqapO/8U="></latexit><latexit sha1_base64="Pl3Ts0JNEEtWfDaHONVuqapO/8U="></latexit><latexit sha1_base64="Pl3Ts0JNEEtWfDaHONVuqapO/8U="></latexit><latexit sha1_base64="Pl3Ts0JNEEtWfDaHONVuqapO/8U="></latexit>

pc = 1� 1

0 � 1
<latexit sha1_base64="IgnkHXAERTXhKKhS2Hmu67wurZY="></latexit><latexit sha1_base64="IgnkHXAERTXhKKhS2Hmu67wurZY="></latexit><latexit sha1_base64="IgnkHXAERTXhKKhS2Hmu67wurZY="></latexit><latexit sha1_base64="IgnkHXAERTXhKKhS2Hmu67wurZY="></latexit>



Random failures in random graphs 

with power-law degree distribution

P (k0) = ck�↵
0 , k0 = m,m+ 1, . . . ,K

<latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit>

0 =
hk20i
hk0i

=
(3� ↵)

(2� ↵)

[K3�↵ �m3�↵]

[K2�↵ �m2�↵]
<latexit sha1_base64="+EM/WtBsihWbkkoPfmrzpDOWDQo="></latexit><latexit sha1_base64="+EM/WtBsihWbkkoPfmrzpDOWDQo="></latexit><latexit sha1_base64="+EM/WtBsihWbkkoPfmrzpDOWDQo="></latexit><latexit sha1_base64="+EM/WtBsihWbkkoPfmrzpDOWDQo="></latexit>

K ! 1

0 ⇡
����
3� ↵

2� ↵

����

8
><

>:

m, ↵ > 3

m↵�2K3�↵, 2 < ↵ < 3

K, 1 < ↵ < 2.
<latexit sha1_base64="Pl3Ts0JNEEtWfDaHONVuqapO/8U="></latexit><latexit sha1_base64="Pl3Ts0JNEEtWfDaHONVuqapO/8U="></latexit><latexit sha1_base64="Pl3Ts0JNEEtWfDaHONVuqapO/8U="></latexit><latexit sha1_base64="Pl3Ts0JNEEtWfDaHONVuqapO/8U="></latexit>

pc = 1� 1

0 � 1
<latexit sha1_base64="IgnkHXAERTXhKKhS2Hmu67wurZY="></latexit><latexit sha1_base64="IgnkHXAERTXhKKhS2Hmu67wurZY="></latexit><latexit sha1_base64="IgnkHXAERTXhKKhS2Hmu67wurZY="></latexit><latexit sha1_base64="IgnkHXAERTXhKKhS2Hmu67wurZY="></latexit>

pc = 1� ↵� 2

(↵� 3)m� (↵� 2)
< 1, ↵ > 3

<latexit sha1_base64="2yVrNhQIQuK4Ehn0FgRIj4DPxXA="></latexit><latexit sha1_base64="2yVrNhQIQuK4Ehn0FgRIj4DPxXA="></latexit><latexit sha1_base64="2yVrNhQIQuK4Ehn0FgRIj4DPxXA="></latexit><latexit sha1_base64="2yVrNhQIQuK4Ehn0FgRIj4DPxXA="></latexit>

pc = 1� ↵� 2

(3� ↵)m↵�2K3�↵ � (↵� 2)
! 1 as K ! 1, 2 < ↵ < 3

<latexit sha1_base64="3XB/3GoFv/R0Fx4MfojuRuv+g+4="></latexit><latexit sha1_base64="3XB/3GoFv/R0Fx4MfojuRuv+g+4="></latexit><latexit sha1_base64="3XB/3GoFv/R0Fx4MfojuRuv+g+4="></latexit><latexit sha1_base64="3XB/3GoFv/R0Fx4MfojuRuv+g+4="></latexit>



Random failures in random graphs 

with power-law degree distribution

P (k0) = ck�↵
0 , k0 = m,m+ 1, . . . ,K

<latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit>

0 =
hk20i
hk0i

=
(3� ↵)

(2� ↵)

[K3�↵ �m3�↵]

[K2�↵ �m2�↵]
<latexit sha1_base64="+EM/WtBsihWbkkoPfmrzpDOWDQo="></latexit><latexit sha1_base64="+EM/WtBsihWbkkoPfmrzpDOWDQo="></latexit><latexit sha1_base64="+EM/WtBsihWbkkoPfmrzpDOWDQo="></latexit><latexit sha1_base64="+EM/WtBsihWbkkoPfmrzpDOWDQo="></latexit>

K ! 1

0 ⇡
����
3� ↵

2� ↵

����

8
><

>:

m, ↵ > 3

m↵�2K3�↵, 2 < ↵ < 3

K, 1 < ↵ < 2.
<latexit sha1_base64="Pl3Ts0JNEEtWfDaHONVuqapO/8U="></latexit><latexit sha1_base64="Pl3Ts0JNEEtWfDaHONVuqapO/8U="></latexit><latexit sha1_base64="Pl3Ts0JNEEtWfDaHONVuqapO/8U="></latexit><latexit sha1_base64="Pl3Ts0JNEEtWfDaHONVuqapO/8U="></latexit>

pc = 1� 1

0 � 1
<latexit sha1_base64="IgnkHXAERTXhKKhS2Hmu67wurZY="></latexit><latexit sha1_base64="IgnkHXAERTXhKKhS2Hmu67wurZY="></latexit><latexit sha1_base64="IgnkHXAERTXhKKhS2Hmu67wurZY="></latexit><latexit sha1_base64="IgnkHXAERTXhKKhS2Hmu67wurZY="></latexit>

pc = 1� ↵� 2

(↵� 3)m� (↵� 2)
< 1, ↵ > 3

<latexit sha1_base64="2yVrNhQIQuK4Ehn0FgRIj4DPxXA="></latexit><latexit sha1_base64="2yVrNhQIQuK4Ehn0FgRIj4DPxXA="></latexit><latexit sha1_base64="2yVrNhQIQuK4Ehn0FgRIj4DPxXA="></latexit><latexit sha1_base64="2yVrNhQIQuK4Ehn0FgRIj4DPxXA="></latexit>

pc = 1� ↵� 2

(3� ↵)m↵�2K3�↵ � (↵� 2)
! 1 as K ! 1, 2 < ↵ < 3

<latexit sha1_base64="3XB/3GoFv/R0Fx4MfojuRuv+g+4="></latexit><latexit sha1_base64="3XB/3GoFv/R0Fx4MfojuRuv+g+4="></latexit><latexit sha1_base64="3XB/3GoFv/R0Fx4MfojuRuv+g+4="></latexit><latexit sha1_base64="3XB/3GoFv/R0Fx4MfojuRuv+g+4="></latexit>

Most real-world networks:

2 < ↵ < 3
<latexit sha1_base64="hWfxgVp6lKLxTMZxOoBtVlMoOCo=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFZI09AFdFNy4rGBsIQ1lMp20QyeTMDMRSuhnuHGh4ta/ceffOGkrqOiBC4dz7uXee8KUUaks68MobWxube+Udyt7+weHR9XjkzuZZAITDycsEYMQScIoJ56iipFBKgiKQ0b64eyq8Pv3REia8Fs1T0kQowmnEcVIacl3OkPE0inq1Cujas0y262G4zagZVpW03bsgjhNt+5CWysFamCN3qj6PhwnOIsJV5ghKX3bSlWQI6EoZmRRGWaSpAjP0IT4mnIUExnky5MX8EIrYxglQhdXcKl+n8hRLOU8DnVnjNRU/vYK8S/Pz1TUCnLK00wRjleLooxBlcDifzimgmDF5pogLKi+FeIpEggrnVIRwten8H/iOWbbtG/cWre1TqMMzsA5uAQ2aIIuuAY94AEMEvAAnsCzoYxH48V4XbWWjPXMKfgB4+0TdqyQPQ==</latexit><latexit sha1_base64="hWfxgVp6lKLxTMZxOoBtVlMoOCo=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFZI09AFdFNy4rGBsIQ1lMp20QyeTMDMRSuhnuHGh4ta/ceffOGkrqOiBC4dz7uXee8KUUaks68MobWxube+Udyt7+weHR9XjkzuZZAITDycsEYMQScIoJ56iipFBKgiKQ0b64eyq8Pv3REia8Fs1T0kQowmnEcVIacl3OkPE0inq1Cujas0y262G4zagZVpW03bsgjhNt+5CWysFamCN3qj6PhwnOIsJV5ghKX3bSlWQI6EoZmRRGWaSpAjP0IT4mnIUExnky5MX8EIrYxglQhdXcKl+n8hRLOU8DnVnjNRU/vYK8S/Pz1TUCnLK00wRjleLooxBlcDifzimgmDF5pogLKi+FeIpEggrnVIRwten8H/iOWbbtG/cWre1TqMMzsA5uAQ2aIIuuAY94AEMEvAAnsCzoYxH48V4XbWWjPXMKfgB4+0TdqyQPQ==</latexit><latexit sha1_base64="hWfxgVp6lKLxTMZxOoBtVlMoOCo=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFZI09AFdFNy4rGBsIQ1lMp20QyeTMDMRSuhnuHGh4ta/ceffOGkrqOiBC4dz7uXee8KUUaks68MobWxube+Udyt7+weHR9XjkzuZZAITDycsEYMQScIoJ56iipFBKgiKQ0b64eyq8Pv3REia8Fs1T0kQowmnEcVIacl3OkPE0inq1Cujas0y262G4zagZVpW03bsgjhNt+5CWysFamCN3qj6PhwnOIsJV5ghKX3bSlWQI6EoZmRRGWaSpAjP0IT4mnIUExnky5MX8EIrYxglQhdXcKl+n8hRLOU8DnVnjNRU/vYK8S/Pz1TUCnLK00wRjleLooxBlcDifzimgmDF5pogLKi+FeIpEggrnVIRwten8H/iOWbbtG/cWre1TqMMzsA5uAQ2aIIuuAY94AEMEvAAnsCzoYxH48V4XbWWjPXMKfgB4+0TdqyQPQ==</latexit><latexit sha1_base64="hWfxgVp6lKLxTMZxOoBtVlMoOCo=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFZI09AFdFNy4rGBsIQ1lMp20QyeTMDMRSuhnuHGh4ta/ceffOGkrqOiBC4dz7uXee8KUUaks68MobWxube+Udyt7+weHR9XjkzuZZAITDycsEYMQScIoJ56iipFBKgiKQ0b64eyq8Pv3REia8Fs1T0kQowmnEcVIacl3OkPE0inq1Cujas0y262G4zagZVpW03bsgjhNt+5CWysFamCN3qj6PhwnOIsJV5ghKX3bSlWQI6EoZmRRGWaSpAjP0IT4mnIUExnky5MX8EIrYxglQhdXcKl+n8hRLOU8DnVnjNRU/vYK8S/Pz1TUCnLK00wRjleLooxBlcDifzimgmDF5pogLKi+FeIpEggrnVIRwten8H/iOWbbtG/cWre1TqMMzsA5uAQ2aIIuuAY94AEMEvAAnsCzoYxH48V4XbWWjPXMKfgB4+0TdqyQPQ==</latexit>

Hence 0 ! 1 as K ! 1
<latexit sha1_base64="FpqQ4zFgdPsV/ulswv9kXF9ef4A="></latexit><latexit sha1_base64="FpqQ4zFgdPsV/ulswv9kXF9ef4A="></latexit><latexit sha1_base64="FpqQ4zFgdPsV/ulswv9kXF9ef4A="></latexit><latexit sha1_base64="FpqQ4zFgdPsV/ulswv9kXF9ef4A="></latexit>



Random failures in random graphs 

with power-law degree distribution

P (k0) = ck�↵
0 , k0 = m,m+ 1, . . . ,K

<latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit><latexit sha1_base64="d79U1xLSOHpbWnRCVYFEoWiR1UQ=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUrGWmCNaFUHAjuKlgbaFTy51M2oYmM2OSEcrQ/3Djr7hxoeJO3Pg3po+Fth643MM595Lc40WcKW3b31ZqYXFpeSW9mllb39jcym7v3KowloTWSMhD2fBAUc4CWtNMc9qIJAXhcVr3+hcjv/5ApWJhcKMHEW0J6AaswwhoI7WzpWq+37YP8Tkmpt8lxy7wqAfDgnsfg4+NZixREEdOweV+qFXhqp3N2UV7DDxPnCnJoSmq7eyn64ckFjTQhINSTceOdCsBqRnhdJhxY0UjIH3o0qahAQiqWsn4tiE+MIqPO6E0FWg8Vn9vJCCUGgjPTArQPTXrjcT/vGasO+VWwoIo1jQgk4c6Mcc6xKOgsM8kJZoPDAEimfkrJj2QQLSJM2NCcGZPnie1UvGs6Fyf5CrlaRpptIf2UR456BRV0CWqohoi6BE9o1f0Zj1ZL9a79TEZTVnTnV30B9bXD1sanhQ=</latexit>

pc = 1� 1

0 � 1
<latexit sha1_base64="IgnkHXAERTXhKKhS2Hmu67wurZY="></latexit><latexit sha1_base64="IgnkHXAERTXhKKhS2Hmu67wurZY="></latexit><latexit sha1_base64="IgnkHXAERTXhKKhS2Hmu67wurZY="></latexit><latexit sha1_base64="IgnkHXAERTXhKKhS2Hmu67wurZY="></latexit>

Most real-world networks: 2 < ↵ < 3
<latexit sha1_base64="hWfxgVp6lKLxTMZxOoBtVlMoOCo=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFZI09AFdFNy4rGBsIQ1lMp20QyeTMDMRSuhnuHGh4ta/ceffOGkrqOiBC4dz7uXee8KUUaks68MobWxube+Udyt7+weHR9XjkzuZZAITDycsEYMQScIoJ56iipFBKgiKQ0b64eyq8Pv3REia8Fs1T0kQowmnEcVIacl3OkPE0inq1Cujas0y262G4zagZVpW03bsgjhNt+5CWysFamCN3qj6PhwnOIsJV5ghKX3bSlWQI6EoZmRRGWaSpAjP0IT4mnIUExnky5MX8EIrYxglQhdXcKl+n8hRLOU8DnVnjNRU/vYK8S/Pz1TUCnLK00wRjleLooxBlcDifzimgmDF5pogLKi+FeIpEggrnVIRwten8H/iOWbbtG/cWre1TqMMzsA5uAQ2aIIuuAY94AEMEvAAnsCzoYxH48V4XbWWjPXMKfgB4+0TdqyQPQ==</latexit><latexit sha1_base64="hWfxgVp6lKLxTMZxOoBtVlMoOCo=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFZI09AFdFNy4rGBsIQ1lMp20QyeTMDMRSuhnuHGh4ta/ceffOGkrqOiBC4dz7uXee8KUUaks68MobWxube+Udyt7+weHR9XjkzuZZAITDycsEYMQScIoJ56iipFBKgiKQ0b64eyq8Pv3REia8Fs1T0kQowmnEcVIacl3OkPE0inq1Cujas0y262G4zagZVpW03bsgjhNt+5CWysFamCN3qj6PhwnOIsJV5ghKX3bSlWQI6EoZmRRGWaSpAjP0IT4mnIUExnky5MX8EIrYxglQhdXcKl+n8hRLOU8DnVnjNRU/vYK8S/Pz1TUCnLK00wRjleLooxBlcDifzimgmDF5pogLKi+FeIpEggrnVIRwten8H/iOWbbtG/cWre1TqMMzsA5uAQ2aIIuuAY94AEMEvAAnsCzoYxH48V4XbWWjPXMKfgB4+0TdqyQPQ==</latexit><latexit sha1_base64="hWfxgVp6lKLxTMZxOoBtVlMoOCo=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFZI09AFdFNy4rGBsIQ1lMp20QyeTMDMRSuhnuHGh4ta/ceffOGkrqOiBC4dz7uXee8KUUaks68MobWxube+Udyt7+weHR9XjkzuZZAITDycsEYMQScIoJ56iipFBKgiKQ0b64eyq8Pv3REia8Fs1T0kQowmnEcVIacl3OkPE0inq1Cujas0y262G4zagZVpW03bsgjhNt+5CWysFamCN3qj6PhwnOIsJV5ghKX3bSlWQI6EoZmRRGWaSpAjP0IT4mnIUExnky5MX8EIrYxglQhdXcKl+n8hRLOU8DnVnjNRU/vYK8S/Pz1TUCnLK00wRjleLooxBlcDifzimgmDF5pogLKi+FeIpEggrnVIRwten8H/iOWbbtG/cWre1TqMMzsA5uAQ2aIIuuAY94AEMEvAAnsCzoYxH48V4XbWWjPXMKfgB4+0TdqyQPQ==</latexit><latexit sha1_base64="hWfxgVp6lKLxTMZxOoBtVlMoOCo=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFZI09AFdFNy4rGBsIQ1lMp20QyeTMDMRSuhnuHGh4ta/ceffOGkrqOiBC4dz7uXee8KUUaks68MobWxube+Udyt7+weHR9XjkzuZZAITDycsEYMQScIoJ56iipFBKgiKQ0b64eyq8Pv3REia8Fs1T0kQowmnEcVIacl3OkPE0inq1Cujas0y262G4zagZVpW03bsgjhNt+5CWysFamCN3qj6PhwnOIsJV5ghKX3bSlWQI6EoZmRRGWaSpAjP0IT4mnIUExnky5MX8EIrYxglQhdXcKl+n8hRLOU8DnVnjNRU/vYK8S/Pz1TUCnLK00wRjleLooxBlcDifzimgmDF5pogLKi+FeIpEggrnVIRwten8H/iOWbbtG/cWre1TqMMzsA5uAQ2aIIuuAY94AEMEvAAnsCzoYxH48V4XbWWjPXMKfgB4+0TdqyQPQ==</latexit>

Hence 𝜅0 → ∞  as  K → ∞ which is 

caused by N → ∞. 

Ratio of fractions in giant component



• The failure probability is allowed to depend on 
degree: the probability that a vertex of degree k 
survives (is occupied) is qk. 
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• The failure probability is allowed to depend on 
degree: the probability that a vertex of degree k 
survives (is occupied) is qk. 


• Note that if qk = q for all k, then q = 1 - p from Cohen 
et al.


• Method of generating functions is used. Result 
from Cohen et al. is rederived and refined.
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• The failure probability is allowed to depend on 
degree: the probability that a vertex of degree k 
survives (is occupied) is qk. 


• Note that if qk = q for all k, then q = 1 - p from Cohen 
et al.


• Method of generating functions is used. Result 
from Cohen et al. is rederived and refined.


• Disappearance of the giant component is shown 
for targeted attack removing highest degree nodes. 

Callaway, Newman, Strogatz, Watts (2000)
Percolation on random graphs



Spread of epidemic disease on network
M. Newman (2002)

SIR model: Susceptible → Infecting → Removed 

(L. Reed, W. H. Frost, 1920s, unpublished)

ds

dt
= ��is,

di

dt
= �is� �i,

dr

dt
= �i

<latexit sha1_base64="Cte8/i8o2jhNH8dYlbYDJpIewXQ="></latexit><latexit sha1_base64="Cte8/i8o2jhNH8dYlbYDJpIewXQ="></latexit><latexit sha1_base64="Cte8/i8o2jhNH8dYlbYDJpIewXQ="></latexit><latexit sha1_base64="Cte8/i8o2jhNH8dYlbYDJpIewXQ="></latexit>

s+ i+ r = 1
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r = rate of disease-causing contacts

𝜏 = duration of being infecting 

T = 1� e�r⌧ = transmission rate
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Grassberger (1983): Mapping on the bond percolation problem: 

each edge is transmitting with probability T.



Epidemic
A smaller outbreak



G1(x;T ) = G1(1 + (x� 1)T )

= generating function for distribution of transmitting edges adjacent to a node

arrived at by a randomly chosen edge
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G0(x) =
1X

k=0

pkx
k = generating function for degree distribution

G1(x) =
1X

k=0

qkx
k =

1X

k=0

(k + 1)pk+1P1
j=0 jpj

xk =
G0

0(x)

z

= generating function for the excess degree distribution
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G0(x;T ) =
1X

m=0

1X

k=m

pk
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Tm(1� T )k�mxm

=
1X

k=0

pk

kX

m=0

✓
k
m

◆
(xT )m(1� T )k�m

=
1X

k=0

pk(1� T + xT )k = G0(1 + (x� 1)T )

= generating function for distribution of transmitting edges adjacent to a node
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Ps(T ) =
1

s!

d
s
H0

dxs

����
x=0

=
1

2⇡i

I
H0(⇣;T )

⇣s+1
d⇣

= probability that transmitting cluster has size s
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H
0
1(1;T ) = 1 +G

0
1(1;T )H

0
1(1;T ) =

1

1�G
0
1(1;T )

<latexit sha1_base64="du0QvVMJcwKBgciRW3kIVqKwy14=">AAACInicbVDLSgMxFM3UV62vqks3wSJWxDIRwaoIBRd2WaG1hXYYMmnGhmYyQ5IRytB/ceOvuHHhayX4MaYPpbYeuHByzr3k3uNFnClt259Wam5+YXEpvZxZWV1b38hubt2qMJaE1kjIQ9nwsKKcCVrTTHPaiCTFgcdp3eteDfz6PZWKhaKqexF1AnwnmM8I1kZys+dlF+3n0UX1AF5CBA/h9c970mj5EpME9RN09Ov33WzOLthDwFmCxiQHxqi42fdWOyRxQIUmHCvVRHaknQRLzQin/UwrVjTCpIvvaNNQgQOqnGR4Yx/uGaUN/VCaEhoO1cmJBAdK9QLPdAZYd9S0NxD/85qx9otOwkQUayrI6CM/5lCHcBAYbDNJieY9QzCRzOwKSQebPLSJNWNCQNMnz5LaceGsgG5OcqXiOI002AG7IA8QOAUlUAYVUAMEPIAn8AJerUfr2XqzPkatKWs8sw3+wPr6BnI6nQQ=</latexit><latexit sha1_base64="du0QvVMJcwKBgciRW3kIVqKwy14=">AAACInicbVDLSgMxFM3UV62vqks3wSJWxDIRwaoIBRd2WaG1hXYYMmnGhmYyQ5IRytB/ceOvuHHhayX4MaYPpbYeuHByzr3k3uNFnClt259Wam5+YXEpvZxZWV1b38hubt2qMJaE1kjIQ9nwsKKcCVrTTHPaiCTFgcdp3eteDfz6PZWKhaKqexF1AnwnmM8I1kZys+dlF+3n0UX1AF5CBA/h9c970mj5EpME9RN09Ov33WzOLthDwFmCxiQHxqi42fdWOyRxQIUmHCvVRHaknQRLzQin/UwrVjTCpIvvaNNQgQOqnGR4Yx/uGaUN/VCaEhoO1cmJBAdK9QLPdAZYd9S0NxD/85qx9otOwkQUayrI6CM/5lCHcBAYbDNJieY9QzCRzOwKSQebPLSJNWNCQNMnz5LaceGsgG5OcqXiOI002AG7IA8QOAUlUAYVUAMEPIAn8AJerUfr2XqzPkatKWs8sw3+wPr6BnI6nQQ=</latexit><latexit sha1_base64="du0QvVMJcwKBgciRW3kIVqKwy14=">AAACInicbVDLSgMxFM3UV62vqks3wSJWxDIRwaoIBRd2WaG1hXYYMmnGhmYyQ5IRytB/ceOvuHHhayX4MaYPpbYeuHByzr3k3uNFnClt259Wam5+YXEpvZxZWV1b38hubt2qMJaE1kjIQ9nwsKKcCVrTTHPaiCTFgcdp3eteDfz6PZWKhaKqexF1AnwnmM8I1kZys+dlF+3n0UX1AF5CBA/h9c970mj5EpME9RN09Ov33WzOLthDwFmCxiQHxqi42fdWOyRxQIUmHCvVRHaknQRLzQin/UwrVjTCpIvvaNNQgQOqnGR4Yx/uGaUN/VCaEhoO1cmJBAdK9QLPdAZYd9S0NxD/85qx9otOwkQUayrI6CM/5lCHcBAYbDNJieY9QzCRzOwKSQebPLSJNWNCQNMnz5LaceGsgG5OcqXiOI002AG7IA8QOAUlUAYVUAMEPIAn8AJerUfr2XqzPkatKWs8sw3+wPr6BnI6nQQ=</latexit><latexit sha1_base64="du0QvVMJcwKBgciRW3kIVqKwy14=">AAACInicbVDLSgMxFM3UV62vqks3wSJWxDIRwaoIBRd2WaG1hXYYMmnGhmYyQ5IRytB/ceOvuHHhayX4MaYPpbYeuHByzr3k3uNFnClt259Wam5+YXEpvZxZWV1b38hubt2qMJaE1kjIQ9nwsKKcCVrTTHPaiCTFgcdp3eteDfz6PZWKhaKqexF1AnwnmM8I1kZys+dlF+3n0UX1AF5CBA/h9c970mj5EpME9RN09Ov33WzOLthDwFmCxiQHxqi42fdWOyRxQIUmHCvVRHaknQRLzQin/UwrVjTCpIvvaNNQgQOqnGR4Yx/uGaUN/VCaEhoO1cmJBAdK9QLPdAZYd9S0NxD/85qx9otOwkQUayrI6CM/5lCHcBAYbDNJieY9QzCRzOwKSQebPLSJNWNCQNMnz5LaceGsgG5OcqXiOI002AG7IA8QOAUlUAYVUAMEPIAn8AJerUfr2XqzPkatKWs8sw3+wPr6BnI6nQQ=</latexit>

Tc =
1

G0
1(1)

=
G0

0(1)

G00
0(1)

=

P1
k=1 kpkP1

k=1 k(k � 1)pk
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• for T >Tc we have a giant component connected by transmitting edges (an epidemic); 

• for T < Tc all components are small (no epidemic).

Critical transmission: 

Recipe for finding the distribution of 
cluster sizes numerically

H1(x;T ) = xG1(H1(x;T );T ) = generating function for the size of

transmitting cluster reached from a randomly chosen edge

H0(x;T ) = xG0(H1(x;T );T ) = generating function for the size of

transmitting cluster reached from a randomly chosen vertex
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hsi = H
0
0(1;T ) = 1 +G

0
0(1;T )H

0
1(1;T )

= average outbreak size
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hsi = H
0
0(1;T ) = 1 +

G
0
0(1;T )

1�G
0
1(1;T )

= 1 +
TG

0
0(1)

1� TG
0
1(1)

= average outbreak size
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If T is below the 
epidemic threshold



Critical transmission probability for 

power law degree distribution

pk =
k�↵

⇣(↵)
, ⇣(↵) =

1X

k=1

k�↵ = Riemann zeta function
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Tc =

P1
k=1 kpkP1

k=1 k(k � 1)pk
=

⇣(↵� 1)

⇣(↵� 2)� ⇣(↵� 1)
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• If 𝛼 ≤ 3 then Tc = 0, hence, there is 
always an epidemic.


• If  3 < 𝛼 < 𝛼c ≈ 3.4788, then 0 < Tc < 1, 
hence, there is epidemic threshold.


• If 𝛼 ≥ 𝛼c ≈ 3.4788, no epidemic can 
occur unless T = 1.



• For T>Tc, we redefine H0 as the generating function for outbreaks other than 
the giant component. 


• Note: we cannot use H0 for the giant cluster as the “no loop” assumption no 
longer holds.

H0(1;T ) =
1X

s=1

Ps(T ) = 1� S(T ), S(T ) = fraction in the giant component
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H0(1;T ) = G0(u;T ), where u = H1(1;T )

H1(1;T ) = G1(H1(1;T );T ), hence we get an equation for u : u = G1(u;T )
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The quantity u is the probability that the vertex at the end of a randomly chosen edge remains 
uninfected during an epidemic 􏱳i.e., that it belongs to one of the finite components􏱠. 




G0, G1, u, and S for 

power law degree distribution
function SIR()

close all
fsz = 16;

% power law degree distribution p_k = k^(-a)/zeta(a)
a = 2.5;

G0 = @(x)polylog(a,x)/polylog(a,1);

G1 = @(x)polylog(a-1,x)./(x*polylog(a-1,1));

x=linspace(0,1,100);

%
figure(1);

hold on;

grid;

plot(x,G0(x),'Linewidth',2)

plot(x,G1(x),'Linewidth',2)

legend('G_0(x)','G_1(x)');

xlabel('x','Fontsize',fsz);

set(gca,'Fontsize',fsz)

%
% critical transissibility = 0, hence, there is always an epidemic
nt = 100;

t = linspace(0,1,nt); % transimissibility
u = zeros(nt,1);

S = zeros(nt,1);

for i = 1 : nt

    T = t(i);

    u(i) = fzero(@(x)G1(1-T+T*x)-x,0.3);

    S(i) = 1 - G0(1-T+T*u(i));

end
figure(2);

hold on;

grid;

plot(t,u,'Linewidth',2)

plot(t,S,'Linewidth',2)

legend('u','S');

xlabel('T','Fontsize',fsz);

set(gca,'Fontsize',fsz)

end
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u = probability 
that a vertex at 

the end of a 

random edge 

stays uninfected 
duding the 
epidemic;


S = fraction in the 
giant component.

Li↵(x) =
1X

k=1

xk

k↵
= polylogarithm
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G0 =
Li↵(x)

Li↵(1)
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G1 =
G0

0(x)

G0
0(1)

=
Li↵�1(x)

xLi↵�1(1)
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The quantity u is the probability that the vertex at the end of a randomly chosen edge remains 
uninfected during an epidemic 􏱳i.e., that it belongs to one of the finite components􏱠. 


The probability that a vertex does not become infected via one of its edges is 


v􏱦 = 1 - 􏱥T +􏱤Tu, 


which is the sum of the probability (1-􏱥T) that the edge is non-transmitting, and the 
probability Tu that it is transmitting but connects to an uninfected vertex. The total probability 
of being uninfected if a vertex has degree k is vk, and the probability of having degree k given 
that a vertex is uninfected is

ppvkP1
k=0 pkv

k
. This distribution is generated by

G0(vx)

G0(v)
.
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The average vertex degree outside the giant component:

z/2Giant =
d

dx

G0(vx)

G0(v)

����
x=1

=
vG0

0(v)

G0(v)
=

vzG1(v)

G0(v)
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Recall that G1(x;T ) = G1(1� T + xT ). Hence G1(v) = G1(u;T ) = u.
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Also recall that G0(v) = G0(1� T + Tu) = G0(u;T ) = 1� S(T ).
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Hence z/2Giant =
vzG1(v)

G0(v)
=

(1� T + Tu)u

1� S(T )
z
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The average vertex degree inside the giant component:

z2Giant =
d

dx

G0(x)�G0(vx)

G0(1)�G0(v)

����
x=1

=
vG0

0(v)

G0(v)
=

1� vG1(v)

1�G0(v)
z =

1� u(1� T + Tu)

S
z
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Mean degrees for the power law degree distribution
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z =
Li↵�1(1)

Li↵(1)
= the mean degree
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pk =
k�↵

⇣(↵)
, ⇣(↵) =

1X

k=1

k�↵ = Riemann zeta function
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↵ = 2.5
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