
Machine learning methods 
for the study of  

rare events  
in stochastic systems

REU: Modern topics  
in pure and applied mathematics

Maria Cameron                            University of Maryland                         June 13, 2022



What are rare events?
Rare events are those that occur rarely on the timescale of the system
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Dynamics of  
an alanine-dipeptide molecule 

pushed around by water molecules

A noise-driven transition from  
the high- to the low-amplitude attractor  

in an electromechanical  
nonlinear oscillator

https://ambermd.org/tutorials/basic/tutorial0/index.php Lautaro Cilenti, Clark Fellow, Dept. of Mech. Eng. UMD



Stochastic differential equations

Deterministic  
forcing

Stochastic   
forcing

<latexit sha1_base64="ywWE3sC/zKHQ2HHO5l9iDtGaO8M="></latexit>

dXt = b(Xt)dt+
p
✏�(Xt)dWt, Xt 2 M ⇢ Rd

A smooth  
vector field

The standard  
Brownian  
motion

A small  
parameter 

A smooth 
matrix 

function 
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The overdamped Langevin dynamics
A simple and important model

<latexit sha1_base64="vus39KYJ5ittlKqWyLbu3uLqxB8=">AAACG3icbVDLSgNBEJz1GeMr6tHLYBAUMewGUS+C6MVjBPOAbFx6Zyc6ZHZ2nekVwpL/8OKvePGgiCfBg3/jJObgq6Chpqqb6a4wlcKg6344E5NT0zOzhbni/MLi0nJpZbVhkkwzXmeJTHQrBMOlULyOAiVvpZpDHEreDHunQ795y7URibrAfso7MVwp0RUM0EpBqRq1AqRHdNdXEEqgjS373qYR0h3qmxuNedUPOcJlvusNBlEzwGJQKrsVdwT6l3hjUiZj1ILSmx8lLIu5QibBmLbnptjJQaNgkg+KfmZ4CqwHV7xtqYKYm04+um1AN60S0W6ibSmkI/X7RA6xMf04tJ0x4LX57Q3F/7x2ht3DTi5UmiFX7OujbiYpJnQYFI2E5gxl3xJgWthdKbsGDQxtnMMQvN8n/yWNasXbr+yd75WPT8ZxFMg62SBbxCMH5JickRqpE0buyAN5Is/OvfPovDivX60TznhmjfyA8/4JTEefJA==</latexit>

dXt = �rV (Xt)dt+
p

2��1dWt

<latexit sha1_base64="0EbKrWmxNoSRa6i/t+jWP42GawU=">AAACB3icbVC7SgNBFJ2Nrxhfq5aCDAYhFoZdCWojBG0sI5gHZtcwO7lJhsw+mJkVw7Kdjb9iY6GIrb9g5984SbbQ6IF7OZxzLzP3eBFnUlnWl5Gbm19YXMovF1ZW19Y3zM2thgxjQaFOQx6KlkckcBZAXTHFoRUJIL7HoekNL8Z+8w6EZGFwrUYRuD7pB6zHKFFa6pi7jh+X7g/wGb65TQ7tFHR3PFAEN7ScdsyiVbYmwH+JnZEiylDrmJ9ON6SxD4GinEjZtq1IuQkRilEOacGJJUSEDkkf2poGxAfpJpM7UryvlS7uhUJXoPBE/bmREF/Kke/pSZ+ogZz1xuJ/XjtWvVM3YUEUKwjo9KFezLEK8TgU3GUCqOIjTQgVTP8V0wERhCodXUGHYM+e/Jc0jsr2cblyVSlWz7M48mgH7aESstEJqqJLVEN1RNEDekIv6NV4NJ6NN+N9Opozsp1t9AvGxzcZfpeR</latexit>

µ(x) = Z�1e��V (x)

Invariant pdf is 
the Gibbs density:

Expected exit time 
from the basin of xmin:

<latexit sha1_base64="VEbqNscdD2XjPqdTULI25UDhFEo="></latexit>

E[⌧@Bxmin
]

⇡Ce�(V (xsaddle)�V (xmin))
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Transition path theory
W. E and E. Vanden-Eijnden, 2006
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A

B

Reactive trajectories

<latexit sha1_base64="IVVNdeSKX5YkTnDwa5gFm7af5+Y=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0mzIjRUUUat24rGAf0BlKJs20oZnMmGSkZegHuPFX3LhQxK0f4M6/MZ3OQlsPBA7nnMvNPW7IqFSm+W1klpZXVtey67mNza3tnfzuXlMGkcCkgQMWiLaLJGGUk4aiipF2KAjyXUZa7vB66rceiJA04HdqHBLHR31OPYqR0lI3X7gvjkrnl7EtPVgXgTvpjoq2QlG3Bi9gQq5KOmWWzQRwkVgpKYAU9W7+y+4FOPIJV5ghKTuWGSonRkJRzMgkZ0eShAgPUZ90NOXIJ9KJk2Mm8EgrPegFQj+uYKL+noiRL+XYd3XSR2og572p+J/XiZR35sSUh5EiHM8WeRGDKoDTZmCPCoIVG2uCsKD6rxAPkEBY6f5yugRr/uRF0jwuWyflym2lUK2ldWTBATgERWCBU1AFN6AOGgCDR/AMXsGb8WS8GO/GxyyaMdKZffAHxucPNkyZ1A==</latexit>

q(x) := Probx(⌧B < ⌧A)
The committor is the probability that the process starting at x will 

reach region B prior to reaching region A



Transition path theory
W. E and E. Vanden-Eijnden, 2006
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<latexit sha1_base64="IVVNdeSKX5YkTnDwa5gFm7af5+Y=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0mzIjRUUUat24rGAf0BlKJs20oZnMmGSkZegHuPFX3LhQxK0f4M6/MZ3OQlsPBA7nnMvNPW7IqFSm+W1klpZXVtey67mNza3tnfzuXlMGkcCkgQMWiLaLJGGUk4aiipF2KAjyXUZa7vB66rceiJA04HdqHBLHR31OPYqR0lI3X7gvjkrnl7EtPVgXgTvpjoq2QlG3Bi9gQq5KOmWWzQRwkVgpKYAU9W7+y+4FOPIJV5ghKTuWGSonRkJRzMgkZ0eShAgPUZ90NOXIJ9KJk2Mm8EgrPegFQj+uYKL+noiRL+XYd3XSR2og572p+J/XiZR35sSUh5EiHM8WeRGDKoDTZmCPCoIVG2uCsKD6rxAPkEBY6f5yugRr/uRF0jwuWyflym2lUK2ldWTBATgERWCBU1AFN6AOGgCDR/AMXsGb8WS8GO/GxyyaMdKZffAHxucPNkyZ1A==</latexit>

q(x) := Probx(⌧B < ⌧A)
The committor is the probability that the process starting at x will 

reach region B prior to reaching region A
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<latexit sha1_base64="DeX5sn767V1/gaS+whcyWQpSGyU=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgYhFoZdCWojBG3EKoJ5QDaGu5NJMmR2dp2ZFcOS0sZfsbFQxNZPsPNvnDwKTTxw4XDOvdx7jx9xprTjfFupufmFxaX0cmZldW19w97cqqgwloSWSchDWfNBUc4ELWumOa1FkkLgc1r1exdDv3pPpWKhuNH9iDYC6AjWZgS0kZr27lXu4QCfYc+nGm6TQ3fgBbEnwOeA74zVtLNO3hkBzxJ3QrJoglLT/vJaIYkDKjThoFTddSLdSEBqRjgdZLxY0QhIDzq0bqiAgKpGMnpkgPeN0sLtUJoSGo/U3xMJBEr1A990BqC7atobiv959Vi3TxsJE1GsqSDjRe2YYx3iYSq4xSQlmvcNASKZuRWTLkgg2mSXMSG40y/PkspR3j3OF64L2eL5JI402kF7KIdcdIKK6BKVUBkR9Iie0St6s56sF+vd+hi3pqzJzDb6A+vzBwRkmBg=</latexit>

J(x) = ��1µrq(x)
<latexit sha1_base64="0mtKVRLgJFZ8YogJDbz30raVK1A=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4MQC8OuBLURgjaWEcwDkzXMTu4mQ2Z2l5lZMSxb2vgrNhaK2PoJdv6Nk0eh0QP3cjjnXmbu8SLOlLbtLyszN7+wuJRdzq2srq1v5De36iqMJYUaDXkomx5RwFkANc00h2YkgQiPQ8MbXIz8xh1IxcLgWg8jcAXpBcxnlGgjdfK7bREX7w/wGb65TQ6dFExve6AJrhs5zXXyBbtkj4H/EmdKCmiKaif/2e6GNBYQaMqJUi3HjrSbEKkZ5ZDm2rGCiNAB6UHL0IAIUG4yPiTF+0bpYj+UpgKNx+rPjYQIpYbCM5OC6L6a9Ubif14r1v6pm7AgijUEdPKQH3OsQzxKBXeZBKr50BBCJTN/xbRPJKHaZDcKwZk9+S+pH5Wc41L5qlyonE/jyKIdtIeKyEEnqIIuURXVEEUP6Am9oFfr0Xq23qz3yWjGmu5so1+wPr4BV5SXpQ==</latexit>

µ(x) = Z�1e��V (x)

<latexit sha1_base64="AEPrQgMr7I47cdQ7nqYE157v3WI="></latexit>

⌫AB = ��1

Z

⌦AB

krqk2µdxThe reaction rate:



Transition path theory
W. E and E. Vanden-Eijnden, 2006
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<latexit sha1_base64="IVVNdeSKX5YkTnDwa5gFm7af5+Y=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0mzIjRUUUat24rGAf0BlKJs20oZnMmGSkZegHuPFX3LhQxK0f4M6/MZ3OQlsPBA7nnMvNPW7IqFSm+W1klpZXVtey67mNza3tnfzuXlMGkcCkgQMWiLaLJGGUk4aiipF2KAjyXUZa7vB66rceiJA04HdqHBLHR31OPYqR0lI3X7gvjkrnl7EtPVgXgTvpjoq2QlG3Bi9gQq5KOmWWzQRwkVgpKYAU9W7+y+4FOPIJV5ghKTuWGSonRkJRzMgkZ0eShAgPUZ90NOXIJ9KJk2Mm8EgrPegFQj+uYKL+noiRL+XYd3XSR2og572p+J/XiZR35sSUh5EiHM8WeRGDKoDTZmCPCoIVG2uCsKD6rxAPkEBY6f5yugRr/uRF0jwuWyflym2lUK2ldWTBATgERWCBU1AFN6AOGgCDR/AMXsGb8WS8GO/GxyyaMdKZffAHxucPNkyZ1A==</latexit>

q(x) := Probx(⌧B < ⌧A)
The committor is the probability that the process starting at x will 

reach region B prior to reaching region A
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<latexit sha1_base64="DeX5sn767V1/gaS+whcyWQpSGyU=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgYhFoZdCWojBG3EKoJ5QDaGu5NJMmR2dp2ZFcOS0sZfsbFQxNZPsPNvnDwKTTxw4XDOvdx7jx9xprTjfFupufmFxaX0cmZldW19w97cqqgwloSWSchDWfNBUc4ELWumOa1FkkLgc1r1exdDv3pPpWKhuNH9iDYC6AjWZgS0kZr27lXu4QCfYc+nGm6TQ3fgBbEnwOeA74zVtLNO3hkBzxJ3QrJoglLT/vJaIYkDKjThoFTddSLdSEBqRjgdZLxY0QhIDzq0bqiAgKpGMnpkgPeN0sLtUJoSGo/U3xMJBEr1A990BqC7atobiv959Vi3TxsJE1GsqSDjRe2YYx3iYSq4xSQlmvcNASKZuRWTLkgg2mSXMSG40y/PkspR3j3OF64L2eL5JI402kF7KIdcdIKK6BKVUBkR9Iie0St6s56sF+vd+hi3pqzJzDb6A+vzBwRkmBg=</latexit>

J(x) = ��1µrq(x)
<latexit sha1_base64="0mtKVRLgJFZ8YogJDbz30raVK1A=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4MQC8OuBLURgjaWEcwDkzXMTu4mQ2Z2l5lZMSxb2vgrNhaK2PoJdv6Nk0eh0QP3cjjnXmbu8SLOlLbtLyszN7+wuJRdzq2srq1v5De36iqMJYUaDXkomx5RwFkANc00h2YkgQiPQ8MbXIz8xh1IxcLgWg8jcAXpBcxnlGgjdfK7bREX7w/wGb65TQ6dFExve6AJrhs5zXXyBbtkj4H/EmdKCmiKaif/2e6GNBYQaMqJUi3HjrSbEKkZ5ZDm2rGCiNAB6UHL0IAIUG4yPiTF+0bpYj+UpgKNx+rPjYQIpYbCM5OC6L6a9Ubif14r1v6pm7AgijUEdPKQH3OsQzxKBXeZBKr50BBCJTN/xbRPJKHaZDcKwZk9+S+pH5Wc41L5qlyonE/jyKIdtIeKyEEnqIIuURXVEEUP6Am9oFfr0Xq23qz3yWjGmu5so1+wPr4BV5SXpQ==</latexit>

µ(x) = Z�1e��V (x)

<latexit sha1_base64="AEPrQgMr7I47cdQ7nqYE157v3WI="></latexit>

⌫AB = ��1

Z

⌦AB

krqk2µdxThe reaction rate:



Computing the committor

<latexit sha1_base64="7vinQkFCj0RWE7LtGdhdWFaFmRE="></latexit>

Lq = ��1e�V r ·
�
e��V rq

�
= 0

q(@A) = 0

q(@B) = 1

To find the committor, we need to solve: 
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• Approach 1:    finite element method

Good only for low dimensions 
d = 2: easy to use  
d = 3: possible but harder 



Computing the committor

9

• Meshless approaches: diffusion maps, neural networks

<latexit sha1_base64="48SFVSxGJVyqOFARWLJuT4QRATs="></latexit>

Lq = ��1e�V r ·
�
e��V rq

�
= 0, q(@A) = 0, q(@B) = 1

Enhanced sampling: metadynamics 
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Subsample data set: delta-net 

<latexit sha1_base64="6Zl4iDi9+m3ZeTsuC6cfbIg7pPA=">AAAB9HicbVDJSgNBEO2JW4xb1KOXxiB4CjPidhGCXjxGMAskQ+jpqUma9Cx21wTCkO/w4kERr36MN//GTjIHTXxQ1OO9Krr6eYkUGm372yqsrK6tbxQ3S1vbO7t75f2Dpo5TxaHBYxmrtsc0SBFBAwVKaCcKWOhJaHnDu6nfGoHSIo4ecZyAG7J+JALBGRrJ7fogkdEbalfti165YtoMdJk4OamQHPVe+avrxzwNIUIumdYdx07QzZhCwSVMSt1UQ8L4kPWhY2jEQtBuNjt6Qk+M4tMgVqYipDP190bGQq3HoWcmQ4YDvehNxf+8TorBtZuJKEkRIj5/KEglxZhOE6C+UMBRjg1hXAlzK+UDphhHk1PJhOAsfnmZNM+qzmX1/OG8UrvN4yiSI3JMTolDrkiN3JM6aRBOnsgzeSVv1sh6sd6tj/lowcp3DskfWJ8/kKqQqw==</latexit>

� = 0.05



Computing the committor
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• Approach 2: diffusion map
Ref: Coifman and Lafon (2006)

Idea: we construct a Markov chain whose dynamics approximate the 
dynamics of the original SDE

<latexit sha1_base64="VKvAe6Zb08gnxJ3yvREUUrFmucc="></latexit>X

j

Lijqj = 0, i 2 (A [B)c

qi = 0, i 2 A

qi = 1, i 2 B

A

B

<latexit sha1_base64="RzfxjgZ1f1uAdw37vjMkXquORu4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXinoRil4UPFSwH9IuJZtm29AkuyRZoSz9FV48KOLVn+PNf2Pa7kFbHww83pthZl4Qc6aN6347uaXlldW1/HphY3Nre6e4u9fQUaIIrZOIR6oVYE05k7RumOG0FSuKRcBpMxheT/zmE1WaRfLBjGLqC9yXLGQEGys93qFLVEMn6LZbLLlldwq0SLyMlCBDrVv86vQikggqDeFY67bnxsZPsTKMcDoudBJNY0yGuE/blkosqPbT6cFjdGSVHgojZUsaNFV/T6RYaD0Sge0U2Az0vDcR//PaiQkv/JTJODFUktmiMOHIRGjyPeoxRYnhI0swUczeisgAK0yMzahgQ/DmX14kjdOyd1au3FdK1assjjwcwCEcgwfnUIUbqEEdCAh4hld4c5Tz4rw7H7PWnJPN7MMfOJ8/H/+OrA==</latexit>

L = P � I

<latexit sha1_base64="cscSpXdTf74D43D/6oueU7P9I8Q=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OIxgv2AJpbNdtOu3WzC7kYpIf/DiwdFvPpfvPlv3LY5aOuDgcd7M8zMCxLOlLbtb6u0tLyyulZer2xsbm3vVHf3WipOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORtcTv/1IpWKxuNPjhPoRHggWMoK1ke5ddIm8zO1l7CH38l61ZtftKdAicQpSgwJur/rl9WOSRlRowrFSXcdOtJ9hqRnhNK94qaIJJiM8oF1DBY6o8rPp1Tk6MkofhbE0JTSaqr8nMhwpNY4C0xlhPVTz3kT8z+umOrzwMyaSVFNBZovClCMdo0kEqM8kJZqPDcFEMnMrIkMsMdEmqIoJwZl/eZG0TurOWf309rTWuCriKMMBHMIxOHAODbgBF5pAQMIzvMKb9WS9WO/Wx6y1ZBUz+/AH1ucPteaSBg==</latexit>

P = {Pij} Stochastic matrix

Generator matrix

The committor equation



Computing the committor
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• Approach 2: diffusion map

The committor found using 
target measure diffusion map 

Key refs: Coifman and Lafon (2006),  Banisch, Trstanova, Bittracker, Klus, Koltai (2020)

Idea: we construct a Markov chain whose dynamics approximate the 
dynamics of the reactive trajectories

Error relative to the FEM solution

<latexit sha1_base64="wK2lK6t13BzOr9+hKfa1oDlxgoc="></latexit>X

j

µR(xj)[qFEM (xj)� qTMDmap(xj)] = 1.03 · 10�2<latexit sha1_base64="tKnTYMaecno5oUzBr8tB2fO2zb4=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMFHUjFN24rGAf0A4lk2ba0EwyJBmhDv0SNy4UceunuPNvTNtZaOuByz2ccy+5OWHCmTae9+0U1tY3NreK26Wd3b39sntw2NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOx7czv/1IlWZSPJhJQoMYDwWLGMHGSn233KOJZlwKdI28quf33Yptc6BV4uekAjkafferN5AkjakwhGOtu76XmCDDyjDC6bTUSzVNMBnjIe1aKnBMdZDND5+iU6sMUCSVLWHQXP29keFY60kc2skYm5Fe9mbif143NdFVkDGRpIYKsngoSjkyEs1SQAOmKDF8YgkmitlbERlhhYmxWZVsCP7yl1dJ67zqX1Rr97VK/SaPowjHcAJn4MMl1OEOGtAEAik8wyu8OU/Oi/PufCxGC06+cwR/4Hz+AMRAkdw=</latexit>

✏ = 0.01



Computing the committor
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• Approach 3: neural network 
Key refs: Khoo, Lu, Ying (2018),  Li, Lin, Ren (2019)

Idea: setup up an optimization problem for the committor, represent its 
solution as a neural network, and train the neural network

<latexit sha1_base64="EjzYYI+/cAdAkY9H1tHqHuOH6zk="></latexit>

N (x, ✓) = �1 (A1(�0 (A0x+ b0) + b1)

✓ = {A0, b0, A1, b1}
A neural network

The parameters to be found

<latexit sha1_base64="EeH/9YgTnJNBGX10TT/VTYhRZlg=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBASCGFXgnoRgl48SQQThWwIs5PeZHD24UyvJCz5CS/+ihcPingVvPk3Th4HjRY0FFXddHd5sRQabfvLmptfWFxazqxkV9fWNzZzW9sNHSWKQ51HMlI3HtMgRQh1FCjhJlbAAk/CtXd7NvKv70FpEYVXOIihFbBuKHzBGRqpnSvdFfpFekJ9V4KPBTdg2ONMphfDQr/kYg+QFUt9V4luD4vtXN4u22PQv8SZkjyZotbOfbqdiCcBhMgl07rp2DG2UqZQcAnDrJtoiBm/ZV1oGhqyAHQrHX81pPtG6VA/UqZCpGP150TKAq0HgWc6R1frWW8k/uc1E/SPW6kI4wQh5JNFfiIpRnQUEe0IBRzlwBDGlTC3Ut5jinE0QWZNCM7sy39J46DsHJYrl5V89XQaR4bskj1SIA45IlVyTmqkTjh5IE/khbxaj9az9Wa9T1rnrOnMDvkF6+Mbmead4g==</latexit>

q(x) = f (N (x, ✓), x) We represent the committor as a 
function of the neural network

<latexit sha1_base64="7vinQkFCj0RWE7LtGdhdWFaFmRE="></latexit>

Lq = ��1e�V r ·
�
e��V rq

�
= 0

q(@A) = 0

q(@B) = 1

The committor is the solution to: 
<latexit sha1_base64="UuoYO88dioHVj/yFY6JrbIjmX+I="></latexit> Z

(A[B)c
krqk2µ(x)dx ! min

subject to

q(@A) = 0

q(@B) = 1
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10,000 training points NN committor

FEM committor



The committor as an optimal controller 
for sampling reactive trajectories
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• We can approximate the committor q(z) in collective 
variables via solving the backward Kolmogorov equation via: 
(1) Diffusion maps, (2) neural networks, (3) tensor trains, (4) 
FEM (if d = 2). 

• Use the committor q(z(x)) as the controller for the stochastic 
process: Zhang, Sahai, Marzouk https://arxiv.org/abs/
2101.07330, Gao, Li, Li, Liu https://arxiv.org/abs/2010.09988 

• Sample rare events in higher-dimensional space. A good 
test: Alanine dipeptide: go from two to four dihedral angles.

Full-space data Collective variables𝝫 𝝭

<latexit sha1_base64="QqxdGCC5wqHi2dOOPayzGjSJBQY=">AAACEnicbVA9SwNBFNzz2/gVtbRZDIKChDsJahm0sVQxJpCLYW/zkizZ2zt230nCkfwFG/+KjYUitlZ2/hs3MYUmDiwMM2/Y9yaIpTDoul/OzOzc/MLi0nJmZXVtfSO7uXVrokRzKPFIRroSMANSKCihQAmVWAMLAwnloHM+9Mv3oI2I1A32YqiFrKVEU3CGVqpnD7q+UH7IsB0E6XX/Th0OBmrgI3QxFYbaaI9KplvQr2dzbt4dgU4Tb0xyZIzLevbTb0Q8CUEhl8yYqufGWEuZRsEl9DN+YiBmvMNaULVUsRBMLR2d1Kd7VmnQZqTtU0hH6u9EykJjemFgJ4fLm0lvKP7nVRNsntZSoeIEQfGfj5qJpBjRYT+0ITRwlD1LGNfC7kp5m2nG0baYsSV4kydPk9ujvHecL1wVcsWzcR1LZIfskn3ikRNSJBfkkpQIJw/kibyQV+fReXbenPef0RlnnNkmf+B8fAMCaZ7z</latexit>

x 2 Rn, n is very large
<latexit sha1_base64="XwbZ1DfpxetrUtiD/xumGsFrhCQ=">AAACDXicbVA9T8MwEHXKd/kqMLJYFCSGqkqgAkYEC2NBtFRqQuU4bmvhOJF9QZSo/QEs/BUWBhBiZWfj3+CWDNDypJOe3rvT3T0/FlyDbX9Zuanpmdm5+YX84tLyymphbb2uo0RRVqORiFTDJ5oJLlkNOAjWiBUjoS/YlX9zOvSvbpnSPJKX0IuZF5KO5G1OCRipVdi+d7l0QwJd308v+tdBaTAIBi6wO0i5xnul/VKl3yoU7bI9Ap4kTkaKKEO1Vfh0g4gmIZNABdG66dgxeClRwKlg/bybaBYTekM6rGmoJCHTXjr6po93jBLgdqRMScAj9fdESkKte6FvOod363FvKP7nNRNoH3kpl3ECTNKfRe1EYIjwMBoccMUoiJ4hhCpubsW0SxShYALMmxCc8ZcnSX2v7ByUK+eV4vFJFsc82kRbaBc56BAdozNURTVE0QN6Qi/o1Xq0nq036/2nNWdlMxvoD6yPb07vm68=</latexit>

z 2 Rd, d is 2,3,4



The committor as an optimal controller 
for sampling reactive trajectories

15

Key ref: Gao, Li, Li, Liu (2020)

<latexit sha1_base64="vus39KYJ5ittlKqWyLbu3uLqxB8=">AAACG3icbVDLSgNBEJz1GeMr6tHLYBAUMewGUS+C6MVjBPOAbFx6Zyc6ZHZ2nekVwpL/8OKvePGgiCfBg3/jJObgq6Chpqqb6a4wlcKg6344E5NT0zOzhbni/MLi0nJpZbVhkkwzXmeJTHQrBMOlULyOAiVvpZpDHEreDHunQ795y7URibrAfso7MVwp0RUM0EpBqRq1AqRHdNdXEEqgjS373qYR0h3qmxuNedUPOcJlvusNBlEzwGJQKrsVdwT6l3hjUiZj1ILSmx8lLIu5QibBmLbnptjJQaNgkg+KfmZ4CqwHV7xtqYKYm04+um1AN60S0W6ibSmkI/X7RA6xMf04tJ0x4LX57Q3F/7x2ht3DTi5UmiFX7OujbiYpJnQYFI2E5gxl3xJgWthdKbsGDQxtnMMQvN8n/yWNasXbr+yd75WPT8ZxFMg62SBbxCMH5JickRqpE0buyAN5Is/OvfPovDivX60TznhmjfyA8/4JTEefJA==</latexit>

dXt = �rV (Xt)dt+
p

2��1dWtThe original governing SDE:

Modify the drift:

<latexit sha1_base64="r3A1Yy8/zQcRubKUoPmIDCgoGJY="></latexit>

dXt = �
✓
rV (Xt)�

2rq(Xt)

�q(Xt)

◆
dt+

p
2��1dWt

Sample reactive 
trajectories:

Restore the 
transition rate 

(e.g. B. Keller et al.)



• Stochastic differential equations 

• Markov Chains 

• Transition Path Theory 

• FEM 

• Diffusion Maps 

• Neural Networks 

• Sampling reactive trajectories with the aid of an optimal 
controller

Tutorials
June 14 — June 24
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• How does the architecture of the neural network affect the accuracy of the 
solution to the committor problem? 

• How should we choose a training set for the neural network? 

• Can a low-dimensional approximation to the committor be used to design a 
controller for a high-dimensional process? 

• How can we restore the true transition rate if we are using an SDE with a 
controller for sampling transition paths? 

• How does the training set affect the accuracy of the diffusion map-based 
solution to the committor problem? 

• How can we adapt the diffusion map algorithm to compute committors for 
more complicated SDEs? 

• A case study: alanine-dipeptide molecule described via two or four dihedral 
angles. 

• Extension to systems with inertia: oscillators.

Tentative projects
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