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Long-time behavior of systems governed by  
stochastic differential equations

Deterministic  
forcing

Stochastic   
forcing

<latexit sha1_base64="ywWE3sC/zKHQ2HHO5l9iDtGaO8M="></latexit>

dXt = b(Xt)dt+
p
✏�(Xt)dWt, Xt 2 M ⇢ Rd

A smooth  
vector field

The standard  
Brownian motion

A small  
parameter 

A smooth matrix 
function 

SDE:

2



Long-time behavior of systems governed by  
stochastic differential equations

Deterministic  
forcing

Stochastic   
forcing

<latexit sha1_base64="ywWE3sC/zKHQ2HHO5l9iDtGaO8M="></latexit>

dXt = b(Xt)dt+
p
✏�(Xt)dWt, Xt 2 M ⇢ Rd

A smooth  
vector field

The standard  
Brownian motion

A small  
parameter 

A smooth matrix 
function 

SDE:

<latexit sha1_base64="cQbIfhkyywO3kVeFyFoBUE/9DDw=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5JIUTdC0Y3LCvYBbSiTyaQdOnkwcyOtIfgrblwo4tb/cOffOG2z0NYDFw7n3Mu997ix4Aos69tYWl5ZXVsvbBQ3t7Z3ds29/aaKEklZg0Yikm2XKCZ4yBrAQbB2LBkJXMFa7vBm4rcemFQ8Cu9hHDMnIP2Q+5wS0FLPPOz6ktDUG2WpBxm+wm55dNozS1bFmgIvEjsnJZSj3jO/ul5Ek4CFQAVRqmNbMTgpkcCpYFmxmygWEzokfdbRNCQBU046vT7DJ1rxsB9JXSHgqfp7IiWBUuPA1Z0BgYGa9ybif14nAf/SSXkYJ8BCOlvkJwJDhCdRYI9LRkGMNSFUcn0rpgOi4wAdWFGHYM+/vEiaZxX7vFK9q5Zq13kcBXSEjlEZ2egC1dAtqqMGougRPaNX9GY8GS/Gu/Exa10y8pkD9AfG5w+5s5TA</latexit>

dx

dt
= b(x)ODE:

Attractors

As t→∞, x(t)→an attractor
Equilibrium 

point

Limit  
cycle

Chaotic 
attractor

3



Long-time behavior of systems governed by  
stochastic differential equations

Deterministic  
forcing

Stochastic   
forcing

<latexit sha1_base64="ywWE3sC/zKHQ2HHO5l9iDtGaO8M="></latexit>

dXt = b(Xt)dt+
p
✏�(Xt)dWt, Xt 2 M ⇢ Rd

A smooth  
vector field

The standard  
Brownian motion

A small  
parameter 

A smooth matrix 
function 

SDE:

Attractors

Equilibrium 
point

Limit  
cycle

Chaotic 
attractor

4

The stochastic term enables  
transitions between attractors!

We want to find: 
• Maximum likelihood transition paths 
• Transition rates



Example 1: population dynamics

5

Consumer-resource model of plankton x and their consumers y 
(Collie and Spencer, 1994; Steele and Henderson, 1981)

<latexit sha1_base64="xhJpxueZ7kqRGmMHV8RKuUDAnNo="></latexit>8
<

:
dx =

⇣
↵x[1� ��1x]� �x2y

+x2

⌘
dt+ �dw1

dy =
⇣

�x2y
+x2 � µy2

⌘
dt+ �dw2

<latexit sha1_base64="/Lj0u80mBb6yAOzxMDBmz6g6yf0="></latexit>

↵ = 1.54, � = 10.14,

� = 0.476, � = 1,

 = 1, µ = 0.112509

Two saddles and  
two equilibrium point attractors

Source: https://journal.r-project.org/archive/
2016/RJ-2016-031/RJ-2016-031.pdf

https://journal.r-project.org/archive/2016/RJ-2016-031/RJ-2016-031.pdf
https://journal.r-project.org/archive/2016/RJ-2016-031/RJ-2016-031.pdf
https://journal.r-project.org/archive/2016/RJ-2016-031/RJ-2016-031.pdf


Example 2: nonlinear oscillator
A noise-driven transition from the high- to the low-amplitude attractor 

Lautaro Cilenti,  
Ph.D. Mech. Eng. UMD, 2022

x’’ + ax’ + c1x + c3x3 = Fcos(!t) + "#t
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System model:
<latexit sha1_base64="6cn/WWdeGClqgRLHS6r/nqDAzg4="></latexit>8
><

>:

ẋ = v

v̇ = �av � c1x� c3x3 + F cos(!✓) + �⌘(t)

✓̇ = 1
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System model:
<latexit sha1_base64="WykmhN65QqhG6hd5bY3qhAm1zbU="></latexit>8
><

>:

ẋ = v, x 2 R
v̇ = �av � c1x� c3x3 + F cos(!✓) + �⌘(t), v 2 R
✓̇ = 1, ✓ 2 S2⇡/!

Phase space:
<latexit sha1_base64="b3CEepfm+lHMvgdMRXgttxUBnTM=">AAACFHicbVDLSsNAFJ3UV62vqEs3wSIIQk1KUZdFNy7row9oYphMJ+3QyUyYmQgl5CPc+CtuXCji1oU7/8ZJW0FbD1w4nHMv994TxJRIZdtfRmFhcWl5pbhaWlvf2Nwyt3dakicC4SbilItOACWmhOGmIoriTiwwjAKK28HwIvfb91hIwtmtGsXYi2CfkZAgqLTkm0duBNUgCNLr7K7qKhJh+aPcZH5adWNy7PII92FW8s2yXbHHsOaJMyVlMEXDNz/dHkdJhJlCFErZdexYeSkUiiCKs5KbSBxDNIR93NWUQb3dS8dPZdaBVnpWyIUupqyx+nsihZGUoyjQnfnBctbLxf+8bqLCMy8lLE4UZmiyKEyopbiVJ2T1iMBI0ZEmEAmib7XQAAqIlM4xD8GZfXmetKoV56RSu6qV6+fTOIpgD+yDQ+CAU1AHl6ABmgCBB/AEXsCr8Wg8G2/G+6S1YExndsEfGB/fR86e9Q==</latexit>

R2 ⇥ S2⇡/!



Example 3: molecular dynamics
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Alanine dipeptide: 22 atoms 
Phase space: ℝ132

C7ax

C7eq

C5

Three metastable configurations:
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Example 3: molecular dynamics
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Alanine dipeptide: 22 atoms 
Phase space: ℝ132

C7ax

C7eq

C5

Three metastable configurations:

Lennard-Jones-7 in 2D,  
overdamped Langevin dynamics

Lennard-Jones-7 in 3D,  
Langevin dynamics

Phase 
space: 
ℝ14

ℝ42



An easy case:  
the overdamped Langevin dynamics in 2D

<latexit sha1_base64="vus39KYJ5ittlKqWyLbu3uLqxB8=">AAACG3icbVDLSgNBEJz1GeMr6tHLYBAUMewGUS+C6MVjBPOAbFx6Zyc6ZHZ2nekVwpL/8OKvePGgiCfBg3/jJObgq6Chpqqb6a4wlcKg6344E5NT0zOzhbni/MLi0nJpZbVhkkwzXmeJTHQrBMOlULyOAiVvpZpDHEreDHunQ795y7URibrAfso7MVwp0RUM0EpBqRq1AqRHdNdXEEqgjS373qYR0h3qmxuNedUPOcJlvusNBlEzwGJQKrsVdwT6l3hjUiZj1ILSmx8lLIu5QibBmLbnptjJQaNgkg+KfmZ4CqwHV7xtqYKYm04+um1AN60S0W6ibSmkI/X7RA6xMf04tJ0x4LX57Q3F/7x2ht3DTi5UmiFX7OujbiYpJnQYFI2E5gxl3xJgWthdKbsGDQxtnMMQvN8n/yWNasXbr+yd75WPT8ZxFMg62SBbxCMH5JickRqpE0buyAN5Is/OvfPovDivX60TznhmjfyA8/4JTEefJA==</latexit>

dXt = �rV (Xt)dt+
p

2��1dWt

<latexit sha1_base64="0EbKrWmxNoSRa6i/t+jWP42GawU=">AAACB3icbVC7SgNBFJ2Nrxhfq5aCDAYhFoZdCWojBG0sI5gHZtcwO7lJhsw+mJkVw7Kdjb9iY6GIrb9g5984SbbQ6IF7OZxzLzP3eBFnUlnWl5Gbm19YXMovF1ZW19Y3zM2thgxjQaFOQx6KlkckcBZAXTHFoRUJIL7HoekNL8Z+8w6EZGFwrUYRuD7pB6zHKFFa6pi7jh+X7g/wGb65TQ7tFHR3PFAEN7ScdsyiVbYmwH+JnZEiylDrmJ9ON6SxD4GinEjZtq1IuQkRilEOacGJJUSEDkkf2poGxAfpJpM7UryvlS7uhUJXoPBE/bmREF/Kke/pSZ+ogZz1xuJ/XjtWvVM3YUEUKwjo9KFezLEK8TgU3GUCqOIjTQgVTP8V0wERhCodXUGHYM+e/Jc0jsr2cblyVSlWz7M48mgH7aESstEJqqJLVEN1RNEDekIv6NV4NJ6NN+N9Opozsp1t9AvGxzcZfpeR</latexit>

µ(x) = Z�1e��V (x)

Invariant pdf is 
the Gibbs density:

Expected exit time 
from the basin of xmin:

<latexit sha1_base64="VEbqNscdD2XjPqdTULI25UDhFEo="></latexit>

E[⌧@Bxmin
]

⇡Ce�(V (xsaddle)�V (xmin))

11



W. E and E. Vanden-Eijnden, 2006
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q(x) := Probx(⌧B < ⌧A)
The committor is the probability that the process starting at x will 

reach region B prior to reaching region A
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The potential function The committor The reactive current

A

B

A

B B

A
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J(x) = ��1µrq(x)
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µ(x) = Z�1e��V (x)

<latexit sha1_base64="AEPrQgMr7I47cdQ7nqYE157v3WI="></latexit>

⌫AB = ��1

Z

⌦AB

krqk2µdxThe transition rate:

Transition path theory 
(A mathematical framework for quantifying transition processes)



Solving the committor problem

Approach 1:    
finite element 
method
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<latexit sha1_base64="r5Za3hW7ZWHlBcUl2Mu/D4ygFL8="></latexit>(
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Good for dim = 2 or 3 
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diffusion map

Approach 3:    
Neural network-
based solvers

Good for dim = 2 or 3 Good for low intrinsic dimension 
The ambient space can be high-dimensional 
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Model reduction via 
physically motivated collective variables

<latexit sha1_base64="oM5ku3rLE1e4p7WEGLXdG5qs+9Q="></latexit>

dXt = [�M(Xt)rF (Xt) + ��1r ·M(Xt)]dt

+
p
2��1M(Xt)

1/2dwt

Phase space: $4

Method: target-measure 
Mahalanobis diffusion map 
(Evans, MC, Tiwary, 2022)
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tmmmap+ deltanet :

2.0 · 10�6 ps�1

long trajectory :

(Vani, Weare, Dinner, 2022)

1.4 · 10�6 ps�1



Model reduction via  
machine-learned collective variables

Linear discriminant analysis (LDA)
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C0 C1 C2 C3

C0

C1 C2

C3

Physically motivated collective variables 
and labeled data The collective variable learned  by the LDA



Model reduction via  
diffusion maps

Coifman and Lafon, 2006
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Model reduction 
via  

machine-learned 
collective variables

Autoencoders  
Tutorial: 

https://deeptime-ml.github.io/latest/notebooks/tae.html 

implementation by L. Evans)

19

Lemon Slice Potential 
https://www.mdpi.com/1099-4300/23/2/134

https://deeptime-ml.github.io/latest/notebooks/tae.html
https://www.mdpi.com/1099-4300/23/2/134


Model reduction via Markov chain
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Noisy nonlinear oscillator with periodic forcing

x’’ + ax’ + c1x + c3x3 = Fcos(!t) + "#t

4 6 8 10 12 14 16
-2 104
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Ex
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e,
 p
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ds

E[ (H,L)]
E[ (H,L basin)]
Cexp(U/ 2)
Monte Carlo simulations



Polymer network fracture  
and random graphs

Manyuan Tao, work in preparation
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Goal: develop a random graph model 
describing the evolution of holes
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Vertices = the network cells. Initially, there are no holes, hence no edges



Goal: develop a random graph model 
describing the evolution of holes
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Time = 1: add one edge at random



Goal: develop a random graph model 
describing the evolution of holes
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Time = 2: add one edge at random



Goal: develop a random graph model 
describing the evolution of holes
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Time = j: j edges



• Assume that the network is N-by-N where N is large. 

• Start with the assumption that the edges are added uniformly at random. 

• Predict the size distribution of connected components at time t. 

• Predict time at which the giant component arises.  

• Predict the time or complete fracture for the polymer network. 

• Compare with the experimental data.  

• Assume a preferential attachment model for adding edges. 

• Predict the component size distribution, the time at which the giant 
component arises, and the time of fracture of the polymer network.

Goal: develop a random graph model 
describing the evolution of holes

Research plan and research questions

26


