GLOBAL ESTIMATES FOR THE
HARTREE-FOCK-BOGOLIUBOV EQUATIONS

J. CHONG, M. GRILLAKIS, M. MACHEDON, AND Z. ZHAO

ABSTRACT. We prove that certain Sobolev-type norms, slightly
stronger than those given by energy conservation, stay bounded
uniformly in time and N. This allows one to extend the local
existence results of the second and third author globally in time.
The proof is based on interaction Morawetz-type estimates and
Strichartz estimates (including some new end-point results) for the
equation {10, — A, — Ay + +Vn(z — y)}A(t,2,y) = F in mixed
coordinates such as LP(dt)L4(dx)L?(dy), LP(dt)L4(dy)L?(dx),
LP(dt)L(d(x—y))L?(d(z+y)) . The main new technical ingredient
is a dispersive estimate in mixed coordinates, which may be of
interest in its own right.

1. INTRODUCTION

This paper is devoted to the study of some global estimates for so-
lutions to a coupled system of Schrodinger-type equations (see (6),
(7) and (8) below) approximating the evolution of weakly interacting
Bosons. For the sake of completeness, we include a brief overview of
the argument motivating these equations.

We refer to [16] for detailed explanations. The problem is to under-
stand the linear Schrédinger evolution of data equal to (or close to) a
tensor product ¢(x1) -+ - ¢(xy). The Hamiltonian is

N
Hppr = ZA;,- - %ZVN(%‘ — ;)
=1

1<j
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(mean-field negative Hamiltonian). For simplicity, assume V' satisfies
the following conditions

V' is spherically symmetric and (1)
ov
—(r) <0.
or (r) <
The problem is easier to understand in the symmetric Fock space, with
Hamiltonian

1
H = /d:v {atAa,} — N dady {Vy(z — y)asaiaza, | .

V>0,Vely,

We recall that the Fock space Hamiltonian acts as a PDE Hamiltonian
on the nth entry of Fock space

nPDE_ZAx]__ZVN _'ZU]

1<j

(see for instance [16] for the definition of Fock space and the creation
and annihilation operators a* and a). The natural choice for initial
conditions is

e*\/NA(%)e*B(kO)Q

where € is the Fock space vacuum,
A0) 1= [ do {ota)a, ~ o(wa}

so that e~ VNA®) ig the Weyl (unitary) operator. The coherent state

has tensor products in each entry, making it a natural choice for this
problem.
We also recall

B(k) = ;/dxdy{kzxyaxay—kxya }
The unitary operator e 3% is called the implementation of a Bogoli-
ubov transformation in the Physics literature, and the Segal-Shale-Weil
or the metaplectic representation in the Math literature. The state
“Bk)() is called a squeezed state in the Physics literature. It provides
second-order corrections to coherent states.
In the recent math literature, this set-up first appeared in [24], fol-
lowed by [18] where e=8%) is formally introduced.
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Thus the problem is to find “effective equations” for ¢, k so that the
exact evolution

wea:act = Gitﬂef\/N‘A(‘%)@*B(ko)Q (2)

is approximated, in the Fock space norm, by the approximate evolution

z/}approx = €iX(t)€7\/N‘A(¢(t))efg(k(t))Q . (3)

See (17) below for one such existing estimate.

The equations for ¢, k are easier to understand in terms of ¢ and
the auxiliary functions A and I". See [16].

We refer to [3] for a result of this type, in a slightly different setting.
That work is not based on the coupled equations (6), (7) and (8).

Fock space techniques can also be applied to L?(R"Y) approximations.
See the recent paper [8] and the references therein. We also mention
the related approach of [5] and [4]. The equations we will study are
similar in spirit to the Hartree-Fock-Bogoliubov equations for Fermions.
For Bosons, they were derived in [15], [16], and, independently, in [1]
and the recent paper [2]. The first two references treat pure states,
as described below, while last two treat the case of mixed, quasi-free
states. The PDEs are the same in both cases. This ends our overview
of the motivation, and we proceed with the analysis of the equations.

The functions described by these PDEs are: the condensate ¢(t, x)
and the density matrices

Tt 21, 1) = % (SR 0 sh(k)) (.21, 2) + B(t. 2 )bt 22)  (4)

At 21, 29) = %sh(%)(t,xl,xg) ot 21)6(t 72) - (5)

The pair excitation function k is an auxiliary function, which does not
explicitly appear in the system.

Let V € C(R?), V > 0, and denote Vy(x —y) = N3V (NP (z —y))
be the potential, with 0 < § < 1. We consider the following system:

(20, — AnJolt,ar) = / o) Viv 1 — 1)T(y, y)dy (6)

- /{VN(xl — )0y (D(y, 21) — o(y)d(x1)) + Viv(z1 — y)d(y) (A1, y) — ¢(z1)d(y)) My,
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1

1
{;&t — Azl — Amg + —VN<.§U1 — $2)}A(t, .CCl,Q?Q) (7)

N
— /{VN(:vl — )y, y) + V(o2 — )T (y, y) }A (21, 22)dy

/{ (Valr — ) + V(22 — 1)) (A(aa, 9)T (g, 2) + Flr, 9)A(y, 22)) }dy

/ ((Vir(s — ) + Vi — )| 6()Po(a) () .

(30— Ay + AL 21,2 ®)
/ {(Vir(s — y) — V(s — 9))A(xs, 9) Ay, 2)
- / ((Vir(s — y) — V(s — 9)(P(n, 9) (g, 22) + Dy, )T (s, 7))y

2 / ((Vir(s — ) — Viv(a — 9))|6(y) P ) () .

The solutions ¢, A, and T' also depend on N. This has been sup-
pressed to simplify the notation. However, we will always keep track
of dependence on NN in our estimates.

In order to motivate our main result (Theorem 1.1 below), we recall
the conserved quantities of the system, which will also be used in the
proof of our main theorem.

The first conserved quantity is the total number of particles (nor-
malized by division by N) and it is

1
tr{T(0)} = N6t MZ2gam + 7 ISDE)E - 2 aaay =1+ (9)
From here we see that
A, - ) L2 (dedy) < C (10)
The second conserved quantity is the energy per particle
1

E(t) :=tr{Vy - V,I({)}+ 5 /dxldarg {VN(xl - x2)|A(t,x1,x2)‘2}

(11)
1
+ 5 / d.ﬁlﬁld.l?g {VN(Qfl — ZL’Q) (‘F(t,l’l, $2)’2 + F(t,l’l, xl)F(t, .2?2,332))}

—/dmlde{VN(xl—xg)\¢(t,:c1)|2\¢(t,x2|2} |
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Of special interest is the kinetic part of the energy ,
(Ve Vaul} = [ do (|90t o)) (12)

1
+ IN dxidzs {|Vxlsh(k)(t, Z1, x2)|2 + |Vx28h(k)(t,$1,:v2)|2} )

If we assume F < C, then we have an H' estimate for A, uniformly
in time (and N):
/dxldxg {|VI1A|2 + ‘VmA(t,xl,xg)}Q} <C (13)

and also
1
N/dxldxg‘vthsh@k)(t,xl,xg)‘Q < C.

Also, I satisfies the H? type estimate
H|vrl||V$2|F(t)||L2(dl“1d$2) <E.

See [15], [16], as well [1] for these conserved quantities.
In addition, we have an interaction Morawetz-type estimate: if the
initial conditions have energy < C' then

||¢<t7x)||%4(dtdx) + 1T 2, )| L2(dtan) < C -

Recalling (5), we see right away that (13) can be improved (in dif-
ferent ways) for the two summands of A:

1 2 1 2 C
/dl’ldﬂﬁg {‘VII Wsh(Qk)‘ + ‘Vx2ﬁ8h<2]€)(t,l'1, 1'2)‘ } < N
(14)

(decay in N) and

/deldI2|vml¢<t, xl)Vmgb(xg) |2 S C
(extra differentiablility).
The goal of this paper is to prove the following improvement to (13):

Theorem 1.1. Let ¢ = ¢n(t,z), A = Ay(t,z,y) and T' = Tn(t, z,y)
given by (4), (5) be solutions of (6), (7), (8) with smooth data (but not
necessarily smooth uniformly in N ), satisfying

tr{I'(0)} < C
E0) < C (see (11) for the definition of E(t))
[Vl Vy|AO, 2, y) ||z < CN
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Let V satisfy (1), and denote Vy(z — y) = N*V(NP(x —v)), with
0 < B < 1. Then there exists € > 0 such that

/ 1V, 54V, A (t, 2, ) dady < C (15)

uniformly in t and N.

This is significant because in [17] it was shown that, for 0 < § < 1,
under suitable assumptions on V, for every € > 0, there exists Ty > 0
depending only on

| < Vo >3< 0, S5, )|z + || < Vo >5< Y, S50, )|
1 < Vi >3 (0, )|z

such that the system is well-posed (in a certain norm) on [0, Tp], see
Theorem 3.3 and Corollary 3.4 in [17]. Thus, estimate (15) extends the
estimates of [17] globally in time.

The results of [17] together with an estimate of the form

/ dady| |V |V, A 2, 9)|F < C(1) (16)

(which is similar to (15), except that the bound is allowed to grow sub-
linearly in time) were used in [11] to give a Fock space approximation
of the form

[ Venact — Vappros||F = Heit’He*\/ﬁA(&SO)e*B(k(O))Q _ eix(t)eﬂ/ﬁA(aﬁ(t))efB(k(t))QHf
(17)
Cel®)
= N7

for a polynomial P(t), and 0 < 8 < 1. (See (2), (3) for the definitions.)
It is expected that the estimates of the current paper will lead to a
better Fock space approximation. This will be done in future work by
the first and last author.

In addition, it is of general interest to know if Soblov norms higher
than those given by energy conservation grow in time. This was first
accomplished for the non-linear Schréodinger equation in [7].

The proof of (15) is immediate if we interpolate between (14) and
the following

Theorem 1.2. Under the assumptions of Theorem 1.1, there exists p
such that

JI119 1) dody < 7 (18)



GLOBAL ESTIMATES 7
uniformly in time.

Remark 1.3. The power p we obtained is not optimal. However, it
should be noted that, even if ||Vx||Vy|A(t,x,y)|2 < Catt=0,an
estimate of this form (uniform in N) is not expected to hold at later
times because of singularities induced by the potential V.

The rest of this paper is devoted to the proof of Theorem 1.2. We
regard the equation for A as a linear equation with non-local “coeffi-
cients” given by I' and a forcing term involving ¢. For I' and ¢, we
will only use a priori estimates, given by conserved quantities and an
interaction Morawetz estimate.

In addition, the proof involves new Strichartz estimates in mixed
coordinates.

To give an idea of the proof, differentiating (7),

1 1
= (W *T(t,2,2) + Vi xT(t,y,y)) - Vo VAt z,y)  (19)
+2V.,.V, (Vv % [8]*(t, 2)é(t, 2)¢(t,y)) + other terms.

For the main term (19), we divide the time interval [0, co) into finitely
many intervals (independent of V) such that ||I'(Z, z, ) || L2 (4tde) is small,
and the contributions of this term can be absorbed in the left hand
side. This uses an idea of Bourgain [7] and an interaction Morawetz
argument. Based on the above conserved quantities and the interaction
Morawetz estimate, it is easy to prove

vapvy (VN * |¢’2(t7x)¢(t7x)¢(t7'g)) ”LQ(dt)L%(dm)L2(dy) < C NPower

In fact, we will show that all the other remaining terms on the right-
hand side are in a dual Strichartz space, with norms possibly growing
in N. In order to show that, we will first have to estimate A and VA
in various Strichartz norms.

Then we get the desired result, provided we can prove Strichartz
estimates (including some end-points) for the equation

1 1
{;at A Ay + NVN<I - y)}A(t,l’,y) =F.

Proving these Strichartz estimates is the main new technical accom-
plishment of our current paper.

Acknowledgement. J. Chong was supported by the NSF through the
RTG grant DMS- RTG 1840314.
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2. STRICHARTZ ESTIMATES

From now on we use the notation A < B to mean: there exists C,
independent of N, such that A < CB.

2.1. Set-up. Let (p1,q1), (p2,q2) be Strichartz admissible pairs in 3
space dimensions (p% + % = %), with p; > 2, and let pl, ¢/ the dual
exponents.

Recall +Vy(z) = N3V (NPz), 0 < 3 < 1. Since the results of
this section may be of general interest, we point out the properties of
V' that will be used (which are weaker than (1)).

We only assume V € L%, thus %VN € L2 uniformly in N > 1
and V(z) is such that we already know the homogeneous Strichartz
estimate

||ezt(Ax = Vi ( ))f”Lpl(dt)qu(dx) < ||f||L2(d$) (20)
uniformly in N, as well as the double end-point 3 + 1 Strichartz inho-
mogeneous estimate

t
H / ez(tfs)(Azf%VN(l“))F(S)dSHLpl(dt)qu(dx) § C“FH (21)
0

LP2(dt) L2 (dx)
with bounds independent of N.

These assumptions hold for V satisfying (1): If § < 1, just V € L3
and N large is sufficient. In that case, || 5 V| is small and an easy
perturbation argument proves (20), (21).

Ifp=1 and V € C3°, V > 0, the estimates (20), (21) follow by
scaling from the corresponding estimates for N = 1. In turn, these
follow by the Keel-Tao [21] argument from the dispersive estimate

i B 1
1A= V) | poo ey S t_%VIfHLl(ﬂ@)'

There is an extensive literature on such estimates, following the break-
through paper [19], but we could not find an explicit discussion of the
case V € C°(R3?), V > 0. However, this follows, for instance, from
26], Theorem 1.3'. Since —A,+V is a non-negative operator, it has no
negative eigenvalues. It is well-known —A, + V" has no positive eigen-
values (by Kato’s theorem [20], or the earlier and more elementary
result [23], for instance). It is easy to show that 0 is not a resonance or
eigenvalue. The corresponding solution to (—A,+V)u = 0 is harmonic
away from the support of V' and, if u satisfies the resonance condition

UIn fact, just part 2 of Lemma 2.2 in [26] suffices to prove the Strichartz estimates
(20), (21), by standard Kato smoothing techniques. This avoids using the harder
dispersive estimate.
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<z >"7wu e L?for all v > 1/2, then, using the mean-value theorem
one gets |u(z)| < |22, |Vu(z)| < |23 for |z| sufficiently large.
Thus one can integrate by parts and get

/ Vul? + Viuf =0
thus © = 0 and Theorem 1.3 in [26] can be applied.

2.2. Statement of the Strichartz estimate. The main results of
this section refer to the equation

10 1 -y
(EE—AI—A?ﬂ—NVN( 7 ))A—F (22)

A(07 z, y) = A0<x7 y)
The natural Strichartz norm for our system of Hartree-Fock-Bogoliubov
type equations is

[Allspa = max{HA”LP(dt)Lq(dx)L?(dy)a ||AHLP(dt)Lq(dy)L2(dz)a HAHLP(dt)Lq(d(m—y))LQ(d(a:+y))}

with the dual Strichartz norm
F V]
| ||S§u‘§z
= min {HF”LP/(dt)Lq' (dz) L2 (dy)* HF”LP/(dt)Lq/(dy)LZ(d:p)7 HFHLP'(dt)Lq/(d(xfy))L2(d(z+y))}
and the natural question to ask is whether
[Allsrran S M[Aollzz + 1E| sy (23)

dual
for any admissible pairs (p1, ¢1), (p2, ¢2). This amounts to 9 inequalities.
We will show that if not both (p1,q1), (p2, ¢2) are end-point exponents
(p = 2,q = 6), then (23) is true (all 9 cases hold). In the double end-
point case we have to exclude the two cases where x and y are flipped:
we don’t know if

Al 2@y zoaeye(ay) S N1Aollzz + 1 F 1| L2y nors (ay) 12 (dx) (24)

Is true.
In order to exclude this, we fix a number py > 2 (in our application,
Po = g, qo = 4 will suffice) and define the "restricted” Strichartz norm

||A‘|Srestrictcd (25)

= sup 1A 2o ary oy 22 ay)
po<p<oo, p,q admissible

+ sup ANl Lo (dt) La(dy) 22 ()

po<p<Loo, p,q admissible

+ sup  [[Allzean zataa—y)22(d@+y))-
2<p<o0, p,q admissible
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Notice that the end-point is included in x — y,  + y coordinates.
In this section, we prove

Theorem 2.3. (non-endpoint result) Let V € L3/%(R?) as above, 0 <
B <1 and assume (20), (21) hold. Let p;,q; (i = 1,2) be Strichartz ad-

missible pairs and assume both p; > 2. Let p), q; be the dual exponents.
If A satisfies (22), then

[Allsrra S WAoll 2 + 1l g (26)

dual

We also have a “one end-point result”:

Theorem 2.4. (one endpoint result) Let V € L3%, 0 < 3 < 1, and
assume (20), (21) hold. Let pi,q be Strichartz admissible pair and
assume py > 2 or py > 2. If A satisfies (22) then

[Allsrra S W[Aollz2 + 1| g5 (27)

dual
Finally, we have a double end-point result:
Theorem 2.5. Let V € L?/%, 0 < 3 <1 and assume (20), (21) hold.
If A satisfies (22), then
[Alls2o < NAollze + [l Lagaryposs age—y) 2 (ate+v)) - (28)

Remark 2.6. The proof of the above theorem could be adapted to show
the additional estimates

||AHL2(dt)L6(dx)L2(dy) S [[Aollze + HFHL2(dt)L6/5(dm)L2(dy)
1Al 22ty 2 (a2 @@ 4wy S Il gorme
but, in order to keep the exposition simple, we won’t do it.

Theorem 2.4 and Theorem 2.5 imply the following concise form,
which is what we will use in our applications:

Theorem 2.7. Let V' as above, 0 < [ < 1, and py > 2 defining
Srestricted (S€€ (25)) be fized. If A satisfies (22), then, for any admissible
Strichartz pair (p,q) (including the end-point (2,6)),

[Alls S [[Aollz2 + [1F]

restricted ™~

s (29)
Remark 2.8. The above theorems have immediate and obvious gener-
alizations to all dimensions > 3. Also, the spaces can be localized to
any finite or infinite time interval, and the theorems go through with
obvious modifications. For instance,

||A|’$restricted[T1,T2] SJ HA<TI>HL2 + HFHSg;’gll[leTQ]
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Remark 2.9. Obviously, Theorem 2.4 implies Theorem 2.3. We list
them separately because the proof of Theorem 2.3 is based on standard
techniques, while the proof of Theorem 2.4 and Theorem 2.5 requires
essentially new ideas.

These are presented in the next two subsections.

2.10. Standard techniques. We will use the following well-known
identities, which were also used in [13], [6], [22].

Proposition 2.11. Let

t . r—
NF =i / ) B A3 () s
0

¢
NoF = z/ elt=9) (Bt i) [ (5)ds.
0

Then the following identities hold (denoting Vi = VN(Ty))

N = No = ~N Vo = ~No V' (30)
and thus
N No — ./\[0 VN./VE) +N0 VNN—VN./\[O (31)

Proof. Look at
./\/’%VN./\/’O:./\/’(<1a Ay — Ay + VN>—(1a A, A))No

10t N ot
=Ny - N

where we have used the fact that N" and N are left and right inverses
of the corresponding differential operators. For the second part of
(30), reverse the order of " and Ny. The formula (31) is obtained by
iterating (30). O

In addition, we need the following propositions:

Proposition 2.12. Let Ny be as in Proposition 2.11. Let (p1,q1),
(p2, q2) be Strichartz admissible (including the end-points p; = 2,q; =
6). Then

||%F||Lpl(dt)qu(da:)LQ(dy) 5 ||FHLP'Q(dt)Lqé(dz)Lz(dy) (32)

it(AptA
He ( y)AOHLpl(dt)qu(dx)LQ(dy) S Aol 2
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Proof.

t
INoF (¢, x, Nl 22y = ||6”Ay / e’(t_s)Axe_“A”F(s, *,)ds|| £2ay)
0
¢
_ || / el(tfs)Azef'LSAyF(S’ . ')dSHLQ(dy)
0
and
¢
i(t—s)Ay —isA
H||./\/'0F(t,x, ')HL2(dy)HLPl(dt)qu(dx) = H /0 =) Baemisly (g ')d8||L2(dy)||LP1(dt)L‘11(dz)

t
< HH/ ei(tfs)AzefiSAyF(Sm')dSHLPI(dt)qu(dx)”Lz(dy)
< Oflle™™2 F(s, )l 0t
< OHHG_ZSAyF( 7'?')

LP2(dt) L% (da) HL2 (dy)

122 ay) HLPé (dt) L% (da)
= CHF”LQ(dt)L6/5(dx)L2(dy)'

The proof of (33) is similar. See Lemma 5.3 in [16]. O

We also have the following version which excludes the double end-
point, but works with any choice of coordinate systems:

Proposition 2.13. Let Ny be as in Proposition 2.11. Let p;,q; (i =
1,2) be Strichartz admissible pairs, with at least one p; > 2. Also, let
R € O(6). Then

INOF || o (aty s ()2 S 11 © B o, ) 198 (1 2y
In particular,

INoF llsrran S E| oy (34)

dual

Proof. Using (33), the TT* argument and the O(6) invariance of A we
have

= i(t—3)(Ax+Ay)
H /0 € ! F< dSHL?l (dt)L91 (dx) L2 (dy) ~ HF RHLp2 dt)LqQ(dx)LQ(dy)

By the Christ-Kiselev lemma (Lemma 2.4 in [25]), we conclude

t
H(—5)(BatAy) o |
H/o € VE (s, )dSHLpl (dt)L91 (d) L2 (dy) ~ S 1Fo RHL”2(dt L% (da) L2 (dy)

provided p; > p). O

Finally, we have a version which includes the potential, but only
works in coordinates compatible with the potential:
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Proposition 2.14. If V(x) is such that we already know (20), (21).
Then,

it Ap+Ay— L V(T2
||6t< Ay N ﬁ))ADHLPI(dt)qu(d(z—y))LQ(d($+y)) S Aol 22(dwdyy  (35)

HNFHLpl (dt) L (d(z—y))L2(d(z+y)) 5 HFHLP/Q (dt)Lq/Q (d(z—y))L2(d(z+y))" (36)

Proof. The proof is similar to that of (32) and (33), but is based on
writing A, + A, — Vy(z —y) = Aa%y + (A% — VN("E—\E’)> and using
the fact that these commute.

2.15. The new estimate. The main step in the end-point cases, which
may be of interest in its own right, does not involve the potential. We
will show
Theorem 2.16. Let A = NyF' be the solution to
10

-———A,—A,|A=F

(i ot y)
A0, z,y) = 0.

Then the following closely related estimates hold:

A L2ty 2o (doyz2(ay) < CUF || L2 (at) 1675 (d@—y) 12 (d(4)) (37)

Al L2 (ae L6 (dyyr2(azy < CNE| L2(at) /5 (d(w—y)) L2 (d(a49) (38)

and also,

Al L2ty oy 2@y < ClF | z2@res@aycz@y — (39)

1A 22 (an) 20—y 22wy < CIE | L2y pors ay) 2o
Together with the estimates of the previous subsection, Theorem

2.16 implies

Corollary 2.17. For any Strichartz admissible pair p,q (including the
end-point)

||N0F||Sp’q S HFHL2(dt)L6/5(d(a:fy))L2(d(x+y)) (40)
| No F || 2 (a#) L6 (d(a—y)) L2 (d(z4)) S HF\|3§;§Z’- (41)

This complements the estimates of Proposition 2.12, Proposition
2.14, and Proposition 2.13. And, it will be used in the proof of Theorem
2.5.

The proof of Theorem 2.16 will be given in subsection 2.19. It uses
a new dispersive estimate in mixed coordinates, see Proposition 2.20
below.

Now we can outline the proofs of our main results.
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2.18. Proofs of Theorem 2.3, Theorem 2.4 and Theorem 2.5,
assuming Theorem 2.16.

Proof. Assume first Ag = 0. We proceed to estimate the terms in (31).

NF = NoF — No— VNN0F+N0 VNN—VNM
For the first term, if p; > 2 or py > 2 use Proposmon 2.13:
H/VZ)FHSPLQ ”FH p2 dl

dual
while, for the proof of Theorem 2.5, if we are in the double end-point
case, we use Theorem 2.16:

H-/\[OFHSQ’6 S HFHL2(dt)L6/5(d(:):*y))L2(d(x+y))'
This is the only term where we don’t know if we can flip x and y in

the double end-point case.
For the second term,

N VNGl S 1A s o opisctosny
(we used Proposition 2.13 if p; > 2 and Theorem 2.16 if p; = 2)

1
SVl s INoF || L2 (e 16 (d(a—y)) L2 (da4)) -
N L

Using Proposition 2.13 if p, > 2 and Theorem 2.16 if p, = 2, we
conclude

INGF sy oozt S IFT g

dual

For the third term in (31) we proceed along the same lines,

||./\/0 VNN—VNMF||SP1 a1

< - _
” VNN VN-A/E)FHLz dt) L‘E( (z—y))L2(d(z+v))

< ”N—VNNOF"LQ (dt) LS (d(z—y)) L2 (d(z+y))
< ||_VNNO |

(here we used Proposition 2.14)

L3( dt)LS (d(z—y))L2(d(z+y))

1
S I Vvl g INOFl| 2 ary 2o a2 e
SIF

T
I
dual

Notice that if either p; = 2 or py = 2 we have to use Theorem 2.16.
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Finally, we show how to reduce the proof of Theorem 2.3, Theorem
2.4 and Theorem 2.5 to the case Ay = 0. Consider the homogeneous
version of the above Theorems (F' = 0), written in the form

(18 A, A)A:—lvN(ﬂ)A

1 Ot N NG
A(O,Z‘, y) = A07
where we treat %VN(QE—E)A = %VN(%) (Bt Dy =V (27) Ag s a
forcing term.
From (35) we have, for A = ¢' it(Aat By =y VN CZ ) A,

HDe+Dy— L VN (2
He VR ||L2 (dt) L8 (d(z—y)) L2 (d(z+y)) ~ ||A0||L2

thus
H_VN( \/5 )AHL2 dt)L5/5 (d(z—y)) L2 (d(z+y))

1
S ”NVNHL3/2HAHL2(dt)L6(d(ac—y))L2(d(x+y)) < [[Aol[z2

and we use Proposition 2.13 or Theorem 2.16 to conclude

1 xr —
NG (NVN( ﬁy)A) [
1 x
< || =
< IV

-y
/2 YA L2 £6/5 (d(z—)) L2 (d(a+y)) S 1 Dol| L2

Finally, from (33) we have

||L2(dt)L€'(0la:)L2 (dy) ~ |

It remains to prove Theorem 2.16.

2.19. Proof of Theorem 2.16. The proof will follow the outline of
Keel and Tao. The main step is proving a new dispersive estimate.

Proposition 2.20.
C

||6it(Aac+Ay)f||Loo(d($_y))L2(d(m+y)) < 2537 ||f||L1(dr)L2(dy)

and, similarly,

C

il ey radery).  (42)

it(Ap+A <
—t

e y)fHLoo(dx)m(dy)
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Proof. Our proof is inspired, in part, by Lemma 1 in [14] and also
Lemma 2.2 in [19)].

We will prove (42).

By a density argument, it suffices to take take

Yy—x T+y
Ty =Y u v
s =Y () o ()
with uy, orthogonal (but not normalized), and v, orthonormal. (This is

a singular value decomposition of f composed with a rotation; it will
turn out that the orthogonality of u; will not play a role). Then

AR F(p ) = Z (¢"2uy) (y\;;:) ("0, (az\j—?y) .

Then the LHS of (42) is sup,, || > (¢ uy) (%) (e™Puy) (J\F/‘%°> | 22 (r3).-
Look at this expression with xq fixed.
The RHS of (42) is, using Plancherel and the fact that vy are or-
1
thonormal, RHS of (42)= td%” (> |ukl®)? | Lrgsy. The proof will be
complete once we prove the following lemma, in which the general or-

thonormal set (eitA'Uk> (%) is re-labeled v, and the u; have also been

shifted by z¢ and re-scaled by \% ) O

Lemma 2.21. There exists C' > 0 such that, for any uy,

1

i c 2
Sup ” Z (e tAUk) UkHLQ(Rg) < m“ <Z |uk|2) 2 HLl(RS).

u orthonormal
(43)

Proof. Since we take supremum over all orthonormal sets vy, and t is
fixed, we may replace v, by e “2vy, and (43) is equivalent to

— C 3
sup I Zezmuk(x)elmvk(l’)HL? < 7537” (Z |Uk’2>2 [P

v, orthonormal
(44)

For any A € S(R3), let e~ A(z)e"® = A(z + 2tD) where D = p =
%a%' Using the well-known formula

e‘ime“'geimf(x) _ eixfeit|£|2f(x + 2t€)
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we compute

e A()e f(r) =

_
- (2m)?

(2717-) /A(g)eitAeix-geitAf(x)dg

/A@k“%M“ﬂx+%®%

( change variables £ — {2_tx)

_ 1 A f—x 'ggt -z zt\E 1\2
@ﬁ;/A(2t>e F(©)de
(e
_W/A< = >e 555 F()de.

Thus the integral kernel corresponding to A(zx + 2tD) is

1 s (—r+y\ =2 w?
Kt(l'ay) = (47Tt)3A( 2t > we w

lz|2 |2

= Bia(y)e el

where, in order to simplify the notation, for fixed t,z, we defined

Bi.(y) = @A( —21). Notice

c
1Bt allze@y = 1Al >
t2
For a suitable A with ||Al[z2 = 1,
|32 e Run(zye @) (45)
- /ZeitAuk(x)A(a:)eitAvk(x)dm
= Z < ey, Ae™Pyy >= Z < up, e A APy >
= Z < ug, A(z + 2tD)vy, > . (46)

From now we take any A € S(R?) with || A||p2s) = 1.
We have to show

Z/w@kgm>y UMM z(ZMM}b

for any orthonormal v, and any ||A[z2rs) = 1. The exponentials play
no role now (change notation and remove them).
Look at

2
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Z/m (/ Bt,z(y)vk(y)dy) dx
= Z/mag(t,l‘) da

where, for fixed ¢ and =,

et ) = / By.o(y)oe(y)dy

is a Fourier coefficient of B, ,. By Plancherel, we have > |¢(¢, z)* <
| Btz |72 uniformly in ¢, .
Now we go back to

> [w@atade < [(Siu@r)* (3 et or) de
< el | (0 el?) s = S0l | (3 bl [

A second proof of this proposition will be given in section 5.
O

We will finish the proof of Theorem 2.16 by adapting the argument
of Keel and Tao, [21].

Let R be the rotation (z,y) — \/Li(:v—y, zr+vy). Following [21], define

00 t
T(F,G) = / / < =)2w (s) G o R(t) > dsdt
—o0 J0

with Tj the above integral restricted to t—2/71 < s < t—27. In this for-
mulation, the goal is |T'(F, G)| < CHFHL?(dt)L%(dx)m(dy)HG”L%dt)L%(dz)L?(dy)‘

Using the dispersive estimate of Proposition 2.20, Lemma 4.1 in [21]
goes through word by word, and we have

|TJ(Fa G)’ < Czijﬁ(a’b)HF”LQ(dt)L“'(d:c)LQ(dy)HG”LQ(dt)Lb'(d:e)LQ(dy)

for all (£, ) in a neighborhood of (g, ¢). Here f(a,b) =1 — 2 — 2 so
that 8(6,6) = 0.

As for Lemma 5.1 in [21], their formulation is for C-valued functions
in L, while we need it for L? valued functions in L? (that is, F €

LP(dx)L?(dy)). We have the following analog:

Lemma 2.22. Let 1 < p < oo. Any F € LP(dx)L*(dy) can be written
as

F(.I,y) = chXk<x7y)



GLOBAL ESTIMATES 19

where each ci; > 0, || Xk (7, y)||2(ay) is supported in x in a set of measure
_k
O(2), IIxnll L @wyray) < €277 and 35 < CIFIpan) 2 (ay)-

Proof. Define, for a > 0,
‘{HF HLQ R3)>Oé}}

and
ap = inf «
AMa)<2k
k
C — 2 (093
and define

_ iF(m,y) if oy < ||F(, ')HLQ(dy) S
Xk(x y) = :
0 otherwise.

From here, we get right away

(g = ol E @ lae i e < I Y2y < e
’ 0 otherwise.

Thus

1F (2, ) 2y = D erllxe(@, )l 2y

is exactly the atomic decomposition of [21] corresponding to the LP
function x — || F(x, )| 12(ay)- From here we get for free || x(z, y)HLg(dy)

is supported in z in a set of measure O(2%), ||xk || zoo(@n)r2ay) < C2° v
and > ¢ < CIF (7o) 22(ay)- O

To finish the proof, following [21], use the above decomposition to
write

F(t,z,y) ka (t)Fi(t,z,y) (thus ¢ is called fi, xx is called Fy)

G(t,z,y) = ngt ,Y)

thus
S ITHF,G) <Y T (frFr, 0G|

and optimizing there exists ¢ > 0 such that

—e(1k—3 il =35
T3 (feFro G| S 27 R 230330 o gl o
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which can be summed as in [21]:

S T (feFe G S 27D £l 2l 2

7.kl k,l

< (Z ||fk||iz> (ankn%z)
k k

< (Z ||fk||§2> (ankn,‘i)
k k

S IF]

N

9]

6

.8 (de) L2(dy) I GHL% (dz)L2(dy)"

3. PROOF OF THEOREM 1.2

3.1. A Priori Bounds and basic estimates. We will use the fol-
lowing estimates:

Proposition 3.2. For any smooth, L?, self-adjoint, positive semi-
definite kernel I'(z,y) we have the pointwise estimates

T (2, y)* < T2, 2)L(y, y), (47)
and
VD2, 2)| < Ep(z)? - T(2,2)3, (48)
where Ex(t,x) is the kinetic energy density defined as

Ek(x) =V, - vyr(t’ Z, y) (49)

r=y
Proof. The above two estimates follow from the Cauchy-Schwarz in-
equality, and writing

[(z,y) = Z )\z%(x)lzz(y) (50)

O

Proposition 3.3 (Fixed time estimates based on conserved quanti-
ties). Under the assumptions of Theorem 1.1,

|T(t, 2, 7)[| Lo (@) (de) = [IT(0, 7, 2) || 21 (a2) = 1,

[T (t, 2, 2)|| Lo (dt) 12 (da)

S VeVl Lo (a2 (dedy) + 1T 5 )| Lo @ty L1 (a) S 1,

& oo (ary i (az) S 1

| Bkl oo (a1 (d) S 1-
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Proposition 3.4 (Space-time estimates based on interaction Morawetz).
Under the assumptions of Theorem 1.1,

T, 2, 2)[rz, S 1 (51)

which tmplies
|flzas S 1. (52)
Proof. A proof of this result has already appeared in the unpublished
thesis [10]. For completeness, we include the proof in section 4. U

3.5. Estimates for the RHS of (7) in dual Strichartz norms.
Denote

(S + %VN(:E — y)) A(t,z,y) = Terml + Term2 + Term3 + Term4,
(53)
where
Terml = —(Vy x I'(t,z,2) + Vy * T(t,y,9)) - A(t, z,y),
Term2 = VyA ol +T o VyA,
Term3 = Ao Vy['+ Vyl oA,

and

Termd = 2(Viy * [6*) (y)¢(2)d(y) + 2(Viv * [6[*) () d() o (y).

Let 2 < py < % and define the localized, restricted Strichartz norm

H A H Srestrited [Tl ,TQ]

= sup 1Al 2oy 23] () 22 a)
po<p<oo, p,q admissible

+ Sup HAHLP[Tl,TQ]Lq(dy)LQ(d:E)
po<p<oco, p,q admissible

+ sup [ Aoy mjzee—y) L2 (@) )
2<p<oo, p,q admissible
and, for (p,q) an admissible Strichartz pair, define the localized dual
norms

I ”55;',3{ [T',T2]

= min { ||F||Lp’ [Ty, T2) L4 (dx) L2(dy)> ||F||Lp’ [T1,T2] L9 (dy)L2(dx)> ||F||LP' [Tl,Tg]Lq’(d(m—y))LQ(d(ac+y))}-
In preparation for applying Theorem 2.7, we state the following es-

timates, in a simple (but not sharp) form which will suffice for our

goal. We will use Proposition 3.2, Proposition 3.3 and Proposition

3.4 to bound various terms uniformly in N, keeping track only of

\T(t, 2, )| L2(7y 15)) Which will be small (after suitably localizing in
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time), and ||Alls
argument.

which will be handled by a bootstrapping

restrited [Tl 7T2}

Theorem 3.6. Under the assumptions of Theorem 1.1, for k=1,2,3
we have

1 1
H Term k“ 8 é[T T S/ N2 |’F<t7 x’ x)“iz[Tl’TQ]LQ(dx)HAHSrestrited[ThTQ]’
dual 1, 2]
3 1
HvTerm kH 8 4[T T} < NQHF(t’x? x)||32[T17T2}L2(dx)HAH‘Srestrited[ThTQ]
dual

1
+ N2 ‘ |F(t7 :,U, x) | |22[T17T2}L2(dx) H VA”Srestrited[Tl 7T2]7

3 1
Hv v Term k” d8 LLZ[T T2] 5 NQHF(t,I, ‘r)‘|;,2[T17T2}L2(d$)HVAHSTestrited[TlvTQ}
+ [|T'(¢, $7$)||z2 [Ty, T2]L2(dx)
(HV VyA(t, y)HLs[T1 Tyl LA (de) L2 (dy) T V2V At 2 y)HLS[Tl ) L4(dy)L2(dm))'
Also,
Te <1
I erm4”sd2;%l[T17Tz] ~
V Term < N,
IV Termfl g S
V.V, Term4|| 2.8 <N
dual[Tl’T2]

Notice that V,V,Term4 had to be estimated in an end-point dual
Strichartz norm.

The proof of this theorem is based on Proposition 3.2, Proposition
3.3, Proposition 3.4 and Holder’s inequality. It will be given in an
appendix.

3.7. Polynomial in N estimates for the Strichartz norms of A
and its derivatives. In this subsection, we finish the proof of Theo-
rem 1.2.

Using the a priori estimates of Theorem 3.6, as well as the Strichartz
estimates of Theorem 2.7, we estimate first HA! s and then use

this to estimate | VA and then || V,V, ATStriCtEd

restricted S’rsstricted

Theorem 3.8. Under the assumptions of Theorem 1.1, the following
holds

< NL

Srestricted [0,00) ~

1]
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Proof. Recall

1
<S + NVN(JZ — y)) A(t,z,y) = Terml + Term2 + Term3 + Term4.

(54)
Adapting the argument of Bourgain [7], we use estimate (51) to
break up [0,00) into about N* time intervals [T}, T;.1] where where
N3 |[T(t, @, @)
mined later).
We will show that each HAHS[TJ_7TJ_H]
the initial conditions of the system at ¢ = 0.
For t € [T}, T;11] we have

1
iz 12 < € (with € sufficiently small to be deter-
J+7

< C where C' depends only on

4 t
M) = e Co BN 473 [ oAt ) Torm k() ds
k=1"Tj

4
= eit(_AI’er%VN)A(T}-) + Z Ay (55)
k=1

Using Theorem (2.7), and the conservation (10)
i(— 1
e 2 ST e, 300 S IAT) 22 S 1

Also Theorem 2.7 and Theorem 3.6 imply,

4 4
H Z AkHS'restricted[Tj 7Tj+l} S Z ||AkHsrestricted[ijTj-&-l}
k=1 k=1

1 1
5 N2 ||F(t7 33733)“22 T T 12 (dx ||A||Srestrited[TjaTj+l] +1
(T, Tj+1]L%(dz)
S./ E||A||Srest’ricted[Tj7Tj+1] + 1

Putting everything together, using the decomposition (55),

| |A| |Srestricted[ijTj+1] S Cl + C(2€| |A| |Srest7‘icted[Tj7Tj+l]

where C, Cy depend only on the initial conditions of the system at
time t = 0. If we choose Cye < %, we get
HAHS +1] <20 (56)
and, summing over all ~ N* intervals,

[Allsp0.00) S N*.

Y

restricted [Tj 7Tj
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Theorem 3.9. Under the assumptions of Theorem 1.1, the following
holds

< NP

VA

S'restricted

Proof. The proof uses the estimates of Theorem (3.8), and is similar in
structure. It uses the same ~ N* intervals [T}, Tj1].

Differentiate the equation (54), and estimate the right-hand side in
a dual Strichartz space.

Thus

1
<S + NVN(x — y)) VA(t, x,y)
= VTerml 4+ VTerm2 + VTerm3 + VTerm4

—Vv (%VN(:C - y)) A.

Call the last term Termb. Following the argument of the previous
proof:

VA(t) = e(-2at ) g A(T))
4 t t
+i Z/ ¢it=9)(=Beut FVN) Y Term k(s)ds + / ¢t=9)(=Bew+FVN) Term 5(s)ds
k=1Ti T;
. 1 5
= e”(_A””’yJ“WVN)VA(T}) + Z Ay.

k=1

Using conservation of energy (see (13)), we have
it(— 1
At NG AT S ety 1) S IVAT 22 S 1.

It remains to estimate VTerm 1,---, VTerm 4 and Term 5 in Sg;’gl/.
We have, using Holder’s inequality

HTerm5HL2[Tj7Tj+1]Lg(d(x_y))LQ(d(Hy)) S N A z2ry 1540128 (da—) 12(d(a+1)

SN (we used (56)),
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while, from Theorem 2.7 and Theorem 3.6 and another application of
(56),

4
Z | | Ak ‘ |S'restricted [Tj 7Tj+1]

Z [VTerm k| s 4 —i— |V Term 4” 29

dual [Tl 7T2]

1

1
f§ N§||F(t,l‘,l’)||zg [Th,T2]L2(dz)

IVAls

restrited T17T2]

3
+N2||F(t7x7‘r)||L2[Tl Ty L2 (dz) [Alls |+ N

< C\N + Cse||VA|ls

restr zted Tl o
restrited [Tl 7T2} °

Since € is chosen so that Cge < %, summing the previous estimates we
get [[VA||s < N and, summing over all ~ N* intervals,

restricted [T TJ+1}
|vA <N

Srestricted

Finally,

Theorem 3.10. Under the assumptions of Theorem 1.1, the following
holds

13

V. V,A SNE,

S’r‘est'ricted

Proof. We write

1
(S + WVN(x — y)) V.V AL, z,y)

=V,V,Terml + - .-+ V,V,Term4
1 1 1
-V, (NVN(x - y)) vyA — Vy (NVN(Q: — y)) VxA - V.V, (NVN(I‘ — y)) A

with initial conditions ||V,V,Ag||zz < N. Unlike the previous two
proofs, we no longer have a priori bounds on the growth of ||V, V,A(t)|| .2
- in fact this is what we are trying to prove. Now we split [0, co) differ-

1
ently than before. Now we only require ||T'(¢, z, a:)||EQ[Tj’TH1]L2(dx) <,
with € (independent of N) to be determined later. The number of inter-
vals only depends on ||['(t, z, 2)||L2j0,00)12(d) S 1, and is independent of
N. We apply Theorem 2.7 and Theorem 3.6 directly on [T}, T;44], using
the estimates for HA and HVA from the previous two

theorems.

restricted Srcstricted



26 J. CHONG, M. GRILLAKIS, M. MACHEDON, AND Z. ZHAO

For k =1,2,3 we have

Hv v Term k“ dg 41[ +1] < N2||F(t x tf'lj)||L2[T‘ Tz+1 L2 d;);)HVAHS'restrzted[ }
+ [T, = x)||z2T Tis1]L2(dz) IVaVyAlls,eomiseal i 7]

< ClN2N5 + CQ€HV \% AHS

restrited TZ)TZ+1] Y

while

|V.V, Term 4H 2.8 <N

dual [T Tl"’ 1]

As for the terms where the derivatives fall on the potential, for example

[T17T1+1]

1 1
A (NVN(x - y)) All o SV Val g Al 2 s 2ty

dual

< VAl SN

restrited TszLJrl]

Thus, with some choice of constants C; depending only on the initail
conditions, we get from Theorem 2.7

||v \Y AHSrest'rzted [15,T541]
< C'1HV \Y A( )’LQ +02N2 +Cg€||v \Y AHS

restrited Tz aTH—l]

If we pick Cse < 1, and notice ||V, V,A(T})||r2 < [[V2VyAlls

we conclude

Srestrited [Tifl 7T7,} )

||v V AHS'restrzted TZ’T1+1]
<2(C1IV.V,Als

13
restrited[Ti—lvTi] + CQN 2 ) °
Applying this arguments a finite number of times (independent of
N), and summing the result, we are done.
O

4. PROOF OF PROPOSITION 3.4

The outline of this section is inspired, in part, by [12], [9] and the
similarities between the HFB system and the GP hierarchy. The main
result appeared in the unpublished thesis [10].

4.1. Local Conservation Laws. Let us start by defining the relevant
quantities which will allow us to effectively capture the conservation
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laws of the HFB system. We define
Too = p:= [(z;2) (57a)

Tio = To; = P, i 212 / 4’ 3(z — 2')[0u D(w;2') — 0y, D(w;2')] (57h)

T = ojk + pojy, := /dx 0(x — ") (0, 0y + Oy, O DINCE ') (57c)

+5jk§ <—Ap+/dy Vn(z —y)L(x,y; x, y>
1
b= [ o Vate = {0, Lleginy) — 0n Loz y)) (5T
L(z,y;2',y") == T(@;2")0(y; ') + Dy (y; o) (57¢)

+ Az, y) A2, ') = 20(x)p(y)p(z) o ().

In the literature, 7}, is often referred to as the pseudo-stress-energy
tensor and L is the two-particle marginal density matrix of our quasifree
state. Then the associated local conservation laws are given by

o0V . P =
{@p—i— v 0 (58)

OP+V-(oc+pl)+1=0

To derive the local conservation laws, it is convenient to first rewrite
the equation for I'(x; 2’) in the following form

{35+ 8 Auf Tais!) = By(0 (59

where
By(L) == By (L) — By (L), (60a)
By(L)(x;2') = | dydy Vy(z —y)d(y —y')L(z,y;2",y"),  (60D)

By (L) (z;2") == /dydy’ V(2" —y)d(y — v ) L(z,y; 2", y').  (60c)

Notice (59) has the structure of a BBGKY hierarchy, that is, the evolu-
tion of the lower marginal density matrix depends on the higher mar-
ginal density. Unlike, the standard BBGKY hierarchy, the quasifree
structure of our state allows us to decompose our two-particle marginal
density matrix £ into a linear combination of products of one-particle
marginal densities I', A and the condensate wave function ¢.
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Proposition 4.2. Let I' be a smooth solution to (59), then we have
the local conservation of number

?Hv P=0. (61)

Proof. By direct calculation, we see that

dudu’ . N~
atp: / uau ez(u_“ )matl.—‘<u,u/)

(2m)°
— dudu’ ei(u—u’)~x U2 —(u 2\ wu a
—i [ G el - ) (o2
. dudu’ i(u—u')z o [ Lo
+Z/W e By (L) (uy ). (62b)

For the first term, we have that
(62a) =V, - /C(l;Td;g e = (4 4 )T (u ) = =2V, - P.
For the second term, we have that (62b) = iBy(L)(x;z) = 0. O
Proposition 4.3. Let (¢,I', A) be a smooth solution to the HFB sys-
tem, then we have the continuity equation
P +V.-(oc+pl)+1=0. (63)
Proof. Differentiating P with respect to time yields

ékP(x) _ %/ C(l;t;l;t; pilu—u')-z (u _; u/) (u2 . (u/>2)f(u; U,,)

1 [ dudd ., . (u+u) =75

1 dudu’ . , —~
= _év‘”'/ (;T) ¢ () @ (w4 )T (u; )

1 [dudu ., . (u+u) =5
- e — 2By (L) (usu) =1 Jy + Jo.
o1 G e " B (D) i) =+,
Let us first handle the J; term. Notice we have that

1

e e [ gyt

d d , ~
V / uau Z(U,u ):Jc(u ® ul + u/ Q u)F(u, ’U,/).
Then, completing the Fourler inversion gives us

1 1
J1:§V-V2p(a:)—V~a:—V~ (—iApI—i—o-).
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Next, we deal with the J; term. By the Fourier inversion, we write

Jy= — %/dm’ §(x — 2"V {V.By(L)(z;2") — VuBy(L)(x;2')}.

Then we observe that

/dx' 6(x — 2" )V,By(L)(z; 2")

_ / da'dy 6(x — ')V, ({Viv(z — y) — V(@' — 9)}L(z, y;2',y))

_ / da'dy §(x — ')V, (Va(x — 2)) L(z, 332", )

+ / de'dy 6(z — ) {Vn(x —y) — V(2' — y)} Vo L(z, y; 2", y)

— [y V. (Vela = ) Lo yi0),
Likewise, we have that
/ da’ §(x — &)V By (L) (2;2) = — / dy Vo (Vv(z —y)) L(z, y;2,y).
Hence it follows

= — / dy V., (Va(x —y)) Lz y:2,y)

2
=59 ([t vete - @ pian) -1

1 / dy {V,Vn(z —y) — VVa(z — )}z, yi 2,y)

_ —%vm . (/ dy Vi ( — y)ﬁ(x,y;x,y)I) L

This completes the argument. 0

4.4. Interaction Morawetz Estimate. The main result of this sec-
tion is the interaction Morawetz-type estimate for the I' equation. To
prove the estimate, we need a two-particle Morawetz identity for the
truncated two-particle marginal density matrix

L(z,y;2',y) = T(x;2")T(y; ¢/). (64)
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We formally? define the virial interaction potential for L associated
to a € C(R3) by

Ve(t) == /dxdy a(x —y)L(t, z,y; x,y) (65)

and its corresponding Morawetz action

Mo (t) == 0 (0) =2 [ dody Fala — ) [Pla)oly) - o) Plo)]
(66)
Then we have the following truncated two-particle Morawetz identity.

Proposition 4.5. Let (¢, ', A) be a smooth solution to the HF B system
with trI'(t) =1 and E(t) < C (see (9), (11)), and let a(z) = |z|. Then
we have the identity

31°(t) = 2 [ dady (~B8a)(w - y)o(a)ply) (67a)
+ / drdy Aa(z — y){p(:v) / dz Valy — 2)L(y, 2y, 2)
+ p(y) / dz Vy(z — 2)L(x, 2, z)} (67b)
+2 [ dady Vate — ) {ol@)oty) + pa)oty)
_4P(z) ® P(y)} (67¢)
+2 [ dady Vate — ) - {p(@l(w) ~ 1)) (670)

Here, : denotes the standard double dot product, that is, for any n x n
matrices A and B, we have that A : B = ZU a;jbi;.

Remark 4.6. Let us note that Proposition 4.5 only states that for each
fixed N, identity (67) holds. It does not say that the identity is inde-
pendent of N. In fact, we are not sure whether (67d) stays uniformly
bounded in N. However, this does not pose any issues for us since
shortly we will see that the term gives a positive contribution which
we can ignore when proving the interaction Morawetz estimate.

2In general, we are not certain whether (65) and (66) are well-defined. How-
ever, since we are interested when a(x) = |z|, it can be shown that (66) is
well-defined. More precisely, since Va is uniformly bounded, then it follows
|Ma(t)| < Cll pllr(az) |l P21 (e is uniformly bounded for all time.
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Proof. The main issue is to show that any integration by parts is jus-
tified by the conservation laws. It is convenient to first note some
facts about the pseudo stress-energy tensor. By the conservation laws,
we see that p(z) € L'(dr) N L3(dz), the components of P(z) are in
L'(dz) N L2 (dz) and the components of o(z) are in L'(dz). However,
we don’t know anything about the decay properties of Ap appearing
in T’]k

To handle any issues with the integration by parts, we apply a
smooth spatial cutoff function. Let y € C$(RY) be a radial func-
tion whose support is contained in the ball B(0,2) and is identically 1
on B(0,1). For every L > 0, define

M0 =2 [ sy x(E2)Vale — ) P@0) — o) Pl
(63)

Taking the time derivative of (68), applying the local conservation laws
(58), and integrating by parts yields

g0 =2 [ anty v () vate - )

L
: { (—%Axp(x)p(y) - p(w)%Ayp(y)) I (692)
+ <% /dz Vn(y — 2)p(x)L(y, 2y, 2) (69b)

+ %/dz Vn(z — 2)p(y)L(x, z; x, z))I
+{o@p() + plx)o(y) - 4P(E) © P<y>}} (69)

+2 [ oty x()Pate ) ot0) - 1000}
(69d)

Next, we consider the limit as L tends to infinity. It is not hard to see
that any derivative of y is uniformly bounded in L and vanishes near
the origin. Let us first handle (69b). By direct calculation, we have
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Va (X \x—y\ Wa(xr — ))
L
L

that

which means
(69b)
- i/dxdydz X (‘ ‘)VN< 2)p(x)L(y, 2y, 2) (70a)

+ /dxdydz x(Z 7 ) Az — y)Valy — o)L, 7 v,2)
(70b)

+ similar terms with = and y switched. (70c)

Note that by the conservation of number and energy, we have that

as L — oo. Next, by the dominated convergence theorem, we see that
(70b) + (70c) — (67b).

The term (69c) is handled in a similar manner. More precisely, we
see that

(69c) = %/dxdy x’(‘xgy‘)(x_fgf@;ﬁ_y) (T1a)
Ao@) + < o (y) — 4P(x) @ P(y)}
w2 [ty x(E 2 vae (71b)

Ao@ey) + p@)o(y) - 1P@) @ Py) },

For the term (71a), we have the estimate

CllX I
(7)) < S (1o sl ey + 11 P s = 0

as L tends to infinity.
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For the term (71b), we first recall that VZa(z) = |z|7! (I — %)
Then, by Hardy-Littlewood-Sobolev inequality, it follows that

GOEDY [ s {lost 17 o+ [ ay HEIBWI

< Cllo ol 17 plian + CII P12

Hence it suffices to check that (|-|~' % p)(x) is uniformly bounded. Note
that we have the estimate

‘/ ar (—y)m /| i (—y)m + [ ot

1o llLaay) + 1o 1lLray) < C
which holds uniformly in . Then, by dominated convergence theorem,
we again see that (71b) — (67c).

Next, for each fixed N, we show that (69d) — (67d) follows im-
mediately from the Lebesgue dominated convergence theorem. More
precisely, we see that

(69d)] < C / d p(x) / dy [1(y)]

< Cllpllr(de) (II Vllerae) | Vol srz@n I 21123 @e) + | Va [l 23 @) || VA IIiz(dxdy))
< CN??,

-1

Lastly, let us handle (69a). It suffices to estimate

[ sy v. (><<'x—gy'>w<x - y>) Aup(@)py)T

=7 [ty a0t (72a)
+ [ oty 3o B0t = et (72b)

2 [ ey Vo900 - plalots) (720

+ [ awdy x(Z %0t — o)t (724

By the remark in the beginning of the proof, we see that

C
|(72a) + (72b) + (720)] < Fl P [1Zsary
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which converges to zero as L tends to infinity. Lastly, we have that

(720)| = s [ oy x(EZ2)600 = padot) = 5710 e

which is clearly uniformly bounded in L. Hence, by the dominated
convergence theorem, we have the desired result. 0

With this special choice of observable, we have that (—AAa)(z) =
87 (x) which we have already used. Also, it is not hard to see that
(67a) and (67b) are positive terms since

/dz Vn(x — 2)L(x, z;2,2) > 0 (73)

given Vy > 0. To prove the Morawetz estimate, we need to be able
to control (67¢) and (67d). In fact, we will show that (67c) > 0 and
(67b) + (67d) > 0, then deduce

87r/dx p(t,z)* < O,M*(t) (74)

which will lead to the desired estimate.

Lemma 4.7. Assume Vi is a positive radial function, i.e. Vy(z) =
N3V (NP|z|) > 0, with V'(r) < 0. Let (¢,I',A) be a smooth solution
to the HFB system. Then we have that (67b) + (67d) > 0.

Proof. By change of variables and integration by parts, we see that
r—Y
67d) = —4/dxdypy — - (z
(67d) ) - )
rT—z xT—y
= — 4/da:dydz NPV'(NP|z — 2|)p(y) s I P y|£(a:, z,x,2)
(75a)

— 4/dmdydz Vn(z — z)p(y>|£af:i Z;|x’ Z) (75b)

Notice that (75b) = —(67b). Finally, exploiting the symmetry L(x, z; x, z) =
L(z,z;2z,2), we can rewrite (75a) as follows

(7ha) = — 2/dxdydz NYV(NP|z — 2|)p(y)

x{x_z S + v =27y }E(a:,z;x,z)>0

[ =2 fe—yl  [z—a| [2-yl T
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The last inequality follows from L(x,y;z,y) > 0, V/(r) < 0, and the
identity
u—v u  v—u v (jul+ )1 - cosd) > 0. (76)

ju—of ful * Jo—ul vl ju = v

O

Lemma 4.8. Let (¢,I',A) be a smooth solution to the HFB system.
Then we have that (67c) > 0.

Proof. Since A(z,y) := V?a(z — y) is symmetric (in fact, it is positive

semi-definite), we can rewrite (67¢) by swapping some indices as follows

1

5(670) = /dxdydx'dy' d(x— 2oy — ) Z Oika(r — y)
ik

X {(axja% + a’%aﬂf}) + (ayjayL + 8yk8y§-)
+ (0, — (995;.)(8% - 8%)}[/(3:, y; ' y)
= /d:z:dyda:’dy/ d(x—2)o(y —1v) Z ojra(z —y)
jk

% { (D, = 02,)(Dy, = ) + (O, +0yp)(Oag +0u) pLla i ).

Writing in matrix notation (with A = A(z,y), and V a column vector)

1(67(:) = /dxdydx’dy’ d(x—2")o(y—y)

2
x A {(V, = V) (Ve = V) Lz yiay)  (T7a)
+ (Vo Ve + Vy V) L(z, y; 7' y) (77b)
+(VoVy + Vo Vi) Lz, y; 2, y')}. (77¢)

Since L is a positive operator, then it has a unique positive square root
V'L such that L = v/L o /L. In particular, we can now write

(77a) = / drdydxydysds’dy' daydys 0(x — 2')6(y — ' )0(we — 25)(y2 — 1)

x A+ { (Ve = V)VL(w,y:2h,0) (Vo = VoIV o2, 10) |
= / dadydzadysda’dy' datydy, 6(x — 2")o(y — )0 (w2 — 25)0(y2 — v3)

X (Vo = V) IVL(@ Y 29, y2) A(Ve — V)VL(z,y; 25, yh)
= [|A2(V, — V)VL |} > 0.
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The same argument holds for (77b), that is
(77b) = || AV VL s + || A2V, VL [s.

For the final term, we need the observation v'L(z, y; ', y') = VT (z; 2" )VT (y; /).
Then it follows that

(77c) = /dxdydxgdygdx’dy'dxédyé 0z —2")o(y — )0 (z2 — 25)0(ya — ys)
x A {Vx\/f(l’; )V VI (y; 93) VT (w0; ')V (433 9/)
+ VT (2 7)) VT (43 1) Var VT (w23 2 ) VI VT (1125 y’)}
= /dxdydxgdygdx’dy’dmédyé Oz —2")o0(y — y)0(x2 — 25)0(ya — ys)

* { (V:r\/z($, Yoi T, y’))T AV V(22,5 2, 1)

T
+ VyVL(h, y'; 7, 40) AVz/\/f(l‘Gyé;xz,y)}-
Finally, by Cauchy-Schwarz inequality, we have that
(77¢)| = ~2|| A2V VI |lusl| A2V, VI |ss.
Hence the desired result follows. O

Proposition 4.9. Let I'(t) be a smooth global solution to (59) with
trl'(t) = 1 and E(t) < C (see (9), (11)). Then the following estimate

/dtdx T(t 2, 2)]2 < 1 (78)

holds uniformly in N and depends only on the initial data. Moreover,
we also have the estimate

| &1l 22 (atawy S 1. (79)
Proof. By the above lemmas, it immediately follows that
T
87 / dt / de p(t, z)2 < M*(T) — M*(—T). (80)
-7

To complete the argument, let us recall that T'(z;2') = ¢(x)p(a’) +

N~1(sh(k)(k) osh(k)(k))(z;x'), then we see that

Mo(t) = / dedy p(y) =Y 3 () V() (81a)

|z — 9

1 r—y
+ / dxdy p(y)l—

=y (Sh(k)(k) o Vsh(k)(x)) . (81b)
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Finally, by a standard momentum-type estimate (see Lemma A.10 in
[25], we see that

M) <€ [ dy ptec) {91260 s+ 519225 ) 2

Finally, by the conservation of numbers and energy, we have the desired
estimate. 0

5. SECOND PROOF OF PROPOSITION 2.20

Since this proposition is the main new technical ingredient of our
paper, we give a second proof which is not based on the kernel of
the operator A(x + 2tD) (Weyl calculus), but rather on the Green’s
function.

We would like to show the following estimate,

6it<A”+A22>f($1> )

sup
1

C
L2(d$2) S t_%HfuLl(dlij)LQ(dng)

where (for convenience) we set

. T+ . Ty — T
142 - — \/— ) 1-2 - —
2 \/5

As in the first proof, we take the singular value decomposition of
f(z1,x9) in the rotated (z1_9,x142) variables and write

1 — X2 T+ X9
T1,%9) = Y U | —=— | | — =
o= S (252 (252)
where {v} are orthonormal and {us} are orthogonal. The evolution

equation can be written with the help of the Green’s functions as fol-
lows,

eit(AmﬁA”)f(ﬂ?l,i@)
|2

. |T1-2 — 31 2140 — yo?
- (4rt)3 / dy1dys Z {“k(yl)vk(Zh) exp (z T +i =

R3 xR3 k

The phase in the exponential can be expanded,
210 — p1]? + 2142 — ¥]? _ 1”4+ |22 + [ + [y
4t 4t 4t
_ T Y2 T2 Y24
2t 2t
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and in view of the above we redefine,

!2 - \/§$1 -y1>

Yy
ug(t, Y1, 21) = up(yr) exp ( I 4t

\2 - \/§$1 'y2)

Y
Uk (t, Y2, T1) = k(Y2 )exp< 2 4t

Notice that

{o(t, -, 1) }k is orthonormal.

Next we pick some function A(zy) € L*(R?) and employ duality,

deQ { A11+Am2 (33'1,1}2)14(1’2)}

2

et 4t _ T2y Z.\z2|2
= E / d!/ldyZZ uk(taylax1>vk(tay2axl>/de {e i A(%)}

T (4rt)3
R3 xR3 k R3

= (6;7;:&)3 / dyldyQXk: {Uk(tyl,l'l)’llk(t,yg,l'l);{ <t7 %)}

R3xR3

where we set,

A(t, z2) —e % A(xQ)
A(t,€) = /R day {eT 28 At 25) } .

Let us now define

Y2 — U1
t, 1, = d t,ya, 1) AT
cr(t, z1,91) /R3 92{%( Y2, T1) ( T }

and the orthonormality of the set {vg(¢t,-, z1)} imply

S ot <€ [ an{ At 2} =08 1A o,
k
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Finally we have using Cauchy-Schwartz,

/R dry {ei(AzlJrAW) f(:cl,xQ)A(xg)}'

sup
z1€R3
c 3 3
<% @1<§]wmw>(§qumwmﬂ
R3 & j

1
2

§—3/ di (Z]uk 1) > X || Al L2 (g3)-
2

The fact that {v;} are orthonormal imply that

||f(x1a x2)||L1(dm172)L2(dm1+2) - H Z |uk5(y1)|2 .
Vok L1 (dyn)

6. APPENDIX: PROOF OF THEOREM 3.6

The detailed estimates for Term 1, Term 2 and Term 3 are slightly
different (and irrelevant). They are

||Term1|| £.4 < ||F(t7x7$)||L4[T11T2]L2(d1')||A||S7'estrited[leT2]
dual[Tl7T ]
[V Terml|| s 4 S NITE 2, @) apry )02 @) A S camiteal T 720
[T1,T5]

dual
_I_ Hr(t x x)HL4 T17T2]L2(d$ ||VAHSre.5t'r7,ted[T17T2}
HV \Y% Term1|| 8.4 < NHF(t T ZE)HL4 [T ,T5) L2 (dx) HVAHS

ited [T1,T2]
i T] restmted[
dual[

+ ||F(t7 Z, x)||22 [Th,T2]L2(dz)

IV VA2 )l IV ALyl

L3 [T1,T2) L4 (dx) L2(d L3 [T1,T%] L4(dy)L2(d:c)) )

1
ITerm2]l g5 ) ) S N2D(t )| Fagr, 1,10 e A, coniatrs 7

1
HVTermzH % 4[ 1 T ] < N2 Hr(t T x)”z‘l[TLTQ]LQ(dx) HAHS'restrited[leTQ]
dual ’

1 1
+ N 2 ‘ ‘F(t7 x? x) ‘ |[2/4[T17T2}L2(dx) H VA”Srestrited[Tl 7T2]
3
||v v Term2|| 8 4[ < 2 ||F(t"Z‘7x>||L4[T1,T2]L2(d$)||VA||Srestrited[T17T2]'

dual 11,12 ]
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HTel"m?’H < HF(t? z, $) | ‘L4 [Ty,T%]L2(dx) ||A||S'restrited[T1 %]
dual[T T]

||VTerm3|| 8 4

dual[
5 N‘ ‘F(t7 x7 x) ‘ |L4[T17T2}L2(dx) ‘ |A’ |S'restrited[Tl 7T2]

+ [|0(t, 2, 2) | oz 1) 22 ) IV AL, praseal T2 T2)

T 7T2]

3 1
+ Na|[L(¢, 2 :L‘)||[2,2[T17T2}L2(d33)||A||5restrited[T1,T2]
Hv v TermB“ 8 4 fS N’ ‘F(t7 x’ m) ‘ |L4[T17T2}L2(d$) HVAHSTestMtEd[TlvTQ} °

dual [Tl T2]

To go from here to Theorem 3.6, we estimate

1
Hr(ta5va)HL4[T1,Tz]L2(d:I:) < HF(t,x,:L‘)HLQ [Ty, Ts]L?(dx) HF(t Z x)Hzoo[Tl,TQ]m(dg;)

1
S ||F(t7x7x)Hz?[Tl,TQ]L?(dm)'

We present the detailed proofs, split into several propositions.
The estimate for Terml is an immediate consequence of Holder’s

inequality, the Leibniz rule and Vy(z) = N3V (NPx) with 8 < 1.

Proposition 6.1. For any time interval [T}, T5)

|| (Vy xT(t,2,2)) A(t, © 9>HL5 (T, To] L3 (da) L2 (dy)
+ [ (Va *T(t,y,y)) At © y)HLs[Tl To)L % (dy) L2 (de)

5 ||F(t7 Z, $)||L4[T1,T2]L2(dx)

' (HA(t’ x’y)HL%m Tl LA (de) L2 (dy) T A, 2 y)||L§[T1,T2]L4(dy)L2(dr)> '

while

B A T |
5 NHF(t?'r7x)||L4[T17T2}L2(d:v)
+ Hr(ta $7$)’|L4 [Ty, T L2 (dz)

<||v 7Z/A(t x y)||L3[T1 T2}L4(d$)L2 + ||v5’3 yA(t T y)||L3[T1 TQ]L4(dy)L2(dCB)>
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and

V29, (Vi 5 D 2 2)A 298 4 )
+[IVaVy (Vi = D(t, g, ) A, 2, 9)) 1] 5
S NI, 2, @) apry 122 a0

(Va2 5 ez N MG s )
+ Tt 2, ) || o pry 12022 (da)

(IVaV, Azl 5

L 5 [Tl TQ]L3 (dy)L2(dac)

y TIVVAR 2 )l s

LE[T1,T5) L4 (dx) L2 (d L3, T L“(dy)LQ(dZ)) ’

The propositions that follow are shghtly more involved variants of
the above argument.
In order to estimate Term2, we will use

Proposition 6.2. For any time interval [Ty, T3],

(IVAZERIPF

L8 (T3, T5))L 3 (do) L2 (dy)

1 1 1 1
S HVNHz%HAHLQ[TI7T2}L6<d<x—y))L2(d(z+y))HVNHZlHF(t,567$)|!i4[T1,T2]Lz!\F(t>$,fB)HiooLl

1 1
S N2 @, 0| Laggy e 1A 220 1o 28 (a@—y) 22 (@(@4)
an also

[T o (VwA) || s

Ly () L3

(dy)L?(dz)
< N2 |0t 2, 2) ||I%,4[T1,T2]L2 AN 27y 72128 (d(a—) L2 (d(a+0)) -
Proof. We have the pointwise estimate
‘ (VA oT) (t, x, y)} = | /VN<I' — 2)A(t, z, 2)[(t, z,y)dz‘
1 1
< (/ V(z — 2)|A(t, . z)|2dz> 2 (/ V(z — 2)|D(t, z,y)\zdz) 2
(82)
= A(t,z)B(t, z,y).
Thus
[venorl, g

(st oy < 1Allzm mee | Bllpsper:

and

1
1A 2 e < VNI g 1A 220 )20 o)) 22 a4 -
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Also, using (47),

1
2
H (/ Viv(z = 2)[I(t, z,y)sz)
LB[T1, T3] L4 (dz) L2 (dy)

< H (/ vata =0t . 2ldsIr e

L8[Ty, T LA (dx) L2 (dy)
1 1 1
SNV ZTE 2 ) Fapry g2 10 2 2)] Foo 1

The proof of the second estimate is similar.

Next, we need the above estimate with derivatives.

Proposition 6.3. For any time interval [Ty, T3],

H (VwA) o VyrHL%([Tl,Tz])L%(dx)LQ(dy)
1 > : :
S VNI s 1M 2y 212 o)y 2@ IV I E T 20 ) Eary g B e
. 1
< N3||I(t, x, $)||z4[T1,T2]L2 Al z2(ry 1) L8 (e —y)) L2 (d(@ 1))

(we used Proposition 3.3). Thus, using the Leibniz rule,

[V (ViA) o 1) |

L8 ([T1,T2))L 3 (dw) L2(dy)
3 1
5 Nz ”F(tv €, 'T) ||[2/4[T1,T2]L2 ||A”L2[Tl,TQ}LG(d(I*y))LQ(d(ﬂchy))

1 1
+ N2|T(¢, @, @) Zagr, g2 | Ve Al 2y 1 no@e—y) L2 (d+y))
and

VoV, (VeA) o D) |,

8 ([T, To)) L3 (d) L2 (dy)
3 1
5 N> ||F(t7 Z, .T}) ‘|i4[T1,T2]L2 ||v$,yA||L2[Tl,Tz]LG(d(I*y))LQ(d(ery))'

A similar estimate holds for

[V (T 0 (VAN 5 gy a2 a2
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Proof. The argument is similar to the previous proof, with minor mod-
ifications. We have the pointwise estimate

| (VAo V,T) (t,z,y)| = | /VN(x — 2)A(t, %, 2)V, (L, 2, y)dz|

: (/ V(@ = 2)[A(t, z)l2d2> : (/ V(e — VI Z7y)|2dz)é

(83)
= A(t,z)C(t,x,y)
and
V) 0 VTl s st gy S IAl2m a2 1Cls e,
For A, we have already noticed
1Al 27y gz < VNI (1Al 2217y 212 (ata ) 22 a4
For C, we use (48):
| ([t - am,rezmra:)
L8[Ty, T2 L4 (dx) L2(dy)
3
< H (/ Vn(z — 2)|I(t, 2, z)\dzEk(t,y))
L3[Ty,To] L* (dz) L2 (dy)
1 1 1
< VNI Z T 2 )1 Eagry gy 1Bl foo -
0

Next, we discuss Term3.

Proposition 6.4. For any time interval [T}, T5)

I [ Wit = A0 DA 1t i
5 ||F(t7$vx)|’L4[T1,T2]L2(d56)HA||L%[T17T2}L4(dx)L2(dy)‘

and also

H/ VN Z - y)F)(Z y)dz||L5[T1 TQ]LS(dm)LQ(dy)

< HF(t Y, y)HL4 [T1,T2] L2 dy)HAHL3 [Ty, 1) L4 (dy) L2 (dz)”

Proof. Using 47 together with Holder’s inequality and Young’s inequal-
ity, we have

H/VNF z, 2)p(2)dzll g ST (@, 2)]ze ][] a. (84)
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Thus, at fixed time, using () = ||A(z, )| L2(ay)

[ / (VNT) (@, DA )2l g oy S DG )2 Aoz (85)

The proof is finished by using Holder’s inequality. The argument for
the second estimate is similar.
O

Next, we introduce derivatives:

Proposition 6.5.

I [ (st = 9900 A5 0 i

< [IVwll 310t =, x)HLZ[Tl T5]L2 dm)HE’fHLm(dt L dx)HAHLs [T1,T2] L4 (dz) L? (dy)

3 1
S NATCE 2, 2 Zaiy 122000 1A 8 1y 2128020 22 )

where Ey is the kinetic energy density, see (49) and the estimate of
Proposition 3.3. Thus

92 [ Vil = D0 A D3 1,18

< N||F(t z x)||L4[T17T2]L2 dd) ||A||L3[Tl T2}L4(da:)L2(dy)

T 2, 2)l| o m) 2 | Vy A”Lz[n,n]w(dmm?(dw

3
+N3||T(E, =, x)||L2[T1 T2] L2 (dz) 1Al |L3"[T1 To) LA (dw) L2 (dy)

and

V.V, / Viv(z — 2)T(z, A (2, )| s
S NItz 2) || pamy )2 de) || VA

L5 [T1 TQ]L3 (dm)L2(dy)
| |L% [Ty, T3] L4(dz) L2 (dy)

+ N4||F(t Zz $)||L2[T1 To]L2(dx) 1V, ||L%[T1,T2]L4(dx)L2(dy)‘

Similar estimates hold for [ A(z,z) (Vn(z —y)T(z,y)) dz.
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Proof. Using (48) and arguing as in the previous proof, with ¢(z) =
|A(z, )| L2(ay), We have,

| [ 9D 2ot)dell, g S By + (De2)20() I,
< IB Vi * (T2 2) (=) ) [l
< IEE Vil 4 TGz, )30

1 1
< [Vl 4 1Tz, 2) 2| L) | Bl 2 oy A | 28 ) 22 ) -

Now the result follows using Holder’s inequality in time. The proof of
the second estimate is similar.

U
Finally, we need estimates for (Vi * |¢|?)(z)d(z)d(y).
Proposition 6.6.
Vi« Y @S0 2 a1V * 1Y OOt o

S (Vi = [012) (@) || 22 (aeyr2 ao) |0 oo a5 () | D oo (at) 22 ()
<1

Ve (Vi # 18 @)@ W) | 1.
|V (Ve # 18P ED)) [ 2.8 a2
SN

1929, (Vi * 161 @)@ |2 18 ey 22

+ V29 (Ve # [6PY@)@)SW) |18
S N.

Proof. All the above can be proved using (9), (11) and (52).
Since vavyAHLoo(dt)B(dxdy) < Hvxvy/\ , the proof of The-
orem 1.2 is complete.

Srestricted

O
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