UNIFORM IN N ESTIMATES FOR A BOSONIC
SYSTEM OF HARTREE-FOCK-BOGOLIUBOV TYPE

M. GRILLAKIS AND M. MACHEDON

ABSTRACT. We prove local in time, uniform in NV, estimates for
the solutions ¢, A and I' of a coupled system of Hartree-Fock-
Bogoliubov type with interaction potential vy (z—y) = N3v(NFP (z—
y)), with 8 < 1 and v a Schwartz function (satisfying additional
technical requirements). The initial conditions are general func-
tions in a Sobolev-type space, and the expected correlations in A
develop dynamically in time. As shown in our previous work, as
well as the work of J. Chong, (both in the case § < 2/3), using
the conserved quantities of the system of equations, this type of
local in time estimates can be extended globally. Also, they can be
used to derive Fock space estimates for the approximation of the
exact evolution of a Bosonic system by quasi-free states of the form
eVNAG)B(R)() This will be addressed in detail in future work.

1. INTRODUCTION

Let vy(x — y) = N*v(NP(z — y)), with 8 < 1 and v a Schwartz
function satisfying additional technical requirements. This paper is
devoted to obtaining estimates, uniformly in N, for solutions to
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{la _ Am} o) = [[dyfoxto — L} o@) (1)
— /dy {on(z1 =)o) (C(y, 21) — oY) d(21)) + vn (21 — ¥)O(y) (Alz1,y) — d(21)d(y)) }

1 1
{300- 8 = At vt - 20 p Ao (1

_ / dy {w (1 — 9)T(y, ) + vx (2 — )0 (y, )} Ay, 72)
_ /dy { (UN<I1 —y) + on(xe — ?J)) <A(l’17 'y, x2) + F(ml, y)A(y, xz)) } +

L2 / dy { (vx (21— y) + vn (22 — 1) W) P (1))}

{lat N Am}ml,xz) (1¢)
7

= —/dy{(vN(atl —y) —on(T2 — y))A(xl,y)K(y,xg)} +

— /dy { (vn(z1 —y) —on(z2 — 1)) (F(% YT (y, 22) + Ty, y)T (21, l‘z)) }
L2 / dy { (vx (@1 — y) — on(es — ) |6(y) (1) B(z2) )

The functions ¢, A and I' also depend on N and ¢, but this has
been suppressed to keep the formulas shorter. See 8 and 9a-9c, for the
conceptual meaning of these equations, and the normalizations used. In
particular, the number of particles is Ntr(I'). As explained in section
2, this is a conserved quantity. In addition, the initial conditions are
chosen to have O(1) Sobolev-type norms. The spacial dimension is 3.
These equations are similar in spirit to the Hartree-Fock-Bogoliubov
equations for Fermions. For Bosons, they were derived in [19], [20],
and, independently, in [1] and the recent paper [2], which addresses
both Fermions and Bosons .

Reading this paper requires no knowledge of Fock space. However,
as background material, we will review the ”big picture” motivating
this work, as well as [16]-[20]. See these papers for background on
Fock space and additional references related to this project. Our work
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(started in [16] in collaboration with D. Margetis) is devoted to the
problem of approximating the exact evolution (in Fock space)

Vezact = GitHe_‘/ﬁA(‘f’O)e—B(ko)Q (2)

by an expression of the form 7. Here H is the Fock Hamiltonian

1
H = /dx {a;Aa,} — N dxdy {UN(JC - y)a;a;;axax} (3)

The function ¢ is a function of 3 + 1 variables,

@)1= [ do {ota)a, ~ o(wa} ()

and e~ VNA@) ig a unitary operator on Fock space, the Weyl operator.

The "pair excitation” function k = k(t, z,y) is symmetric in x and
y, and

B(k) := %/d:ﬁdy {k(t, z,y)aza, — k(t, z,y)atal} . (5)
The unitary operator e2*) is the representation of an (infinite dimen-
sional) real symplectic matrix (the Segal-Shale-Weil representation, see
28]) and is called a Bogoliubov transformation in the Physics literature
(elements of such a construction go back to [6]).

Q) is the vacuum, and the state

b= e VNADQ (6)

is a coherent state (the nth entry of this state is a tensor product of n
copies of ¢).

e~ VNA@) () — ( .. C H o(xj) .. ) with ¢, = (eiNH‘ﬁHi2 N"/n!)l/2 .
j=1

The state e B*0)() is called a squeezed state in the Physics literature.
The Fock space Hamiltonian acts as a PDE Hamiltonian on each
entry of Fock space

: 1
Hn PDE — A:v__ N3’8U N’BZE‘—ZL‘k
) jzl J N ; ( ( J ))

In the Math literature, the Fock space evolution e”®* has been studied
in the 70s by by Hepp in [21], Ginibre and Velo [15] and, 30 years later,
by Rodnianski and Schlein [26], followed by [16] (where €P is explicitly
introduced).
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The problem is to find a Fock space approximation of ©ezqe (wWhich
involves linear Schrédinger equation in an unbounded number of vari-

ables) by

Gappran = €~V FAG0) ~BHO)) (7)

where ¢(t, x), k(t, z,y) satisfy non-linear Schrédinger equations in 341,
respectively 6+ 1 variables. As explained below, the motivation for the
equations discussed in this paper is that they describe a good choice of
¢ and k accomplishing this approximation. There are several equivalent
ways of writing these equations, see [19], [20]. The equation for k is
best expressed in terms of the auxiliary functions I' and A, which are
functions of ¢ and k£ and are generalized marginal density matrices for
the proposed Fock space approximation.

Explicitly, the equations la-1c were written in [20] in an equivalent
form, reminiscent of BBGKY, in terms of the marginal densities £, ;,

defined by

Emm(t,yla---aym§$1,---,$n) (8)
1
- N (m+n)/2 <CLy1 T aymwapproxa gy ** " gy wappro:c>

In terms of these, the equations are

(lat - Aml) Loa(t, 1) (9a)

]

= —/UN($1 — x9) L1 2(t, x93 21, 22)ds

1
(;&t + A, — Ayl) L1:1(t,2150) (9b)

= /UN(OCl — x9)Loo(t, T1, T2, y1, T2)dTo — /UN(yl — 1Y) Loo(t, 1, Y25 Y1, y2)dy2

1 1
(—ﬁt — Ay, — Ay, + NUN(xl — $2)) Loo(t, x1,22) (9c)

]

= _/UN(xl —y)L13(t,y; 1, 22, y)dy — /UN(xz —y) L s(t, y; 21, 22, y)dy
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Here (denoting by o composition of operators, or the corresponding
kernels, (uwov)(z,y) = [u(z,z)v(z,y)dz)

¢ = Lo (10)

[y, = % (SB0R) 0 sh(k)) (.21, 22) + 3(t, 2)b(t, ) (10)

A= Loy = %sb(%)(t, 21,32) + 6(t, 21)(t, 72) (12)

where we defined
1 _
sh(k) ::k+§kokok+... )
! -
ch(k) :zé(x—y)+§k:ok:+...

The other £ function can be expressed in terms of ¢, A and I'; leading
to la- lc.

Once ¢, A and I' are known, the pair excitation function used in the
approximation (7) can be obtained and estimated from the equation

S (sh(2k)) = —vyA o ch(2k) — ch(2k) o (vxA)

— ((on *TrD) (x) + (vy * TrD) (y)) sh(2k)(z, y)
— (vnT') o sh(2k) — sh(2k) o (vyT)

There is a similar equation for ch(2k), see Theorem 7.1 in [19].

The problem of proving a Fock space estimate for ||Yezact — Vapproz|| 1s
currently an active field. See [8], [25], and [5]. In that paper, Boccato,
Cenatiempo and Schlein prove a result in the range § < 1, and the
estimate is global in time. Their approximation is given (translating
to our notation) by eX(®)e=VNAW@M) ~BEMOI, \ (1)) where ¢ satisfies
the expected cubic nonlinear Schriodinger equation, k(t) = k(t,z,y)
is explicit and U, y(t) is an evolution in Fock space with a quadratic
generator (see the page preceding Theorem 1.1 in [5]). The function
k(t) (which corresponds to pair correlations) has to be present in the
initial data.

Regarding the analysis of such correlations, see also [10], [14].

Our approach, based on coupled PDEs for ¢ and k, offers the possi-
bility to start with uncorrelated initial data, and allow the correlations
to develop dynamically, in very short time. In the present paper, we
obtain estimates for the generalized marginal densities A, I" and ¢. In
our previous paper [20] (devoted to the case 0 < 3 < 2) we showed how
estimates for A, I' and ¢ imply estimates for k, which in turn imply
Fock space estimates for the proposed approximation 7. Our work was
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extended globally in time in [12]. (See also [11] for the analysis of these
equations in 1 4 1 dimensions.)

For % < B < 1, there are greater difficulties in both the PDE problem
of obtaining estimates for A, I" and ¢, and the Fock space approxima-
tion. For this reason, we treat the two issues separately. This paper
addresses only the PDE problem, leaving the Fock space estimates for
future work. We conjecture that, using the estimates of this paper, it
is possible to prove

[Wenact — Yagpe |7 1= || e~ VNAW0) =BRO) () _ ¢ix(t) o= VNAWG() =B | 1
< el ¢ - 1—

or « —_—
- N«o 2

for suitable initial conditions, which include pure coherent states (ko =
0), and a phase function y. This type of estimate is comparable to [5],
but allows more freedom in the choice of initial conditions.

Fock space techniques can also be applied to L?(R") approximations.
See the recent paper [27] and the references therein. We also mention
the approach of [24].

We end this section with some general comments regarding the equa-
tions studied in this paper. Since we are looking for estimates which
hold uniformly in N, it is instructive to replace vy by . Then la-1c
become, formally,

{%@ - Am} ¢(x1) = =L(t, 1, 21) (1) + -

{lat - Affl - sz} A(SL’L x2>
]
= —{T(z1,21) + D(xg, 22) } A1, ) + - -+

1 _
{;at — Ay + Aazz} I'(z1,22)

= —A(z1, 21) (21, 23) + +A(21, 22) A(22, 2) - - -

These equations are invariant under the following scaling

AP(N2t, Axy), N2A(N2, Ay, Axo), A2T(A\%t, Azy, Axo), which is H' criti-
cal for A and I". However, scaling does not detect the collapse to the
diagonal x; = x5 . For instance, if we replace A(x1,21)A(z1,15) by
|A(z1,x9)|%, the scaling would be the same. Since there is loss of regu-
larity in going from |A(x1, 22)|? to |A(zy1, x1)|?, this make the equations
H?' supercritical. On the other hand, as explained in the next section,
the conserved energy for the full system has the scaling of H? for T,

but only H! for A. (However, as shown in [12], a norm of A with the
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scaling of H'*¢ grows in time, but not V). Using these conserved quan-
tities the local existence theorem (and estimates)of the current paper
can be extended globally in time. See [12] how this works out the case
B < 2/3. We plan to address the problem of global estimates in detail
in a forthcoming paper.

The plan of the paper is as follows: Section 2 reviews the conserved
quantities (derived in our earlier paper [19]), and contains some addi-
tional comments. Section 3 has the statement of the main (nonlinear)
theorem, and a simple statement of the main linear estimates, which
are shown to imply the main non-linear theorem . Sections 4 reviews
standard X*? type estimates needed for the proof. Section 5 introduces
new estimates, including a technical statement of the main linear re-
sult. The rest of the paper is devoted to the proof of the main linear
estimates. Each of those sections starts with a heuristic guide to the
proofs in that section.

Acknowledgment. We thank Daniel Tataru for a very useful conver-
sation regarding the estimates of this paper.

2. CONSERVATION LAWS, AND FURTHER COMMENTS

The system la-1c has two important conserved quantities. We men-
tion this fact here although we do not use it in the construction of
solutions locally in time, where the solutions are obtained by a fixed
point argument using the norms and estimates of Theorem (3.3). These
conserved quantities would be crucial to extend our estimates globally
in time. Solutions to the system considered in this paper, but without
potentials depending on N, have been constructed in [1].

The first conserved quantity is the total number of particles (nor-
malized by division by N) and it is

M =t {l(t)} . (13)

This means that M = 1. The second conserved quantity is the energy
per particle

E :=tr{V, -V.,I'({t)}+ % /da:ldxg {UN(xl - x2)|A(t, Z1, 932)‘2}
1
+ Z/dxldx? {UN(:UI — I9) <‘F(t, T, @)‘2 + T(t, x1, 1) (t, 22, x2)>}

- %/ dardzs {on (@1 — 22)[S(t, 21) |6t 2]} (14)

which is conserved by the evolution. Notice that the quantity E defined
above is positive because the following inequality is true: ['(¢, zq,z2) >
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o(t,z1)¢(t, 25) (in the sense of operator kernels, with @(t, x1)p(t, x5)
representing the kernel of orthogonal projection onto ¢.)

In order to see what kind of regularity the conservation laws imply,
we observe that the kinetic part of the energy is,

1
0 {V, -V, I} = /dm (12000, 0)} + g [ dnrdes {[Vaul + [Vepul?}
Now if we observe that, denoting u := sh(k), ¢ := ch(k) (see 11, 12)

¢ :=sh(2k) =2uoc , coc=0+uou

a simple calculation implies the inequality,

/d%dxz {WWW + WW@D‘Q}

S 4 (/ dlL‘ldl’g {|V$1U|2 + |V$2U|2}) (1 + /dmldx2|u|2) .

Since we have A = ¢¢ + (1/2N )1 then
/dxldxg {\VIIA\Q + |V$2A]2} < CE(M+N7Y)

i.e. the H! norm of A is bounded by a constant which is independent
of time. In fact one can show, see [12], for some € > 0,

/dl‘ldl’g {|V$1 ‘1/2+6}vm2|1/2+€/\}2 < C’(t)

where C(t) is independent of .
On the other hand, I' = ¢¢ + (1/N)u o u which implies a better
estimate, namely

1V |V D) 22 () < E -

It is interesting to observe that the construction of solutions is accom-
plished using norms which are ( slightly) below the thresholds indicated
by the above estimates, see Theorem 3.3.

Remark 2.1. Tt is an interesting task (at this point) to write down the
evolution equations in the case of aligned Fermions. For the simple
Hamiltonian ( defined on Fermionic Fock space)

H = /dxld:cg {c;‘;1 (Amd(xl — 372))%2 + ¢, v(ry — .%'2)CxQle}

we have the following type of reduction. We form two (pair) functions
w(t, x1,x9) and (t,x1,x2). They satisfy certain relations. Namely
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*

w* = w and YT = —1). Moreover w(t,z,r) > 0 and they are not
independent of each other, they must satisfy

—Yotp+wow—2w=0.
The two evolution equations are,
20+ (e, + Ay — 20(a1 — 7))
+ /dy {v(z1 —y) (@(z1, Y)Y (Y, 22) + (21, Y)w(y, 22) — w(y, Y)Y (1, 22))}

T / dy {0(y — 22) ((@1, Y)Y, 22) + w (a1, ¥y, 22) — wly, )1, 22))} = 0
and

— %&w + (A, + AL w
- / dy {o(z1 — ) (Ben, 90y, 22) + (o, y)wly, 22) — 0y, vl 22))

- /dy {o(y — x2) (@1, ) (y, 22) + w(@r, y)w(y, 22) — w(y, y)w(zy, 22)) } = 0.

The analogy is I' — w? and A — @ but notice that 1 is now anti-
symmetric!
The system conserves the number of particles,

N = %tr(w) = /dx {w(t,z,z)}

and the total energy,
1 1
FE ZZETJI' {le : vacgw(t?xhxﬂn)} + Z/d’rld‘r2 {U(flfl B 1’2)‘77/)@, 11, x2)}2}

1
+ 1 /dxlde {v(xl ) (w(t,$1,$1)w(t>$2,x2) - ’W(t>$1,$2)’2)} -

We may observe that we can set (consistently) ¢» = 0 is which case we
obtain the familiar equation for w (which must be a projection).

The equations above are written without any scaling. If we scale
space by N” then we can rescale appropriately the interaction potential
v. The most natural assumption for v is Coulomb. See [4] and [2] for
related work on Fermionic systems.

We end this section with some comments on the structure of the
nonlinear terms which (if thought the right way) look ”simple”. We
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adopt the following convention for (skew-Hermitian) commutators and
symmetrization for two operators, say A and B

[A,B] :=AoB-B*oA* |, {AB}:=AoB+B"0A"

where recall A o B means,

(Ao B)(z1,20) == /dy {A(z1,y)B(y,z2)} .

Also, denote

St L = w0~ Ay — A,
2

T1,22
1
gt ;@ — Ay, + A,

1,22

With this convention we can write the equations as follows,

{Siwz + %“N} A+ {uy * diagD, A} + {oyT, A} + {vnA, T}
= {und9, 60} + {onos, b} (15)

Notice that 7 =T and AT = A, and vy A means pointwise multipli-
cation i.e.

(UNA) (1, 22) = vn (11 — o) A(21, T2)
(vn * diagl) (21, 22) = (/ dy {vn(x1 — y)F(y,y)}) d(z1 — x2) .
To see why 15 is correct notice that
{ovA, T} = (oyA) oL +T7 o (vyA)T
= [y {ontar = M1 9 (grnz) + T o, oy — )M 22)}
The equation for I' reads,

SEL T+ [un * diagl, T'] + [uxA, A] + [onT, ]
= [on 60, 00] + [vn o0, 6] . (16)

Notice that A* = A and I'* = I in computing the commutators and it
easy to check that it is indeed correct.
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3. STATEMENT OF THE MAIN THEOREM

We use the standard notation

| F'l| o dt) L (do) 2(ay) = H 171l 22 | o gy
Lr(dt)

[—=

Fix a > 3, chosen so that 2a3 < 1. (This is so that, roughly
speaking, |V|**$vy is less singular than the delta function.)
Let 0 < T < 1 and ¢(t) the characteristic function of [0,7]. Define
the norms
of A(t,w,y), T(t,x,y) and ¢(t,z):
Nr(A) =| < Vo >*<Vy > c(t) Al L2 16 (dr) 12 (dy)
+ || <V, >%< Vy > C<t>A||L°°(dt)L2(dz)L2(dy)
+ same norm with z and y reversed

+sup || <V > c(t)A(t, z, 2 + w)|| 12(drda)

1
+sup ||| 0" (At 2, 2 + w)l| 2(dra)

and, for I'(¢, z,y),

NT<F) :H < Vx >Y< Vy > C(t)r||L2(dt)L6(d$)L2(dy)
+ same norms with x and y reversed

| < Vo >*<Vy > c(t)]| oo (ar) L2 (dw) 12 (dy)
+sup| <V >3 |V|%c(t)F(t, T, + W) 12(dtd)
w

and Strichartz norms for ¢
Np(9) =[| < Vu > c(t)P|| L2(aty5(dx) + || < Vo > ()@ Lo (ar) £2(dw)

Remark 3.1. The dot in Np(I') is meant to remind the reader that
these are not inhomogeneos Sobolev norms.

Remark 3.2. For any Strichartz admissible pair p, g (
2<p<oo,

%—F%:%)Wi‘ch

|| < Vz > Vy > A||Lp([O’TDLq(dx)L2(dy) 5 NT(A)

This can be seen by interpolation. The same comment applies to NT(F)
and Nr(¢).

Our main (nonlinear) theorem is the following:



12 M. GRILLAKIS AND M. MACHEDON

Theorem 3.3. Assume v is a Schwartz function with U supported in
the unit ball, such that |0| < W with w a Schwartz function. Let § < 1,
and fix o > % so that 2ap < 1. Let A, I' and ¢ be solutions to 1a, 1b
and Ic. Then there exists, Ny € N and € > 0 such that, if 0 <T < 1
and N > Ny,

r(A) S < Ve >*<Vy, > A0, )|z

+T6(NT I') + Nj (¢)>

Np (D) S| < V. >2< V, > T(0,-)]|| 12

+T€(N (A) + N7 (I') + N7 (cb))

Ne(9) S 1 < Vi % 6(0, )1
T (NT (A) + Ny (T) + N2 () ) Ny (6)

As an immediate consequence, we get
Corollary 3.4. There exists Ty > 0 such that, if 0 < T < Tj,
Nr (A) + Np (') + Nz (¢)
S < Ve >*<Vy, >* A0, )][z2 + || < Ve >*< Vy, > T(0,)]| 2
+ [ < Vo > ¢(0,-)]| 2

Remark 3.5. For the purpose of future applications, we note that simi-
lar estimates hold for the derivatives which commute with the potential:

NT (ﬁtVHyA) + NT (at z+y ) + NT (atvjm¢) (17)

S <V, >*< Vv, > AV

T+y

A

I
t=0

+ <V, >*<V, >0, V., T

z+y

+ || < VZ‘ >a atv:igbh:o”[p

12
t=0

The time interval T and the implicit constants in the above inequalities
depend only on the following norm of the initial data:

| < Ve >*<V, >*AQ0, )|+ || <V, >*<V, >*T(0,)]| 2
+ [ < Vi > ¢(0,)| 22
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Also, the theorem is valid for general functions ¢, A and I'; although,
for the application which motivates this work, they satisfy a constraint
(which is preserved by the evolution).

Remark 3.6. While the above theorem looks similar to Theorem 6.1
in [20], the similarity is superficial. In [20] we took £ < 2/3 in order
to be able to treat %UN as a perturbation in X 2 type spaces. The
reason for that was < V, >*< V, > Loy(z —y) € L¥® and we
were able to use the L2(dt)L5/®(d(z — y))L*(d(x + y)) dual Strichartz
space. In the present case, f < 1, a > %, this is not the case, since
<V, >*< V, > Soy(x —y) is (almost) as singular as 0(z — y).

Roughly speaking, A is the sum of some pieces for which < V, >%<
VvV, >* A € X3+ and one piece for which < V, +V, >*< V, >%<
V,>*A e X%, as well as < 9, >1€ X7+ see the term D, 5 in Lemma
8.2. These estimates are sufficient in order to recover all Strichartz-type
estimates.

The proof of this theorem follows from estimates for solutions to
linear equations. In order to prove these, we have to recall the definition
of the spaces X° = X9 with s = 0. See [30] for more regarding these.

Denote

1
S=-0—A;, — A,
?
or, depending on the dimensions,

1
S:—,at—Az
[

1
Si:;ﬁt—ijLAy

so that the symbol of S is 7 + [£|* + [n]? and the symbol of Si is
T+ ¢ = Inf*. Let

1 Fllxs = | < 7+ [€7 + [n]* >° F(7, & m)| 12 (aragan)
or, depending on the dimensions,

1fllxs = I <7+ €7 >° F(, )l 12 arag)

1Fllxg =1l <7+ €7 = [n* >° f(7.& )|l L2(ardean)

We note that the first application of X spaces to the BBGKY hierarchy
is in the work of X. Chen and J. Holmer [9].
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We solve
S.['=F (18)
I'0) =T,
in an interval|[0, 7] by constructing
I, = eftder,

+ /00 c(t — 5)e't92¢(s)F(s)ds

where ¢(t) is the characteristic function of [0,7], T' < 1, and noticing
c(t)l' = c(t)Ty .

The following is known, it follows from Proposition 5.8 in [20], and
Lemma 5.2. See also [13] and [9].
Proposition 3.7.

S.I'=F, I'(0) =T
Then, for all 6 > 0,
Nr(T) S5 |l < Vi >< Vy, > Tollre(aaay) + || < Vi %<V, > c(s)FHX,%ﬂs
+

(19)

N1 (@) So | < Va > oll2(an) + | < Vo > e(8) fll o34

The main new contribution of our current paper is a non-obvious
modification of the above estimates for Np(A), for an equation which

includes the potential tvy(z —y). The ”short” version' of our main
linear theorem is

Theorem 3.8. Let 0 < 5 < 1, and let

1
SA = “on(e —y)A+F (20)

A0) = A

Then for all & > 0 sufficiently small, the following holds, uniformly in
N.
Nr(A) Ss || < Ve ><Vy > Aol + || < Ve >9<Vy > c(t)F| 105

+ min{|| < V, >“< V, >3 ¢(t)F
a—l (03
| < Ve >*T2<Vy > c(t)F| 15}

Xfiféa

ISee Theorem 5.4 for the ”long” version of the theorem
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Remark 3.9. Note that the definition of Ny(A) involves a quarter time
derivative, but the right hand side above involves no time derivatives.
This time derivative will be crucial in the proof of Theorem 3.8, as well
as future applications of the theorem to Fock space estimates.

In preparation for the proof of Theorem 3.3, we recall some stan-
dard inequalities. For completeness, a general statement and proof are

included in Lemma (4.2).
We will freely use the following estimates:

1 F ] 22+ ey po-amyr2cay) S N1l s - (21)

i. e. there exist numbers €1, €5, > 0, arbitralily small, such that

||F”L2+51(dt)L6*52(dx)L2(dy) §e1,e2,5 ||F||X%—a

||F”X—%+ S HFHLQ_(dt)Lg+(dx)L2(dy) (22)
| F || Lo () 2 (dady) Ss ||F||X%, for arbitrarily large p

IF =3+ S N1+ (ar) 2 (dzay) (23)
I, 1 S P8 e 24)

Now we are ready to prove Theorem 3.3.

Proof. The proof of Theorem 3.3 using Proposition 3.7 and assuming
Theorem 3.8 (which will be proved later in the paper) is straightfor-
ward. First, we use 19 with /' = RHS of 1c. We show how to prove

| < Vg >%< V,, >% ¢(t)(RHS oflc)||X,%+5

+

ST(NEW) + 8 + 62 9) )
Consider a typical term, such as the first term (where we set x1—y = z):

1 _
{Zat - ASE1 + ACEQ} F('xl?xé)

= —/dz {UN(Z)A(J,’l, r1 — 2)A(z) — 2, ZL‘Q)} + -



16 M. GRILLAKIS AND M. MACHEDON

Applying the fractional Leibniz rule in X° spaces, (which follows from
a trivial pointwise estimate),

< Vg >%< Vg, >%c(t) /dz {on(z)A(z1, 21 — 2)A(z1 — 2,22) }

Xj”
S /dz|vN(z)| c(t) (< Va, >* My, 01 — 2)) < Vg, > A2 — 2, 79) "
X, ?
+ /dz|vN(z)| c(t)A(z1, 71 — 2) < Vg, >9< Vg, > Az — 2,73) -
X, ?

sr/Mw@\

‘ (< Va, > A2y, 21 — 2)) < Vi, > c(t)A(11 — 2, 25)
Liter (dt)L2(dI1dx2)

Ay, 201 — 2) < Vg, >%< Vg, > c(t)A(z) — 2, 79)

+T5/dz|vN(z)|

(we used Holder in time, and formula 23

([ oo ) sup

< Vi, >% c(t)A (11 — 2, 29)

w7 ([ lon(a) ) s

H < Vg >9< Vg, > c(t)A(z1 — 2, 72)

LY*e1(dt)L2(dx1dz2)

‘ < Vg, > c(t)A(z1, 21 — 2)

L2(dtdx1))

L2+e2 (dt) Lo (dw1 ) L2 (dw2)

c(t)A(zy, 21 — 2)

L2(dt)L3%€3(dx1)

L2te2 (dt)L6_54 (dajl)LZ(dajg)
< TNp(A)? (we used Sobolev)

provided 0 and all epsilons are sufficiently close to 0. We do not have
to keep track how the various small numbers 6, ¢; are related, provided
they are all much smaller that o — %, so that the Sobolev embeddings
Web=ea © [ and H® C L3 are valid in R3.

Estimates for

| < Vi >*<Vy, > (RHS of 10)||, 1,5 and
| <V, > (RHS ofla)|l, 3.5

(which are needed for Np(A) and Np(¢)) are similar.

In order to complete the proof for Np(A) we also need to estimate
the X179 norm of < Va, >3 < V., >% applied to those terms on
the right hand side of 1b involving vy(z; — y). A similar argument
holds for X~4° norm of < Vi, >0m5 < V, > applied to those terms
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on the right hand side of 1b involving vy (z2 — y). Recall
18 — A, — Ay, + k= ( A )
; 1 2 NUN Ty — o) (21, 22
—— [y {untar = ). 0) + vvlas — L) Awrozz) + -

We estimate (with suitably chosen 4, € > 0),

| < Va9 ([ onton - M) (o2

1
xX—179

5 H (/ UN(xl N y> = vy >a7% F(y7y)dy) C<t) < v:m >a A<x171’2>

X179

N H / on (1 — )T, y)dye(t) < Vi, 73 < Vi, > A1, 2)

x—179

ST

( / on(zy —y) <V, >72 F(y,y)dy) c(t) < Va, > Az, 22)

L3 (dt) L2 (dzdy)

+T°

/UN(xl - y)F(y,y)dyC(t) < vxl >a—%< Vrz >a A(xth)

4
3

L3 (dt)L2(dzdy)

(we used Holder in time, and 24 below)
_1 a
ST < Vg, >72 D@, 1) | 22(ay 23 (dan) | < Vas > AM@1, 22) || 240,17 5 (da1 ) L2 (das)
1 N
+ T\ (21, 21)|| 2@ 3@ | < Vi, >72< Vi, > A1, 22) || 040,70 L6 (dat ) L2 (daa)
< T*N(A)N(T)

We have used Sobolev estimates such as

_1 o
| < Va, >*72< Vg, >% AM@1, 22)|| 22(0,77) L6 (doy ) L2 (o)
S < Vi, >4<Vy, >% Ay, 22) | 2a(0,11) 28 (der ) 22 (den) S N1 (D)

Estimates for all other terms are similar.

4. STANDARD ESTIMATES

We summarize some basic estimates. The following is standard, it
was used (and also proved) in [20]. It was inspired by the estimates in
9], and is true in both X° spaces, and X9 spaces.
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Lemma 4.1. Let § > % and p,q > 2 be Strichartz admissible (% +§ =
3). Then

HFHLP(dt)LQ(dx)LQ(dy) 5 HF||X6 (25)

and the dual estimate is (26)

[Fllx-s S HF”LP/(dt)Lq'(dz)LQ(dy) (27)
We will write such estimates as

1 F | Lo atyLagany2ay) S I1F 1|1 (28)

and the dual estimate is (29)

||F||X—%— S ”FHLP'(dt)Lq/(dz)LQ(dy) (30)

These estimates also hold in = + v, z — y coordinates for X° spaces, but
not X4 spaces.

The following is a slightly sharper version of the estimates used in
20]. Sharp estimates for § < 1 have been known for a long time, going
back at least as far as Tataru’s paper [31].

Lemma 4.2. Let 0 < < % and p,q > 2 such that%+§: 5_2—45 Then

|\ F || o (atyLada) L2 (dy) S 11F]| xo
HFHX*‘S 5 HF||LP'(dt)Lq'(da:)L2(dy)

Remark 4.3. These estimates are motivated by interpolating, formally,
between the false end-point § = % with p,q Strichartz admissible and
the trivial case 6 = 0, p = ¢ = 2. We don’t know if the above estimate
corresponding to p = 2, § < % is correct. This is not needed for our
paper, but would remove some epsilons from the exposition.

Notice that if § < % is sufficiently close to %, p and ¢ can be made
arbitrarily close to Strichartz admissible pairs.

For the sake of completeness, we include a proof of Lemma 4.2.

Proof. Tt is easier to prove the (stronger) homogeneous version, corre-

sponding to the weight |7+ [£[* + ]n|2‘6. So we prove that the operator
T(F) defined by

F(T(F)) (r.€.1n) = !

|7+ 12+ 2]

maps L?(dtdzdy) to LP(dt)L(dz)L*(dy). (F denotes the space-time
Fourier transform). In physical space variables, this is given by T'(F) (¢, z,y) =
[ K(t—s)elt=)Aat2) P (s .)ds where k is the inverse Fourier transform

of # By the T'T* method, it suffices to show that the kernel

F(F)(T,€m)



ESTIMATES FOR HFB 19

(kxk)(t—t") ettt Aat20) maps [P (dt) LY (dx) L?(dx) to LP(dt) L9(dx) L (dy).

But this follows from the known fixed time mapping properties of

=% namely

e F@)an £ ——
¢ — v

(see [30]), the pointwise estimate |k * k(t — t')| < m, and Hardy-
Littlewood-Sobolev. Explicitly,

3(% -1 HfHLq (R3)
q’ 3)

H H H /(k‘ % k})(t . t/>€i(t—t )(Az+Ay)F(tl)dt/|lL2(dy) HLq(dm)

Lp(dt)
< /|||\(k * k) (t — t’)ei(tft’)AzF(t’)HLz(dy)HLq(dy)dt’

Lr(dt)
S /”” k*k ) =) AxF( )||Lq(dx)HL2(dy)dt/

LP(dt)

1

< F(t at’
N / e ) IOt 0o v, ,
< H||FHL‘1'(d:E)HL2(dy) N HHHF||L2(dy)HLq/(dw) L7 ()

We used Hardy-Littlewood-Sobolev and the identity
1 1 1 1
1—25—1—3(———)—1——,—1:—
¢ 2) p p

O

We summarize the basic space-time collapsing estimates used in [20].
These are inspired by estimates in [22, 23].

Lemma 4.4. If SA =0 then

Sup|||V|:/2A(t 2,2 + 2)l|2gaary S VI V12 Mo (2, 9) | 2(aeay) (31)

Also, if a > %, 0 > 0 then

sup || < Vg > A(t, z, 2 + 2)|| 12(dtdz) (32)

z

S <V, >2<Vy, >% Al x1/24s
(33)
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5. NEW ESTIMATES

Proposition 5.1. Let o > 3, and let A(t,z,y), F(t,z,y) such that

A = e Ay + / c(t — 5)elt 2 F (s, )ds

—00

Then there exists € > 0 such that
sup [[04]* (At 2 +2))
S < Vi >4< Vy, > Agl| 2
H < Ve >*<Vy > Pl e 4 <V, >7<V, >3 F| sz

Proof. The proof for the solution to the homogeneous equation is sim-
ilar to the proof of lemma 4.4. The proof for the inhomogeneous part
is in the Appendix. O

We systematically solve

in an interval[0, T'] by constructing
A1 = €_itAA0

+ /OO c(t — s)e ") 2¢(s)F(s)ds

o0

where ¢(t) is the characteristic function of [0,7], 7' < 1, and noticing
c(t)A = c(t)A; .

We will use

Lemma 5.2. Let b > 0 and
A= / ) c(t — s)e " m)eu Fds
Then
AL S [1F ] x0-

This is a version of the standard ” X*® energy estimate” (Theorem
2.12) in [30], which is usually stated for b > 1/2 and uses smooth cut-off
functions in time.

Proof. Let F denote the space-time Fourier transform. Then
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F ( |- s)e-“t-smwﬂyF(s)ds) — o+ | + InP)E(r, 6 m)

o0

and
1

e+ 1P+ InH)| <
|e( 9 7] )|N<T+|£|2+|n|2>

O

Remark 5.3. We will have to work in X° for both b > % and 0 < b < %,
as well as their dual spaces X .

One reason is that multiplication by ¢(t) is not bounded on X 2T, but
it is bounded on X2~. This is because the Fourier transform of X[0,00]
is a singular integral operator, |7|° is in the class Ay iff —1 < b < 1.
See Stein’s book [29], section 4 (Chapter 5) and remark 6.4 on page
218 of [29].

We want, for 0 < b <1

[c(t) Fllxs = [I¢ % FllL2(crpigpinpsbyardedn S 1F1L2(<rtig)2-4n2>bdrdedn)

It suffices to show

||é * F”L2(|T+|€\2+|W\2|b)drd§dn 5 ||F||L2(|T+|E\2+I77|2Ibdfdédn)

The convolution is in just one dimension, so, after changing variables,
this follows from

125 fllz2qirear) S 11 lz2qirpan)

for f = f(t). This weighted L? estimate is one of the properties of A
weights. We remark that by the same argument

b b
110e]2 (c(t) f) | L2(ata) S 1062 fl 2(atdw)
for 0 <b< 1.

Next, we need to define projections such as P\S—n\i o'~ These have
to be bounded on LP spaces, so they have to involve smooth cut-offs.

Let p € C5°(—2,2) be identically 1 on [—1,1]. Also, assume 2/ <
N,B’ < oI+1
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We define the operators

(P F) (@)
= (P ) (o) = 7 (10 (57 7006

(PK*TIRN/B/F> (z,y) = F(z,y) - (P|§fn|§Nﬂ/F) (z,y)

where F denotes the Fourier transform. Similarly, we define P, < ye F
and P, .~ ye I'. These operators are bounded on all (mixed) L?(dx)L?(dy)
spaces.

The proof of Theorem 3.8 will be based on more technical estimates,
using a more complicated norm: (denoted by N = N, as opposed to
the more elementary norms Ny from the statement of Theorem 3.8).
Recall 0 < f < 1 and o > % is such that 2a8 < 1. Let %— be a number
such that %—<%and%— (%—) <<04—%<<1—B.

Define the norm

N(A) = || <V >*<Vy >% Be_ o norc(tA]] 1o

+ [ < Ve ><Vy > Pepsverc(OA] -

+ || < Vi ><Vy > B cnw Pepg<ne €)M £2(at) 16 (d2) £2(ay)
+ | < Ve >*<Vy > P ione Pleyone (O M| noo @y 22z 2(ay)
+ same norm with z and y reversed

+sup|| <V > c(t)A(t,x +w, v — w)||12(dtda)
1/4
+sup ||y (W) Alt, = + w, & — )| L2(dta)

@A 3= + N < Ve >7<Vy > Bepona jeamene (A 3 -

The power N~! in the last term could be replaced by any N, and
it is meant to handle error terms.
The ”long” version of our main linear theorem is

Theorem 5.4. Let ¢ be the characteristic function of [0,T], and let A
satisfy the integral equation
A = c(t)e A

o0

n % /_Z ot — 5)67i(t78)A’UNC<5)A<S>dS 4 / c(t — S)Q*i(tfs)Ac(S)F@)dS

— 00

—A+B+C (34)
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so that A agrees with the solution of 20 in [0,T]. Then
NA) S < Ve >*<Vy > Agllre + || < Ve >*<Vy, > c(O)F|, 14
+ min{|| < V, >*< V, a3 FHX_;I_, | < V. S P Vv, > FHX_%I_}

Remark 5.5. Before proving the above theorem, we point out that it
implies Theorem 3.8. The right hand sides of the two inequalities are
the same.

As for the left hand sides, if A is as in the statement of the above
theorem, then

Nr(A) SNA) + [ < Ve >7<Vy > Aglle + || < Ve >0<Vy, > () F| 3y
Indeed, recall

Nr(A) =| < Vo >*<Vy > c(t) Al L2(a) 16 (de) 12 (dy)
+ || < Vo >*< Vy > c(t) Al 14 (aty 28 (da) £2(ay)
+ same norm with z and y reversed

+sup || < V> c(t)A(t, v+ w,r — w)|| £2(drdz)

We have

N(A)+ N(C) S || < Vy >*< Vy, > Aoz + || <V, >4<V, >% () F||

1
x—2t

(see lemmas 4.1, 4.4, 5.2). Also, using the definition of B 34, we have
a small improvement in B over A at high frequencies:

| < Vo >*<Vy > Beyysne Bl 14

Indeed, using Lemma 5.2 and 22,

1
| < Ve >*<Vy>* P one Bl 1y S NH <V, ><Vy > P>y oncA|

1
N N” <V, >0<Vy, > P o nsuncA||

1
X2t

L2 (dt) L8 (d(a—y)) L2(d(x-+y))
SI< Ve >*< v, > P\é—anNﬁ’c(t)AHX%*

We used the fact that, because of the frequency localization |£ — 7| 2
N, at least one of |¢|, |n| = N?, while vy is supported, in Fourier
space, at frequencies < N®. Thus at least one of < V, >%, < V, >¢



24 M. GRILLAKIS AND M. MACHEDON

falls on A, and then we used 22. For instance,

|Pe_yznevon < Vg >9<Vy, >%cAl| 1,

L
N

1
< , a a
~ N||PI£—17IZNB UNC <V SRV > AHL2—(dt)L%+(d(x—y))LQ(d(ery))

1 (e} «
S (NIIUN||L§;+) le < Vi >*<Vy > Al 12+ ()15~ (a(w—y)) L2(d(z-+1))

SN <V, >2<Vy > P oy (DAl

1_
2

The term where one < V >¢ falls on the potential is handled in a
similar way, and so are the terms involving P, >y

Proof. (of Theorem 5.4).
The outline of the proof will be

N(A) SN(A) + N(C)

+N(Be_yzne B) + N(Peyyzne B) + N(Be_yone jegjsne B)

and we will show each individual term is

SNTNQA) + [ < Ve >7<Vy > Aol + || < Vi ><V, > c(O)F| - 3s
+ min{|| < V, >*< V, >3 Flly1, 1< Ve S P Vy >*Fll 1}

Using Lemma 4.4 and Proposition 5.1 the above is already known for
the A and C parts of A. More precisely, we have

N(A) S| < Vi >9< V, >% Agl| 2

N(C) < || < Vo >%< V, > c(t)F|| | < Vo %< V, >3 () F||

X3+ X1

All work will be devoted to proving

N(Be-yjzve B) + N(Bepypzner B)
SV (N + 1< ¥ 50 ¥, 5 hall +] < Va >0 ¥, > Fll . )
N(Pe_<nt jesn<ne B) S NTN(A)

This will be split in several sections.

Whenever possible, we will estimate B (localized in frequency space
and differentiated) using Lemma 5.2, followed by Holder’s inequality
and the Strichartz type estimates of Lemmas 4.1 and 4.2.
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Let

B = %/ c(t — 5)e =2y ne(s)A(s)ds

1 1
1Bl g1 S lowe(AlL s S~
1
S G PN I ET PR ——

S N le(s)All 3~ S NTN(A)

O8N ()M L2 )28 (a2t

with %HUN”L%+ ~ N~

This is representative of the proof that follows provided at least one
of <V, >% <V, >%fall on A.

Also, from the above we can read off

leAll 13- S [[Aollee + () Fll -3+ + N7N(A)

and therefore (since |¢], [7] < N7 on the Fourier space support of
PlﬁntSNWPI&n\sNﬂ’C(t)A)

< Ve >*<Vy > Beyonw Bepnene (DA 4 -

S N2 (|| Aolz + () Fll -y + NN())

X3+
On the other hand, the terms [| <V, >*< 'V, > P o vorc(O)A[] 1
and || <V, >*< V> P o noc(t)A] 1o
are part of N(A), so we have to estimate the last term in N:
N7 < Ve >4< V, > e(t)A ]l 3
S [Aollzz + [le@Fl -y + NTN(A)

The rest of the proof of theorem 5.4 will be split into several sections.

6. ESTIMATES FOR N(B) AT FREQUENCY |€ — 7| = N% ORr
€ +nl 2 N7

Before going into details, let us point out that in this region at least
one of [£],|n] = N#. On the other hand, vy(z — y) is supported
at frequencies < N? << N?. Thus, heuristically, at least, in the
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expression
<V >0<Vy > Beyyane (vvh)
~ Pepypne (K Ve >%oy) <V, > A)
+ Peppzne (K Vy >%oy) <V, >%A)
+ Beypnzne (vy <V, >%<V, >*A)

These terms can be treated using Strichartz estimates and X 3 tech-
niques.

Recall
1 [ .
B = N/ c(t — s)e D2y ne(s)A(s)ds

Also, we have to use the more precise notation Pe_pznet = Pegsor
where we recall N¥' ~ 27 Notice N ~ 2/5=8)NF "and I(5'— ) — oo
as N — oo. Also, N? << N#.

In this section we prove

Proposition 6.1. The following estimates hold:
N <P\s+n\zNﬂ’ B>
S Pepyzne < Ve >*<V, > B
S N_e||P|£+n
S NTEN(A)
N (ng—mzzvﬁ’ B>
S 1 Bepzne < Ve ><Vy > Bl 4,

X3+
e < Vi >T<Vy, > (DAl 1

1
X~z2t

S N‘e(ll <V >7<V, > Aol + | < Vo >*< YV, > () F|

X227

+ N7 < V. >*< V, > c()A| 2 )

< Nﬁ(H < Ve >V > Aol + | < Vo >7< Y, > () F|

+ N(A))

Proof. We have, using the boundedness of multiplication by c¢(t) on
Xz~

Y

|Pe_yzar < Vo >¥<Vy, > c(t)B 1~ S ||Peeysar < Vo >*< V, > B

Xz27
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We will use the fact that the Fourier support of the product of two func-
tions is the algebraic sum of the two supports. Thus Pe_, 521 (UNC(S)A(S)) =

P21 (vne(s) Pe_p=a1-1A(s)), since vy is supported in [ —n| << 27,
We estimate

[ Ple—nj>2r < Vo >*<Vy > B[ 1,

1 > —i(t—s o @
= Hﬁ/ ot = 8)e IR P ypnor < Vi A<V, > (une(s) Be_psar-1A(s)) ds|l 5.

o0

)+ (35)

Nl

1 (0% (0%
S 3l < Vi >7< ¥, > (oels) P tAG) | (-

In the L? based space X ~3+ we can distribute the derivatives on the
Fourier transform side. Since at least one of |¢], |n| is > N7, at least
one of < V, >%* <V, >*lands on A. Denote |A] = FHFA| (Fis
the Fourier transform in = and y), and recall we assumed |0 < w for
some Schwartz function w. We have

1 o o
i < Ve >0V, > (une(s) Peppsar1 A(3)) [l - 4+
1 o o
5 N” (<< Vx > U)N)P‘g_n‘>21—1 < Vy > LC(S)A(S)J) HX*%+

1
+ Il (< Vy > wn) Pepnars < Vo > [e()A(s)]) g

1
N e(s) Pe_yoarmt < Vo 7 Uy > [e(s)A(s)] |y

5 N_E“ < Vx >%< Vy > P\{—n\>21*1 LC(S)A(S)J ||L2+(dt)L6*(d(az—y))LQ(d(a:—f—y))
SN < Ve >7<Vy >% Pe_ynare(s)A(s)]]] 3
= N7 <V, >*<Vy > Pe_ymar-1c(s)A(s)| 1

We have used Holder’s inequality and Lemmas 4.1, 4.2. For instance,
1 « «
Sl Begpport < Vo >4< Vy > [e(s)AS)] -3
1 a (0%
/S N”wNP|§—77|>2171 < VCU >< vy > LC(S)A(S)J ||LQ*(dt)Lg+(d(:p7y)L2(d(:E+y)
1
S wlonllgellPlepsort < Vo > <Yy > [e()A(s)] |2 @25~ @@y 22w +)

S N7 <V >*<Vy > Peymar1c(s)A(s)]] 3 -

where the numbers are chosen so that %HwNHL%Jr ~ N~€
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The last term is not part of N because of P¢_,<or-1. However, we
can iterate this result essentially K = I(8’ — /) times. The iteration
stops when 2/-K is comparable to N?', the frequency of vy. Then we
cannot put at least one < V > on A, and the argument breaks down.

Proceeding this way K times,

[Ple—pj>or < Vi >*<Vy > B|| 1,

SN < Ve >2<Vy > Beysaric(s)A(s)]] 1 -

1
Xzt

< Nﬁ(H < Ve >V, > Aol 4| < Vo >7< VY, > () F|
+ | <V, >%<V, > P£n>211BHx%+)

< N_e(“ <V, >0< T, >0 Mgl 4[] < Vi 30< Y, > c()F|

1
X~z2t

X227

+ N7 < Vo >*<Vy > Pe_yor—ac(t)A]| 1 ))

1
Xzt

S N‘e(ll <V >7<V, > Aol + || < Vo >7< YV, > c(t)F|
+ N K <V, >*< vV, > C(t)AH)(i)
X—3+

< N€<H < Vo >V > Aol 4| < Vo >7< VY, > () F|

+ N‘EN(A))

provided Ke > 1. The argument for Peypzne 1s similar, but easier
(this closes in one step, no need to iterate). O

Notice that we have in fact shown



ESTIMATES FOR HFB 29

Corollary 6.2.
| < Ve < V, > Pe_yoni Bl 3.
+ | < Ve >*<Vy > Peyysa Bl

1
xzt

< NE(H < Vo >V, > Aol + | < Vo >7< Y, > () F|

X3+
+ N‘EN(A))
and thus
N(Pegy»2rB) S | < Vo >*<Vy > Peyynor Bl 14
S N‘e(ll <V, >V, > Ao 4[| < Vo >0< Yy, > e(t)F| -y

+ N‘EN(A))

7. THE COLLAPSE IN THE REGION [¢ — 71| < NP aND |¢€ + 9| < N¥

Heuristically, in this region the frequencies of A are less than the
frequencies of the potential term, so the worst case scenario is

1
<V, >0< V, >° P|£:t77|§Nﬁ/ <NUNA)

~ Dletn|sNe’ ((< Vg >0<V, >° %UN) A)
r+y x+y
2 72 )
The proof that follows exploits this structure. It will only use the
condition|¢ — n| < N7
We will prove

~ N7 (z — y)A(t,

sup || < Vo > (Be_y <y B) (s 2, @ + 2)| 12 (ataw)

=

Oy

+sup [[|0;| (Pe_p<ne B)(E 2,2 + 2)|| 22(dram) S N7N(A)

Before estimating the general case
1 [ .
B = N/ c(t — 5)e =92 yne(s)A(s)ds

we consider the special case where vyA is replaced by F(t,z,y) =
F.(t,z,y) =d(x —y—2)f(t,z+y) (2 fixed). Then we will use f(t, =+
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y) = f.(t,x +y) = A(t, ==, 2=2) In fact, we suggest the reader

takes vyA = d(z — y)A (z—;y, “*g—y), which, while not literally true, is

representative of the rigorous proof.

Lemma 7.1. Fiz z, w, let M = N?', and let
1 - —i(t—s)A
B, = N c(t —s)e 0z —y—2)e(s)f(s,x +y)ds

Then (denoting by F(F) the Fourier transform in t and x, and by F
the Fourier transform in t, x and y), we have the pointwise estimate,
uniformly in z and w:

M log M

F (e (B:) s+ - ) i) 5 2B ey

which trivially imply the L? estimates

M log M

N | < Ve > (cf)|lr2(dtda)

H < Vx >a (P|§_77|<M (C(t)Bz) ) (t,l‘ —+ w,r — w)HLQ(dtdx) S

=

161 Pecnar BN 2.2 4 )i S B0 (el ranan
Proof. Recall that if

B. = / e DA (5, -, )ds
then

Br &)l S g e

Also,
F(B.(t,x +w,x — / £+ g)eiw(g_g)e—iw@%)dn
F (Reen(B2) (6, + w2 — w)) (7 / X Belr, € = 16+ Doy
If F(t,z,y) =d0(x —y—2)f(t,z+y),
(7577)—6 e F i S0

F(T7£ - 57 5 + §)e—iwn = e—iw'ﬂe—iﬂ'zf(cf) (Tv 5)
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Putting the above together,

']—"( (PeyyortB.) (t.2+ w0, — w))

1 ~
< d * :

and a direct calculation for the integral,

(7,€)

1
————dn < MlogM 36

(uniformly in A) gives the pointwise result which, in turn, implies the
L? results. O

Now we apply the above to the true B.

Proposition 7.2. Write

1

! +y+ Ly —
—UN(ﬁ—y)A(t,x,y):N/UN(Z)(;(I_?J_Z)A@Q? yrzrry—=z

2 ’ 2

N )

= %/UN(Z)(S(J? -y — Z)fz<t7$ + y)

and recall
1 [ ;
B = N/ ot = s)e 2 e(s)un(w — y)Als, z,y)ds
Then we have

sup || < V >¢ (Plf—n|<Mc(t)B> (t,x +w,z — w)|| £2(dtdz)

< M log M

~ N

< M log M
N

swn<V>%ﬁm)wx+mx—mmwm>

N(A) S NN(4)

~

if M = NP Similarly,

sup 0] (Pecsnc(®1B ) ¢+ 0. = w)lae
M log M 1
S ——>—sup o] (c(t)A)> (t, 2+ w, 2 — )| 2 (dtany

< N=*N(A)
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8. ESTIMATES FOR
H < Vx >0 Vy > P|§—7;|§Nﬁ’P|§+77|§N5’6<t)BHLQ(dt)LG(dCL‘)LZ(dy) AND
H < Vz >0 Vy > P|§—77|§Nﬁ/]3|§+n|§Nﬁ’C(t)BHLOQ(dt)LQ(dI)LQ(dy)

In this section we prove

Proposition 8.1.

| < Vo >*<Vy > P ono Py pone () Bll L2(at) 15 (da) 22 (dy)
+ [l < Ve >*<Vy > Be_yone Peyyione €(0) Bl oo (ar) 22 (de) 22 (ay)

1
<N <SUp NOFA, 2,2 + 2)llz2auas) +sup | < Vo > Alt, . + Z)””(““”)

thus completing the proof of Theorem 5.4. Again, we prove a special
case first

Lemma 8.2. Fiz z and let
1 - —i(t—s)A
Bz(t7x7y) = N C(t-S)B 5($—y—2)f2(8,(l}—|—y)d8

Then

I < Vo ><Vy > Pe_yone Bernsns Bellrerore
| < Ve >7<Vy > Beyonw Benign Bell o212

SN <||C(t) < Vi > folle2dedr) + |||at‘Z<CfZ)||L2(dtd$)>

Proof. Let
D, =<V, >*<V, >* B, <no Peyp<ne B

We have a pointwise estimate for the Fourier transform

N?ﬂ’a—l

SRS e+ Il < CNIL(r.E )l

|1D-(7. &) S

Fix g/ < " < 1, with 8” — 8 sufficiently small.
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Break up D, = D,y + D, + D, where

1D0| S

NP1 f(r, €+ 1)
<2 [EHnP+IE— P>
D.1] S

N1 f(r, € + 1)
<2r+|E+nP+IE—nP >
|l~)z72|

(€] + 19| < CN7' | |7] > 100N%")

X\é*n\2<2(2|r|+\§+m2)x(|£| + ‘77| < CN,B’, ’T‘ < 100]\725"))‘

NP 1f(r ¢+ )
Nl<2rHEF e —n)2 >

Xle—n2>202/r|+le+n2) X ([E] + 0] < CN?' 7| < mONQﬂu)‘

All these terms can be estimated in X2 or X1+, by integrating with
respect to & — n first.
Explicitly, we write

1Dallxe < / K (7,6 41,6 — ) f(r, € + ) Pdrdedy

= [ ([ 180+ .6 = mate = ) ) (e + ) Par(ate + )

(with a suitable choice of K) and compute the inner integral.
To show D,y € X 2* for some number %—1— slightly bigger that %,

<7+ €L+ |nf? >3t NPt : .
(/‘ <ot E s XEl Il < 2N Il > 20N
SN

1
2

e - 0)

thus
e 1
1Dz 0l L2t Lo (doy L2 (ay) + 1Dzl L@y r2 oy r2ay) S 1Pz0ll 3+ S NN f Nl 2(arae)

The argument for f)z’l is identical, we get (using the calculation 36)

1 -
D=l ge S NTU 71+ 1617)* fllz2garag)
The main difference occurs in estimating D, . This term can only
be estimated (uniformly in N)in X 1T not in X2, but we have extra

regularity in x + y and t. We have
/ N2l < g ¢+ [pf2 >3+

<2r+[E+ 0P+ IE—nP >
d§—n) SN

2
Xig=np>2@iri+ien?) X(E] + 1] < 2N |r| < 10N>
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thus, using the ”Sobolev at an angle” (see Lemma 8.3) estimate and
standard X1+ estimates

D21l L2 (dt) L6 (dz) L2 (ay)
S < Vet Vy > Dol po+ @8- (de)22(dy)

S < Vet Vy > Dosll 1 S NN < &> F(7, )l r2(aras)
To obtain L*(dt) estimates, we use
Dz 2| Lo (dt) 2 (d) L2 (dy)
1 e 1oz
SI<8 >% Dol 1 SN <7 >7 f(7, )| r2(ara)
U
The general case follows by taking f.(z + y) = A(TH, 2522 and
writing
B = /UN(Z)Bde
We get
| < Vi >"<Vy, > Be o no Peycne ¢(8) Bll L2 (a6 (ax) L2 (ay)
+ || < Vi ><Vy > Be_icnw Bepy<ne ¢(8) Bl oo (ar) 12 () 22 (ay)
—€ 1 1
S ([l (swp 1123 Ak -+ 2 + 500 1V A2+ 2l |
U

Next, we record a form of Sobolev’s inequality that has been used in
the previous proof.

Lemma 8.3. Assume the following Sobolev estimate holds in R3:
HfHLq(lR?’) (S ” <V >« fHLP(R3)- Then

1 F | Latazyzeay) SN < Ve + Vy > FllLe(de) 2(dy)
(37)

Proof. This follows from the following observation applied to K(x) =
F (< €&€>79): Let K(x) be such that ||| K| * f||pars) S | f]los), Let
L(z,y) = 6(xr —y)K(x + y). Then

L * Fl La(da)z2ay) S IF Nl Lo de)L2(ay)

A direct calculation shows

Lx F(x,y) :/K(Z(:p—z))F(z,y—x—f—z)dz
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1L % P,y S (K] 1 Fllp2gay) ()
| L * F(, )| La(aeyr2ay) S NF | 2r(dz) 2 (dy)

35
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9. APPENDIX: PROOF OF PROPOSITION 5.1

We present two proofs of Proposition 5.1. The first one is a direct
calculation and slight generalization. The second one uses Littlewood-
Paley decompositions. Notice the similarity with Bourgain’s improved
Strichartz estimate [7].

9.1. First proof. Proposition 5.1 follows from the following lemma.

Lemma 9.2. Let A, F be as in Proposition 5.1. Let 0 < 2¢ < €y,

SISy
768 = R P
3—a—
ogql<%  1<a<?
3—¢€
0< < 1 -
Then
sup H(|8t]“/4 + ]Vm|“/2)A(t, T+ z, :z:)HLQ(dtdm) < (38)
1+ n.+e 2
o (Jall&]) GNE(r, 52,51)
1
— 2 _ 2 2
1+eq
= 72F ’
+ CQ (|§1||§2|> o (T 52 51) (39)
]2 a2
Proof. First notice that we have to estimate the integral below,
< (|7]%* + &4 + &) F F(T, €4, E3) (|7]%* + & + & |2 F F(r, 52751)>
L+ |7 — [&l* = |&[?] L+ |7 — (& — &7 €1+6=ts+£4
(40)
= / <> 0(6 + & — §3 — Sa)dTdSy - - dEy
and we will employ the following inequality,
a a/4 a/4
et < O (| =16l = 1P + (el + 1)) . @
To compute the integral, let &0 = 51+€2 ; 12 = % and similarly

with & and &. Then &40 = &34y = § Next we set (in spherical
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coordinates)
: 2
{12 := prwr ) w1 €S
2
34 1= oW ) wp €S

We use Cauchy-Schwartz in the angular variables (wq,ws) and for this
purpose we introduce, (with (3, v parameters to be chosen later)

A~ 2 2 N A~
(Apa(F))" = /dw {(!5 — pll + pwl)* (6(€ — pw, & + pw))™ | F(r, € — pw, €+ pW)I2} :
S2
Because of the inequality 41 we obtain several terms one of which is
(&l + ) I, p2) A5 (F (7.8 p2)) (€ + 2 Dol 1) A5 (P (7.6 1)
L+ |7 = €] = p3] L+ |7 = [€]> = pi] an
where du := drdépipadpidp, (42)

and the integral Iz, is,

dw
I2 (€, p) =
60 = | e e G e

0<p<1.
(43)

In addition, we have

<Iﬁf7('faPQ)AB,V(ﬁ(TafaPZ)) Iﬂv(f Pl)ABV (7, E ,01 >
o i

(A+[r—EP=p) ™t A+lr—[EP -

as well as cross terms which can be estimated in the same manner so
we will ignore them.
The first important observation is the fact that we can estimate I3 ,,

(we use the identity (|&i]|&2])? = (& - &2)* + & A &f?)
dw

I, (&p) =
- sz/ (1€ = pwllg + pwl)™ (6(€ — pw, & + pw))™

2
_ (IE[2 + |o®)*" o
J T = puPPIE + P

= 2 1 pl? 2y " 27 sin(¢)do
(|€| |p| ) /0 ((’£|2 _p2)2 +4’f‘2[)2 Sin2(¢))ﬂ+7

i 27T / dZ 0,377
(1€[2 + p2) " "20¢]p (1= (e + p2)”

(44)

‘ 2|€lp
= 1€12+p2
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provided 0 < 4 v < 1 Thus we have the interesting fact,
Cs Cs

(EF+ 727~ (el +el?)?

due to averaging over the angular variable.

If we use Cauchy-Schwarz in the integrals 42 and 44 we end up
estimating the integral,

Ig~(8:p) ~ (45)

p2dp 1

(1.6) = =¢
/ (L I = I = o=+ )5 (1 I — P

51 2¢e —

)2

provided €; > 2¢ > 0. Explicitly, we get

/ (€] + P 56, 0) Asn(F(7,€, p) ||
L+ |r—[§]? = p?|

L2(drde)

Now we pick f = 4Ly = 4 < 32029 () < 2¢ < ) so that

(‘€|2+p ) 4 ( + |T_ |€|2 —pP D L2(drde€)
a+e 2
<C (‘fl”£2’) I UMF(T fzfl)
(1 —lal 16D |
As for 44,
) 2
/ pdpls (€, p)As(F(7,€,p))
[T B
Here we pick # = 22 and 0 < 7, < 22 so that
) ~
M<C / p iﬁ:‘lﬁ,ﬂF(T,&p)) :
(|€|2 + pQ)T(l + |T - |€|2 - P2|) 4 L2(drdf)

(1&]l&]) = F(r, & &)
(147 Jaf — &)

L2(dg2dg1)
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9.3. Second proof.

Lemma 9.4. Let A= {(&,n)|[¢| ~ M, |n| ~ N} (1 <M < N) and let

F(r,€,m) supported in (€,n) € A for every fized 7. Let € > 0.
Let

F(1,€,m)
<742+ n* >

A(r,&,m)] S
Then, for all e > 0,

0] At 2, 2)

M 2 1 1 1
N <—> (H <Ve >V >3 P gy + [ < Ve >TF<V, > F _(m))
x \z X

~e N '

Proof. The proof is based on the following calculation:

1 M?2
I:/ )2 N2 <1— n <2 7 2d77§—
erte-mea <TH[E+H P+ - FP > <+ T > — > N

If |7| > N2, the integral is < 2. So assume |r| < N2. Then, writing
w=T+E+ 37163

S S e i,
~ M2eNz2e [u| SN2 <u >17€ (e+

and

M —u+|€+ 3\2 + 1€ — g]Q)dndu

(SIS

n Ui
sup | S+ €+ 2P + 1€~ 2Py
(E+5.6-3)eA

3
2
- as _ >
(e+2.e-1)eA bl N

where the integral is taken over the paraboloid 74|+ 2|+ | —2|* = 0.
If N >> M, then, in the region of integration, |n| > ¢N, and the
area of a piece of the paraboloid in the ball {77‘ |E+n] < M}is < CM?.
If M ~ N, the integral is < M.
Continuing, we write
I7]3 < |§+g!%+|§—g%+ <THIE+IP+H|E-LP >1 and have to
estimate the corresponding terms in

.
e gE- DI
<TEIETIEHIE- 4P >

mufmuww»v@M5/

We estimate, separately,
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€ — 23| F(r,6 + 1,6 = 1)
<THE+IPHIE- TR >

1
Y |FT§+§,§—§)|2<§+§>2€<§—g>2€dn ?
<THI[E+ZP 6 - G2 >

| /\

1
dn
<4ﬂ%ZEA<T+K+3P+K—§P>1%§+g>%<€—g>% )

~ 1
A S e ) R T it et EA
~AN <TH|E+ P HE -3 >

Squarmg and integrating drd§, the above is
N ( )2 | < V. S3tec & >3te F|| (1) The argument for

/«/<£+ﬂ>wFﬁf+yé—®wn

<THE+ P HIE—3>

drde

is easier, because |£ + 7| < | — | in A. Finally,

L
[| Sl e P el

<THETIETE-IF>

< /!ﬁ<r,£+g, — D <E+I><E— ﬂ>6|2dn 2
= 1+42¢
<STHEHER I FR >

[N

1
d77>
(/<¢+|§+g|2+|g—g|2>1—e<5+g>26<g—g>2e

~ 1
o M Wﬁ£+%§—@<§+g>%g_g>qun
~ 142¢
i <STHEHFR+IE—FR >
MN? [ [IE+BEF(re+ 36— D <6+3><E-3> P \*
5 AT 1+26 2 dT/
N <THEHER - 3R>

U

Using this, we can prove

N
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Proposition 9.5. Let o > % Then

1
supH‘@t‘“( (t,z, 2+ 2)) | 2(@ar) S || < Vo >¥< Vy, > FHX,,,

+|| <V, >%< V, > 2 Fll-y-

Recall we chose ¢ € C§°(—2,2) to be identically 1 on [—1,1], and

let B(&) = (&) — (2€), so that (&) + e, B() = 1. For function
f(z), A(x,y), and k > 1, define the projections P (f), Py, Ps(A) by
localizing in Fourier space

We choose to include all low frequencies in Pyo:

FPi(£)E) = (1D F ()
F(PIPEA)(Em) = (1)) s(In)AE, n)

We have the equivalent of the standard Littlewood-Paley product
decomposition (in space variables):

Py (A(t,z,x))

:< o+ D>+ Z + 0y >P21 (P} PLA(t,-,))

21 <2in2k 21272k ~2k>>21 2iA20>>2k
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and (taking o — 1 > 2¢ > 0)

1
110 * Pos (A(t, 2, )| 2ty

s( DO D DR DI )|||8t\iP2i((PéPiA)(t’mD |2 deas)

A< <22k 21~2F~2 2i~2K>>927  21~20>>02k

(5 5 )(ievotravtmmn,

2t<<2i~2k 2i~20 ~2k

+ || <V, >2T< v, > P, P2 - >
+ Y 2w <||<v >3tec v, >3t pL P} CF| -
2t~2k>>27
+| <V, > <V, > P,P2 Fll,- )
+ 0y 2 (\<V >5< v, > P PLF|, 1y
20~20 >>2k

+ || <V, >

( o+ ). ) 9-ila—3-¢) (H <V, >< VY, > Py PRF| iy

<<2i~2k  21A25 A2k

E< Vy >¢ P;jPQQk;FHX%j)

F | <V, >o< Vv, >3 ngPQQkFHX_T)

X Z 2—7;(04—%—6)2% (H < Vz >Oé< vy >0‘ PQlJP;kF”X_ 1+

2t~2k >>27

+ || < Vo >%< V, >3 PLP} - )

+ Z g—ila—g3—c)o*5? (|| <V, >%<V, > PQIjPQQkF“X—ﬁ

2~20 >>2k

+ll< V502 9, 50 PLRAF o )

< 9ila=3-9) (H <V > <V, > F nge + ]| < Vo <V, >0 FHX7¥)

Now we sum over ¢ to get the desired result.
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