RESIDUAL ENTROPY, CONDITIONAL ENTROPY AND
SUBSHIFT COVERS

MIKE BOYLE, DORIS FIEBIG, AND ULF FIEBIG

ABSTRACT. We study the existence of subshift covers for topological dynamical
systems, the infimum of the entropy jumps to such covers, and various aspects
of conditional entropy and covering maps including a variational principle for
covering maps. In particular we show every asymptotically h-expansive system
(and therefore by Buzzi every C°° homeomorphism of a compact Riemannian
manifold) has a subshift cover of equal entropy. Our arguments in dimension
zero are extended to higher dimension with theorems of Kulesza and Thomsen.
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Good subshift covers have been a useful tool for studying hyperbolic smooth
dynamical systems (e.g. [Bow2]), and there is a nice theory of the abstract symbolic
dynamics in this setting [F]. One would like to have some general understanding

of which topological dynamical systems admit good symbolic dynamics.

The very first question, when is a system T the quotient of any subshift at
all, turns out to be very difficult. An affirmative answer has long been known
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for expansive systems [Re] and for some or all group translations (e.g., Sturmian
subshifts cover circle rotations), but we are aware of no general results on this
question before the current paper and the work of Downarowicz [Do2]. (On the
other hand, in Appendices A and B we see that the work of Kulesza and Thomsen
gives excellent information about the existence of good quotient maps from zero
dimensional systems onto given higher dimensional systems.) A necessary condition
for T' to admit a subshift cover is that T must have finite entropy, but this turns
out to be not sufficient (Example 3.1 and [Do2]). We define the residual entropy
p(T) of T as the infimum of the entropy gaps h(S) — h(T') over the set of subshifts
S covering T. (If this set is empty, we set p(T) = 00.)

The residual entropy can be viewed as a descendant of the conditional topological
entropy of a system, introduced by Misiurewicz [Mi2]. In Section 4 we review some
essentials of the Misiurewicz development. In Section 5 we define the conditional
topological entropy of a quotient map and work out some natural results. In Section
6 we prove a variational principle for the conditional entropy of a quotient map,
describe its generalization by Downarowicz and Serafin, and give a counterexample
to a natural simplifying conjecture. In Section 7, we characterize (Theorem 7.1)
the existence of a quotient map from a mixing SFT S to a finite entropy product
T of mixing shifts of finite type (SFTs). With this construction and the results on
good zero dimensional extensions from the appendices, we go on to prove that any
asymptotically h-expansive system 7T is a quotient of a subshift by a quotient map of
conditional entropy zero (and in particular p(T") = 0). Buzzi [Bu], developing work
of Yomdin [Y], has shown that any C'*° diffeomorphism of a compact Riemannian
manifold is asymptotically h-expansive, and it follows that every such system has
residual entropy zero.

The characterization of residual entropy turns out to be remarkably complicated.
Here the best result, by far, is the Downarowicz characterization in the zero dimen-
sional case [Do2], which we state in Section 8. The Downarowicz characterization is
a mixed topological-measurable condition. In Section 8 we also characterize residual
entropy in the zero dimensional case in terms of certain functions of words, without
reference to measures. By analogy with the usual topological entropy, or even the
conditional topological entropy of Misiurewicz, one expects that there should be
reasonable definitions of residual entropy in terms of open sets or n, e orbits; but
we have been unable to achieve any such definition.

Among the open questions raised we single out two. First, if T" has finite residual
entropy, must there exist a subshift cover S such that p(T) = h(S) —h(T)? Second,
to what extent is nonzero residual entropy compatible with smoothness? We know
that a C* system has residual entropy zero, and in Appendix C we exhibit a
finite entropy homeomorphism of a surface with infinite residual entropy. But for
1 < k < 00, we have no example of a C* map with nonzero residual entropy, and
we know of no obstruction to any value of residual entropy.

Some results of this paper (Example 3.1, Theorem 7.1, the infimum claim of
Theorem 8.2, Proposition D.5, parts of Theorem 7.4 and A.1) were announced
long ago [B2]. Downarowicz [Dol| came to the problem of residual entropy later
but quite independently. In addition to giving the zero dimensional case charac-
terization of residual entropy mentioned above, he gave examples of all allowable
combinations of h(T), h*(T), p(T) [Do2]. The paper [Do2] also includes the charac-
terization (done jointly with Boyle) of asymptotically h-expansive zero dimensional
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systems as subsystems of products of subshifts, and Downarowicz pointed out to
us the utility of this characterization in simplifying our own proof that h*(T) = 0
implies p(T) = 0. The results common to this paper and [Do2] are proved with
quite different methods.

We thank Downarowicz for his kind tolerance of our unpublished claims, for
the proof simplification mentioned above, and for the stimulus to (finally) finish
this work. The first named author also gratefully acknowledges support of the
University of Washington in Seattle and the University of Heidelberg at different
stages of this work.

2. BACKGROUND AND NOTATION

Throughout the paper, by a system we will mean a selfhomeomorphism of a
compact metrizable space, e.g. T: X — X. A subsystem of T is the restriction of
T to a closed invariant subset of X. By the dimension of T' we will mean the covering
dimension of the domain X. For systems (X,T) and (Y, S), by a homomorphism
@: S — T we will mean a continuous map ¢: X — Y such that ¢T = Sp. An
embedding ¢: S — T is an injective homomorphism; a quotient map ¢: S — T is
a surjective homomorphism; an isomorphism or topological conjugacy is a bijective
homomorphism.

The fixed point set of T' will be denoted Fix(T) and the set of points of least
period k will be denoted Pg(T"). We let S 2= T mean that for all positive integers
n’

Fix(S")| > 0 = [Fix(T")| > 0.

(The condition S 22 T is a necessary condition for S — T.) Similarly we let
S % T mean that for all positive integers k,

IPR(S) < [PR(T)] -

(The condition S == T is a necessary condition for S < T'.)

Given a positive integer n, let A be a set of n elements (usually {0,...,n —1})
with the discrete topology and let X = A% have the product topology. We view a
point in X as a doubly infinite sequence x = ...x_1xoxy ... witheach z; € A. If T
is the shift map on X, defined by requiring (Tx); = x;41, then the system T is the
full shift on n symbols. A subshift is a subsystem of some full shift. Any subshift
may be described as the set of all points in some full shift in which a countable set
of words does not occur. The subshift is a shift of finite type (SFT) if this set of
excluded words can be chosen to be finite. For a thorough introduction to subshifts,
see [LM, Ki, DGS].

A system T is expansive if there exists a metric d compatible with the topology
such that there exists € > 0 such that for each pair of points x,y with = # y
there exists some n in Z such that d(T"x, T"y) > €. If this condition holds for one
compatible metric, then it holds for every compatible metric. Any zero dimensional
expansive system is isomorphic to a subshift.

Now suppose that we have a sequence of systems T,,: X,, — X, with bonding
maps Ty : Tny1 — T Let X = {z = (21,22,...) € [[,, Xn: Tn(Tnt1) = xp, Vn €
N}. The inverse limit system 7T is the restriction to X of the infinite product
Ty x Ty x .... It is elementary to check that every zero dimensional system is
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isomorphic to an inverse limit of subshifts. (This is an old fact, though for explicit
proofs we only know the references [BH, T1], which also give additional structure).

Remark 2.1. The existence of an analogous inverse limit presentation is problem-
atic in higher dimensions. First, a system need not be the inverse limit of expansive
systems. For example, one easily checks that an expansive quotient of an isometry
is finite, so no nontrivial (more than one point) isometry of a connected compact
metric space is an inverse limit of expansive systems. Second, from the work of
Elon Lindenstrauss [Li] we know that some infinite entropy systems are not inverse
limits of finite entropy systems, and therefore are not inverse limits of subshifts or
even quotients of subshifts.

In the sequel, to simplify notation, we will usually use the same symbol (e.g., T')
to denote a selfhomeomorphism and its domain.

3. INFINITE RESIDUAL ENTROPY: AN EXAMPLE
The purpose of this section is to produce the following

Example 3.1. There is a selfhomeomorphism T of a compact metric space X such
that h(T) < oo but p(T) = oco.

(X, T) will be the inverse limit system formed from a sequence of mixing SFTs T,
and bonding maps 7, : T41 — T5,. We will let p,, denote the projection X — X,,;
SO, TpPnt+1 = Pn, since for x = (21, x2,...) we have T, pp 112 = TpTni1 = Ty = Ppl.
We define the composition bonding maps 7wy : Ty, = T} by T p = TpTp—1 - Tp_1.

Choose the mixing SFTs and bonding maps to have the following properties

(1) A(T)) < h(Th41), n > 1.
(2) sup,, h(T),) < oo .
(3) There exists o > 1 such that for all k¥ and for every finite orbit O of Ty,
there exists n (depending on O) such that h(’IT];iLO) > loga.
It remains to prove two claims.
CLAIM 1. A system with properties 1-3 exists.
CLAIM 2. (X, T) has finite entropy and infinite residual entropy.

Proof of CLAIM 2. Clearly h(T) = sup,, h(T,) < oco. To show p(T) = oo, we
argue by contradiction. Suppose S is a subshift and ¢: S — T. The map ¢ yields
a commuting diagram of quotient maps in the following way. Define ¢, : S — T,
as Pn = Pnp, then Pn = TnPn+1 (Since Pn = PnP = TnPn+1P = 71-n()on+1) and more
generally, ¢ = T ¢, Whenever k£ < n. Now we have the key observation that for
any n > k > 0 and finite Tj-orbit O,

(3:2) higy ' 0) = by, "7, 0) = i, 0)
Define
B =sup{f >1: h(cpgl(’)) > logfB , Vk, V finite Ty, — orbits O} .
It follows immediately from (3.2) and property 3 that 8* > a > 1. Also 8* < oo
since logB* < h(S) < oo.

Now fix any finite Tx-orbit O and any ( such that 0 < 8 < §*. We will
show that h(cp,zl(’)) > log(aB). (This implies 8* > «f*, which gives the desired
contradiction.) Using property 3, choose n such that h(ﬂ;;O) > loga. The subshift
E= ﬂ,;}l(’) is SFT (because O and T,, are SFT), so h(FE) is given by the growth rate
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of the periodic points of E, so for arbitrarily large N there are more than o orbits
O’ of cardinality N. Fix such an N. For each such orbit O’ in E, h(p,10’) > logf.

The map ¢, is a block code determined by some rule w;_ps ... w;+n — (@rw);,
where M depends on n but not w or 7. For each orbit O in T,, of cardinality IV,
there is a set of T),-words of length N, W(O',T,,) = {x¢...2any-1 : © € O'}. Let
W(O',S) ={w_pr...wn1rp—1:w E p,O'}. Because

log#W(0', 5)

h(p,'0') < N o

we have #W(0',S) > pN*T2M_ By the choice of M, for distinct O’ the sets
W(O',S) are disjoint. Therefore the number of S-words of length N + 2M in
o LE is at least

N+2M N aN+2M
D BN > NNt
O/

where the sum is over the E-orbits O of cardinality N. Because N was arbitrarily
large, we conclude
N ﬂN +2M )

I
hg10) = h(p; E) > lim &

=L Sl Y A .
= T og(af)

O

Proof of CLAIM 1. There are many ways to find a sequence (7},) satisfying (1) and
(2), and in addition the condition that every T), has a fixed point. For example, let
T, be a product S; x Sg X -+ x S, where S, is the mixing SFT whose defining
matrix is the companion matrix of the polynomial z**1 — 2% — 1, with k = n?.

Now suppose we have such a sequence T,,. Fix « such that 0 < loga < lim,, h(T},).
Without loss of generality, suppose loga < h(T},) for all n. The construction of the
Ty, is recursive. So suppose 71, ..., T,_1 are chosen; then we choose the map 7, as
follows. For each k < n and each orbit O of cardinality n or less in T}, pick a finite
orbit O in T), such that ., sends O to O. (For n = k, set O = 0.) Enumerate
these orbits O as Oq,..., 0.

Let W be an SFT which is the disjoint union of irreducible SFTs W1,..., W,,
satisfying the following conditions (in which P2(T") denotes the set of points in
orbits of points of least period k in a subshift T'):

o loga < h(W;) < h(Tp41), 1<i<m,
e the period of O; divides the period of W;, 1< i <m,
o YL H#PY(Wi) < #PR(TL),  keN.

There are many ways to produce W. For example, irreducible SF'Ts W; satisfying
the entropy condition can be chosen, and then each W, can be replaced by some
W; x P;, where P; is some finite orbit of sufficiently large cardinality which is
divisible by #0O;.

Now by Krieger’s Embedding Theorem [Kr2], we may identify W with a subsys-
tem of T},. Choose 1;: W; — O;, 1 < i < m, and let ¢: W — UQO; be the union
of these maps. Because T, is a mixing SFT with a fixed point, by the Extension
Lemma (2.4 of [B1]) we may extend ¢ to a quotient map m,: Tpy1 — Th.

The sequence (7,,) has the property 3. O
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4. CONDITIONAL ENTROPY OF A HOMEOMORPHISM

In this section, T is a selfhomeomorphism of a compact metric space. (Keep in
mind our notational convention of using the same letter for a selfhomeomorphism
and its domain.) First we recall the definition by open covers of the conditional
topological entropy h*(T') of T', introduced by Misiurewicz [Mi2]. The basic idea of
h*(T) is to give useful uniform estimates for conditional measure theoretic entropies.
The definition is done in stages as follows.

(4.1) NU|B) = max min{card U’: U’ is a subcover of U|V'}

(4.2) h(T,U|B) = lim %mgN(ug*HBg*l) = inf %ng(ug*l\Bg*l)
(4.3) h(T|B) = sup h(T,U|B) = lim h(T,U|B)

u
(4.4) W*(T) = inf h(T|B) = lim h(T|B) .

Here, U and B represent open covers of T, and e.g. Ug_l denotes the open cover
which is the common refinement of the covers T, 0 <4 < n — 1. For a number
a and a function « of open covers, the notation a = limy; o(i/) means that for any
sequence U,, of open covers with mesh going to zero, lim,, a(U,,) = a. It is easy to
see that

(4.5) h*(T) < h(T) ,
(4.6) h*(T) = oo if and only if h(T) =00, and
(4.7) h*(R) < h*(T) , for any subsystem R of T .

Next suppose T is zero dimensional; we will give a description of h*(T') using
words in this case. Without loss of generality, suppose T' is an inverse limit of
subshifts T,, with surjective bonding maps m,: T5,41 — T,,. For n > k, let mj,,
denote the composition bonding map 7y ---mp—1: Ty, = Tk. Then for k£ < n we
define

(4.8) N(T,,, Ty, M) = ngx{yo o YM—1:Y € Ty, Ty =z}
€Ty
. 1

(4.9) MT,|Ty) = lhr/ln Mlog cardN (T}, Ty, M)

(4.10) R(T|Ty) = lim h(T,|T})

and then it is not difficult to verify
(4.11) h*(T) = liin WMT|Ty) .

For context and meaning, we recall from [Bowl] the metric roots of conditional
topological entropy. Recall, in a system 7', a set C' is an n,§ spanning set for K
if for any z in K there exists y in C such that dist(T%z, T*y) < 6 for 0 < k < n.
For a compact (but not necessarily invariant) set K, the minimum cardinality of
an n,d spanning set for K is finite and is denoted by 7, (K, ). The entropy of K
is defined to be

(4.12) h(K) = %ll)n limsup (1/n)log r,(K,9) .

n—oo
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For n a nonnegative integer or n = oo, and for € > 0, define
B(z) = {y: dist(T'z, T'y) <€, 0 <i<n}
and let h*(z,€) = h(B°(z)). Bowen [Bowl] defined

h*(e) = sup h*(z,€) .
xzeT
In general the inequality lim._osup,cp h*(z,€) > sup,eplime.gh*(z,€) can be
strict, as in the following example.

Example 4.13. A system T in which sup,cph*(z,€) = log2 for alle, and
lim._,o h*(z,¢) = 0 for all x.

Description. Let S be the 2-shift and let O1,Os, ... be an enumeration of the finite
orbits of S. Let Ty = S, and for n > 11let T,, = SU(S x U, 0;). Thus T, C Tp1+1
for all n. For n > 1 define 7, : Tpye1 — T, by m(z) =2 if x €T, and
Tn(x) =z if © = (y,2) € SXOpt1. It is not difficult to verify that the inverse limit
system T constructed from the bonding maps m,, gives the required example. [

However, Bowen proved an inequality (Prop. 2.2 of [Bowl]) which implies the
interchange of operations result

h*(e) = %ii% lim sup(1/n) max log 7, (Bl (x),0)

With this result, it is not very difficult (pp. 163-164 of [DGS] or Theorem 2.1 of
[Mi2]) to verify the following claim: if &/ and B are open covers with ¢ > 0 such
that every element of U has diameter less than € and € is a Lebesgue number for B
(i.e. any e-ball is contained in some element of B), then

hT\U) < h*(e) < h(T|B) .

It then follows easily that h*(T) = lim._q h*(e€).

Bowen defined a system to be h-expansive (entropy expansive) if h*(e) = 0 for
some € > 0. Bowen’s interest in [Bowl] was that this condition allowed compu-
tation of topological entropy from any open cover of sufficiently small mesh, and
computation of measure theoretic entropy from any partition of sufficiently small
mesh.

Misiurewicz [Mil] defined a system to be asymptotically h-expansive in the case
that lim._,o h*(e) = 0. For such a system, Misiurewicz pointed out that p +— h,(T)
defines an uppersemicontinuous function on the compact space of T-invariant Borel
probabilities, and in particular T has a measure of maximal entropy. Denker [De]
finally characterized the finite entropy systems admitting a measure of maximal
entropy by introducing as a further refinement of these ideas the local conditional
topological entropy (see Ch. 20 of [DGS)).

We finish this section by recalling Ledrappier’s variational characterization of
the conditional topological entropy of a selfhomeomorphism 7" of a compact metric
space. (We will not apply this result, but it gives some context for Section 6.) Let
Ty and Ty be two copies of T. For a T7 x Tb invariant Borel probability u, let
h(p|T1) denote the conditional measure theoretic entropy of Ty x T with respect to
the measure p given the sigma algebra corresponding to projection onto 7T7. Define

h*(m|Ty) = limsup h(p|T1) — h(m|Ty) , if h(m|T1) is finite ,
pn—m

~ > if h(m|T1) = oo .
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Now we can state Ledrappier’s characterization from [Le]:
Theorem 4.14. [Le] Ledrappier Variational Principle:
R*(T) = max h*(m|Ty) .
m

5. CONDITIONAL ENTROPY OF A QUOTIENT MAP

In this section, S and T are selthomeomorphisms of compact metric spaces and
w: S — T. We assume the definitions and notation of the previous section. We
define the conditional entropy of the quotient map ¢ to be

(5.1) e*(p) = igf h(S|p~'V) = li]I}n h(S|p~'V)

where V represents an arbitrary open cover of T'. If ¢ = Idg, then e*(¢) = h*(S).

In the case that S and T are zero dimensional inverse limit systems of sequences
of subshifts S,, and T),, we can give a description of e*(¢) with words as follows.
We let p,, denote the projection T'— T, or S — S, and similarly let 7, denote a
given bonding map S,+1 - S, or T,,11 — Tp,. For y € Ty, let N(S,,, Tk, M,y) be
the cardinality of {(pnz)o ... (Pnx)p—1: z € S and prpz = y}. Set

(5.2) N(Sp, T, M) = max N(Sy, Ty, M, y)
y€Ty
.1

(5.3) h(Sn|T) = lﬁn Mlog N(Sp, T, M)

and then it is not difficult to verify
(5.5) e*(p) = lilgn h(S|Tx) -

Above, if S is a subshift then we may regard each S,, as S, and the limit over n is
unnecessary.

The following properties are evidence for the reasonableness of the definition of
the conditional entropy of a quotient map.

Facts 5.6. Suppose S and T are selfhomeomorphisms of compact metric spaces,
and ¢: S — T. Then the following hold.

(1) e*(p|R) < e*(p), for any subsystem R of S.

(2) h(¢~'R) < h(R) + e*(p), for any subsystem R of T

(3) hu(S) < hy,u(T) + €*(p), for any S-invariant Borel probability u.

(4) max{e*(p),e* ()} < e*(p¥) < e*(p) + e* (), for any quotient map .
(5) h*(S) < e*(¢).

(6) h*(T) < h*(5) + e ().

(7) h(T) < 2e*(¢).

Proof. We will verify the sixth property and leave the other verifications to the
reader. Let U be an open cover of S and let V, B be open covers of T'. Then

(5.7) NGB ™) = N((e™ Vg (e 'B)5 ™)
(5-8) SN((™V)e g ™) NUs (9T B
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and so
(5.9) h(T,V|B) < (S, (¢~ V)IU) + h(S,U|(¢™'B))
(5.10) < h(S|U) + h(S|(¢'B)) .
Therefore
(5.11) h*(T) = inf sup A(T, V|B)

By
(5.12) < h(SIU) + e (p)

and because U was arbitrary we have
(5.13) h(T) < iIZ}{f R(SIU) +e*(p) = h"(S) +e"(¢) .
O

Remark 5.14. One easily sees that when e*(p) = 0, all the inequalities in (5.6)
above become equality. In particular, if e*(¢) = 0, then both S and T must be
asymptotically h-expansive.

6. A VARIATIONAL PRINCIPLE FOR CONDITIONAL ENTROPY OF A QUOTIENT MAP

In this section we will establish a variational principle for the conditional entropy
of a quotient map; briefly describe the Downarowicz-Serafin and Ledrappier-Walters
conditional variational principles; and give Example 6.11, a quotient map with
positive entropy jumps on measures but not subsystems.

For a quotient map ¢: S — T, we use the notation

SM((P) = Sbllp (hnL(S) - hgo*m(T))

where the supremum is taken over the S-invariant Borel probabilities. Given m and
finite m-measurable partitions P, Q we let H,,(P|Q) = Hp, (P V Q) — Hp,(Q), the
measure theoretic conditional entropy of P given (). We first observe that the well
known concavity of the map m +— H,,(P) implies the concavity of m — H,,(P|Q).

Lemma 6.1. ([DS]; Lemma 3.2 of [LeW]) Suppose P and Q are finite measurable
partitions, p and v are probabilities, 0 < A < 1, and m = Au+ (1 — N)v. Then

AL(PlIQ)+ (1= NH,(PIQ) < Hn(P|Q) .
Proof. We can assume the sets B in () have positive p and v measure. Define
A5 = Mu(B) | \u(B) + (1= A)u(B)
and let e.g. up denote the conditional measure, pp(C) = u(B N C)/u(B). Then
AH,(PIQ) + (1= NH,(P|Q) = > Mu(B)H,up(P) + (1 = Nv(B)H,, (P)
BeQ
= u(B) + (1= Nv(B)[AsHuy (P) + (1= Ap)H,, (P)]
B

<D Pa(B) + (1= VBN Hoppup+(-2p)ws (P)] = Hn(PIQ) .
B
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Lemma 6.2. Suppose S and T are finite entropy selfhomeomorphisms of zero di-

mensional compact metric spaces, p: S — T is a quotient map, and e*(p) is the
topological conditional entropy of the quotient map. Then

SM(p) > e*(¢) = h*(T)

Proof. Let € > 0. We show that there is an S-invariant Borel probability measure
m such that

hin(S) = ho.m(T) > €*(p) = h*(T) — 2¢ .

For a clopen partition « of S let o, denote a VvV S~ la--- Vv S~ "=V, Similarly,
for a clopen partition 8 of T set 8, := VT 13- vT~ (=13 Then

.1 _
hin (S, a) — hga*m(Ta B) = nlggo EHm(an‘SD 1571)

if o is finer than p~13.
Now choose a clopen partition G of T, a clopen partition a of S which is finer
than ¢!, and an integer IV such that for all n > N it holds that

1
|€*(‘P) - ElogN(an‘wilﬂn” <e€ and
|W*(T) — h(T|B)| <e.
For each n > N, fix a set B,, € 3, such that
#H{Aca,JAC o 'B,} = N(anle '8, .

Let E,, C S such that for each A € a,, with A C ¢~ !B,,, it holds that #(FE, NA) =
1. Let

1
Un:#En Z(va

zeE,

where §, denotes the point mass at x. Observe that o,,(¢~*B,) = 1. Then

Han(an|9071/6n) = - Z Un(¢71B)' Z Un(A“PilB)IOgUn(AWilB)

BEP, A€an,
= —0o,(¢7'B,) - Z ! -logL
- n n
wcp, HEn #En
= log#FE, .

Fix an integer q. For n > ¢ large enough, for 0 < b < ¢ and a > 1, write
n =aq+b. Then for 0 < j < ¢ it holds that

an = a; V S*jaq V S*(quj)Oéq VeV S*((a*2)q+j)aq V. 5*((a*1)q+j)ab+q7j.
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Thus for each 0 < j < g we have for Q(j) = {0 <k < j}U{(a—1)g+j <k <n}
and op ) = (S*¥).0, that

log#E, < H,, (an |50715n)
2

Q
|

<Y Hy (ST0T D ag|o ' T B) 4 YT H, (S FaleT ' TTRB)
r=0 keQ(4)
a—2

=Y Hop s (agle™ B+ Y Ho, (07! B)

keQ(5)

S
!l
N O

IN

Hi, 015 (0qlo™" By) + 3¢ - log(#a)

<
o

Adding these ¢ inequalities, dividing by n and appealing to Lemma 6.1 we get
1

n

n—1

1
> Ho, (ko™ B) + 307 - log(#a)

p=0

- 1
< H,, (agle™" By) +3¢* - —log(#a)

where p, = 1/n Z;é(Sk)*Un. Thus

1
q- —log# by <
n

1 1 _ 1
Elog#En < gHun (O‘q|80 15{1) + 3¢ - Elog(#a) .

For a suitable subsequence n; and a measure m we have that u,, — m and, since
the sets of the finite partitions o, and ¢!/, are closed open, we get thus that

1 1
lim —log#FE, < _Hm(aq‘go_lﬁq) .
n—oo 1, q

Since this holds for all g, we conclude that

1
lim —log#E, < hn(S,a)—hy m(T,5) .

n—oo N,
We thus have e*(¢) — € < hy, (S, @) — hy,m (T, 3), by the choice of the partitions «
and 3. Therefore

(6.3) e(p) —€ < hm(S) = hp.m(T,B) .
Now if 3’ is a clopen partition of T finer than /3, then

(T, 8) = hpo(T, 3] = Tin = Hoon (5,16,)

n—0o0

IN

Jim_ logN (5,5,)
— WT.B5) -

Thus hy,m(T,5) > he.m(T,5) — M(T,['|3) for every partition " finer than f.
Therefore

ho.m (T, B) = hom(T) = MT|B) = hp.m(T)— (K (T)+€), so
hsa*m(Ta B) hcpHn(T) - h*(T) — €.
Using this last inequality to substitute for hy,_ .. (T, 5) in (6.3), we get
hin(S) = ho.m(T) = € (p) —h*(T) — 2¢

>
2
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as required. O

Lemma 6.4. Suppose p1: 51 = T, wo: Sy — T, and F is the fibered product of
S1 and Sy by w1 and o, with projections p1: F — S1 and pa: F — Sy. Then
SM (1) = SM(p2) and SM(p2) = SM(p1).

Remark 6.5. We only appeal to this lemma in the case SM(p;) = 0, which follows
from the easier inequality SM(p71) > SM(p2).

Proof of Lemma 6.4. Suppose u, p11, it2, & are Borel probabilities on F), S, .52, T with
Q11 = [ = papia, p1ib = 1, and pop = pa. Let A, By, Ba, C be the Borel o-algebras
of F,S1,S55,T. Then

hu1(‘91761)_hﬁ(T70) = hul(SlaB”@l_lc) = h;L(Fapl_lBllpl_lgpl_lc)
(6.6) = hu(Fpy ' Bilpy 95 'C) > hyu(Fpy ' Bilpy ' Be)
= hu(F,py'BiV py ' Balpy ' Ba) = hyu(F) = hy,(S2) -

It follows that SM(p1) > SM(p2). For the other direction, given ¢1: uy — T, choose
w2 such that pous = p, and choose p to be the relatively independent joining of
w1 and g2 [Ru]. Then the inequality in (6.6) becomes equality, and it follows that
SM(p1) = SM(p3). Likewise of course, SM(p2) = SM(p1). O

Recall the definition of Ledrappier [Le]: ¢: S — T is a principal extension of
T if h,(S) = hyu(T) for every S-invariant Borel probability p. A system S has
a principal extension to a zero dimensional system if S is finite dimensional (by
Theorem B.2) or if S is asymptotically h-expansive (by Corollary A.2 and Facts
5.6). We expect that all finite entropy selfhomeomorphisms of compact metric
spaces admit principal extensions to zero dimensional systems.

Theorem 6.7. Variational Principle for Quotient Maps. Suppose ¢: S — T,
where T' is asymptotically h-expansive, h(S) < co and S admits a zero dimensional
principal extension. Then

e*(p) = SM(p) .

Proof. We have e*(p) > SM(p) (without the hypotheses on S and T) by Facts
(5.6). It remains to prove the reversed inequality.

By Corollary A.2, there is a zero dimensional extension my: T — T such that
h*(Th) = e*(m) = 0. The map 7 is a principal extension by Facts 5.6. Let
w9 : So — S be the assumed zero dimensional principal extension of S. Let F be the
fibered product of 77 and S5 by the maps 71 and @mo, with projections py: F — T}
and p2: F' — S3. By the last lemma, SM(py) = SM(m1) = 0 and SM(p;) =
SM(pms). Because SM(mz) = 0, we have SM(pma) = SM(yp), so SM(p1) = SM(yp).
We also have

e (p1) = € (p) — €"(m)
since e*(m1) 4+ e*(p1) > e*(mip1) = e*(pmapa) > e*(¢). Finally, because F and T
are zero dimensional, by appeal to Lemma 6.2 we get

SM(¢) = SM(p1) = e*(p1) —h*(Th)
> e"(p) —e’(m) — h*(T1)
= e'(p) .
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Remark 6.8. We can have h*(T) > 0 with e*(¢) at either end of the interval
[SM(p), SM(y) + h*(T)]. For example, if ¢ is the identity map, then SM(p) = 0
and e*(p) = h*(T); whereas if ¢ is projection of S = R x T onto T, then SM(p) =
h(R) = e ().

Remark 6.9 (Downarowicz-Serafin Relative Variational Principle). Dow-
narowicz and Serafin have proved a more general variational principle, in a manu-
script [DS] we received after finishing the writing above of Theorem 6.7, near the
completion of this paper. For a quotient map ¢: S — T, they defined the topo-
logical conditional entropy of (X,S) given the factor (Y,T), h(X|Y), which in our
notation is given by
h(X|Y) = sup i%f h(S,U|p~'B)
u

where B ranges over open covers of Y and U ranges over open covers of X. This
contrasts with the definition

e*(p) = inf sup h(S,U|p ™' B).
B u

As explained in [DS], it is not difficult to check that the relation of the two defini-
tions is given by

h(X[Y) < e"(¢) < h(X[Y) + 1" (T) ,
so e*(p) = h(X|Y) in the case that h*(T) = 0, and therefore our Theorem 6.7 can
be obtained as a corollary of their result.

Remark 6.10 (Ledrappier-Walters Relative Variational Principle). Ledrap-
pier and Walters [LeW] proved a relative variational principle for pressure for a
quotient map ¢: S — T, which for entropy takes the form

s h,() = hu(T) + / h(S, 7 () dv(y)

where the supremum is taken over all invariant measures p such that m.u = v.
Subsequently Walters extended these developments and others in [W1].

We finish this section with an example, which in particular shows that one cannot
simplify the proof of Lemma 6.2 by using a drop of topological entropy of a suitable
restricted map.

Example 6.11. There are transitive subshifts S and T and a quotient map f: S —
T with the following properties:

(1) For every subsystem R of T (including R ="T), h(f 'R) = h(R).
(2) e*(f) > 0.

We first define T' as a subshift of {1,2,3,4,5}%, which is obtained from the fol-
lowing skeleton construction. Let 2 denote a symbol not in {1,2,3,4,5}. Skeletons
will be blocks with symbols in {1,2}. The skeleton of order 0 is sg := 1. The
skeleton of order 1 is s1 := (s9z)*sg = SoTsewSeTs0TSg, in which the 0-skeleton
occurs 4! + 1 times. Inductively, the k + 1-skeleton is spy; = (skmk+1)4k+lsk =
spxftlsahtt . xFtls,, in which the k-skeleton occurs 4511 4+ 1 times. Now we
replace the symbols z in the skeletons by some symbol from {2, 3,4,5} as follows.
In the first step, replace each occurrence of the symbol x in the 1-skeleton s; by
symbols from {2, 3, 4,5} such that every symbol from {2,3,4,5} occurs, and call the
resulting block si. This block has symbols in {1,2,3,4,5}; for example, s; could be
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the block s} := 121314151. In the second step, first replace in sy every occurence
of s1 with s, to obtain (s}x2)425%, and then replace in this block each occurence of
22 with an element from {2,3,4,5}2 such that each of these 2-blocks is used. Call
the resulting block si; it has symbols in {1,2,3,4,5}. Inductively, for k > 2, first
replace in sg4;1 each of the 471 + 1 occurences of the block sy with s} to obtain
the block (s,lfa:kﬂ)‘lk“s,lc, and then replace the blocks z¥*1 with elements from
{2,3,4,5}*+1 such that each of the elements from {2,3,4,5}**1 is used. Call the
resulting block s,1€+1. In this way we obtain a family of blocks (s}.)x>1 with symbols
in {1,2,3,4,5}. Now suppose t € {1,2,3,4,5}2. Then by definition ¢ € T if and
only if for every n >0 there is some k> 1 such that ¢{—n,n] is a subblock of s;.

Define a 1-block map g¢: {0,1,2,3,4,5}% — {1,2,3,4,5}* by g(y)o = 1 if
yo <1 and g(y)o =wyo if yo >2. Let S:=g¢g Y(T) andlet f:S — T be the
restriction of g to S.

Since {2,3,4,5}% is contained in T, we have h(T) > logd. To get an upper
estimate for the entropy of S, consider the subshift 77 with symbols {1,z} such
that a point ¢ is in 7" if every subblock ¢;...¢; is contained in some skeleton sg.
Consider w = wy ... w, € By(T’) which sees at least two 1’s and let m(w) =
max{p|3i,w; ... wi4p+1 = 12P1}. Thus w is a subblock of 2™+l amw)H1,
Therefore the first occurrence of 12z"(*)1 in w and the first and last occurence of
the symbol 1 in w determine the whole block w. Thus there are at most n® blocks
w in B, (T") such that m(w) = m for a fixed m > 0. There are at most n + 1
blocks in B,,(T") which do not see at least two 1’s. Since m(w) < n, it follows that
#B,(T') <n+1+n(n) < 3nt

For 0 <k <mn,let B, ;(T) denote the set of T-blocks of length n in which the
symbol 1 occurs exactly k times. Then

#B,(S) =D #Bui(T)- 28 <Y #B,(T')-47F . 2"
k=0

k=0

<) snteanhok <t oan
k=0
Thus logd > h(S) > h(T) > logd.

Now let R be a subshift of T'. First consider the case that there is a t € R with
to = 1. Let mq > |s}|. Since t[—n1,n4] is a subblock of some s; and to = 1, we get
that t[—n1,n4] contains s}. Consider ny > njy +|si|. Then t[—na, ns] is a subblock
of some si, and since ¢[—n1,n;] contains s}, we get that t[—nq,no] contains si.
Inductively we see in this way that every s}, is a subblock of ¢t. Thus ¢ has a dense
orbit in T and thus R = T and f 'R = S. If t € R implies that ¢; # 1 for
all 4, then R is contained in {2,3,4,5}% and thus every point in R has a unique
preimage. In any case, h(f 'R) = h(R).

Simple estimates show that the relative frequency of the symbol 1 in every k-
skeleton block is greater than 1/4, thus we get e*(f) > (1/4)log2 > 0. This
completes the example.

7. ASYMPTOTICALLY h-EXPANSIVE SYSTEMS

In this section we will show that an asymptotically h-expansive system has resid-
ual entropy zero. The heart of the argument is the coding construction used in the
next result.
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Theorem 7.1. Suppose S is a mizing SFT and 11,15, ... is a sequence of mizing
SFT’s such that h(T,) > 0 for all n. Let T be the product system Ty x Ty X
Then the following are equivalent.

(1) There ezists a quotient map p: S—>T.
(2) h(T) < h(S) and S X5

per

Proof. (1) = (2) Clearly h(T) < h(S) and S — T'. To rule out the possibility
h(S) = W(T), we will appeal to the following result (Corollary 6.8 in [BT]): for a
given mixing SFT S, the set of entropies of its uniform mixing SFT quotients is
finite. (Here V is a uniform quotient of S if there exists a quotient map ¢: S — V
such that 1,: maxg — maxy, where e.g. maxg denotes the unique measure of
maximal entropy of S.)

So, suppose h(T) = h(S) and ¢: S — T. Each T,, has a unique measure of
maximal entropy u,,, and because the product system T has finite entropy it follows
that p = [],, pn is the unique measure of maximal entropy of 7. There exists an
S-invariant Borel probability v such that ¢, : v — p (Prop. 3.11 of [DGS]), and this
measure v must satisty h, (S) > h,,(T). Because h, (S) < h(S) = h(T) = h,(T), the
only possibility is that » = maxg. For each n, by postcomposing ¢ with projection
onto T;, we see that T}, is a uniform quotient of S. But the set {h(T},) : n € N} is
infinite, since the numbers h(7},) are positive and sum to h(7T') < oo, and this is a
contradiction.

(2) = (1) Let Ry denote S. For n > 1, choose mixing SFTs R,, to satisfy the
following conditions:

(Z) Z h(Tk) < h(Rn) < h(Rn—l)_h(Tn)
k=n-+1

iper

(Z’L) n X R — Rn 1

(#5i) limh(R,)=0.
(The choice of R, may be carried out recursively as follows. Given h(R,_1) >
> ney M(Tx), we have h(Ry,_1) —h(T,) > > .~ 1 h(Tk), so we can choose a mixing
SFT satisfying (i), and for (iii) also satisfying h(Ry) — >_.—,  h(Tk) < 1/n. Now
by (i), h(T,, X Rp) < h(Rp—1), s0 |Ox(Tr X Ry)| < |Ok(Rp—1)| except for perhaps
finitely many k. The inequality can be achieved for all k£ by replacing R, with a
suitable equal entropy mixing SF'T cover, by appeal to the Covering Lemma 2.1 of
[B1].)

For n > 1, R, is a mixing SFT; h(T,, x R,) < h(R,—1); and T, X R, Iper, R,_1.
Therefore, by Krieger’s Embedding Theorem [Kr2], we may choose for each n > 1
an embedding i,, from T}, x R,, into R,_1. Then define embeddings j,, : T} X - -+ X
T, x R, — S by composition:

1t (t1, 1) = da(tn, )
J2 (t17t27 o) = i1 (t1,i2(t2,72))
Ja: (t1,ta,t3,r3) > iy (t1,da(t2, i3(t3,73)))
Ja: (tr,ta,t3,ta,ma) v ir(ty, ia(te, i3(t3, i4(ta, 74))))
and so on. Regarding j, as an isomorphism to a subsystem S, of S, for n > k
let py,n denote the map S,, — T}, defined by following j, ! with the projection 7y,
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onto Ty. For every n > k and x € S,,, we have pg n(z) = mx(i1i2 - ix) " (z), so
for n > k it holds that pg, equals the restriction of py ,—1 to S,. Also for every
n >k, the map p1 p X -+ X pgn: Sp — 11 X -+ x T}, is surjective.

For each n > 1, extend the map p,, : S, — 1), to some quotient map ¢, : S —
T,,. This is possible by the Extension Lemma 2.4 of [B1] because T}, is a mixing SFT
and S 25 T),. If n > k, then the restriction to S,, of the map ¢; X --- X ¢ agrees
with the surjection p; 1 X -+ X pgp: Sy = 11 X -+ x T}, Let p = H:ozl @n. Then
it follows from compactness that the map ¢: S — T is surjective as required. O

Remark 7.2. Let us note that some obvious candidate conditions are not sufficient
to ensure that T is a quotient of a shift of finite type. Suppose T is an inverse limit
Ty « Ty « T5... of mixing SFT’s T,,, with each bonding map 7,41 — T}, finite
to one and noninjective. It is not difficult to verify that h*(T) = 0, and therefore,
by Theorem 7.4, T is a quotient of a subshift of equal entropy. However, regardless
of whether T" has a fixed point, T is not the quotient of any SFT (Theorem 2.10 of
B3)).

The following result is the key ingredient in the proof of Theorem 7.4.

Lemma 7.3. Suppose T1,T5, ... are subshifts, T =Ty x To % ... , and h(T') < co.
Then there is a subshift V and a quotient map ¢: V — T such that e* (1)) = 0.
In particular, h(V) = h(T) and p(T) = 0.

Proof. Let T be a mixing SFT with a fixed point such that T}, is isomorphic to a
subsystem of T, and h(T),) < h(T,) +2~". Then T is isomorphic to a subsystem
of T/ = [T, and h(T') < oco. It follows from Facts 5.6 that the collection of
systems for which the conclusion of the theorem holds is closed under passage to
subsystems. So without loss of generality, we may assume each T, is a mixing SFT,
and there is a mixing SFT S such that h(S) > h(T) and S 225 T.

Now we return to the end of the proof of Theorem 7.1 and continue from there.
For n > 1, ¢ maps the subshift S;,, of S onto T', and the S, are a nested sequence
S1 D82 D---. Let V.=n5,. It follows from compactness that ¢ maps the subshift
V onto T. Let ¢ be the restriction of ¢ to V. (Remark: already we know p(T") = 0,
because h(V) = lim h(S,) = h(T).)

Fix kin N. Let U = U, =Ty X --- X T}; so for u € U and i € Z, we have
u; =V, %), By (5.5),

. |
e*(v) —hlgnlhrdnﬂlog NV, U, M) .
Let j = jx. Now S O V and we have
U x Ry, = S — U
(u,r) — s —u

in which the map Sy — U is ¢ followed by the projection p; onto U. Because j is a
surjective block code, there is a positive integer J such that for any s, s’ in S; with
S0 ... Sn—1F# S(--.Sn_1, there exist (u,r), (v',7") in U X Ry and 4 in [—J,n— 1+ J]
such that j(u,r) = s and j(u/,r") = s" and (u;,7;) # (u},r:). Therefore, for every

(R
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u in U,
#{vg...op—1: (prpv)i =, 0< i< M —1}
< #H{(u—y,r—g) (U140, rm-140) 0 (Prd(u,m))i =wi, 0< i< M —1}
<#H{r_g..oormo1vg i r € Ry #H{(uy oo cus)(upr - up—14g): we U}

where the last inequality follows from pipj: (u,r) — u. Consequently
o1
and e*(v) < limy h(Ry) = 0. O

The following theorem was proved independently in the zero dimensional case
by Downarowicz [Do2]. (The information on e*(¢p) is not in his statement but can
be derived from his construction.)

Theorem 7.4. Suppose T is an asymptotically h-expansive selfhomeomorphism
of a compact metric space. Then there exists a subshift S and a quotient map
©: S — T with e*(p) = 0. In particular, h(S) = h(T) and p(T) = 0.

Proof. By Corollary A.2, there is an asymptotically h-expansive zero dimensional
system T” and a quotient map 3: T/ — T such that e*(3) = 0. It was shown in
[Do2] that any zero dimensional asymptotically h-expansive system embeds in a
finite entropy product of subshifts, so without loss of generality we may assume
that 7" is a subsystem of a system 7" such that h(T") < oo and T" is a product of
subshifts. By Lemma 7.3, there is a subshift S” and a quotient map a: S” — T”
such that e*(a) = 0. Define S = a~!(T"), define o’ as the restriction of a to S,
and define ¢ = fa’. Using Facts 5.6, we have

e'(p) = e’(Ba’) < €"(B) +e"(d) < e (B)+e(a) =0,
so e*(p) = 0 and h(S) = h(T). O

Remark 7.5. We thank Downarowicz, who pointed out to us [Dol] that when
T is zero dimensional asymptotically h-expansive, p(T) = 0 follows easily from
the product-of-subshifts case, by appeal to the characterization of asymptotically
h-expansive zero dimensional systems as subsystems of products of subshifts [Do2].
Our original more complicated proof still appealed to this special case but also used
additional marker arguments. What is really needed for those additional arguments
is cleanly isolated by the product-of-subshifts characterization in [Do2].

Corollary 7.6. If h(T) = 0, then there is a zero entropy subshift S and a quotient
map @: S —T.

Remark 7.7. Theorem 7.4 shows that h*(T) = 0 implies p(7T') = 0. But there
is no general inequality between h*(T") and p(T"). In Example 3.1 we have T such
that 0 < h*(T) < oo = p(T'). On the other hand it is not difficult to construct
from a mixing SFT S an inverse limit 7" of mixing SFTs such that S — T and
h(S) = h(T) (so p(T) = 0) but h*(T) > 0.

Buzzi [Bu], extending work of Yomdin [Y], showed that if T is a C" selfmap
of a compact Riemannian m-dimensional manifold with boundary, then h*(T) <
ZlogR(T), where R(T') is the spectral radius of the map DT on the tangent bundle.
(Actually, Buzzi defined a local entropy hjo.(T), and this appears in his formula
where we use h*(T'). We avoid this hj(T) because it is always equal to h*(T),
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and because there has been some conflicting usage of the term “local entropy”:
Newhouse [Ne] used a different (possibly equivalent?) definition, while Brin and
Katok ([BrKal, [Ma2]) earlier gave the term a different meaning.)

Buzzi’s result implies that a C° system is asymptotically h-expansive. So we
have the following immediate corollary to Theorem 7.4 and the theorem of Buzzi.

Theorem 7.8. A C° diffeomorphism of a compact Riemannian manifold has
residual entropy zero.

In Appendix C we give an example of a homeomorphism of a disc which has
finite entropy and infinite residual entropy. For 1 < r < co, we have no results on
the compatibility of positive residual entropy with C'” smoothness.

The considerations above show that some reasonable symbolic dynamics exist
for a C'*° system. A much harder problem is to construct them in an explicit and
useful way.

8. CHARACTERIZING RESIDUAL ENTROPY IN DIMENSION ZERO

We begin with the Downarowicz characterization. Let T" be a zero dimensional
system, presented as an inverse limit of subshifts 7T,, by surjective bonding maps.
Let M(T) denote the compact convex set of T-invariant Borel probabilities. Each
w in M(T) projects to a measure p, in M(T,). Define functions h,, on M(T) by

hn(//') = hul (Tl) ifn=1,
= hy, (Th) = hypy—y (Tn—1) ifn>1,

5o hy(T) = 3 hn(p). Let F denote the set of sequences of continuous functions
fn: M(T) — R such that f, > h,, and let ||f|| denote the supremum of |f|. Now

we can state the Downarowicz characterization.

Theorem 8.1. [Do2] Let the notation be as above for a zero dimensional system
T. Then

p(T) =inf || Y full = (T) .

The rest of this section is devoted to a different (and much more modest) char-
acterization of the residual entropy of T', also just for the case that T is zero
dimensional, and also in terms of some given presentation of 7" as an inverse
limit of subshifts T, with surjective bonding maps m,: T,41 — T,. Without
loss of generality, assume that the alphabets of the T} are disjoint and assume
that the maps m, are one-block codes (if z and y are in T},41 and xg = yo, then
()0 = (mny)o). Let Wy (T,,) denote the set of words of length k occurring in T,
let W(T,,) = UWk(Ty), let W(T) = U, W(T,,). By a word oracle for T we will
mean a function a: W(T') — N = {1,2,...} satisfying the following two properties
(in which o, denotes the restriction of a to W(Ty,)):

e (Submultiplicative Property) If the concatenation Wy W5 is in W(T,), then
an(WIWQ) < an(Wl) . an(WQ)

o (Extension Property) There exist positive constants ¢y, ¢z, ... such that for
all n and all W in W(T,,),

Zan+1(W') < cnan (W)
where the sum is over all the words W’ such that 7, (W') = W.
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Given a word oracle a, we define

o1
h(an) = h}gn Elog Z an (W)
WeWk(Tn)

(where the finite limit exists as a consequence of the submultiplicative property).
For any k,n, as a consequence of the extension property we have

Cn Z an (W) > Z apy1(W)

WeWy (Ty) WeWy (Trnt1)

and therefore h(a,) > h(a,41) for all n. We define the entropy of the word oracle
a to be h(a) = lim, h(a,).

Theorem 8.2. Let T be a zero dimensional system, with notations as above. Then
the set of entropies of subshift covers of T equals the set of entropies of word oracles
for T. In particular, if T has finite entropy then p(T) = inf, h(a) — h(T), where
the infimum is over all word oracles for T.

Proof. First, given a subshift cover ¢: S — T , we will define a word oracle « for
T such that h(a) = h(S).
For any quotient map t: R — V of subshifts and W € W;(V'), we define

VW ={20...xj_1: € R, (Yx)o...(Yx);_1 = W} .

Let o, = pny (ie., @, is ¢ followed by projection onto T,). Define a = U, by
setting a,, (W) = |, 1W|. Clearly the Submultiplicative Property holds for a.

For the Extension Property, let 7 = r,,41 be a coding radius for ¢, (if j is any
nonnegative integer, then x_, ...z 4,1 determines (@n112)o ... (Pnt+12);—1). Set
¢n = [W,(S)%. Fix any j and any word W in W;(T},). For any U in ¢, 'W, there
are at most ¢, words W' in m,; W such that U € ¢, 1, W’. Also,

oW = U{go;ilW’: W' enr W} .

Therefore
Yo ()= > e V|
Wrem, 'w W'en,'W
<ecp U ‘/’n-}-lwl‘ = Cn“P;1W| = cpan(W) .
Wien,'w

Therefore the extension condition holds for a. It is not difficult to check that
h(ay) = h(S) for all n, giving h(a) = h(S).

For the remaining, more difficult inclusion, let a word oracle a be given. We will
construct for T a subshift cover whose entropy equals h(«). We will use notation
of the following sort: z[i,i + j) denotes the word ;41 ... x;+,j—1 of length j.

Let S be a mixing SFT with entropy h(S) satisfying h(ay) < h(S). Also suppose
S is a 1-step SFT, ie., if xg...2; and y;...y; are S-words with x; = y;, then
Zo.. TiYit1---Y; is an S-word. Let Z be a zero entropy subshift containing no
periodic points. We will pick certain nested subshifts

(Zx8)1D(Zx8)yD(Zx8)3D -

of Z x S, and for each n define a quotient map v, from (Z x S), onto some
subshift containing T, such that 1, x - -+ x ,, maps (Z x 5),, onto a supersystem
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of (p1x - xpp)(T). Let (ZXS)oo = Np(ZxS)y. Then it is clear from compactness
that [T, ¥, = ¢ maps (Z x S)s onto a supersystem of 7. We will arrange that
h(Z x S)oo = h(a) and that 1 ~(T) is a subsystem of full entropy in (Z X S)u.

For this scheme, we will choose in Z certain nested clopen (marker) sets Fy D
F, D --- . For each n, there will be (large) positive integers N,, and P, with
N,, < P, such that with (F, N, P) = (F,,, Ny, P,,) the following marker conditions
are satisfied:

(8.3) the clopen sets Z'F are disjoint for 0 < i < N, and
(8.4) Ut ZiF=27.

(In the last line, on the left Z is the map and on the right Z is the space.) First we
define F;. Choose § > 0 such that h(a;) + log(1l + d) < h(S). Pick some symbol
a from Wi (S). Let Wi (S) be the set of S-words U of length j such that U begins
with a and Ua is an S-word. Using the fact that S is a mixing SFT, we pick N; in
N such that (using the notation [z] = min{k € Z : k > x}) we have the following:

(8.5) WES)| > [(1+6Y] > (W),  j>Ny.
Wew; (Ty)

(The condition (8.5) will be used to guarantee 1; has image containing 73.) Then
set P; = 2N7 and by the standard argument (see [Kr2] or [B1]), we choose a set Fy
in Z satistying the marker conditions (8.3)-(8.4) with (F, N, P) = (Fy, Ny, P1).

Next, we give the recursive definition for (Fj,41, Npt1, Pnt1), supposing that
(Fy, Ny, Py) has been defined. First we choose N1 > P, such that

0
n+1

Then we set N’ = N,41 + P, and choose a set F’ in Z such that (F, N, P)
(F',N',2N’) satisfies the marker conditions (8.3)-(8.4). Finally (to achieve F}, 11
F,), for 2 € F' we let h(z) = min{i > 0: Z2 € F,}, and define F,;,
{ZzM?)z: 2 € F'}. Let P,y; = 2N’ + P,. Then F,,; C F, and (F,N,P) =
(Frt1, Nny1, Pryi1) satisfies the marker conditions (8.3)-(8.4). This finishes the
definition of the marking sets F),.

When Z'z € F,, and Zitiz € F,, and Z*x ¢ I, fori < k < i+, then we say the
integer interval [i,7 + j) is an F,-marker block (of length j) for . An F,-marker
block [i,7 4 j) is a normalized F,-marker block if i = 0. For each n, there are only
finitely many normalized F,-marker blocks. If [i,i + j) is an Fj,-marker block for
x, then we say [0, j) is a normalized F,-marker block for z at i. A point z in Z via
F,, produces a tiling of the integers by normalized F),-marker blocks.

For each n, let R,, denote the full shift on the symbols of T},, and let 7, : R,,41 —
R,, denote the one-block code given by the one-block coding rule which defines
Tt Toyr — Th-

For a normalized Fj-marker block B = [0, j), fix a subset W' (S) of W#(S) such
that #Wg'(S) = [(1+6)] - ar(W). Define a map %" : W' (S) — W;(Th)

w

Y1, 5> Nar-

(8.6) (1+%)ﬂ’ > en[(1+

N

such that #(% ") (W) = [(1+40)7]- a1 (W) forall W € W,(T1). This is possible
by (8.5). Then define (Z x S); to be the set of points (z,y) in Z x S satistying
the following condition: if B = [0, ) is a normalized Fj-marker block of z at i,
then y[i,i +j) € Wi (S). Finally, set ¢y (z,y)[i,i + j) = ¥ (yli,i + j)), when
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B =10,7) and B is a normalized Fj-marker block of = at ¢. This defines the map
Y1: (Z x 8)1 — Ry. Obviously Ty C ¢1(Z x S);.

The recursive step (the definition of 4,41 assuming the definitions of ¥, ..., ;)
is the main step of the proof and for this we must endure some further notation
for the marker structure. For x € Z, if [i,i + j) is an F,-marker block, then z
determines a factorization of [i,i 4 j) as a concatenation of F,,_j-marker blocks (if
n > 1), a concatenation of Fj,_j-marker blocks into F,,_s-marker blocks (if n > 2),
and so on. We call this whole structure an FJ; . ,j-marker block (of length 7).
Formally, if [i,i + j) is an Fj,-marker block of z, then the F}; . ,-marker block B
of x at 7 is the n-tuple B = (By,..., B,,), where B,, = [i,i+ j) and for 1 < k < n,
By, is the set of Fy-marker blocks of 2 which are contained in [i,i + j). If B is
an Fj; . n-marker block of z at i, then we define its normalization B’ to be the
Fjy,... nj-marker block of Z'z at 0, and we say B’ is the normalized Fjy.,....n)-marker
block of z at i. For each n, there are only finitely many normalized F[; . ,)-marker
blocks.

Next we state the inductive hypothesis for the recursive argument. We suppose,
for each 1 < k < n and for each normalized F[; . y-marker block B of length j,
that a subset W& (S) c We(S) and a map YuF WEk(S) — W;(Ty) are given
such that the following properties hold:

(1) For each 1 < k < n and each normalized Fj;, . -marker block B of
length j it holds that #(Qb%’k)_l(W’) = [(1+6/k)7] - ag(W') for each
W’ e Wj (Tk)

(2) For each 1 < k < n and each normalized F; . jyij-marker block B it
holds that Wi *1(S) € Wy (8) - % Wy (S), where b(1)---b(I) is
the factorization of B into F]; . j-marker blocks.

(3) For each k with 1 < k < n, and each normalized FJ; . ;41-marker block B
with factorization b(1)---b(l) into F}; . p-marker blocks, it holds for each

U="U---U € Wg(s) with U; € Wiii(S) that mp(v*™(U)) =

Uiy (U1) % x 0 (L),
We shall now define for each normalized F; [1}”47n+1]—marker block B of length j
a subset W (S) c W(S) and a map YU WEmtH(S) — W,(Thy) such
that the inductive hypothesis holds with n+1 in place of n. Let B = (B1,..., Bpt1)
be a normalized Fj; . . ,4-marker block, where B,,1 = [0,5) and b(1)---b(l)

is the factorization of B into F[; . ,-marker blocks of lengths ji,...,j;. For each
W e W;(T),) it holds that

H{U = Uy Uy € Wit (S) 5 Wi (8) s il (Un) - g} (D) = W)

> (4 2T (i ) - (U ()

.....

> [+ 291 an(W)

P13 ana (W) |
—

Y]

[(1+n+1

where the first inequality holds by the induction hypothesis (1); the second holds
by the submultiplicitivity of a,,; and, because j > N,11, the last holds by (8.6)
and the extension property of a,.
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Thus we can choose a set Wa"t(S) ¢ W;l(f; (S) % -+ % Wba(;)L(S) such that
#W5 T (S) = [(1+8/(n+1))]- ana (W) andamap ¢ W™ H(8) —
W/

W;(Ty1) such that #(0%" )L (W) = [(1+6/(n 4 1))7] - anyi (W) for each
W' € Wj(Tny1) and such that m, (%" H(U) = ws(’?)(Ul) * ook ws&g(Ul) for
all U=U,...U; € Wy (S). This new family of subsets of S-blocks and maps
satisfies the induction hypotheses with n+1 in place of n. This finishes the recursive
step.

For n > 1 we define the subshift (Z x S)p41 := {(z,y) € Zx S: if Bisa
normalized Fly . ,41)-marker block of length j of = at 4, then y[i,j) € Wg’"H(S’)}.
Define 9, 1(z,9)[i,7) = 5" (y[i,j)) if B is a normalized Fl,....nq1)-marker
block of length j of x at ¢. This defines a map ¥,+1: (ZxS),+1 — Rpt1. Obviously

Tri1 CYni1(Z X S)ny1 and mupy1(2,y) = Yn(z,y) forall (2,y) € (ZXxS)ni1.
Next, we check that (Z x S). has entropy equal to h(«). Suppose ' € Z and
x' has an Fj; _ ,-marker block of length j at i and W € W;(T},). Then
(@ y)lii+7): (@',y) € (Z x )y and (Pn(2',y))[i, i +j) = W}

= [0+ D) (W)

Here N, < j < P, and therefore when n > 1 we have

) = st ) = ()

1 o 1
0 < =log[(1+ =)’ < =log((1+
Slogf(1+ 1] < ~log((

(where the second inequality holds because the ¢, in (8.6) are positive integers).
Because h(Z) = 0, after considering concatenations of W’s we conclude

h(an) < h((Z x S)n) < hlan) +7(n) .

Because lim,, y(n) = 0, we conclude
h(a) =limh(ay,) =lmh((Z x S),) = h((Z X S)s) -

It only remains to see that the subsystem ¢ ~(T) of (Z x )4 has full entropy.
Suppose that (z,y) is a point in (Z x S)s such that (1 x 2 x ...)(z,y) ¢ T.
Since mpPn41(x,y) = ¥ (z,y) for all n, there is thus ng such that 4, (z,y) ¢ T,, for
all n > ng. Thus there is k& >0 such that ¢, (z,y)[—k,k] € W(T},). Thus, since
the 7, are 1-block maps, ¥, (z,y)[—k, k] ¢ W(T,) for all n > ngy. Therefore, for
all n > ng, the interval [—k, k] is not contained in an F),-marker block of z. Thus,
there is some i in [—k, k| such that Z‘x € F,, for all n > ng. This shows that
(Z x S)oo — 9~ HT) is contained in the set E = U; Ux>1 Np>n(Z x S)74(F, x 9).
Because the sets (Z x S)/(F,, x S) are disjoint for 0 < j < N,,, we have that for
every invariant measure p and every n, u(F, xS) < 1/(N,). Because lim,, N,, = oo,
we conclude that E has measure zero with respect to any invariant probability, and
it follows then from the variational principle that h(¢=1(T)) = h((Z X S)oo-

This concludes the proof.

O

APPENDIX A. ZERO DIMENSIONAL COVERS

The next result, without the condition on e*(¢), was proved independently by
the first author and Klaus Thomsen by essentially the same construction. (Without
any entropy condition, this is an old result of Anderson [A].) Thomsen’s result was
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circulated in the preprint [T1] (and he considers more generally systems T which
are continuous but not necessarily injective or surjective). In [B2] the first author
announced his result, which eventually appeared as the supporting result Prop.
2.5 in [GW]. We revisit the construction below because we want to establish the
inequality for e*(¢); the basic construction is unchanged, but additional argument
and care are required.

Theorem A.l. Suppose T is a selfhomeomorphism of a compact metric space
Y and h(T) < co. Then there is a selfhomeomorphism S of a zero dimensional
compact metric space X and a quotient map @: S — T such that h(S) = h(T) and
moreover h*(S) < e*(¢) < h*(T).

Proof. PART 1. In this part we describe an ingredient of the construction.

Let P be a finite open cover of Y. Given a positive integer N, let C be a minimum
cardinality subcover of the common refinement \/Z.Nzgl T~P. Let C = {C1,...,Cn }.
For each C;, fix a choice of elements P(i,j) of P such that C; = ﬂé\’:})lT*jP(i,j).
For 1 <14 < m, let W(i) be the word C;00...0, where C; is followed by N —1 zeros
(and so W (i) has length N.) Let S’ be the subshift on all concatenations of the
words W (i) (so, S’ is conjugate to the tower of height N over the m-shift). Note,
for large N the entropy of S’ will be close to the entropy of T' with respect to the
open cover P.

To each z in §’, associate a bisequence T as follows. If z; - - x4 ny—1 = C;00- - - 0,
then set T;,; = P(i, j). Define K(x) = NpezT~"T,, a closed (possibly empty) sub-
set of T. Now define S(P,C, N) as the subshift on {z € S": K(z) # 0}. This sub-
shift has entropy at most h(S’); also, T is covered by the sets K(z), x € S(P,C, N).

PART II. For a suitable refining sequence of open covers P, of Y, we will con-
struct as above S, := S(P,,,Cp, N,,). For each n > 0, we will define bonding maps
S, — Snp_1. This will give us an inverse limit system S. For a point x in S,
x = (xM, 23 ) the sets K(z(™) will be nested and their intersection will be
a point, y. The desired quotient map ¢: S — T will be defined by sending z to y.

The construction is recursive. For n = 0, let Py be the cover {X} of X and
let Ng = 1; so, Sy is the one-point subshift. Notation: given an open cover U =
{U1,...,Un}, we let U} be the union of the sets U; such that U; N U; # 0, and we
let U* denote the open cover {Uy,..., U }.

Fix € > e > ..., some arbitrary sequence of positive numbers decreasing to
zero, and suppose the construction has been carried out for 0,...,n — 1. Choose a
finite open cover P := P,, such that

P refines C,,—1 (every element of P is contained in some element of C,,—1),
the mesh of P is less than €,

h(T) — h(T,P) < €, and

hT|P)—h*(T) <e, .

Then choose N = N,, and C = C,, such that

e N is a multiple of N,,_1, and

e C is a minimum cardinality subcover of the join of P,...,T-N=DP such
that |h(T) — (1/N)log(#C)| < €, and

e for 1 <k <n,

1 Z1 |y N— ]
NlogN((Pn)év NP ™Y < h(TIPE) +en .
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Then define S,, = S(P,C, N).

Next we define the bonding map 7: S, — S,—1 (which typically will not be
surjective). To do this, for each of the words W = W (%) of length N used to define
Sp = S(P,C,N) as in Part I, we will define an S,,_; word W’ of length N, and set
(r2)[j, 7+ N —1] = W’ whenever z[j,j+ N —1] = W. So, consider W = C;00...0,
and recall C; = ﬂ;.v;Ol T9P(i,j) . Let K = N/(N,_1). Using the refinement
condition, for 0 < k < K pick Cyy € Cp—1 such that P(i, kN, 1) C Cpy. Let Vj
denote the word which is the symbol Cp ) followed by NV, 1 — 1 zeros. Then set
W' =WV Vik_1.

This mapping rule on words gives a well defined map =: S,, — S,,_1 because if a
concatenation of W’s corresponds to a nonempty set B in T', then the correspond-
ing concatenation of W's corresponds to a set which contains B, and is therefore
nonempty. For any z = (0,2 ...) € S, we have K (™) > K () > ..., with
the diameters of the K (z(™) going to zero (because the mesh of P,, goes to zero).
So, the rule z +— N, K (z(™) gives a well defined map ¢ from S to 7. The map ¢
is surjective by a compactness argument because for each n, the union of the sets
K (2™) is all of T. The map ¢ is obviously equivariant.

Part III. It remains to check the entropy claims. Because ¢: S — T is surjective,
h(T) < h(S). On the other hand, clearly

h(S) < T h(S,) < lim (A(T) + €,) = h(T) .

So it remains to verify e*(¢) < h*(T). We will check that lim h(S|p~1Py) < h*(T).
So, fix Py, fix n > k and let N = N,,. Suppose for elements P; of P that

N—-1 ) N-1 )
U= ('T7P) e \/ S 'Pr).
=0 =0

Define the set of words

E={yoy1...yn-1: Jx €U,y = ™ yo #0} .
Suppose we have the following CLAIM:
1
N]og#E < WT|PL) +€n -
Let Q,, be the open cover/partition of S according to x(()"). It follows from the
claim that

e 1 _ _ _
h(S, Qule ™ Pr) = inf —logN ((Qu)g" (@™ Pr)g" ™)
< W(T|P}) + €n
and consequently (because the mesh of P} goes to zero)
e*(p) = lim h(S|p~ ' Py) = lim lim A(S, Ol ' Pr)
< h/]cm hT|P;) =h*(T) .
It remains then to prove the Claim. So suppose z € U, w = z*) and y = z(™.
We have associated sequences w and 7 on symbols from P, and P, respectively.
Because x € U, for 0 < ¢ < N the closure of the set w; must intersect P;, so

the open set w,; must intersect the open set P;, and w; C P;. Then because P,

refines Py, the set ﬂﬁng’iP{" contains the set mj\’zng*iyi. Now the cardinality
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of F cannot exceed N ((Pn)y ™ H)|(P;)d 1), because if it did, we could replace in C,,
the subcollection of elements contained in N ;7" P} with a smaller subcollection
covering ﬁfvz_olT*iPi*, and thus contradict the choice of C,, as a minimum cardinality
cover. Consequently we have

#E < N((Pa)y (P )
and now the Claim follows from the construction of S,,. (I

Corollary A.2. Suppose T is asymptotically h-expansive. Then there is an asymp-
totically h-expansive zero-dimensional system S and a quotient map @: S — T such
that h(S) = h(T) and e*(p) = 0.

Proof. By the previous result, we have ¢: S — T with S zero dimensional such
that h(S) = h(T) and h*(S) < h*(T) =0. O

Remark A.3. For ¢: S — T, recall from Facts 5.6 that e*(¢) > £h*(T). So in
the corollary above, the assumption h*(T) = 0 is necessary for e*(¢) = 0.

Remark A.4. It is not possible without further hypotheses to add to the conclu-
sion of Theorem A.1 the requirement h*(S) = 0. This is because an asymptotically
h-expansive system can be covered by a subshift, but there are T' of finite entropy
which cannot be covered by a subshift.

Question A.5. Is every system T covered by an equal entropy zero dimensional
system of equal residual entropy?

We see the last question does have an affirmative answer when T is asymptoti-
cally h-expansive or (from the next section) finite dimensional.

APPENDIX B. ZERO DIMENSIONAL COVERS OF FINITE DIMENSIONAL SYSTEMS

If T is a finite dimensional system (that is, its domain has finite covering dimen-
sion), then there are very strong results on the existence of covers ¢: S — T, with
S zero dimensional and ¢ giving a good approximation of T by S. We will state
two theorems, and then explain how they follow from the work of Kulesza [Kul]
and Thomsen[T1, T2, T3].

Theorem B.1. Suppose T is finite dimensional and the set of periodic points of
T is zero dimensional. Then there is a zero dimensional system S and a quotient
map p: S — T such that the following hold.

(1) ¢ is at most (n+1)" to one.
(2) ¢ is residually one-to-one.
(3) ¢ has defect zero.

(4

) p(S) = p(T).

That ¢ is residually one-to-one means that there are residual (second category)
sets in S and T such that restriction of ¢ gives a bijection between these sets. The
meaning of “defect zero” is explained below.

Theorem B.2. Suppose T is finite dimensional. Then there is a zero dimensional
system S and a quotient map p: S — T such that the following hold.

(1) For every S-invariant Borel probability i, hy,(S) = he, . (T).

(2) For every subsystem R of T, h(R) = h(¢~'R).

(3) p(S) = p(T).
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The condition 1 in Theorem B.2 is the condition Ledrappier [Le] used to define
S as a principal extension of T. Let us note that this condition, and even more so
the condition of Theorem B.3 below, become particularly subtle to arrange when
there are uncountably many T-invariant ergodic Borel probabilities. In this case,
when constructing regular closed partitions, itineraries through which will generate
symbolic sequences for S, one cannot easily perturb partition boundaries to null
sets for all measures of interest.

For ¢: S — T with S zero dimensional, we now recall Thomsen’s definition [T2]
of the defect D(p) of the factor map . (Thomsen considered systems which are
not necessarily homeomorphisms; but here as in the rest of this paper we consider
only homeomorphisms.) The definition has several layers. Given a finite collection
F = {F; :i € I} of subsets of T, we set

k

a(w, F) = #{(ir,d2,...,ix) s w € [\ T7TH(F,)}

j=1
forall x € T, k € N, and then
(T, F) = max qi (v, F)

and
1
Q(Tv -7:) = lim ﬁlogQH(Ta f) :
Then we define the defect of ¢ as
D(p) = sup Q(T, ¢(P))

where the supremum is over all clopen partitions of S (i.e. partitions of S into
disjoint nonempty closed open sets). For example, D(p) = 0 if ¢ is bijective.
There is an easy but important observation (Lemma 6.6 of [T1]): if P; and Ps are
clopen partitions and P5 refines Py, then Q(T, p(P1)) < Q(T, ¢(P2)). The meaning
of the defect is captured by Thomsen’s Defect Variational Principle:

Theorem B.3. [T3] Suppose ¢: S — T and S is zero dimensional. Then

D(e) = sup [ log#o ™ (2) duo).
“w
where the supremum is over all T-invariant Borel probability measures (or equiva-
lently over all T-invariant ergodic Borel probability measures).

Let us consider the relation of D(y) and e*(¢). Clearly all values of D(p) are
compatible with e*(¢) = 0. On the other hand, if ¢ = Idp, then D(y) = 0 but
e*(p) = h*(T). In the case that T is asymptotically h-expansive, we have the
following result.

Proposition B.4. Suppose p: S — T, S is zero dimensional, h*(T) = 0 and D(p)
is finite. Then e*(p) = 0.

Proof. It D(y) is finite, then it follows from the Defect Variational Principle that
 is a principal extension. From the Variational Principle for Quotient Maps (6.7),
we then conclude that e*(p) = 0. O
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A zero dimensional extension ¢: S — T can be used to study periodic points or
invariant measures for T' by studying periodic points or invariant measures for S.
This approach requires a reasonable correspondence under ¢ of these objects. If
the extension ¢ has defect zero, then the correspondence is close as possible.

Facts B.5. Suppose S is zero dimensional and ¢ : S — T has defect zero. Then
the following hold.

(1) hp(S) = hp,u(T), for every S-invariant Borel probability.

(2) Ewery T-periodic point has a unique ¢ preimage.

(3) For every positive integer n, #{x:S"x =1z} = #{z: Tz =1z} .

(4) For every subsystem R of T, h(¢ 'R) = h(R).

The first three facts are obvious from the Defect Variational Principle, and the
fourth follows by also applying the usual variational principle.

Thomsen defined a zero dimensional extension ¢: S — T to be perfect when ¢
is bounded to one with D(¢) = 0, and constructed perfect extensions for several
classes of systems 7. He also introducted the logarithmic covering dimension of
T [T1], and showed this vanishes if and only there is a zero dimensional extension
p: S — T with defect zero. Positive dimension of the set of periodic points is an
obstruction to existence of a defect zero extension [T1].

Next we recall a theorem of Kulesza.

Theorem B.6. [Kul] Suppose T is a self homeomorphism of a compact metrizable
space of dimension n < oo, and the periodic point set of T is zero-dimensional.
Then there is a self homeomorphism S of a zero dimensional compact metrizable
space, and a quotient map p: S — T such that no point of T has more than (n+1)"
preimages.

The statement of the theorem is false without the hypothesis on the periodic
point set [Kul]. However, the bound (n + 1) can be improved to (n + 1)[Ku2],
which of course is best possible [HW].

Before proving our two theorems, we isolate a lemma.

Lemma B.7. Suppose p: S — T, S is zero dimensional and ¢ is uniformly finite
to one. Then p(S) = p(T).

Proof. Clearly h(S) = h(T) and every subshift cover of S is a subshift cover of
T, so it suffices to show, given a subshift S’ and v: S’ — T, that there is some
subshift cover S of S such that h(S”) = h(S’). For this, let F' be the fibered
product of S” and S by the maps v and ¢. That is, F' is the subset of S’ x S on
the points (z,y) such that v(x) = ¢(y), and the projection map (z,y) — y maps F'
onto S. The projection p: F' — S’ (given by (z,y) — ) is uniformly finite to one,
so h(F) = h(S") and SM(p) = 0. Because F is zero dimensional and the subshift
S’ has conditional topological entropy zero, it follows from Lemma 6.2 (or the full
Variational Principle 6.7) that e*(p) = 0. Then Facts 5.6(5) gives h*(F) = 0, and
F' is asymptotically h-expansive. It follows from Theorem 7.4 that there exists a
quotient map §: S” — F such that S” is a subshift and h(S”) = h(F). Then we
have S” — F — S and h(S") = h(F) = h(S’) as required. O

Now we can prove our two theorems.

Proof of Theorem B.1. Theorem B.6 is the main result of [Kul] (and from this and
the last lemma it follows that p(S) = p(7T')). Examining the map ¢ which Kulesza
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constructed, we see it is residually one-to-one (this is easy) and has defect zero. We
will describe a little of his construction to indicate why D(p) = 0.

Kulesza constructed a certain sequence of closed regular covers D;. The covering
zero dimensional system S can be viewed as the inverse limit of subshifts S; on
alphabets D;. In this construction, for any given clopen partition P there is some
i such that P is refined by the time-zero partition P; for S;. So, ¢ will have defect
zero if for each ¢, Q(T,¢(P;)) = 0. Here (P;) is the cover D;, and the conclusion
will follow if for some positive integer M;, we have for every x in T and k € N that
ar(z,D;) < M.

The cover D; is defined as

D, = \/ (VTG

—i<h<i \j<i

where the C; are finite regular closed covers constructed by Kulesza such that for
every x,

#{meZ:Tmxe [ Jbd(C)} < (n+1)".
J>0
Here “regular closed”means that each element of the cover is the closure of its
interior, and distinct elements have disjoint interiors. It follows that if a point x is

contained in more than one element of the cover T-™D;, then 7" "z must lie in
one of the sets bdC};, for some integer h such that —i < h < 4. Thus for all z,

gz, Di) < [(n+ 1)
and this shows D(¢) = 0. O

Proof of Theorem B.2. Let Z be a zero entropy subshift without periodic points.
Now T x Z has no periodic points, so by Kulesza’s theorem there is a quotient map
1¥: S — T x Z such that S is zero dimensional and v is uniformly finite to one.
Let 7 be the projection T' x Z — T and let ¢ = wip. Clearly p(T) = p(T x Z). By
Lemma B.7, p(T x Z) = p(S), so p(T) = p(S). The straightforward verification of
the other claims is left to the reader. O

Remark B.8. There is no general inequality between p(7T") and the minimum
defect of a quotient map from a zero dimensional space onto T'. If T' is zero dimen-
sional, then the minimum defect is obviously zero, but p(T) is arbitary in [0, +00].
On the other hand, if T is the identity map on a compact metrizable space of
dimension n € {0,1,...,00}, then the minimum defect is log(n 4+ 1) but p(T) = 0.

Remark B.9. In the special case that T is expansive, it is a simple consequence
of uniform continuity that any zero dimensional extension S — T factors through
some subshift extension, S — S’ — T. Then the defect of S” — T is at most that of
S — T. For T is expansive, it is well known that dim(7T') is finite [Mal] and Per(T)
is countable ([DGS], Prop. 16.10). Consequently we have the following corollary of
Theorem B.1.

Corollary B.10. If T is an expansive homeomorphism, then there is a cover
w: S = T such that S is a subshift and ¢ has defect zero.
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ApPPENDIX C. INFINITE RESIDUAL ENTROPY ON A SURFACE

The purpose of this appendix is to construct a selfhomeomorphism 7' of the
unit disc D = {z € C: |z| < 1} such that T has finite entropy and infinite residual
entropy. T will be the identity on the boundary of D, so this example can be realized
on any surface. Parts of the construction can be done smoothly and parts more
generally. We thank Mike Handel, Judy Kennedy, Mike Shub and John Smillie for
helpful consultations.

Fix a homeomorphism Tj: D — D with the following properties:

Ty has finite entropy

Ty is C' with det(DT()) >0

Ty = Id on the boundary of D

there is a subset E of int(D) such that Tp|g is a mixing SFT S of entropy
log A > 0.

(We do not have an explicit reference for the existence of such a T, but it is not
difficult to construct Ty (with A = 2) by suitably extending Smale’s horseshoe
construction ([S], pp. 772-773) to a disc diffeomorphism.) Fix « such that 1 <
a < A. Below, D(q,€) represents a closed disc of radius e centered at ¢, also
we use notation for annuli such as the following: [a < |z — ¢n| < b] represents
{z 1 a < |z —qu| < b}. Also, P)(S) denotes the set of points in S-orbits of
cardinality n.

Lemma C.1. There is a collection of pairwise disjoint discs D(q,€x) contained
in the interior of D such that

e the points qr are periodic points of S

e limsup %log|Qn| > loga, where Q,, = {qi.: k € N, q, € PY(S)}

e the set QQ = UQ, is invariant

e ¢; is the same number €(n) for all g € |P2(S)|.

Proof. Choose N such that |[P2(S)| > a™ for all n > N (here |PJ(S)| denotes the
set of points in S-orbits of cardinality n). This is possible because S is a mixing
SFT and loga < h(S).

To prove the lemma, it suffices to choose recursively, for n = N, N +1,...

((1)) a mixing SFT S C S such that h(S™) > loga,
|PR(S™) = a* ifk>n,

and S™ c S~V ifn > N ;

((ii)) a set @, C PY(S) such that |Q,| > o™ ; and

((iii)) €(n) > 0 such that the family of discs D(q,e(k)), with ¢ € Q and N <
k < n, are pairwise disjoint and disjoint from S, and are contained in
the interior of D.

We begin with n = N. Define Qn = PY(S). Pick a mixing SFT S’ such that
logae < h(S") < h(S) and S’ has a fixed point (e.g. using [Krl]). Pick N3 > N such
that |P(S)| > |P2(S’)| > aF for k > N;. Using the Covering Lemma 2.1 of [B1],
produce a mixing SFT S” such that h(S”) = h(S’) and
[P =0, k<N,
IPL(S™) = [PR(S)] N <k<Ni,
[PR(ST) < [P < |[PL(S)I k>N .
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By Krieger’s Embedding Theorem [Kr2]|, we may assume S” C S (and necessarily
then, Qn and S” are disjoint). Now set S(N) = §” and choose €(N) to satisfy (iii)
forn=N.

The recursive step is much the same. Suppose n+ 1 > N and we have carried
out the choices above for N,...,n. Define Q11 = PY, 1 (S™) (so, |Qnt1| > o™,
and Q,,;1 as a subset of S is disjoint from the discs previously chosen for k < n).
Pick a mixing SFT S* such that logar < h(S*) < h(S(™) and S* has a fixed point.
Pick Ny > n + 1 such that |[P2(S(™)| > |P(S*)| > o if k > N,. Then pick a
mixing SFT S** such that h(S**) = h(S*) and

|PY(S™)] = 0, E<n+1,
|PO(S™)| = |P(S™)], ntl<k<N,,
[PR(S™)] < |PA(S™)| < |PX(S™)|, k> Ny .

As before, by Krieger’s Embedding Theorem we may assume S** € S, Then
define S(+1) = §** Then choose ¢(n + 1) to satisfy (iii).
This finishes the lemma. O

The map T will be the uniform limit of homeomorphisms 7;,: D — D. First
we describe how T3 is constructed as a modification of T;. Fix a choice of discs
D,, = D(qyn, €,,) satisfying the statement of Lemma C.1. Define a map 7g: D — D
by setting

mo(2) = 2z, ifzgéUDn

n=1
. €n
WO(qn"_Z) = Gn , 1f|z|§7
2 € €
n = G4n - -= ) if = < < é€n .
molant2) = gt (I = 5) if 2 <o <

The map mp maps the half-open annulus D,, \ D(g¢y, €,/2) radially and homeomor-
phically to the punctured disc D,, \ {¢,}. The restriction of 7y to D\ WalQ is a
homeomorphism onto its image. For z € D\ 7, 'Q, define T1(z) = my ' Tomo(2). It
remains to define Ty on the discs D(gy, €,/2).
Suppose To(gn) = qx. Because Ty is differentiable and nonsingular at g,, the
map T3 defined so far on [e,/2 < |z — gn| < €,] extends continuously to a map
€n

But [z =gl =51 = [z el = 5]

Because € = €, and det(DTy) > 0 at gy, there is an orientation preserving home-
omorphism A, : (€,/2)S* — (e,/2)S! such that

Bnign+z— qr+hn(z), if|z\:%n.

Because an orientation preserving circle homeomorphism is isotopic to the identity,
there is a homeomorphism

€n €n €n €n

H,:[—<|z| < — — <zl < =
such that H,(z) = h,(z) for |z| = €,/2 and H,(z) = z for |z| = ¢,/4. For
en/4d < |2| < €,/2, we define T1(q, + z) = qr + H,(z). Finally, for |z| < ¢,/4, we
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define ¢
Ti: gn+2z — g+ Z”To(4z/€n) :

So, T1 defines a map D(qy, €,/4) — D(qs, €x/4) which is a miniature copy of Tp.
This completes the definition of T7. The map T; : D — D is a homeomorphism. If
m is the period of g,,, then the union of the discs D((To)'gn, 1€5), 0 < i < m, is
T)-invariant; and the restriction of T{™ to D(qn, €,/4) is topologically conjugate to
T5". The map mo: D — D is a semiconjugacy from T3 to Ty, and 79 = Id on the
complement of UD,,.

To define T3 as a modification of 77, we repeat the “blow and sew” process above
inside each of those discs Dy = D(qy, iek). Each Dy, contains disjoint discs

1 1
Dipn = D(qx + Zekqn, Zleken), 1<n< oo,

centered at Ti-periodic points, and these points are blown up into discs into each of
which we sew a miniature copy of Ty. Just as we defined 7p: D — D in defining T}
as a modification of Ty, we define my,;: Dy, — Dy, in defining 75 as a modification
of T1, in particular the map m i, is the identity map on the complement of Uy, Dy, ,.
We define 7;: D — D by setting m = m;x on Dy and m; = Id elsewhere. The map
7 is a semiconjugacy from 75 to 71, and 7; = Id on the complement of Uy, ,, Dk 1,
which is a subset of U, D,,. Note, mmy = 7g.

Recursively, to define T;,+1 as a modification of T}, we “blow and sew”in each
of a family of disjoint discs Dy 1),... k(n), blowing up certain 7T),-periodic points to
discs and sewing in miniature copies of Ty. Let Q™) denote the set of T},-periodic
points blown up into discs in the definition of T}, 41 as a modification of T,,. In the
process of constructing 7T,,41 from T;,, we obtain a semiconjugacy m, from T}, 1 to
T, where 7, maps each Dy1), .. k(n) onto itself and is the identity elsewhere. We
have m,m,_1 = Tp_1.

For n > 1, let G, denote the union of the disks Dy (1), x(n)- The sets G, are
nested and T,, = T),—1 outside G,,. So for all z and all m > 0, dist(T3,(z), Tn4m(2))
cannot be more than the maximum diameter of a disc Dy(1),... k(n41), Which goes to
zero uniformly with n. Therefore the T, converge uniformly to a continuous map
T:D — D.

Next we will observe that T is topologically conjugate to the homeomorphism
T’ defined as the inverse limit of the maps T;,, with bonding maps 7, : Tp,+1 — T,.
To show T is conjugate to T”, it suffices to produce semiconjugacies ¢, : T — T,
such that ¢,, = m,¢,41 and such that [[ 7, ¢, is injective on D. Simply define
Yn = Ty, then ¢, = mppne1. The images under m, of G,41 and its complement
are disjoint, and the map m,, is one-one on the complement of G, ;. Consequently
 is injective on the complement of N, G,,. However, ¢ is injective on N,,G,, as well,
because each nested sequence of discs

Dy 2 Dy k@) 2 Dr) @) k) 2
shrinks to a single point, and for each n, each level-n disc Dy, k(n) 18 Tn-1-
invariant.

With this inverse limit presentation for T, it is a straightforward matter to see
that the argument for infinite residual entropy in Section 3 adapts to show that T'
has infinite residual entropy.

For each n, under the semiconjugacy m,: T,,+1 — 1, there are some periodic or-
bits of T;, whose inverse images are subsystems of entropy h(7y), and the restriction
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of m, to the complement of the union of these inverse images is bijective. It follows
by induction on n that there is no ergodic T),41-invariant Borel probability p with
hu(Tht1) > h(Ty); so, by the variational principle and ergodic decomposition, we
have h(Th4+1) < h(Tp). Thus each h(T,) = h(Ty) and therefore the inverse limit
system T satisfies h(T') = h(Tp) < co. This completes the example.

Remarks C.2. We only needed DTy existing and positive at the disc centers
gn. Also, if in the construction we begin with T, a C? map, then with some
modifications to the “blow and sew”operation (and some unpleasantly technical
additional arguments), we can arrange each T}, to be C', and T to be differentiable
on the complement of N,G,. But we see no way to modify the construction to
achieve differentiability of T on N,G,: at a point in this Cantor set, the local
picture need not approach a linear map as the scale shrinks; for example on a
sequence of scales the map could be locally approximated by different linear maps.

The effort to construct the example above naturally raises a technical question:

Question C.3. Suppose T is a homeomorphism of a Cantor set C' contained in
the interior of a disc D, and T has finite entropy. Does T extend to a finite entropy
homeomorphism of D?

It is a well known consequence of the Schoenflies Theorem that any homeomor-
phism of C above extends to a homeomorphism of D which is the identity on the
boundary. If the entropy of the extension can be controlled, then one has a general
method for constructing finite entropy, infinite residual entropy homeomorphisms
of a surface.

APPENDIX D. INTERMEDIATE RESIDUAL ENTROPY

We will prove the following result.

Theorem D.1. Suppose 0 < a < o0 and 0 < b < oco. Then there is a zero
dimensional system T with h(T) = a and p(T) = b.

Remark D.2. These results are also in [Do2]; the constructions are very different.
Note, if h(T) = 0 then p(T') = 0 (Cor.7.6 or [Do2]), and if A(T') = oo then p(T') = oo.
So Theorem D.1 covers all the possible cases.

The heart of the proof of Theorem D.1 is the explicit construction proving Propo-
sition D.5 below. The rest of the proof rests on the following two lemmas. We use
the notation that 7\, denotes the discrete tower of height n built over the transfor-
mation T. Explicitly, if X is the domain of T, then X x {1,2,...,n} is the domain
of Ty, which maps by the rule

Tiny: (w,0) = (2,04 1) ifi#n
— (Tz,1) ifi=n.
It is well known and easy to see that h(T(,)) = (1/n)h(T).

Lemma D.3. Suppose T is a selfhomeomorphism of a compact metric space. Then

(1) p(T™) = np(T).
(2) p(T(wy) = (1/n)p(T).
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Proof. (1) If S is a subshift cover of T, then S™ is a subshift cover of T™, and
h(S™) — h(T™) = n[h(S) — h(T)]. Thus p(T™) < infgn[h(S) — h(T)] = np(T).
Conversely, if S is a subshift and ¢: S — T, then S, is a subshift cover of
T by the map (z,i) — T" 1oz if 1 < i < n. Therefore p(T) < h(S(,)) — M(T) =
(1/n)[R(S) — A(T™)] and we obtain p(T") < infg(1/n)[h(S) — h(T™)] = (1/n)p(T"™).
(2) The system (7{,,))" is the disjoint union of n copies of T', so p((T(,))") = p(T).
Then it follows from (1) that p(T,)) = (1/n)p(T).
O

Given a sequence T, of systems, we let (T},) denote the one point compactifi-
cation system (in which the added point is a fixed point). In the lemma below we
regard the systems in such a sequence T,, as being disjoint.

Lemma D.4. Let T = (T},)o0. Define
o a = inf{h(S): S is a subshift and S - T} ,
o a, =inf{h(S): S is a subshift and S — T,,} .

Then o = sup ay, .

Proof. Clearly a@ > supay,. So suppose supa, < oo and € > 0. Pick a mixing
SFT U such that 0 < h(U) — supa, < €. For each n, pick a subshift cover S, of
T,, with h(S,) < h(U), and pick a mixing SFT R,, with a fixed point such that
Sp C Ry, and h(R,) < h(U). Let Z be the identity map on the space which is the
convergent sequence {0} U {1/n: n € N}. Using Cor. 7.6, pick some zero entropy
subshift W such that U x W — U x Z. Recall that U — R,, for each n by [B1], so
U x Z — (Ry)oo- Putting all this together, we see

UxZ = (Ru)se O (Sn)oo = (Tn)eo = T

Taking the inverse image of T inside U x Z, we get a subshift V' such that h(V) <
hU x Z)=h(U) <supa, + €. O

Proof of Theorem D.1. Suppose 0 < a,b < co. Given m € N, pick positive integers
k,n such that

1
(a+b)—— < ﬁ(log2) < a+b , and
m n

1
—(log2 .
n(og ) < a
Using Proposition D.5 below, given € > 0 we may pick T such that
log2 < h(T) < log2 +e¢, and
(klog2) —e < p(T)+1og2 < klog2 .

Then
1 1
E(log2) < WMTy) < E[(log2)+e]7 and
k €
E(IOgQ) - < P(Tny) + h(Tiny) < ﬁ(logQ) o

so for small enough ¢ we have

h(T(m)) < a, and

(a—i—b)—% < p(T(n))+h(T(n)) < (a+D).
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Choose Sy, to be a system T{,,) satisfying the last two lines. Let So be a subshift
such that h(Sp) = a. Regard Sp, Sy, Ss,... as pairwise disjoint. Let S be the one
point compactification of the systems Sp, S1,Sa,... . Then h(S) = a, and p(S) =b
as a consequence of Lemma D.4. This finishes the case 0 < b < oo.

If b = oo, then again we may take S to be the one point compactification of
systems Sg, S1, Sa, ... , with h(Sp) = a and h(S,) < a for n > 0, but in this case
we require p(S,) — oo. For the case b= 0, let S = 5.

O

The rest of the section is devoted to the following result, which is the heart of
the matter.

Proposition D.5. Suppose € > 0 and r € N. Then there is an inverse limit T of
mixing sofic shifts T,, and surjective bonding maps 7, : Tp11 — Ty such that

o T is a quotient of the full shift on 2" symbols (by construction,).
e log2 < W(T) <log2+ce¢.
o hW(R) >1log(2"tY) for every subshift R such that T is a quotient of R.

Thus we will have rlog2 — e < p(T') < rlog2.

We prepare for the definition of 7. Fix r € N. Define an ordering < on
the set NUN2U---UN" as follows. Let <., denote lexicographic ordering on
NUN2U---UN". For (ni,...,n;) € NUN?U---UN", let [|(n1,...,n)| = > ng.

Let n,m € NUN?U---UN". Then define n < m if (||n|| <|Im]|) or (||n]| = [|m||
and n <jer m). We will use just two properties of this order: when r =1, this is
the usual order on N; and for r > 2 it holds that (ni,...,ng—1) < (n1,...,nk),
if 2< k<7 Leti:N - NUN2U---UN" denote the bijection such that
j<k=1i() <i(k).

Let S = {0,1}% denote the full 2-shift. Fix an enumeration of the finite S-orbits,
say Oi1, Oa, .... Fix ¢ > 0. Fix a sequence (N,),>1 of natural numbers.

We define fo: St — S to be the projection onto the first coordinate,
folxt, ... ,a™) == 2!, For n > 1 we define f,: S™"' — S as follows. We have
that i(n) = (ki,...,ks) for some 1 <s <7 Let fu(z!,..., 2" ) := 25t if
Or, N[zt .. 2y |y, #0 forall 1<i<s,otherwise fn(z',...,2""!)g:=0.
Then each f, is a shift invariant, continuous onto map. For n € N, let T, :=
(for- s fno1)(S™Y). Thus T, € S™. Let m,: Thy1 — T, denote the projection
onto the first n coordinates. This defines an inverse limit 7" which is a quotient of
S+ Note that Ty = fo(S™1) = S, thus h(T) > log2.

We shall now show that there is a choice of the sequence N,, such that h(T) <
log2 + €. For each orbit O,, fix a point p, € O,. For n € N let i(n) =
(k1,...,ks). Define amap hy,: S™ — ([T,<;<.{1,--.,|O0k |} U{0}Z as follows.
Let hu(x',...,2" 1) := (m(1),...,m(s)) if z°[~N,, N,] = S™Dpy. [~N,, N,]
forall 1<i<s andlet h,(z!,...,2""1)y:=0 else. Note, h,(z!,...,2"1)g #0

implies fo,(z',..., 2" ) = 25Tt

Note also, hy(z!,..., 2" o = (m(1),...,m(s)) implies hy,(z',...,2"T1); =0
or hy(xl,...,2"™); = (m(1) +1 mod |Oy,|, ... ,m(s) +1 mod |Oy,|). Also,
if N, >2maxi<i<s |Ok,| and hy,(z',...,2")g £ 0 and h,(z!,...,2" ") =0,

then h,(z!,...,2""1),, =0 for 1 <m < N, /2. Thusif N, is large enough we
get that h,(S™*!) has entropy <27"-e.
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Now fix a sequence N, such that for each n it holds that
h(h,(S™1) <27 . e

We have Ty =S and thus A(T:) = log2. We now estimate the entropy of 7,41
for n > 1. Forevery 1 <m <n let 1< s(m)<r denote the integer such
that i(m) € N*™), Fix j € N. Now we consider the map (hy,...,h,): S77! —
hy(STTY) x - x hyp(S™1). Fix (al, o a™) € Bj((h1,...,hy)(S™1)). Let A=

Aaty ...y a™) = {(=h .. 2" ) by (2t 2" TH[0,5) = a™ for 1 < m < n}.
Let 0<i<j andlet (x!,..., ’”‘H)EA
If @ =0 forall 1 <m <n then f,(z!,... xT“) =0 forall 1 <m <n and

fo(zt, ... 2™ ), € {0,1}. Thus #{(fo,..., fa)(@l, ..., 2" TH)|(zt, ..., 2" H) €
Aal, ..., a")} < 2.

Now assume thereis 1 <m <n with a}* # 0. Consider all 1 <k <n with
a¥ # 0. Choose k among those with maximal s(k). Then the definition of hy,

implies that z}, ..., xf(k) are determined by af. Thus fo(z!,..., 2" 1), =2} is
determined by af and for 1 <m <n we get that in case that (s(m) < s(k) or
a™ =0) that f,(z!,...,2""1); is uniquely determined by a™ and af and in

case that (s(m) = s(k) and a® # 0) we get that f,,(z!,... 2" 1), = xf(k)ﬂ.
Again #{(fo,- .-, fa)(zt, ..., 2" TH)| (21, .. ,x”‘l) € A} <2.
Thus for each (a!, a™) € Bj((h1,...,hy,)(S™1)) it holds that

#{(fo, ..., fo) @t 2™ 0, )|t 2" € Al ... a™)} < 27,
Thus

Bj(Tns1) = #{(for - fu) (@t 2™ [0, /) |(2h, ... 2" T) € S7F1)
< 2j #B((hlvahn)(sr+1))

Thus h(Thi1) <log2 + h((h1,. .., hn)(S™H1)) < log2 +¢.
We now estimate the residual entropy of 7. For that we use the following two
general lemmata.

Lemma D.6. Let R be a subshift and g: R — S be a quotient map and r € N
such that

h(g~1(0)) > log(2") for each finite orbit O of S.
Then h(R) > log(27T1).

Proof of Lemma D.6. Let m be a coding length for ¢, thatis g(x); is determined
by a[—-m-+i,i+m] forall x € R and all ¢ € Z. Let b € B,(S) andlet O(b) denote
the orbit of v>°. Let A(b) := {x[-m,n+m)|gz[0,n) = y[0,n) for some y € O(b)}.
Since h(g~1(O(b))) > log2" we get #A(b) > 2?m+n)  Since O(b) # O(V)
implies that A(b) is disjoint from A(d") and the map b — O(b) is at most n—to—1
we get #Bomin(R) > Y. nTl-#AD) >n7t.2r@mAn)gn — g logn(rl)+2rm,
be B, (S)
This holds for all n and thus h(R) > log(271). O

Lemma D.7. Let R be a subshift and g: R — S be a quotient map. Let s € N.
Assume there is a family of quotient maps gp: R — S, k € NUN2U---UN* such
that for each (ji,...,js11) € N*T1 it holds that

79~ 05y 095" 052 Mg, 5y Oss NN 93, ) Osesa) 2 log2:
Then h(R) > log(2°%2).
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Proof of Lemma D.7. Let

R(jl, . ,js) = g_lel N gj:th N gGi’jz)OjQ n---N g(]&p )Ojs'

cJs—1

Then R(j1,...,Js) is asubshift and oy := g, ... ;) |RrG,....j,) 18 @ quotient map
onto S with h(a;'(0)) >1log2 for all finite orbits O of S. Thus Lemma D.6 with
r =1 implies h(R(j1,...,Js)) > logd. Thus R(ji1,...,js—1) is a subshift and
@2 7= G(j1.jo )| RGrdu1) 1S @ quotient map onto S with h(aj ' (O)) > logd for
all finite orbits O of S. Thus Lemma D.6 with r = 2 implies h(R(j1,...,js_1)) >
log8. Inductively one obtains in this way h(R(j1)) > log(2°*1) for all j; and thus
a final application of Lemma D.6 with r = s+ 1 shows h(R) > log(252). O

Now let R be a subshift and ¢: R — T be a quotient map. Let ¢,: R — T,
denote the map ¢ followed by the projection from T onto T,,. For n > 1 let
pra: T, — S denote the projection onto the last coordinate. Let m; ;: T4 — Tj
denote the composition of the maps 7j,...,m;.

If » =1 then by Lemma D.6 it suffices to show that h(p;'0) > log2 for
every finite orbit O of S. Since r = 1 we have that the map i: N — N is
the identity. Let m > 1. Then prpi1((fo,-.., fn)(On x S)) = fo(On x S) = S
by definition of f,. Thus h(p;'0,) = A((T1.0Pnt1) " 0n) > h((T1.0)"10,) =
B((for- .+ £)(On % 5)) > log2.

Now consider the case that r > 1. We shall apply Lemma D.7. We define
g:=¢1: R— S. For k= (j1,...,js) E NUN?U---UN""1 let n=n(k) such
that i(n —1) = (j1,...,Js). Then define gp := pry)@nm): B — S. Now let
(Js - 7jT) € N". Let R(jla e ajr) = g_lojl N (gjl)_10j2 N (g(j1,j2))_10j3 a---nN
(9, ir1)) 1 Oj,. Choose ny, suchthat i(n,—1) = (j1,...,jm) for 1<m <r
and let ng = 0. (Here n,, < n, by definition of < and the bijection i.) Let P :=
Oj, x---x0;, xS. Let € R such that ¢, (z) € (fo,---, fn,—1)(P) C Tp,. Then
9(z) = p1(x) = T 0, 0n.(x) € f0(O4,) = Oj,. Thus z € g7'0j,. Now let 1 <
m <r. We show = € (9¢,,....5)) ' Ojpurs- We have g, y(2) = pro,, n,, ().
Since ¢y, () = an,m%r(ﬂf) € (fo, -+ fr,—1)(P) we get g(jl,.,,,jm)(x) €
fnm—l(P) C ij+1. Thus (an--~7fnr—1)(P) C (pnT(R(jl,,]T)) and since
P, ((fos- oy frn—1)(P)) = fn.—1(P) = S by definition of f, _1, it follows that
h(R(j1,---54r)) = h((fo,- - fn.—1)(P)) > log2. Thus the assumptions of Lemma
D.7 are satisfied with s = r—1 and thus we have that h(R) > log(2"+!). This com-
pletes the proof of Proposition D.5, and therefore completes the proof of Theorem
D.1.
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