Spring 2012 - Math 437 Section 0101

Homework #10 - Due May 1st

1. Consider the following forms in Q!(S'). For each determine whether it is exact
or not, and if not, find A € R such that w — A\df is exact.

(a)
(b)
()

w=(z+y)dr+(z—y)dy
w=—(+y)do+ (v —y)dy
w=1y3dx — 23dy

2. We recall that H*(S?) = H%(S?) = 0. Let f : S* — S? be a smooth function.

(a)

For a given 8 € Q2(S?), we define a = f*3. Show that there exists
n € Q'(S3) such that dn = a and show that the integral

/ alAn
S3

does not depend on a particular choice of n such that dn = a.
Hint: Let n; and 72 be such that dn; = «, and compute fS:s d(m A n2).

We consider all 8 € Q%(S?) such that fSQ B = 1. For any such 3, we define
a = f*( and let 1 be such that dn = a. Show that the integral

/ alAn
S3

does not depend on a particular choice of 3 (so it only depends on f).

Hint: Let 8; and (2 be two such forms. Show that the corresponding «
and 7; can be chosen so that

az =oay+ f(dy), mne=mn+ fy

for some vy € Q1(S?) (and remember that Q3(S?) = {0}).

3. Given a k-form in R", we define an (n — k)-form *w by setting

and extending it linearly, where i1 < - -+ < iy, j1 < -+ < jp—g and (i1, ..., 9k, j1,- - -

w(dxiy N+ Ndzy, ) = (=1)7(daj, A--- ANdxj, )

is a permutation of (1,2,...,n) and o is 0 or 1 according to the permutation is
even or odd.

vjn—k)



(a) Check that if
w = aijdxr1 + asdxry € ol (]RZ)

then
*w = a1dry — asdry.

(b) Check that if
w = a1dxo A dxs + asdxs A dr1 + azdri N dxo

then
*xw = a1dx1 + asdxs + agdzrs.
(c) With the w of (b), compute * * w.
(d) Let F = (f1, f2, f3) be a function F : R® — R3, and define w = fidz; +
fodxo + fsdxs = F - dx. Show that
d*w =div Fdr1 N dxo N dzs

(we also write div F' = *d * w).
(e) Similarly, show that curl F' - dx = *dw.
(f) Given a function f: R3 — R, we define the laplacian
O O*f O%f

Af =
/ Ox? * Ox2 * 0x3

Show that
Af = xdxdf

4. Let U be a path-connected open subset of R™. A function v : [a,b] — U is
a piecewise differentiable curve if it is continuous and if there exists tg = a <
t1 < --- < ty = b such that the restriction of v to [t;,tj4+1] (denoted ;) is
differentiable for all j. Let w = > a;dz; be a 1-form on U, we can then define

=]

7 J
for any piecewise differentiable curve v in U.

(a) Prove that if w is exact in U, then fv w only depends on the endpoints v(a)
and v(b) for any piecewise differentiable curve v in U.

(b) Prove that if f,yw only depends on the endpoints y(a) and ~(b) for any
piecewise differentiable curve « in U, then w is exact.
Hint: Fix p € U and define f(z) = fyw where 7 is a piecewise differ-

entiable curve joining p to . Prove that 88—{1_ = a; by considering curves

vi = x + te;.



