MATH/AMSC 673 - Fall 2011
Homework 1 - Due Septembre 19

1. Suppose that g is a C! function. Find an explicit formula for the
solution of the initial value problem

ug+b-Du+cu=0 inR" x (0,00)
u=yg on R™ x {t =0}

where ¢ € R and b € R™ are constants.

Hint: Convert this PDE into a transport equation by multiplying it
by a suitable exponential.

2. Show that the minimal surface equation

div (Du) =0
NiEayE

can be written in two dimension as (denoting (z,y) the variable in R?)

Uz (1 + ui) + Uy (1 + u2) — 2upuy gy = 0.

3. Suppose that u = u(z,y) = v(r) (where r = /22 + 42) is a radially

symmetric solution of the minimal surface equation

Uz (1 + ui) + Uy (1 + u2) — 2upuytyy = 0.
Show that v satisfies

Vpr + %(1 +02) =0,

Use this result to show that u(z,y) = plog(r 4 +/r? — p?) is a solution

for any given p > 0 and for all r = /22 +y2 > p. (You can first

compute w = v, and then check that w satisfies (log(w)), = —1(1 +

w?)). '

4. Prove that the Laplace equation Au = 0 is rotation invariant. That
is, if R is an orthogonal n x n matrix and we define

v(z) =u(Rx), ze€R"
then Av = 0.



5. We say that a function v € C%(U) is subharmonic if
—Av <0 inU.

(a) Prove that if v is subharmonic then

v(xo) S][ v(z)dz  for all B(z,r) C U.
B(zo,r)

(b) Let ¢ : R — R be a smooth and convex function (so ¢”(s) > 0 for
all s € R). Assume that u is harmonic and set v = ¢(u). Prove
that v is subharmonic.



