
MATH/AMSC 673 - Fall 2011

Homework 6 - Due Nov. 23

1. Using the method of characteristics, find an explicit solution of

ut +
1
2

(u2
x + x2) = 0 on R× (0,∞)

with initial condition u(x, 0) = 1
2x2.

2. (a) Let H(p) = 1
r |p|

r for 1 < r < ∞. Compute the Legendre trans-
form H∗ of H.

(b) Let H(p) = 1
2

∑n
i,j=1 aijpipj +

∑n
i=1 bipi where A = (aij) is a

symmetric positive definite matrix and b ∈ Rn. Compute H∗.

3. Let H : Rn → Rn be convex. We say that v belongs to the subdiffer-
ential of H at p if

H(q) ≥ H(p) + v · (q − p) ∀q ∈ Rn.

We write v ∈ ∂H(p) (note that if H is differentiable at p, then ∂H(p) =
{DpH(p)}).
Prove

v ∈ ∂H(p)⇐⇒ p ∈ ∂L(v)⇐⇒ p · v = H(p) + L(v)

where L = H∗.

4. Let u1, u2 be two solutions (given by Hopf-Lax formula) of

ut + H(Du) = 0 in Rn × (0,∞)

with initial condition ui = gi. Prove that

sup
x∈Rn

|u1(x, t)− u2(x, t)| ≤ sup
x∈Rn

|g1(x)− g2(x)|, ∀t ≥ 0.
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5. Let E be a closed subset of Rn. Show that if the Hopf-Lax formula
could be applied to the initial-value problem

ut + |Du|2 = 0 in Rn × (0,∞)

u =
{

0 if x ∈ E
+∞ if x /∈ E

on Rn × {t = 0}

it would give the solution

u(x, t) =
1
4t

dist(x, E)2

(where dist(x, E) = inf{|x− y|; y ∈ E} denotes the distant of x to E).
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