Assignment #2, due Wed, Oct. 12

1. Consider stock prices Sy, S1, 52,53 described by a binomial tree with Sy = 8, u = %, d =1 Let
p = 20%. We consider options with maturity 7' = ¢ with N = 3.

For (a)-(g): We have |8 = (1+p) ' ==
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Find the price of a “lookback put option” with payoff V5 = (7 — min{S,,...,Ss})". Hint:
This payoff is path dependent, hence you have to use the full tree with 1,2, 4,8 possibilities
at times to, tl, tg, tg.
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(see m-file a2plab.m)

Show that you can replicate the payoff V; from (a) with an investment strategy (xo, z1, x2):
At time ¢, (after we know the value of S;) we choose a portfolio with z; stocks and an amount
y; in the bank account, for j = 0,1,2. Label each node in the tree with the number z; (see
“Delta-hedging” in the notes). For the case (Sp, S1, 52, 53) = (8,4,2, 1) give the values z;,y; for
j = 0,1,2 and the value of the portfolio U; for j = 0,1, 2, 3.

The investment strategy is given by Uy = .9080 and xg, z1, x2, x3 given by

( (

Sy = 27
Sy =18, 259 = 0 s
Sy =9
S, =12, 7, = —.1319 . 4
82:6,$2:—.5 53:3
Sy =8, zp = —.2801 \ ’ ; .
Sy =6, 29 = —.1667 5
Sg == 3
Sl = 4, T = —.4167 g 3
52:2,1'2:—.5 5
Sy =1

\ \

For the path (S, S1, 52, 53) = (8,4, 2, 1) our portfolio develops as follows:

time tj: initial fortune is Uy = .9080, buy zy = —.2891 stocks, put remaining amount y, :=
Uy — 20So = 3.2205 in bank account.

time t;: fortune is now U; := (1 + p)yo + x0S; = 2.7083. Change number of stocks to
xr1 = —.4167, put remaining amount g, := Uy — 2157 = 4.3750 in bank account.

time ty: fortune is now Uy := (14 p)y; + 2152 = 4.4167. Change number of stocks to o = —.5,
put remaining amount y, := Uy — 2955 = 5.4167 in bank account.

time ¢3: fortune is now Us := (1 + p)yz + 2253 = 6.

(see m-file a2plab.m)

Find the price of a European put option with strike K = 7 . Hint: The payoff in (¢), (d)
depends only on S3 (path independent). Use the binomial tree with 1,2, 3,4 possibilities at
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times tg, t1, t2, t3 (as shown in the class notes
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Compute option price with Matlab:
H = @(s) max(7-s,0) % payoff for put option with strike K=7
VO = binom_eu(.2,8,1.5,.5,3,H)
(d) Find the price of an American put option with strike X' = 7. Use the binomial tree..
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Compute option price with Matlab:

H = @(s) max(7-s,0) % payoff for put option with strike K=7
VO = binom_am(.2,8,1.5,.5,3,H)

(e) Compare the option prices in (a),(c),(d): Which is smallest, which is largest? Explain the reason
for this.
We have ‘/Olookback > ‘/E)EP and ‘/OEP < VE)AP.
The payoff in (a) is V3°0k*2* = (7 — min{Sy, S1, S2, S3})., the payoff in (c) is V57 = (7 — S3).,.
We have V3ookback((y.) > VEP(w;) for all 8 outcomes w; € Q, and V5°oPak(w,) > VIFP(w;) for
some of the outcomes. By the comparison principle we therefore must have Vjookback > 1.EP
If we have an American option we can choose the exercise strategy “always exercise at maturity
ty. Therefore we must have Vi'P > VPP, We saw in (d) that in some cases it is advantageous
to exercise early. Therefore we have VAP > VEP.



(f) Extend the tree from (d) by using one additional Vi and one additional value V; ' below.
Explain how V' and V' give option prices for ¢, with Sy = 8, but with different strikes.
We obtain

Vit =6.67, V; ! = max{5.167,[6.333]}, V™! = max{4.5,[5.667]}, V; ' = max{3.167,[4.333]}
V:%l =0, V21 = maX{Ov@}’ Vl1 = max{O,@}, V()l = max{,O}

Here a = u/d = 3. As explained in section 4.20 in the course notes:

For Sy = 8 and strike K = 3 -7 = 21 the American put option price is Vi =3-V; ' =13

For Sy = 8 and strike K = £ -7 = £ the American put option price is Vi** = 1 - V! =.020833
(g) Find the price of a European call option with strike K = 7 for all nodes in the tree from (c)

by using the put-call parity.

Put-call-parity gives VjEC =5;— K+ V;-EP where K := (1 + p)’~NK is the discounted strike

price.

For t3 we have K = K = 7, hence V;“EC =S -7+ Vg)k’EP, k=0,1,2,3.

For t5 we have[?:K:ﬁJ:%‘?, hence VQ’“EC:SQ“—%7+V2’“EP, k=0,1,2

For t; we have K = K = 2.7 = (%)2 -7, hence Vlk’EO = Sk — (%)2 74 Vlk’EP, k=0,1

For ty we have K = K = 33 .7 = (%)3 -7, hence %O’EC =Sy — (%)3 T+ VOO’EP



