Solution of Problems

1. The stock price is given by geometric Brownian motion with Sy = 10, = 1 and ¢ = 2, the interest
rate is 7. = 0. Consider an option with payoff H(S) = S~

(a)

(b)

(d)

Find a formula for the option price V(t) = v(7,s) as an integral with ¢. Then evaluate this
integral.

Hint: the antiderivative of e®¢(t) is e/2®(t — c).

[t =Tc —0%/2= =2, with 7 =T —t and s = S(t) we have

[ee]
V(t) =v(r,s) = e_r”/ H (se“QTJFUTl/QZ) o(z)dz
= 2742 1_/27 ! 1,2 = 271/2
= / (36_ TR Z) d(2)dz = s e’ / e T Fo(2)dz
[eCZ/QCD(Z — C)} I
using the hint with ¢ := —272, hence e¢/2 = 2" yielding

V() =v(r,s) = s te¥e? = s le!7

We conjecture that the option price has the form v(7,s) = e*"s~!. What is the investment
strategy x(t) which replicates the option price?

We use “Delta-hedging” with z(t) = avg; s) = % (e¥7s7) = —e"Ts72
Apply the Ito Lemma to the option price and find a formula AV = (---) At + (---) AS.
We use that (AS)? = ¢252At. For v(r,s) = ¢"s~! we have ? =ae" s, % = " (—s572),
T
OV _ ar9s vieldi
52 = ¢ 287 yielding
v v L 0% )
AV = —E(T, S)At + %(7, S)AS + 5@(7, S) éé;
o2 S?At

= —ae” STIAL — e STPAS + 17257457 At
= [~a+4] e STIAt — e ST2AS

Let U(t) denote the value of our portfolio with investment strategy z(t). Compare AU with
AV and use this to find the value of a.
Since 7. = 0 the change in U(t) is only caused by changes in S(t) and we have

AU = z(t)AS
AV = —S2AS + [—a+ 4] e S At

For a replicating portfolio we want U(t) = V (¢) for all times, i.e., AU = AV. This holds if
w(t) = —eS(t) 2, —a+4=0

If we use the Delta-hedging strategy from (b) and let @ = 4 we obtain that U(t) = V (t) = el7s™!
where 7 = T'—t and s = S(t). Since with our investment strategy we exactly replicate the payoff
S(T)~! at maturity 7', by the comparison principle the option price must be equal to U(t) for
all times t € [0,T]. Note that this is the same option price we obtained in (a) by evaluating the
integral.



2. Now consider an option with payoff H(S) = S'/2. Answer the same questions as for the previous
problem.

(a) We proceed exactly as in 1(a):

V(t)=wv(r,s)=e " /OO H (se“QT“’Tl/QZ) o(z)dz

= (56_2T+2T1/2Z> P(2)dz = s*%e™" / 6T1/22¢(Z)dz
[602/2@(2 - c)] — /2

using the hint with ¢ := 7/2, hence e/ = ¢7/2 yielding
V(t) =v(r,s) = s1/2e7TeT/2 = g1/2e77/2

(b) We conjecture that the option price has the form v(7,s) = €% s'/2. What is the investment
strategy x(t) which replicates the option price?

We use “Delta-hedging” with z(t) = &)g; s) = % (e‘”sl/z) = e1s71/2
2
(c) For v(7,s) = e s'/% we have % = ae 5?2, % = e‘”%s‘lm, % = e‘”(—%)s_?’/2 yielding
dv v L 0% 5
AV = —E(’T, S)At + %(T, S)AS + 5@(7, S) éé/

o?S%At
= —ae"SYEAL + e TLSTEAS 4 Lt (— 1) S84 52 At
_ [—CL o %] eaTSI/2At + eaT%Sfl/2AS

(d) We proceed as in 1(d):
AU = z(t)AS
AV = TISTPAS + [—a — L] TS At
For a replicating portfolio we want U(t) = V (¢) for all times, i.e., AU = AV. This holds if

x(t) = e‘”%S(t)_l/Q, —a—3=0

Hence we use Delta-hedging as in (b) and we use a = —1. As in 1(d) this implies that the

option price is V(t) = e~7/25/2, Note that this is the same option price we obtained in (a) by
evaluating the integral.



