Solutions of the problems

Central Limit Theorem

Problems:

.03 with prob.

1. We have independent random variables X, ..., Xy with X; = { 01 p b
—. with prob.

NI N

LetY::X1+---+X100.

(a) Find an approximation for P(Y < 1.3) using ®(---).

(b) Assume we have stock prices Sy,..., S0 with Sp = 15 and log(S;/S;—1) = X;. Find an
approximation for F[Sioo| as an integral with ¢(z). Hint: log (S100/S0) = X1+ - -+ + Xi00-

(c) The antiderivative of e%*¢(z) is e’ /2®(z — a). Use this to evaluate the integral from (b).

Solution: (a) o := E[X;] = (.03 —.01)5 = .01, 0§ := Var[X;] = E [X]] — E[X;]* = (9-10* +1-
1073 —107*=4-10"*
p:=E[Y]=100u =1, 02 := Var[Y] = 10005 =4-1072%, 0 = .2
1.3 — 1.3-1
P(Y§1.3):1—<I>( ’ “) :<I>( 32 ):@(1.5)

o
(b),(c): We have Sigo = Spe” and Y = p+ 0Z = 1 + .2Z with a random variable Z which has
approximately N (0, 1) distribution. Therefore we have with Sp =15, u=1,0 = .2

E[Si00] = E [Soe"™77] = / Soet T FP(2)dz = Soe“/ e p(2)dz
= Spe [6‘72/2@(2 — 0)} = Seete”/2(1 — 0) = 15102

Using geometric Brownian motion for stock prices

Problems:

1. The interest rate with continuous compounding is » = 10%. Under the real-world measure P the
stock price is given by
S(t) _ Soeut-l-JB(t)

with Sy = 15, drift 4 = .4 and volatility ¢ = .2.

(a) Find P (S(4) < 15e) using O(-- ).

1 if > 15e
0 if S <1be
(a so-called binary option). Write the option price Vj using an integral with ¢(z).

(b) We consider a European option with maturity 7' = 4 and payoff function H(S) =

(c) Evaluate the integral from (b) using ®(---).

Solution: (a) We have S(T) = SpetT+7BT) " Since B(T) ~ N(0,T) we can write B(T) = T"/*Z
with Z ~ N(0,1). Hence
S(T) — SOG/J,T+0T1/2Z



and S(t) < b is equivalent to
Soe/.l,T+O'T1/2Z S b
uT + oTY?Z < log(b/Sp)

7 < log(b/Sy) — uT _1-ax4 15
oT/? 2 X2

Hence
P(S(4) <1be) = P(Z <1.5) = ®(-1.5)
(b),(c) We have
Vo= e TEC[H(S(T))]
(

t) = Soete™ PO with p, = r — Lo? =

Under the risk-neutral measure ) the stock price is S 5
0

.1 —10.04 = .08. We have B(T) = T"/?Z with Z ~ N(0,1). Hence
B2 H(S(TY)) = E [H (Soca™ 7" )| = [ (syea™ ) o)

Note that H(S) = 0if S < 15e =: b. The condition S = Sge”QTJrJTI/QZ < b is equivalent to
L < log(b/So) — peT _1-.08x4 .68

— =17
- oT1/? 2% 2 A
Therefore
0 ifz<1.7
and

/ h H <Soe“QT+"T1/2Z) (2)dz = h ¢(2)dz =1 — ®(1.7)

00 1.7
Hence the option price is

Vo=e "TEQ[H(S(T))] = e~ (1 — (1.7))

Ito calculus

Problems:
1. Consider Y (t) = B(t)%.

(a) Use the Ito Lemma to find a formula for Y(7") — Y (0).
(b) Determine c such that B(t)* — ct is a martingale.

oF _, O°F
or 0 0a?
AY =2B-AB+3;-2-AB?

N~

At

Y(T) - Y(0) = /tT QB(t)dB+/T 1 dt

=0 t=0
~—~— @ ~Y—-—

0 martingale T
B(T)? = martingale + T

Solution: F(t,z) = 22 = 2. Hence

We obtain that B(t)? — t is a martingale, i.e. we need ¢ = 1.



2. Consider geometric Brownian motion S(t) = Spet+oB®).

(a) Use the Ito Lemma to find a formula for S(7") — S(0).
e

(b) Consider the discounted stock price process S(t) = e "S(t). Determine p such that S(t) is a
martingale.
OF OF 0*F
Solution: F(t,z) = Spet 7%, Fr Soetttoryy, P Spett g, o Spetttorg?
AS = Spet™B - At 4 Syt Bg . AB + %Soe“t+"Ba2 AB?
At
T T
S(T) — S(0) = /t . Spert 7B GdB + /t_o Soer™ W (1 + 1o?) dt
martzglgale
For S(t) = Spet 1B we obtain with (u — r) instead of u
B B T T
S(T) — 5(0) = / SeeHeBO B / Soe B (1 — 1) 4 §0%) dt
=0 t=0
mart‘i;gale

The process S(t) is a martingale if the second integral is zero: We need (p — 1) + s0?=0or

— 1.2
p=1r—350

3. Consider Y (t) = B(t)* + atB(t)* + bt? with constants a, b.

(a) Use the Ito Lemma to find a formula for Y(T') — Y (0).
(b) Determine a, b such that Y(¢) is a martingale.
(c) Use 3(b) and 1(b) to find a formula for F [B(t)].

2

OF oF O°F
Solution: (a) F(t,x) = 2* + atx? + bt?, a5 = ax® + 20t, o = 42® + 2atr, T 122% + 2at

AY = (aB” +2bt) At + (4B* + 2atB) AB + 5 (12B° + 2at) AB°
At
Y(T)-Y(0) = / [4B(t)* + 2atB(t)] dB + / [(a+6)B(t)* + (2b + a)t] dt

/

martingale

(b) Y(t) is a martingale if the integrand in the second integral is zero: We need a + 6 = 0 and
2b + a = 0, hence
a = —0, b=3

(c) Y(t) = B(t)* — 6tB(t)? + 3t* is a martingale. Hence

EY ()] =Y(0)
E [B(t)'] —6t- E[B(t)’] +3t* =0
——

t
since by 1(b) E [B(t)?] = t. We obtain E [B(t)*] = 3t*.



