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Abstract

In this paper we discuss Stefan’s and Sussmann’s papers about inte-
grability of singular distributions. We point out some gaps and we give a
different version of their results.

1 Introduction

Let M be a C* finite-dimensional paracompact manifold; let F(M) denote
the ring of the C* real-valued functions defined on M and let V°(M) be the
F(M)-module of C*° vector fields on M. We put n = dim M.

We call distribution on M , the mapping L : ¢ € M — L(z) C T, M where
L(z) is a vector subspace of the tangent space to M at z. The dimension(or
rank) of the distribution is dim L(z) (it is punctually defined).

Let S be a set of C*™ everywhere defined vector fields. The distribution
generated by the set Sis L(z) = spang{ vl ,v€ S } Vzc M.

We call C*®°-distribution on M |, a distribution L generated by a set S of C*
vector fields.

The distribution L is called integrable at g € M if there exists a subman-

ifold N, < M (¢ being the canonical inclusion) passing through zg, such
that T, Ny, = L(z) , for all # € N, (more precisely, we have: 4, (T;Ng,) =
L(z) , V & € Ng,, where i, 5 is the differential of ¢ in z). N, is called an in-
tegral manaifold of the distribution. From the definition it follows directly that
dim N,, = dim L(#¢) and L is also integrable at every ¢ € N,.



The distribution is called locally integrable, or to have the integral manifold
property, if for each point in M there 1s an integral manifold of the distribution
L (namely if it is integrable at every point of M).

Let us consider the distribution L and a point zg € M. If there exists
a neighborhood of zy where the distribution has constant dimension then the
point zg is called an ordinary point (or a regular point), otherwise it is called a
singular point. If the distribution has singular points then we say that it is a
distribution with singularities.

In §2 we discuss Stefan’s and Sussmann’s papers pointing out some gaps and
we state a correct version of their results. In §3 we construct a splitting of a
distribution and we prove some results about punctual integrability. In §4 we
give the proof of our main result.

Since our study is punctual, we point out that the integral manifolds are
always regular embedding submanifolds.

2 Discussion about Stefan’s and Sussmann’s pa-
pers and statement of the main result

If S is a set of vector fields everywhere defined on M then we denote by S#
the F(M)-module generated by S (i.e. the smallest F(M)-module which in-
cludes S). We observe that the distribution generated by S is the same as the
distribution generated by S#.

2.1 Discussion about Stefan’s and Sussmann’s papers

In this section we are going to show by a counterexample that the implication
e = d of Theorem 4.2 from Sussmann’s paper ([Su73]) and Theorem 4 from
Stefan’s paper ( [St80]) do not hold .
We refer now to Stefan’s paper and we begin by recalling the definition of local
subintegrability. For a set S of C* vector fields we denote by L the distribution
generated by S. For every vector field X of S, the map ¢ — X%(z) denotes
the integral curve of X passing through z at ¢ = 0 and dX’(z) denotes the
differential at = of the local diffeomorphism X* : M — M. The set S is called
locally subintegrable at ©g € M if there exists a neighborhood 2 of zp in M and
a subset S° of S which generates the distribution L? and satisfies the following
conditions :

(LS.1) L%(zo) = L(zo) and S is integrable on Q

(LS.2) For every vector field X in S there exists € > 0 such that

dXt(:co).Lb(:co) = Lb(Xt(:co)) for |t| < e

We remark that the choice of the subset S® may depend on the point zg.
The gap we are refering to occurs in the following:



"STATEMENT (Theorem4 from[S5t80]) A set S of C*° wvector fields is
integrable if and only if the set S# is locally subintegrable on M. "O
This is in turn a

COUNTEREXAMPLE Let M = R? and let S be the set of all vector

fields of the form:
0 0
I, -
Az + (@) dy
where ® is an arbitrary smooth (i.e. C*°) function which satisfies two require-
ments:
1) ®(0,0)=0
2) % = 0 wn some newghborhood of the origin depending on ®. <
The distribution L generated by S is defined as:

T.R? T
Liz) = !
(=) {spanR{%ko,o)} @

and its dimension is given by :

. _J 2 ,xz#(0,0
dsz(:c)_{l ,:c:E0,0g

It is clear now that L is not integrable at the origin. We will prove that S# is
locally subintegrable on M = R2.

Let zo € R?, 2o # (0,0).Let Q be a neighborhood of x4 such that O(0,0) ¢ Q
(Q denotes the closure of Q). Then there exists a function ® so that ®(q) #
0,Vq € Q and <I>(:c,y)% € §#. Let ¥ : R? - R be a smooth function such
that ¥(q) # 0,Vg € R? and ¥(q) = ®(q) Vg € Q (¥ can be found , possi-
bly by reducing the neighborhood © and using the partition of unit) and let
Y, = \I!_1<I>§—y € §#%. On Q we have Yy|g = %|Q. Let Y7 = :—m c S§# and
§% = {Y1,Y,}. The condition (LS.1) is fulfilled by this S®. For every z in S
there exists £ > 0 such that X*(z) € Q with |[¢t| < . Since X? is a local diffeo-
morphism and dim L®(z) = 2, for every # € M the second condition (LS.2) is
also fulfilled.

Let us take now S° = {Z1} and let denote by ¥ = 2. We are going to
verify that $ is locally subintegrable at zo = (0,0). This S® fulfills the condi-
tion (LS.1). Let X € S#. Then X is of the form X = flf—m + f2¢%, where
f1, f2 : R? = R are arbitrary smooth functions and & satisfies the two require-
ments. Remark that 3 > 0 such that ®(z,0) =0, for all |z| < p.

We find the integral curve of the vector field X passing through the origin. We

have the system:

{ z = fi(z,y) , z(0) =0
y= fa(z,9)®(z,y) , y(0)=0



We obtain a solution x=x(t) at least continuous. We choose ¢ > 0 such that we
have: |z(t)| < p , for all [¢t| < £. Then ®(z(¢),0) = 0.

Since y(t) = 0, [¢| < ¢ is a particular solution of the second equation and
using the theorem of existence and unicity of the Cauchy problem we obtain the
system solution: z = z(¢), y = 0 for [¢t| < €. The flow associated to the vector

field X 1s defined by :

X'(z,y) = (¢(t, 2, 9),¥(t,2,9))
for z,y small enough, in a neighborhood of the origin, and:

8¢ 8, oy 8
t _ _ —
dX*(20)-¥ (20) = 5(6,0,0) 50 + 5 (6.0,0) 51

where p = X*(zo) = (z(¢),0). But % = f2® then:

5:'8:) = 52\on) = e
Let denote by g(t) = %(t, 0,0). Since (0, z,y) = y we have g(0) = 0. In the

neighbourhood of the origin where %(p) =0 and ®(p) = 0 with p as above, we
obtain: fl—‘z(t) =0, for |t| < €. Then g(¢t) = 0 and :
¢ _ 99 byt
dX*(20).Y (zo) = a—£(t,0,0)Y|p € L°(X*(=0))

Since %(t, 0,0) # 0 (the flow is a local diffeomorphism) we conclude that:
dX*(z0).LP(x0) = LP(X*(z0)) (i.e. (LS.2))

Then S$# is locally subintegrable on M = R2.

The gap (in [St80]) occurs in the proof of the Lemma(6.2). It affects
Theorem 4, that uses this Lemma, and ,implicitly, the proof of Theorem b,
that uses Theorem 4.

The solution that we propose in subsection 2.2 is to reformulate the condi-
tion of the existence of £ (see the condition (LS.2)) in such a way that it becomes
independent of every other conditions (that means there exists an ¢ > 0 "good”
for all vector fields ). This happens , for example, in the case when S# is finitely
generated, because we choose ¢ = min; ex, , where {Xi}i:ﬁ spans the module.
From here we obtain Theorem 5 ([St80]).

Now we turn to Sussmann’s paper. Even though the implication e=d is false,
the other equivalences are true. We prove this directly on the Sussmann’s
proof (for this we suppose that the reader is familiar with the Sussmann’s pa-
per — [Su73]): We will prove that from (a) it results (d) (in Theorem 4.2).



The implication (a)=-(e) is true (for example it is included in Theorem 2.1
of this paper) and from both (a) and (¢) we will obtain (d). We have that
Wi(t),...,W¥*(t) € A(X:(m)) are independent. Since X;(m) belongs to the
integral manifold of A passing through m it results dim A(X:(m)) = dim A(m)
and so W(t), ..., W¥(t) form a basis for A(X;(m)). Now the proof is complete.

2.2 Statement of the main result

Inspired by the previous discussion, we state now the main result of this paper.

THEOREM 2.1 Let £ be a F(M)-module of C*® vector fields on M and let
L denote the associated distribution. Let zo € M and k = dim L(z). Then L
1s wntegrable at xq if and only of there exst € > 0 , vector fields aq,...,ax € L
and a neighborhood U of zg that satisfy the following conditions:

1) At the point zg a1z, - - -, @kle, SPan L{zg)

2) For all smooth vector field Z € L, there exist smooth functions
M (—pz,pz) = R such that for allt € (—pz,pz) and 1 <1 < k we have:

[Z [e73 |exp tZ.xo Z )\ CL] |exptZ.:c0 (1)
where: [z et sup{v|yv < ¢ and exptZ.zqg €U for all |t|<v} O

3 Split of the distribution and some punctual
results

Let £ be a F(M)-module of C*® vector fields and let L denote the associated
distribution. Let #q € M be a fixed point. Let & = dim L(zg) < n = dim M.
Then there exist k vector fields ay,...,ax € £ such that a1ls,, ..., ak|s, span
L(zy) and in a chart around zq ,(U, ¢) , we have:

0 0
a; = 8:01 + Z a]za 7 (2)

J=k+1

From now on we will agree implicitly that # € /. We associate to (a;) the

family F,. defined by:

k
Tg:{aaevoo |a06difzalalla_ al""’ak)ERk’|a|défZ<E}

F. can be identified with a ball in a k-dimensional space. For £ > 0 small
enough we know that exp : 7. — M is a regular embedding. So exp F, », C M



is a submanifold in M of dimension & (exp F: s, &ef {expay.zo| aqg € Fe}
and exp aq.zg denotes z(1) where z(¢) is the solution of the differential system
2(t) = aalz() With the initial condition 2(0) = zo).

LEMMA 3.1 If L is integrable at zq, then N 4, def exp Fe », s an integral
manifold of L passing through zq. O

Let

G= {besp= ]zk;lb] ), where b (z) € F(M) and c;()lu = %

def o
L(—l):{aaev (M)|a:(a1,...,ak)€Rk}
It 1s very easy to prove the following lemma:

LEMMA 3.2 The distribution generated by G & L(_1) coincides locally with L.
That means: L(z) = Glz & L(—1)lz , for all €U (D denotes a direct sum). O

Clearly, dim L(zo) = dim L(_1)|s, and: G|z, = {0}.
We have obtained two algebraic structures which generate locally the distri-
bution: L(_;) , which is a k-dimensional R-vector subspace, and G , which
is a F(M)-module and we say that (L(_1),G) is a splitting of the distribution
generated by L.

Directly from the definition and previous lemma it results:

LEMMA 3.3 The distribution L 1s integrable at zq if and only if we have the
relations:

Ri. L1z = TeNe o, , forallz € N, 4,

Ry. G|w. ., =0 (that means G|, =0, forallz € N; 5,). O

Following the proof of Nagano’s theorem we have the next lemma (see [Na66]
for proof):

LEMMA 3.4 The distribution L 1s integrable at xq if and only if:
1) [u,v]|exptv.zo = 0, for all u,v € L_1y and |t| <€, € depending on v.
2)Gln., =0 O

In order to prove the main result we need the following lemma:

LEMMA 3.5 Let a1,...,a5 € V(U) (U being an open neighborhood of zq)
be smooth vector fields and let @ = spanrun{ai,...,ax}. Let Z € V°(U)

and {b1,...,bp} C @ such that b; = 2?21 fijaj and a; = 2?21 gijb; where
fij, 955 : U = R are smooth functions.
If there exist C*® functions X : (—e,e) — R, 4,5 = 1,k such that:

[Z [e73 |exptZ To Z)\ a]|exptZ.:c0



then there exist C*° functions ,uf :(—€,6) = R, 4,7 = 1,k such that:

[Z b |exptZ To Z/‘l‘z b |exptZ To

Proof
We obtain:

k k k k
[Zy bi]|exptZ.a:0 = Z[Z g]lZ(fl]) + Z gsl)\;'fij]b”exptZ.a:u = Z/J‘ib”exptZ.a:u
=1

=1 j=1 F,8=1

Q.E.D. O

4 Proof of the main result

Lemma 3.5 shows that the condition (2) from Theorem 2.1 is invariant under
a change of the basis. Then we choose for {a;} the vector fields which form
the basis of L(_;) obtained by a splitting of L. Moreover, let ¢ be as in the
definition of A, ,,.
Suppose L integrable. We choose I/ as in §3.

1) It is checked by the construction of vector fields {a;}

2) Let Z € £. Then Z = 2?21 fija; + b where b € G and f; € F(M). We

obtain: i
(Z, a;] ny aj, 0]+ [b,ai] = D ai(fy)a;
7j=1

Since L is integrable at zg and tZ|, € L(z), Vo € N; z, we have z; = exptZ.zq €
N .z, and we obtain: [Z, a;]|s, = 2?21 M (t)aj|s, for all [t| < pz.

To prove the converse, we apply Lemma 3.4

a) We show that for all a1, as € L(_1), [a1, a2]lexptas.zo = 0, With [t| < & = pg,.
We write the given relation for Z = a; and a; = as.

On one hand we have: [a1,a3] = Z;'L:k+1 T 55

on the other hand:Z?zl Ag(t)aj = )\%(t)% 4 AE (2 )8a:’° + 1 O3(t )8935
From [Zy ai“exp tZ.xo — 2?21 )\Z (t)aj|exp tZ.zo WE obtain: [aly a2]|exp tZ.xg — 0:
t] < e.

b) We show that G|y, ., = 0. Let X € G. We put Z; = X + a; and write:
[Z;, ai] = [X, a;]. Then, as above, we obtain: [X, a;]|exptz,.2o = 0, [t| < pz,.
Obviously: [X, X]|exptz;.2s = 0. Then:

[Xy (X + ai)]|expt(X+a1).:cu =0or [ZinHexptZT,.a:u — 0, |t| < HZ,
We can apply a formula from 3.2 ([St80]) and we obtain:

d
—X(2:) = DZ; 0 Xz,



(where z; = exptZ;.zg and DZ; is the jacobian matrix of Z;) with the initial
condition: X (u(0)) = X(zg) = 0 (recall that X € G). Using the theorem
of existence and unicity of the solution of the Cauchy problem, we obtain:
X|exptZ7,.cc0 = 0. But then Zi|exptZ7,.a:0 = (ai + X)|exptZ7,.:c0 = ai|exptZ.:cu~ So:
exptZ;.zg = expta;.¢o. That means: X|expta,oo =0, and |t| < pz, = pxya, =
Pa, = €. S0: Gn,,, =0

Q.ED.O
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