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Abstract

In this paper we complete the theory of punctual and local integrability
of smooth and analytic distributions starting with the classical Hermann’s
and Nagano’s results (of which we give new proofs). Then we discuss
Stefan’s and Sussmann’s papers (where we assert that there are some
errors) and we give a different version of a theorem. Finally we give a
new proof of Cerveau’s theorem that is a complete characterization of
finitely-generated involutive F (M )-module of smooth vector fields.

1 Introduction

Let M be a C" finite-dimensional, connected and paracompact manifold (r = oo
or w , by the case ); let F(M) denote the ring of the C" real-valued functions
defined on M and let V"(M) be the F(M)-module of C" vector fields on M.
We put n = dim M.

We call distribution on M | the mapping :

L:izeM — L(z)CT,M

where L(z) is a vector subspace of the tangent space to M at . The dimen-
ston(or rank) of the distribution is dim L(z) (it is punctually defined).

Let S be a set of C” vector fields everywhere defined. The distribution
generated by the set S is:

L(z) = spang{ v|s ,v€S} Ve e M.



We call C" -distribution on M |, a distribution L generated by a set S of C”
vector fields.
The distribution L is called integrable at xg € M if there exists a submanifold

N, M (7 being the canonical inclusion) passing through g, such that:
Te Ny, = L(z) , for all z € N,,.

(more precisely, we have: i, ;(T,Ny,) = L(z) , V € Np,, where i, , is the
differential of ¢ in z). N,, is called an integral manifold of the distribution
and we say that L is punctually integrable in zg. From the definition it follows
directly that dim N,, = dim L(z¢) and L is also punctually integrable in every
q € Ny,

The distribution is called locally integrable (or to have the integral manifold
property if for each point in M there i1s an integral manifold of the distribution
L ( namely if it is punctually integrable at every point of M ).

Let us consider the distribution L and a point zg € M. If there exists
a neighborhood of zg where the distribution has constant dimension then the
point zg is called an ordinary point (or a regular point), otherwise it is called a
singular pownt. If the distribution has singular points then we say that it is a
distribution with singularities.

Our goal is to find criteria of punctual and local integrability of a distribution
generated by a F(M)-module of C" vector fields (this distribution may be a
distribution with singularities).

In §2 we discuss Stefan’s and Sussmann’s papers pointing out some errors.
Also we give a few examples about involutivity of modules and distributions.

In §3 we construct a split of distribution that will be useful through the
whole paper. This split was suggested us by the Nagano’s paper ([Na66]).

Based on this construction we will prove results about punctual integrability
(in §4): Theorem(4.4) which represents the punctual version of Nagano’s the-
orem (the result appears in [Fr78] but with an algebraic proof), Theorem(4.6)
which represents a reformulation of a theorem presented in [Su73, St74, St80]
but always with different statements, a new proof of a theorem presented in
[St74], as well as criteria involving various conditions (for example the involu-
tivity). We point out that the Theorem(4.4) works in the analytic case while
Theorem(4.6) requires only r = co.

By extending the study on an open subset of the manifold, we will obtain
results about local integrability (§5):the well-known Nagano’s theorem (in the
analytic case), Hermann’s theorem (with a new proof) and a normal form of the
finitely-generated involutive module. From the last theorem Hermann’s theorem
follows as a simply corollary and we can give another proof of Nagano’s theorem
using a known algebraic result (the notherianity of the module of analytic vector
fields).

Since our study is punctual or local, we point out that the integral manifolds
are always regular embedding submanifolds.



2 Preliminary definitions and results

If S is a set of vector fields everywhere defined on M then we denote by S# the
F(M)-module generated by S (i.e. the smallest F(M)-module which includes
S). We observe that the distribution generated by S is the same with the
distribution generated by S#.

2.1 Discussion about Stefan’s and Sussmann’s papers

We assert that the implication e = d of Theorem 4.2 from Sussmann’s paper
([Su73]) and Theorem 4 from Stefan’s paper ( [St80]) are not correct (implicitly
Theorem 5 -in [St80]- has a wrong proof). However, the equivalences
a<bs cs ds fin [SuT3] are correct. To prove this we will use an example
given by Stefan himself in [St80] relative to a wrong theorem by Lobry ([Lo70]).
We refer now to Stefan’s paper and we begin by recalling the definition of local
subintegrability. A set S of C* vector fields is locally subintegrable at zq € M
if there exists a neighborhood Q of z¢ in M and a subset S® of S which
satisfies the following conditions :

(LS.1) L%(zo) = L(zo) and S is integrable on Q

(LS.2) For every vector field X in S there exists € > 0 such that

dXt(:co).Lb(:co) = Lb(Xt(:co)) for [t| < e

(we have denoted by L the distribution generated by S, by L? the distribution

generated by S° and by X?(zo) the flow generated by the vector field X).

We say that S is locally subintegrable (on M) if it is locally subintegrable at

every ¢ € M. We remark that the choice of the subset S° may depend on the

point zg. The theorem that we assert it is not correct, 1s the following
"Theorem 4 (from [5t80]) A set S of C*° wvector fields is integrable if and

only if the set S# s locally subintegrable on M. "0

The example that proves this is the following:

EXAMPLE 2.1 Let M = R? and let S be the set of all vector fields of the
form:

0 0
8—504"1’(50,1/)@

where ® is an arbitrary smooth (i.e. C*®) function which satisfies two require-
ments:

1) ©(0,0)=0
2) % = 0 in some neighborhood of the origin depending on &. <

The distribution generated by S will be of the form:

T.,R? zo # (0,0)
L — 0 bl bl
(<o) { spanR{zs loo} 20 =(0,0)



. _ 2 , Lo 75 (0, 0)
dim L(#g) = { 1, 2= (0,0)

It is clear that L is not integrable in the origin. We will prove that S# is locally
subintegrable on M = R?. To this purpose we will use Proposition(6.3) (from
[St80])-first point:
Proposition 6.3 For a set S of C* wvectorfields to be locally subintegrable at
xg € M 1t 1s sufficient that there exist a neighborhood ) of xg tn M and vector
fields Y1,Ys, ..., Y, in S which satisfy the following conditions:

(a) The vectors Y1,Ys,...,Y, span L(zo)
(L denotes the distribution generated by S)

(b) There exist continuous functions A;j, : & — R such that,
foreveryyeQand 1 <4,j<p,

Y;yY Z)\z]k

(c) Given X € S there exist € > 0 and continuous functions Ay, : [—¢,6] > R
such that, for |t| <e and 1 <i<p,

zt) = Z)\ik(t)Yk(:ct) , where z; = X%(zq), as above. O

Now, the proof that S# is locally subintegrable on M = R?.

Let zo € R?, 2o # (0, 0).Let Q be a neighborhood of x4 such that O(0,0) ¢ Q
(Q denote the closure of ). Then there exists a function ® so that ®(q) #
0,Vq € Q and <I>(:c,y)% € §#. Let ¥ : R? - R be a smooth function such
that ¥(q) # 0,Yq € R? and ¥(q) = ®(q) Vg € Q (¥ can be found , possibly
by reducing the neighborhood 2 and using the partition of unit) and let Y3 =
¥ <I> € S#. On Q we have Ys|q = y|Q Let Y7 = % € S#*. We verify
(a)—(c ) of the previous prop051t10n using Y1,Y> and Q like above.
(a) {Yi(z0), Ya(z0)} = { Z o0, = |m0} and it spans Ty, R? = L(zo)
(b) 11, Y3l =10
(c) For X € S we can choose ¢ > 0 such that z; = X%(zo) € Q, V|t| < . Then
the functions A;x(t) will be even the components of [X,Y;] in the local frame
{5l & la}-

Now, let 2o = (0,0). We put ¥; = :—m € S# and let Q be an arbitrary
neighborhood of the origin. We verify (a),(b),(c):
(a) Yi(zo) = :—m|m0 and spans L(0)
(b) [Yl, Yl] == 0
(c) Let X € S#. Then X is of the form:

0

0
X = fla_:c +f2‘1’@



where fi, f2 : R? = R are arbitrarly smooth functions and & satisfies the two
requirements. Remark that 3y > 0 such that ®(z,0) = 0, for all |z| < 4.

We find the integral curve of the vector field X passing through the origin. We
have the system:

{ z = fi(z,y) , z(0)=0
y=faoz,9)®(z,y) , y(0)=0

We obtain a solution x=x(t) at least continuous. We choose £ > 0 such that we
have: |z(t)| < p , for all [¢]| < e.

Since y(t) = 0, |¢| < ¢ is a particular solution of the second equation and using
the theorem of existence and unicity of the Cauchy problem we obtain the sys-
tem solution:

{ z=ua(t) , [t|<e suchthat |z(t)] < p

So we have:

15, 8 8
[X,Y1] = [fla_:c+f2q)_y’8_:c] =

_Oh 0
Oz Oz

Jfa %, 9
2% el Wl
( Oz + /2 Oz )By
By choosing A11(t) = —%(az(t), 0) and because ®(z(t),0) = 0 and %(:c(t), 0)=
0 we obtain:

[X,Y1](z) = M1(t)Ya () , for all |t < e.

So we have checked that S# is locally subintegrable (we can check it also
directly using the definition — respectively the conditions (LS.1) and (LS.2)).
The mistake (in [St80]) consists in the next assertion of the Lemma(6.2) : ”...it
is easy to produce a subsequence (s, ) of (¢m,) and a C* vectorfield V on
such that V € S#, PV = 0 and V(o(sy)) # 0 for all m.” (here PV means the
projection in the bases given by Y1, ..., Yz € S® , d = dim L(zo) and o(sy,) =
X*m(z), for some X € S and z € M ). In the above example this is equivalent
to ask for a sequence (s,,) — 0, where (0(sm)) is a sequence of points taken
on an integral curve through the origin (¢(0) = 0) , V = f1% + f2<1>% and
PV = fl:_z =0. SoV = f2<1>% and the assertion requires ®(o(sm,)) # 0 for

all m. But we have seen that for every vector field X € S# the integral curve
through the origin has a piece which is included into the axis Oz. We take (s,,)
such as: 0(sm) = (zm,0). On the other hand, giving ® (like above) there exists
p > 0 such that ®(z,0) = 0, for all || < . Then we obtain that there exists
an integer N, such that ®(c(s,,)) =0, for all m > N,.

The solution that we propose in section 4 is to reformulate the condition
of the existence of ¢ (see the point (c) above) in such a way that it becomes
independent of every other conditions (that means there exists an ¢ > 0 ”good”
for all vector fields ). This happens , for example, in the case when S# is finitely



generated, because we choose ¢ = min; ex, , where {Xi}i:ﬁ spans the module.
With this condition, theorem(5) for [St80] is proved, but we will give a proof
without the criterion of local subintegrability ( modified).

Now we turn to Sussmann’s paper. Even though the implication e=d is false,
the other equivalences are true. We prove this directly on the Sussmann’s
proof (for this we suppose that the reader is familiar with the Sussmann’s pa-
per — [Su73]): We will prove that from (a) it results (d) (in Theorem 4.2).
The implication (a)=(e) is true (for example it is included in Theorem (4.6)
of this paper) and from both (a) and (¢) we will obtain (d). We have that
Wi(t),...,W¥*(t) € A(X:(m)) are independent. Since X;(m) belongs to the
integral manifold of A passing through m it results dim A(X;(m)) = dim A(m)
and so W(t),..., W¥(t) form a basis for A(X;(m)). Now the proof is complete.

2.2 Discussion about involutivity

Let £ be a F(M)-module of C" vector fields and L be the distribution generated
by £. We say that a vector field X belongs to the distribution L (we write X € L)
if for all p € M, X(p) € L(p). We say that the module £ is involutive if for
every X,Y € L we have that [X,Y] € £. A distribution L is called involutive
if for every two vector fields X,Y € L we have [X,Y] € L.

If the distribution has not any singularities then the problem of integrability
1s completely solved by Frobenius’ theorem:

THEOREM 2.2 If L s a C"-distribution without singularities then the fol-
lowing conditions are equivalent:

(a) L is locally integrable

(b) L is involutive

(c) L is involutive. O

In the general case of the distributions with singularities, the following result
1s obvious:

PROPOSITION 2.3 If L s a locally integrable distribution then L s involu-
tive. O

On the contrary, the following examples show that if L is integrable then £
need not to be involutive.

EXAMPLE 2.4 (smooth case) Let X; = go(:c,y)% and Xy = (22 + y2)%,
where

e o) €T (@Y #(0,0)
o(z,y) { 0 | (:c,z):(o 0

We have: £ = span}—(M){Xl,X2} = {flgp;—m—i—f2(:c2—|—y2)% , i, € F(M) T

M = R? and T R2 7&(0 0)
””:{{& (00



The distribution L 1s punctually integrable at every point p € R? (in the origin
the integral manifold is the point 0(0,0) ), but

(1%
5 9o 8 o(z,y) . (@ +v)5E(z,y)
X1, X5] =2 2 (@) DL =9, Y .
[X1, Xa] :C(’D(:c’y)ay (="t )ay Oz :c:c2+y) ? p(z,y) '
It is very easy to prove that: 2z28Y) ¢ F(M) , but: e
Y Yy p . z2+4y2 ’ . w(z,y) Tow4y?

(z,y) # 0 does not admit a limit at z=y=0. So [X1,X2] ¢ L O

EXAMPLE 2.5 (analytic case) Let X; = (22 + y2)% , Xo = (z* + y4)%
and M = R2.
We put £ = span}—(M){Xl,Xg} and the distribution generated by L 1is:

— TPR2 ] 7é (010)
Lip) = { o L pl (00

The distribution L is integrable on M (is the same distribution that in the pre-
vious ezample) but: [X1, X3] = 423(x? —|—y2)% —2y(z* —|—y4):—m = fiX1+ foXo,
_M f _ M 42®—42°%y?+202%y % +120%°
22 +y> ; J2 — zifyt 2825y ity .
Since %km,o) =4 %ko’y) =0, fa s not a C* function and [X1,X32] € L. ©

8fa _
and B2 =

where f1 =

If we note smt, (L) = {X € V"(M), such that X € L} then the explanation
is that we have the inequality: smt,(L) # £ though £ C smt, (L) (r = oo or
r = w). From the Proposition(2.3) it follows immediately:

PROPOSITION 2.6 If L is a locally integrable distribution, then smt,. (L) is
involutive (r = oo orr =w). O

In the case of punctual inegrability the following example shows that the
module may be not involutive:

EXAMPLE 2.7 (see [Fr78]) Let X1 = 225 + 5, and X5 = 5. Then
E:span}—(M){Xl,Xg} , L(p) = L], for allp € M = R>.

Since dim L(p) = 2,Vp € M, L is a distribution without singularities. Let
p =(0,0,0). The submanifold Nog = {(z,y,z) € R®|lz = 0} (the plane Oyz) is
a mazimal integral manifold through p. But [X;, X5] = —:c% g L. So L s not
involutive. &

The following example shows that if £ is involutive it does not necessarely
follow that L 1s involutive:

EXAMPLE 2.8 (see [Na66]) Let M = R?, X1 = &, X5 = ¢(z)5, , where

{e_m% , 2 #0

e(z)=1 0



Then: E:spanT(M){:—m, go%, go’(:c)%, cee go(")(:c)%, -} is involutive. The
distribution generated by L 1is:

T(z,)R? , , z#0
spang{sslow} =0

L(z,y) :{

We have thatY = :cg—y €L, but [X1,Y] = % gL <

If the distribution is without singularities then it 1s easy to prove that his rank
(that is the dimension of the vector subspace) is constant on M (we have sup-
posed that M is connected). Also we can prove that the set of ordinary (or
regular) points of distribution is an open dense subset of M.

3 Split of the distribution

Let £ be a F(M)-module of C" vector fields and let L denote the associated
distribution. Let zg € M be a fixed point. Let £ = dim L(zy) < n = dim M.
Then there exist k vector fields d;,...,dx € L such that di|g,,...,dx|s, are
independent. We assume that a system of local coordinates at zg has been fixed,
and we put ;1(:(:) def [G1]z, ..., ax|s] € R®¥%, where &;|, are the components of
the vector field @; evaluated at z and ordered according to the column. Since
rankfi(:co) = k there exists a neighborhood U where A is a full-rank matrix.
We suppose, possibly renumbering the coordinates, that the first & rows of A
are independent. We partition the matrix A as follows:

Ai(z) ] Ik
AQ(CC)

where Al(:c) 1s nonsingular on /. From now on will agree implicitly that z € /.
Let
A@) EA@)AT @)= | | =[al . axla] (1)
4 (z)

In local coordinates we have:

= 8:01—1—2 2507

J=k+1

We associate to A the family F, defined by:

.Tg:{aaEVT |aocdifzazalya— aly"'lak)eRk’| defz<6}



F. can be identified with a ball in a k-dimensional space. For £ > 0 small
enough we know that exp : 7. — M is a regular embedding. So exp F, », C M
is a submanifold in M of dimension & (exp F: s, def {expay.zo| ay € Fe}
and exp aq.zg denotes z(1) where z(¢) is the solution of the differential system
#(t) = aalz(r) With the initial condition z(0) = o).

PROPOSITION 3.1 If L is punctually integrable at zo, then N 5, &ef exp F; z,
1s an wntegral manifold of L passing through zg.
Proof
Let ay € L as above and let ./\790[J be an integral manfold of L passing through
zg. Then:

agls € Tm./\Tm0 , forall z € ./\7900.

A piece of integral curve of ay, passing through xq, will be included in ./\7900.
So exptag.zo € Ny, for [t| < p(a). We consider the unit ball in k-real space:
Bt ¥ {a € R¥| |a| = 1} and we obtain p : B! — R a continuous function
(a + p(a)). Since B is a compact set we obtain that there exists ag € B*
such that inf u(B') = minu(B?) = p(ag) > 0. Let ¢ = p(ag). We conclude
Nezo C ./\790[J and, since N; p, is a k-dimensional manifold like ./\7900, it 15 an
open subset of ./\7900. So N z, 15 an integral manifold too. Q.E.D. O

The problem to be solved is to determine conditions which guarantee that A ,,
is an integral manifold of L (that means, for all ¢ € N, ;, L(z) = Tu N 5,)-

Relied on the vector fields, we will construct now a split of the distribution.
Let

0

= 027

GE (e L= ) Vle)e(e) where b (z) € F(M) and (el

j=k+1

L(—l) déf {aoc c VT(M)|O£ = (O[l, .. .,ak) € Rk} = _7:00

It 1s very easy to prove the following lemma:

LEMMA 3.2 The distribution generated by G & L(_1) coincides locally with L.
That means: L(z) = Glz & L(—1)lz , for all z €U (@ denotes a direct sum). O

By dimensional relation: dim L(zo) = dim L(_1)|s, and it results: G|, = {0}.
We have obtained two algebraic structures which generate locally the distribu-
tion: L(_1) , which is a k-dimensional R~ vector subspace, and G , wich is a
F(M)-module and we say that (L(_1),G) is a split of the distribution generated
by L.



4 Punctual results

We have the following result:

PROPOSITION 4.1 The distribution L 1s punctually integrable at zq if and
only if we have the relations:

Ri. L1z = TeNe o, , forallz € N, 4,

Ry. G|n. ., =0 (that means G|, =0 , for all x € N; 4,).

Proof

" = ' Let L be integrable at zg. It follows from Proposition(3.1) that N; 4,
is an integral manifold. Using Lemma(3.2) we obtain:

g|a: @L(—1)|z = Ta:Na.a:u ) fOT‘ all z € Na.zu

From dim L(_1)|z = dim L|y, = k = dim T, N; , it results L_1)|z = ToN; o,
If there exists ¢ € N, 4, such that G|, # {0} then also there exists b € L(z)
such that bT = [0 b]] with by # 0. But then b ¢ L(_1|. This implies that:

k=dim L(z) = dim(G|. B L(_1)|m) > dimL(_1)|m =dimTy N, oz, = k

A contradiction. Therefore G|y, ,, = 0.
"< " It results that:

L(CC) == g|a: + L(—1)|cc 1;2 L(—1)|cc 1;1 Ta:Na.a:u ) fOT‘ all z S Na.zu
So N; 4, ts an integral manifold of L passing through zg. Q.E.D. O

Following the proof of Nagano’s theorem we have the next lemma (see [Na66]
for proof):

LEMMA 4.2 Letu,v € V®°(M),z0 € M and 5,t € R, |s|, |t| < €, wheree > 0
s so small that f(s,t) = exp[t(su + v)].zo makes sense. If [u,V]|exptv.z, = 0,
Vit| < & then 28| o = tuls (04, VIt <. D

The above result allows us to find a condition equivalent to R; of Proposition(4.1).

COROLLARY 4.3 The distribution L is punctually integrable at zq if and

only if:
1) [u,v]|exptv.zo = 0, for all u,v € L_1y and |t| <€, € depending on v.
2) GlNee, =0

Sketch of Proof
"« " From Lemma(4.2) and by dimensional reasons we obtain: L(_1)ls =

Ta:Na.a:u; fOT all z € Na.z0~
"= " Let u,v € L(_1) of the form:

I n )
u:;ai@—l— Z uj%

j=k+1

10



Lo " 3
V=D Pt 2 Vg

j=k+1
where o;, B; € R and uj,v; € F(M), such that u,v € L(_1). We obtain:
il = > fulus) ()]
’ - ' J J a:cj
J=k+1

Let © = exptv.zg . Since [u,v]| € L(z) we have [u,v]|; =0 . Q.E.D.D

We emphasize from the second part of proof the relation:

[u,v] = Z [u(v;) — v(uj)]% for all u,v € Li_1) (2)

j=k+1

The same relation is also valid for u,v € G or u € L(_l) and v €G.

Let £ be a F(M)-module of C" vector fields. We denote by L* L the Lie
closure of £ (i.e. the minimal involutive module that contains £). We can
state the following result due to Freeman ([Fr78]) (here we use a proof
borrowed from Nagano):

THEOREM 4.4 Let L be an analytic F(M)-module of vector fields and let
L denote the associated distribution. Then L 1s punctually integrable at zq if
and only if: L®L|y, = L(xo)

Sketch of Proof
We will apply the Corollary(4.3).
"= " It follows directly by using the Proposition (2.3) and the fact that any
vector field from L™ L s written as a finite combination of Lie brackets of
vector fields from L.
"« " Let L‘(xil) and G=° be obtained by splitting the distribution generated by

L*®L. From Ly C ng),g CG™ and L*°L|;, = L(zg) we have that:
L(_l) = L?o_l) and G =G NL
From involutivity of L L and relations(2) we have that:
[L(—l)i L(—l)] C goo’ [L(_l)’goo] C goo’ [goo’goo] cg®

and from analyticity and Taylor series we obtain: G|y, ., =0 and [u,v]|n. ., =

0 forallu,ve L_;y Q.ED.O

Now we pass to the smooth case (r = 00). First we need the following lemma:

LEMMA 4.5 Let a1,...,a5 € V°(U) (U being an open neighborhood of zq)
be smooth vector fields and let @ = spanrun{ai,...,ar}. Let Z € V°(U)

11



and {b1,...,bg} C @ such that b; = 2?21 fija; and a; = 2?21 gijb; where
fij,9i; - U = R are smooth functions.
If there exist C* functions X! : (—¢,€) = R, i,j = 1,k such that:

[Z [e73 |exp tZ.xo Z /J‘l CL] |exp tZ.xo
then there exist C*° functions ,uf :(—¢€,6) = R, i,j =1,k such that:

[Z b |exptZ To Z/‘l‘z b |exptZ To

Proof
We obtain:

k k k k
[Zy bi]|exptZ.a:0 = Z[Z g]lZ(fl]) + Z gsl)\;'fij]b”exptZ.a:u = Z/J‘ib”exptZ.a:u
=1

=1 j=1 js=1
Q.E.D. O
Next theorem is our version of the result from [St74][St80][Su73]:

THEOREM 4.6 Let £ be a F(M)-module of C* vector fields on M and let
L denote the associated distribution. Let zg € M and k = dim L(zg). Then
L s punctually integrable at zo of and only if there exist € > 0 , vector fields
ai,...,ax € L and a neighborhood U of zg that satisfy the following conditions:
1) In the point zg ailge, - - -, @kle, span L(zg)
2) For all smooth vector field Z € L, there exist smooth functions
M i (—pz,pz) — R such that for allt € (—pz,pz) and 1 <1 < k we have:

[Z [e73 |exptZ To Z)\ a]|exptZ.a:0 (3)

where: g et sup{v|v < ¢ and exptZ.zg €U for all |t| < v}
Proof
Lemma(4.5) shows that (3) is invariant under a change of the basis. Then
we choose for {a;} the vector fields which form the basis of L(_1y obtained by
splitting of L. Moreover, let ¢ as in the definition of N 4.
"= " We choose U as in §3.
1) It 1s checked by construction of vector fields {a;}

2) Let Z € L. Then Z = 2?21 fija; +b where b € G and f; € F(M). We

obtain: i
[Z,a;] = Zf] aj, o) + [b, a;] — Zal

j=1
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Since L 1s integrable at zg and tZ|; € L(z),Y& € N, 5, we have z; = exptZ.zq €
Nz, and we obtain: [Z, a;]|,, = 2?21 )\Z»'(t)aj|mt for all |t| < pgz.
"< " We apply the Corollary(4.3)

a) We show that for all ay, az € L(_1), [a1, a2]|exptar.zo = 0, with [t| < & = pq, .
We write the giwen relation for Z = a1 and a; = as.

On one hand we have: [a1, az] = Z?:k-l—l T 505

on the other hand:Z?:l Ag(t)aj = )\%(t)% 4 AR (t)ai—,c +ZZ:I¢+1 Gg(t)%
|F17|"0m [Zy ai“exptZ.a:u == 2?21 )\Z (t)aj|exp tZ.;, We obtain: [a‘ly a2]|exptZ.ccu = Oy

| <e.

b) We show that G|n,, = 0 Let X € G. We put Z; = X + a; and write:
[Z;, ai) = [X, a;]. Then, as above, we obtain: [X, aillexptz,20 = 0, [t| < pz,.
Obviously: [X, X]|exptz,2o = 0. Then:

(X, (X + a;)]|lexpt(X + ai).z0 =0 or [Z;, X]|exptzi0 = 0, [t] < pz,

We can apply a formula from 3.2 ([5t80]) and we obtain:

d

EX(CCt) = DZl o X|93t

(where ; = exptZ;.@wo and DZ; is the jacobian matriz of Z;) with the initial
condition: X(u(0)) = X(@¢) = 0 (recall that X € G). Using the theorem of
existence and unicity of the Cauchy problem, we obtain: Xl|exptz, 2, = 0. But
then Zi|exptZ7,.a:0 = (ai+X)|exp tZ,.wo — ai|exptZ.:cu~ So: exp tZ;.¢0 = expta;.zg.
That means: X|expta; oo = 0, and [t| < pz, = pxya, = pa, = €. So0: G|n, ., =0

Q.E.D. O
We can also give a new proof of Theorem 6 from [St74]:

THEOREM 4.7 Let £ be a smooth F(M)-module of vector fields and L the
distribution generated. Let zg € M be a fivzed point. Then L s punctually
integrable at zq if and only iof for every X € L there exmist € > 0, a finite set
{X1,...,X,} C L and continuous functions X;; : (—e,¢) - R (1 < 4,7 < p)
such that:

(a) The vectors X1|sg, ..., Xpls, span L(zg).

(b) For every t € (—¢,¢) and 1 < j < p, [X, X;](z:) = 2255 X (1) X ()
where z; = exptX : xg

(c) The vectors X;(z¢) span L(zt).
Remark Here, ¢ depends of X but there exrists the point (c) that is a very
strong condition.

Proof

First we split the distribution: L = L_1y®G. Let X = aq € L(_1). We apply

Lemma(4.5) and obtain a set {a1,...,ax,Yeq1,...,Yp} C L where {a1,..., a5}
are the vector fields give by (1) and Y1,...,Y, €G.

13



Using (b) from hypotesis we obtain the system (see also relations (2)):

»
(X, Y)(ze) = Y pisYila,
j=k+1

Using again formula borrowed from 3.2 ([St80]) we obtain the differential
system:

d z .
EYi(fCt): > mYle, , k+1<i<p
j=k+1

with initial conditions: Yi(zo) =0, k+1 <1 <p. So: Yi(z:) =0, for all —e <
t < . That means the dimension of L is constant on the integral curve of a,,.
For every o we obtain an £(a) > 0 such that :

dim L(exptay.zo) = k , for all |t] < e(a)

By a compactness argument we obtain an £ > 0 such that e(a) > ¢ > 0 for all
|| = 1. Then we take F. and N, as in §3 and the proof is complete.

Q.E.D. O

In the case when the module is involutive, the punctual integrability is
solved by the following result:

PROPOSITION 4.8 If L is an involutive F(M )-module of smooth vector
fields then L is punctually integrable at g € M if and only z‘fg|NE,mD =0.
Proof
For all u,v € L(_1) we have [u,v] € G (from involutivity and relations (2)).
So: [t V]|exptv.os = 0, [t] < e. Applying Corollary(4.3) we obtain the statement.

Q.E.D. O

5 Local results

We can give local versions of Proposition(4.1) and Corollary(4.3) under the
condition that the hypotesis hold for all zp € M. But the following three
theorems are remarkable.

First Nagano’s result ([Na66]) whose proof is immediate if we use Theorem

(4.4)

THEOREM 5.1 Let £ be an analytic involutive F(M )-module of vector fields.
Then the associated distribution L s locally integrable. O

An equivalent statement is the case when £ is an analytic R-Lie algebra of
vector fields (see[Na66]).

The following theorem is due to Hermann (Theorem 2.2 in [Hen62]) but with a
proof invoking invariant distributions). Here we have two proofs (proof of

Theorem(5.2) and Corollary(5.5)).

14



THEOREM 5.2 Let £ be an involutive and finitely-generated F (M )-module
of C* wvector fields. Then the associated distribution L s locally integrable.
Proof

We apply Proposition(4.8) and it remains to prove that G|y, . =0, for all
wo € M. Let xg € M, {a1,...,ar,a41,-..,8p} C L a set of generators for
L, where {a1,...,ar} are of the form (1) and agy1,...,ap € G. We have to
prove that: a;lexptagss = 0, for allk+1 < i < p,aq € F. and -1 <t < L.
Let a; = Z?:k-l—l aijaiz:' and f;;(t) = a;;(exptaq.zo). We have f;;(0) = 0. By
using the formula from (3.2) ([St80]), we obtain:

L, Cli|exptaa.m0 = Z?:k-l—l fz](t)% + Da‘oé|exptaa.a:0 . a‘i|expta,,,g;0
= ok (Fis (8) + oo pr igefis) 05
On the other hand:

p n p a
LooGilexptanse = D 9505 = Y, Y 9ijfis 5 <
J=k+1 s=k+1j=k+1

We obtain the system of differential equations:

» n
Fi)= D gisfi— D> migefis , k+1<i<pk+1<j<n
s=k+1 s=k+1

By the theorem of existence and unicity of solution of Cauchy problem, we
obtain:

fij(t) =0— ai|expta,,.a:0 =0 Q.E.D. O

COROLLARY 5.3 If L is a F(M)-module of C* vector fields and zqg € M
such that:
1) Loo£|930 = ’C|€Cu;
2) L™ L is finitely-generated;
then the distribution L generated by L s punctually integrable at zq
Proof
Swnce L™ L 1s finitely-generated module, it 1s integrable at ©o. Let N, denote
an wntegral manifold of L= L passing through . Applying the rank theorem we
obtain that there exists a neighborhood U of zy such that:
dim L(z) > dim L(zq) = k, for allz € U. But L C L™L so:

k<dimL(z) =dimL|, < dim L L], = dimTp Ny, = dim Ty Ny, = dim L(zg) = &

— dimL(z) =k, for all z € U N Ny,

Since L(z) C L®°L|, = Ty Ny, we obtain: L(z) = Ty Ny, for all z € U N Ny,,.
Therefore Ny, NU 1s also an integral manifold of L. Q.E.D. O
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Let F,,(M) denote the ring of germs of C*® functions in zg. A normal form
of finitely-generated involutive module is given by the Cerveau’s theorem (this
theorem is the Theorem 1.1 from [Ce79], but here we give a new proof):

THEOREM 5.4 If £ is an involutive finitely-generated Fp,(M)-module of
germs of vector fields in xog € M, then there exists a coordinate system (y*,...,y")
such that a system of generators for L s given by:

0

2 1<i<k=dimL|s,
oy* - -

a; —

n
o} .
b = Z Gigg krl<i<p peN
J=k+1
where: g;; = gi; (Y"1, ..., y") and gij(yg‘l'l, L) =0, k+1<i<p;
E+1<j<n, (9§)1<a<n are the new coordinates of zo.

COROLLARY 5.5 The distribution L generated by the module L as above, s

integrable at zo, an integral manifold being given by: y*1! = yé"’l, LY =Yg
O

Note that by means of Theorem(5.4) we have obtained a new proof of Theorem(5.2).

Proof of Theorem
The case k=0 is obvious.
The case k=n: There exists a neighborhood U where the generated distribution
has constant dimension equal with n. Then the proof s obuious.
Let 1 <k <n and let {a1,...,ax,art1,...,ap} be a set of generators like in
the proof of Theorem(5.2).
1. We will apply the flow-box theorem.
Let y1 = y1(@), 22 = 2z2(2), . . ., 2n = 2n(z) be a coordinate system such that:
The other vector fields will be modified too:

_ 0
al—a—yl.

0 ” 0 )
a'y = a'il@ +;a/ijg ; 2<i<p, diy=di(y,2)
We consider the set of the generators of the form:

n
b; =d ! = .9 D 2<4i<
a1,0; = a4 — @41 - Q1 = aij@y S1sp
j:2

2. We will prove that we can find a set of generators:

n
0 .
al,aizzazj@; 2<:<p
7j=2
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such that a;; = a;5(2) = ai;(22,...,2n).

We have: [a1,b;] = Y7 ba'ss . 52 € L. So:

j=2 8yt
P n p 9 a’ p
s
_ _ / i /
[a1,b] =D fisbe = 3 (O fistlsj) 55 => 22 = D fijds;
4 077 0y
s=2 J=2 s=2 s=2
Ezxplicitely, the system can be written in the following way:
/ / / / / /
a2 @23...0 2, faz - f2p @22 @ 23...02n
3 . . N
a3yt | : =1 :
/ / / / / /
a'p2 a'pz. . a'pn foz o fop a'py a'pa. . dpn

Each row 1s composed by the elements of the vector fields b;. The solution of
the differential system is expressed by:

/ / / /
a22 - Qon A 22 - Gon
=F.
)
/ PR / / PR /
ap2 a pn (y*.2) @ p2 a pn (0,2)

1 f22 f2p
: : dt

y
F:exp/
0

LetH=F ! = (hij)2<i,j<p , because F is invertible. We redefine :

fo2 o fep (t,2)

So: {a1,a;]2 <1 < p} is a set of generators.

3. We rename the coordinates z with © (so: @3 = 2a2,...,Zn = 2n) and
we apply the construction from §3 for L' = spanz, (z,, . e.){@l2 < @ < p}
( Fuo(z2,...,3n) being the ring of C® germs of functions in the variables

(z2,...,2n)). The dimension of L'|5, is k — 1 (like vector subspace in Ty, M ).
Now we apply again the described algorithm beginning with y» = y2(),23 =
z3(z),...,2n = 2n(2). After a k-th application of the algorithm, we obtain the
statement. Q.E.D. O

6 Conclusions

When we have a differentiable distribution we can distinguish three types of
analysis:
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1) Global integrability
2) Local integrability
3) Punctual integrability

The global study supposes the search of the maximal integral manifolds.
An important result (in C* case) is given by the Theorem 4.1 from [Su73] due
to Sussmann. In the analytic case, Nagano’s theorem solves the problem (see
in [Na66]). The connection between global and local integrability is given by
Theorem 4.2 due also to Sussmann (about the proof see the remark from §2).
In this paper we have not been interested in global study (the analysis of the
foliations with singularities or of the stratifications) but in the other two points.

In the local study the results can be stated using germs of functions, vector
fields, manifolds etc. . We have three interesting results: Nagano’s theorem
(Theorem (5.1)) in the analytic case, Hermann’s theorem (Theorem (5.2)) in
the smooth case (C*°) and Theorem (5.4) that gives a complete characterization
of finitely-generated, involutive module (also in C* case).

The punctual study brings out many results: the criterion given by Corollary
(4.3), Theorem (4.6) (both in the C*® case) and the Theorem (4.4) (in the
analytic case). About the last one we have the following remark:

We consider that the initial object is the analytic module: Ob=L. To this
object we associate a module of vector fields: DOb=L (again the initial object).
We carry on the iterative sequence:

e ok Spanj:(M)LDObﬁk, for k>0, £°=0b

(LpoCF ¥ {LxY = [X,Y]|X € DOb,Y € LF})

Then £%° = L*° L (by notation from Theorem (4.4)) and the theorem requires
that: £°|,, = L(zo) for integrability.

The same tehnique can be applied for the study of the codistributions or of
the systems of k-forms too.
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