CODISTRIBUTIONS WITH SINGULARITIES: Punctual and Local Study

R. BALAN

Polytechnic Institute of Bucharest Department of Automatic Control and Computers 313, Splaiul Independentei, Bucharest , Romania

14 July 1992

Abstract

In this paper we construct a theory of codistributions with singularities that is the dual of the theory of distributions with singularities. We present the Freeman’s construction, our punctual results and a new proof of a Freeman’s theorem about integrability and normal form of finitelygenerated module of germs of smooth 1-forms.

1 Introduction

Let M be a C^r finite-dimensional, connected and paracompact manifold (r = ∞ or ω, by the case); let F(M ) denote the ring of C^r real-valued functions defined on M , let V^r (M ) be the F(M )-module of C^r vector fields and Λ^k(M ) be the F(M )-module of C^r k-forms on M .

By a Pfaffian form we shall mean a C^r 1-form. We call C^r-(Pfaffian) differential system on M a F(M )-module of C^r 1-forms. We shall denote it by P. We call codistribution on M , the mapping: P : x ∈ M −→ P (x) ⊂ T^∗_x M where P (x) is a vector subspace of the cotangent space to M at x. The dimension (or rank) of the codistribution is dim P (x) (it is punctually defined).

Let S be a set of C^r 1-forms everywhere defined. The codistribution generated by the set S is: P (x) = spanR{ω|_x, ω ∈ S} ∀ x ∈ M.

We call C^r -codistribution on M , a codistribution P generated by a set S of C^r 1-forms. The codistribution P is called integrable in Cartan sense at x_0 ∈ M if there exists a submanifold N_{ε.x0}^i→ M (i being the canonical inclusion) passing through x_0, such that: T_xN_{ε.x0} = (P (x))^⊥ , for all x ∈ N_{ε.x0} (more precisely, we have: i^∗_{,x}(P (x)) = 0 and dim P (x) + dim N_{ε.x0} = dim M for all x ∈ N_{ε.x0} , where i^∗_{,x} is the standard pull-back of i in x). N_{ε.x0} is called an integral manifold of the codistribution and we say also that P is punctually integrable at x_0. From definition it follows directly that P is also punctually integrable at every q ∈ N_{ε.x0} .

The codistribution is called locally integrable if for each point in M there is an integral manifold of the codistribution (namely if it is punctually integrable at every point of M ).

The differential system P is called integrable in Pfaff sense if there exists a finite set of generators of exact forms (i.e. if there exist f_i : M → R, 1 ≤ i ≤ p, such that: P = spanF(M ){df_1, . . ., df_p} ). Let us consider the codistribution P and a point x_0 ∈ M . If there exists a neighborhood of x_0 where the codistribution has constant dimension then the point x_0 is called an ordinary point (or a regular point), otherwise it is called a singular point. If the codistribution has singular points then we say that it is a codistribution with singularities.

Our goal is to find criteria of punctual and local integrability of a codistribution generated by a F(M )-module of C^r 1-forms (possibly having singularities) and a complete characterization of a special class of finitely-generated differential systems. This paper actually aims to etablish a dual version of a previous study [Ba92]

In §2 we give a few examples about both types of integrability. In §3 we present the Freeman’s construction and our split of codistribution.

We define also the concept of involutivity of a differential system showing the connection with the involutivity of some module of smooth vector fields.

In §4 we prove our results about punctual integrability for smooth and analytic codistributions.

In §5 we give a new proof of the normal form theorem of a finitely-generated, involutive, differential system. The idea of this proof can be used to find a normal form of systems of k-forms.

Since our study is punctually or locally we point out that here the integral manifolds are regular embedding submanifolds.

2 Preliminary definitions and examples

Let P be a C^r differential system and P denote the generated codistribution. The following two examples prove the independence between the two types of integrability:

EXAMPLE 2.1 P is integrable in Pfaff sense, but P is not integrable in Cartan sense.

Let f_1 = x + y and f_2 = sin x + y, and P = spanF(M ){df_1, df_2}, M = R^2. To find integral manifold we have the system: { ω_1 = df_1 = 0 ω_2 = df_2 = 0 ⇐⇒ { x + y = C_1 sin x + y = C_2

where C_1, C_2 ∈ R are real constants. Since the system has a unique solution: x = x(C_1, C_2) & y = y(C_1, C_2) for every pair (C_1, C_2) it follows that at the origin the codistribution is not punctually integrable. 3

EXAMPLE 2.2 ([Fr84]) P is integrable in Cartan sense but P is not integrable in Pfaff sense. Let P = spanF(M ){ω = dx − xzdy}, M = R^3. We have: dω = −zdx ∧ dy − xdz ∧ dy and dω ∧ ω = xdx ∧ dy ∧ dz ≢ 0. It follows that P is not integrable in Pfaff sense. But: N_0 = {(0, y, z); y, z ∈ R} is an integral manifold of P , passing through the origin. 3

Remark This example is the dual of Example 2.7 (see [Ba92] or [Fr78]) that shows that it is not necessary to have involutive module of smooth vector field for obtain punctual integrability.

Let P = spanF(M ){ω_1, · · · , ω_q} be a differential system. By searching a dual definition of involutivity for differential systems we can try the following conditions that we call Frobenius’ conditions: (F_1) ∀ω ∈ P, ∃π_1, . . . , π_q ∈ Λ^1(M ) | dω = q∑ i=1 π_i ∧ ω_i (F_2) ∀ω ∈ P, dω ∧ ω_1 ∧ . . . ∧ ω_q = 0 If P is a codistribution without singularities (a codistribution with constant rank) then we can choose for the set of generators of P exactly q = dim P elements and an algebraic result says that F_1 and F_2 are equivalent conditions. In this case (of codistribution with constant rank) the problem of integrability is solved by the classical Frobenius theorem:

THEOREM 2.3 If P is a C^r codistribution without singularities then the following conditions are equivalent:

(a) P is locally integrable (that means in Cartan sense at every point); (b) P is integrable in Pfaff sense; (c) F_1 or F_2 (because they are equivalent). 2

In the general case of the codistributions with singularities, the following implications are obvious:

PROPOSITION 2.4 P is integrable in Pfaff sense =⇒ F_1 =⇒ F_2. 2

A converse of this result is given in Malgrange’s papers (see [Ma76, Ma77]) where are imposed supplementary conditions about the codimension of the set of singularities.

For obtain integrability in Cartan sense, we will start by constructing a few objects associated to the differential system and then we can impose the dual condition of involutivity (to transfer results from our previous paper about distributions to the codistributions).

3 Construction of objects

Let P be a F(M )-module of C^r 1-forms and let P denote the associated distribution. Let x_0 ∈ M be a fixed point. Let n = dim M and k = n − dim P (x_0) = n − dim P|_{x0} .

A vector field X ∈ V^r(M ) will be called an elementary vector field if there exist n − k Pfaff forms in P : ω_{k+1}, . . . , ω_n ∈ P such that: 1) ω_{k+1}|_{x0}, . . . , ω_n|_{x0} are independent; 2) ω_j (X) = 0, j = k + 1, n where ω_j(X) = i_X ω_j = X⌋ω_j and denotes the inner product.

We denote by T P the F(M )-module generated by the elementary vector fields and we call it the tangent module of P at x_0. By convention, if k = n then T P = V^r(M ).

Remark The set of elementary vector fields is not closed under the addition operation (that means that there exist two elementary vector fields (X_1, X_2) such that X_1 + X_2 is not an elementary vector field).

We associate an ideal of functions to the differential system: IP^{def}= {ω(x); ω ∈ P, X ∈ T P} It is an ideal in the ring F(M ) of all C^r real-valued functions.

We call the annihilator of P the F(M )-submodule of V^r(M ) : P^{⊥ def}= {X ∈ V^r(M )|ω(X) = 0, ∀ω ∈ P} We introduce now the derived system of P: DP^{def}= P + spanF(M ){L_X ω; X ∈ T P and ω ∈ P} where L_X ω denotes the Lie derivative of the Pfaff form ω with respect to the vector field X. Inductively we put: D^{k+1}P^{def}= D(D^k P), where D^0P = P and by convention: D^∞P = ⋃ k≥0 D^kP.

We choose a neighborhood U of x_0 and a set of generators (in this neighborhood) of the module of the following form:

B = g^i_β 1 ≤ i ≤ k β ∈ I 0 ω^i_j 1 ≤ i ≤ k k + 1 ≤ j ≤ n I_{n−k} (1)

where I is an index set and g^i_β, ω^i_j are the components of the Pfaff forms that span P and ordered according to the row (g^i_β(x_0) = 0). From now on we will agree implicitly that x ∈ U and every object is restricted on U.

The connections among the previous notions are given by the following proposition that we give without proof (for a proof see [Fr84]).

PROPOSITION 3.1 a) The module T P is generated by the vector fields:

a_i = ∂ ∂x^i − n∑ j=k+1 ω^i_j ∂ ∂x^j ,

a_{ijβ} = g^i_β ∂ ∂x^j where 1 ≤ i ≤ k k + 1 ≤ j ≤ n and β ∈ I b) The ideal IP is generated by {g^i_β}: IP = (g^i_β). c) P^⊥ ⊂ T P d) Let P and J denote two differential systems such that P|_{x0} = J |_{x0} . Then: P^⊥ ⊂ J^⊥ ⊂ T J ⊂ T P. e) If P|_{x0} ≠ {0} (i.e. k < n) then: DP = P + d(IP) + i_{T P} (dP) where: d(IP) = {df|f ∈ IP} and i_{T P} (dP) = {i_X dω|X ∈ T P, ω ∈ P} (i_X dω = X⌋dω denotes the inner product). f) D(D^∞ P) = D^∞P 2

The previous construction is entirely due to Freeman. We complete this by introducing two structures:

F_{(−1)}^{def}= spanR{ω_j|ω_j = k∑ i=1 ω^i_jdx_i+dx_j ; k+1 ≤ j ≤ n} = { n∑ j=k+1 a_j ω_j ; a_j ∈ R}

H^{def}= {ω ∈ P|_U , ω = k∑ i=1 ω^idx_i} = H|_U = span_{F (U )}{ k∑ i=1 g^i_βdx_i|β ∈ I} From the dimensional relation: dim F_{(−1)}|_{x0} = dim P (x_0) results H|_{x0} = {0}. It is very easy to prove the following lemma:

LEMMA 3.2 The codistribution generated by H ⊕ F_{(−1)} coincides locally with P . That means: P (x) = H|_x ⊕ F_{(−1)}|_x, for all x ∈ U (⊕ denotes the direct sum). 2

We have obtained two algebraic structures which generates locally the codistribution: F_{(−1)}, which is a (n − k)-dimensional R-vector subspace and H, which is a F(U)-module. We say that (F_{(−1)}, H) is a split of codistribution generated by P.

We define:

L_{(+1)}^{def}= spanR{a_i|a_i = ∂ ∂x^i − n∑ j=k+1 ω^i_j ∂ ∂x^j , i = 1, k, j = k + 1, n} which is a k-dimensional R-vector subspace orthogonal to F_{(−1)} (with respect to the inner product). Obvious: L_{(+1)}|_{x0} = T P|_{x0} . We put:

N_{ε.x0}^{def}= {exp( k∑ i=1 α_iv_i.x_0)| k∑ i=1 |α_i| < ε} for an ε > 0 small enough, and denote by:

G^{def}= span_{F (U )}{v_j|v_j = g^i_β ∂ ∂x^j | 1 ≤ i ≤ k, k + 1 ≤ j ≤ n, β ∈ I} a F(U)-module. We observe that (L_{(+1)} , G) is a split of distribution generated by T P (see [Ba92]).

The following lemma results directly from definition of integrability and construction of the tangent module (see also [Fr84]):

LEMMA 3.3 If P|_{x0} ≠ {0} then the codistribution P is integrable in Cartan sense at x_0 if and only if the distribution generated by T P is punctually integrable at x_0. 2

We will apply all results about integrability of distributions from our previous paper to the module T P.

Now we search a condition equivalent to involutivity of distributions wich enables us to obtain a reciproc of Theorem 4.4 from [Ba92]. Example 2.1 shows that the conditions F_1 or F_2 are not sufficient for integrability in Cartan sense. We say that P is involutive if: (In) DP = P We remark that in the case of codistributions without singularities all the three conditions (F_1, F_2 and In) are equivalent. The meaning of the definition is given by the following result:

PROPOSITION 3.4 If P is involutive then T P is involutive.

Proof We use the form given by Proposition 3.1. Let ω_β = ∑_k i=1 g^i_β dx_i ∈ P. From L_vω_β = ∑_k i=1(L_vg^i_β)dx_i ∈ P we conclude that: [v, g^i_β^∂_{∂xj} ] ∈ T P, for all v ∈ T P. We have also:

(L_{ai} ω_j)(a_s) = a_i(ω_j (a_s) =0 ) − ω_j([a_i, a_s]) = ω_j([a_s, a_i])

(L_{ai} ω_j )(a_s) = ( k∑ α=1 f_{ijα}ω_α + ∑ β∈I f_{ijβ}ω_β)(a_s) = ∑ β∈I f_{ijβ}g^s_β where 1 ≤ i, s ≤ k. Then:

[a_s, a_i] = n∑ j=k+1 ω_j ([a_s, a_i]) ∂ ∂x^j = n∑ j=k+1 ∑ β∈I f_{ijβ}g^s_β ∂ ∂x^j ∈ T P

Q.E.D. 2

Remarks

1. The reciproc of Proposition 3.4 is not true. For example let P = spanF(M ){ydx} in R^2. Since T P = V^r(R^2) we conclude that T P is involutive but L ∂_{∂y} (ydx) = dx ∉ P. So P is not involutive. 3

2. We have also another example: M = R^4, P = spanF(M ){x^3dx_1 + x^4dx_2, dx_3, dx_4} and x_0 = (0, 0, 0, 0) (the origin). We obtain: T P = spanF(M ){ ∂ ∂x^1 , ∂ ∂x^2 , x^3 ∂ ∂x^3 , x^3 ∂ ∂x^4 , x^4 ∂ ∂x^3 , x^4 ∂ ∂x^4 } which is involutive. But L_x1 ∂_{∂x1} (x^3dx_1 + x^4dx_2) = x^3dx_1 ∉ P.

4 Punctual results

We remark that (L_{(+1)} , G) is a split of the distribution generated by T P(see [Ba92]). We obtain very easy the following result that is dual of Proposition 4.1 from [Ba92]:

PROPOSITION 4.1 The codistribution P is integrable in Cartan sense at x_0 if and only if: 1) F_{(−1)}|_x = (T_xN_{ε.x0})^⊥, ∀x ∈ N_{ε.x0} 2) H|_{Nε.x0} = 0 (that means H|_x = 0 for all x ∈ N_{ε.x0} ).

In this case N_{ε.x0} is an integral manifold of the codistribution passing through x_0. 2

Remark Equivalent to 2 is the condition: 2^′) IP|_{Nε.x0} = 0.

Let u, v ∈ L_{(+1)} and ω ∈ F_{(−1)}. We have: dω(u, v) = u(ω(v)) − v(ω(u)) − ω([u, v]) = −ω([u, v]) and: (L_uω)(v) = u(ω(v)) − ω([u, v]) = −ω([u, v]) So, if we require that dω(u, v)|_x = 0 or (L_uω)(v)|_x = 0 for all ω ∈ F_{(−1)} and v ∈ L_{(+1)} , we obtain [u, v]|_x = 0. Then the dual version of Corollary 4.3 (from [Ba92]) and also a corollary of Proposition 4.1 is the following:

COROLLARY 4.2 The codistribution P is integrable in Cartan sense at x_0 if and only if:

1) dω(u, v)|_{exp tv.x0} = 0, for all v ∈ L_{(+1)} , ω ∈ F_{(−1)} and |t| < ε, ε depending on v.

or equivalent:

1’) L_vω|_{exp tv.x0} ∈ P (exp tv.x_0), for all v ∈ L_{(+1)}, ω ∈ F_{(−1)} and |t| < ε, ε depending on v. and 2) H|_{Nε.x0} = 0. 2 THEOREM 4.3 Let P be an analytic F(M )-module of 1-forms and let P denote the associated codistributions. Then P is integrable in Cartan sense at x_0 if and only if D^∞P|_{x0} = P (x_0).

Proof “ ⇒ ” Let Ñ_{x0} denote an integral manifold. We shall prove by induction that D^kP|_x = P (x) for all x ∈ Ñ_{x0} . Then we can conclude that D^∞P|_{x0} = P (x_0). For k = 0 is obvious. We have D^kP|_x = P (x) for all x ∈ Ñ_{x0} and using Lemma 3.3 and Nagano’s theorem (see [Na66]) we obtain: T D^kP|_x = T_xÑ_{x0} , ∀x ∈ Ñ_{x0} . Then: L_X ω|_x ∈ (T_xÑ_{x0} )^⊥ = P (x), for all X ∈ T D^kP, ω ∈ D^kP and x ∈ Ñ_{x0} . So: D^{k+1}P|_x = P (x), for all x ∈ Ñ_{x0} . “ ⇐ ” It is sufficiently to consider the following sequence: Q^0 = P, Q^{k+1} = Q^k + spanF(M ){L_X ω, X ∈ L_{(+1)} and ω ∈ Q^k} Since Q^k ⊂ D^kP we conclude Q^∞|_{x0} = P (x_0) = Q^0|_{x0}. We consider the split (F_{(−1)}, H) of codistribution as in §3. a) Let ω ∈ H, ω = ∑_k i=1 g^idx_i ; g^i ∈ IP. By a simple checking:

L_X ω = ∑_k i=1(L_X g^i)dx_i, ∀x ∈ L_{(+1)}. Since Q^∞|_{x0} = P (x_0) we obtain L^k_X ω|_{x0} = 0 and so: g^i|_{Nε.x0} = 0 ⇔ IP|_{Nε.x0} = 0. b) Let ω ∈ F_{(−1)} and u, v ∈ L_{(+1)} . We have:

L_vω|_{exp tv.x0}(u) = dω(v, u)|_{exp tv.x0} = 0 (using Taylor series). Using Corollary 4.2 we obtain the integrability. Q.E.D. 2

We can give a criterion of integrability in the smooth case (r = ∞) dual of Theorem 4.6 ([Ba92]):

THEOREM 4.4 Let P be a C^∞-differential system and let P denote the codistribution generated. Let x_0 ∈ M be a fixed point so that P (x_0) ≠ {0}. Let k = codimP (x_0) = n − dim P (x_0). Then P is integrable in Cartan sense at x_0 if and only if there exist an ε > 0, 1-forms ω_{k+1}, . . . , ω_n ∈ P and a neighborhood U of x_0 that satisfy the following conditions:

1) In the point x_0: ω_{k+1}|_{x0} , . . . , ω_n|_{x0} span P (x_0). 2) For every smooth vector field a ∈ T P there exist smooth functions λ^j_i : (−μ_a, μ_a) → R such that for all t ∈ (−μ_a, μ_a) we have:

L_aω_i|_{exp ta.x0} = n∑ j=k+1 λ^j_i (t)ω_j |_{exp ta.x0} (2)

where: μ_a^{def}= sup{ν|ν ≤ ε and exp ta.x_0 ∈ U for all |t| < ν}

Proof “⇒ ” Let P be integrable in Cartan sense at x_0. We choose {ω_j}, ε and U as in §3.

1) It is checked by construction of the 1-forms. 2) Let a ∈ T P. Then a = ∑_k j=1 f_ja_j + b where a_j are as in the definition of L_{(+1)}, b ∈ G and f_j ∈ F(U). We put: x_t = exp ta.x_0. Since b|_{xt} = 0 from Corollary 4.2 we obtain: L_aω_i|_{xt} = L_(∑k_{j=1 fj aj +b)}ω_i|_{xt} = L∑k_{j=1 fj aj} ω_i|_{xt} = k∑ j=1 f_j L_{aj} ω_i|_{xt} ∈P (x_t) + k∑ j=1 ω_i(a_j) =0 df_j |_{xt} = n∑ j=k+1 λ^j_i (t)ω_j |_{xt}

“⇐ ” First we see that the relation (2) is invariant under the change of the set {ω_j} (we have a result as Lemma 4.5 from [Ba92]). We consider for {ω_i} the same 1-forms as in §3. We choose a ∈ L_{(+1)} and we obtain 1^′ from Corollary (4.2). We have to prove that H|_{exp ta.x0} = 0. Let a = v + b where v ∈ F_{(+1)} and b = g_β^∂_{∂xj} ; β ∈ I and k + 1 ≤ j ≤ n. We have:

(L_aω_j )(v)|_{xt} = 0 = (L_vω_j)(v)|_{xt} =0 +ω_j ([v, b])|_{xt}

and (L_aω_j)(b)|_{xt} = L_a(ω_j )(b))|_{xt} − ω_j([v, b])|_{xt} . With relation (2) : (L_aω_j )(b)|_{xt} = λ^j(t) · g_β|_{xt} .

So: L_ag_β|_{xt} = λ^j(t) · g_β|_{xt} . Since g_β(x_0) = 0, from the theorem of unicity of the solution of the Cauch problem we obtain: g_β(x_t) = 0. But x_t = exp t(v + b).x_0 = exp tv.x_0. So: g_β|_{Nε.x0} = 0. Q.E.D. 2

5 Local results

Now we give a new proof of the main theorem of [Fr84].

THEOREM 5.1 Let P be a finitely-generated C^∞ F_{x0} -module of germs of 1- forms at x_0 and n − k = dim P|_{x0} (F_{x0} denotes the ring of germs of smooth real-valued functions at x_0). Then P is involutive if and only if there exist a coordinate system (y^1 , . . . , y^n) and a finite number of germs of functions g_β (β ∈ I and I a finite set of indices) depending only on the last n − k coordinates (g_β = g_β(y^{k+1} , . . ., y^n)) and vanishing at x_0, such that: P = spanF_{x0} {dx_{k+1}, . . . , dx_n, g_βdx_1, . . . , g_βdx_k | β ∈ I} Proof ”⇐ ” It is very easy to prove in this sense. ”⇒ ” 1. From Proposition 3.4 we obtain that T P is an involutive, finitely-generated module of germs of smooth vector fields .

2. We apply Theorem 5.4 from [Ba92] and obtain a system of generators for T P of the form: ∂ ∂y^1 , · · · , ∂ ∂y^k , g_β ∂ ∂y^{k+1} , · · · , g_β ∂ ∂y^n where g_β = g_β(y^{k+1} , . . . , y^n); g_β(x_0) = 0; β ∈ I. 3. Let ω_i = ∑_k j=1 ω^j_i dy_j + dy_i as in §3. Since: L_yj ∂_{∂yj} ω_i = y^j L ∂_{∂yj} ω_i + ω_i( ∂ ∂y^j ) =ω^j_i dy_j

we conclude that ω^j_i dy_j ∈ P, for all 1 ≤ j ≤ k. Then ω_i − ∑_k j=1 ω^j_i dy_j ∈ P. That means dy_i ∈ P; 1 ≤ i ≤ k.

4. For obtain the generators g_β^∂_{∂yi} of T P we must have also generators of P of the form: ∑_k i=1 g^i_βdy_i where g^i_β = g^i_β(y^{k+1}, . . . , y^n). Then: L_yj ∂_{∂yj} ( k∑ i=1 g^i_β dy_i) = k∑ i=1 g^i_βL_yj ∂_{∂yj} dy_i = g^j_βdy_j ∈ P; 1 ≤ j ≤ k So: g_βdy_j ∈ P and the proof is complete. Q.E.D. 2 Remarks 1) An integral manifold of P that passes through x_0 is given by:

N_{x0} = {y ∈ M |y^{k+1} = y^{k+1}_0 , . . . , y^n = y^n_0 }.

2) We see also that P is integrable in Pfaff sense around x_0. A set of generators of exact forms is given by: {d(y^1g_β), . . . , d(y^kg_β), dy_{k+1}, . . . , dy_n, β ∈ I}

COROLLARY 5.2 ([Fr84]) If D^∞P is finitely-generated then it is integrable in Cartan sense at x_0 and Pfaff sense around x_0.

COROLLARY 5.3 ([Fr84]) If D^∞P is finitely-generated then P is integrable in Cartan sense at x_0 if and only if: D^∞P|_{x0} = P (x_0).

6 Discussion

We want to point out one type of result arising from our studies. Let Ob denote a C^r-module of vector fields or 1-forms and let x_0 be a fixed point. To this object we associate a module of smooth vector fields: T Ob. We carry on the iterative sequence: Ob^{k+1 def}= Ob^k + spanF(M )L_T ObOb^k, for k ≥ 0, Ob^0 = Ob (L_T ObOb^{k def}= {L_X Y |X ∈ T Ob, Y ∈ Ob^k} and Ob^{∞ not}= ∪_{k≥0}Ob^k). A local result is: If Ob is finitely generated and Ob^1 = Ob^0 = Ob then there exist a system of coordinates such that Ob has a normal form and the (co)distribution is punctually integrable at x_0.

A punctual result is: If Ob^∞ is finitely generated (that is happened, for example, in the analytic case) then the (co)distribution associated is punctually integrable at x_0 if and only if: Ob^∞|_{x0} = Ob|_{x0} .

We see that in the case of distributions T Ob = Ob and in the case of codistributions T Ob is exactly the tangent module.

This technique may be applied also at the systems of smooth k-forms.

References

[Ba92] R. Balan, Distributions with Singularities:punctual and local study,-

[Fr78] M. Freeman, Integration of analytic differential systems with singularities and some applications to real submanifolds of C^n, J.Math.Soc.Japan, 30(1978), 571–578

[Fr84] M. Freeman, Fully integrable Pfaffian systems, Annals of Math., 119(1984), 465–510

[Ta74] F. Takens, Singularities of vector fields, Publ.Math. IHES 43(1974), 47– 100 [Ma76] B. Malgrange, Frobenius avec Singularités 1. Codimension un, Publ.Math. IHES 46(1976), 163–173

[Ma77] B. Malgrange, Frobenius avec Singularités 2.Le cas général, Inv.Math.

39(1977), 67–89

[Na66] T. Nagano, Linear differential systems with singularities and an application to transitive Lie algebras, J.Math. Soc.Japan, 118(1966), 398–404