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Motivation
A Problem by Feichtinger

At a 2004 Oberwolfach meeting, Hans Feichtinger asked the following question:
(Q) Given a positive semi-definite (psd) trace-class operator

T: [2(RY) — [2(RY), Tf(x) = [ K(x,y)f(y)dy, with K € M}(RY x RY), is
there a factorization T =), (-, gk)g« such that )", Hngﬁ/,l <00 ?

C. Heil and D. Larson reformulated the problem equivalently as:
(Q') Given an infinite matrix A = (Am.n)mn>1 SO that: (1) A= A* >0, and (2)
[Ally := >_ n>1|Am.n| < 0o is there a factorization A= 3", -, fif, so that

2
s Iy < oo ?
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Motivation
A Problem by Feichtinger

At a 2004 Oberwolfach meeting, Hans Feichtinger asked the following question:
(Q) Given a positive semi-definite (psd) trace-class operator

T: [2(RY) — [2(RY), Tf(x) = [ K(x,y)f(y)dy, with K € M}(RY x RY), is
there a factorization T =), (-, gk)g« such that )", Hngﬁ/,l <00 ?

C. Heil and D. Larson reformulated the problem equivalently as:
(Q') Given an infinite matrix A = (Am.n)mn>1 SO that: (1) A= A* >0, and (2)
[Ally := >_ n>1|Am.n| < 0o is there a factorization A= 3", -, fif, so that

2
s Iy < oo ?

Based on [BandeiraMixonSteinerberger'24] and [B.Jiang'24], the answer is
NEGATIVE in general!

Today we focus on characterizations of operators that admit such factorizations.
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Easy decomposition

(Q') Given an infinite matrix A = (Am.n)mn>1 SO that: (1) A= A* >0, and (2)
[Ally := >  n>1|Am.n| < 0o is there a factorization A= 3", -, fif," so that

2
Y1 Illy < oo ?

In general, the answer to Q' is NEGATIVE. ...

However:

Given an infinite matrix A = (Am n)m.n>1 so that: (1) A= A*, and (2)

[Ally := 2= n>1|Am,n| < 00, it is easy to see that there is a decomposition

A=) k>16k8k8; with ex € {=1,+1} and 3, -, Hngf < 2% 0 o1 [Ama| < oo
Furthermore, 3~ [Amnl <3 45y llgkl|3 is always true.

Thus, the question is whether one can choose gx's so that £, = 1 for every k.
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Classes of Operators

Notations:

V= A—MmﬁmE:A—N,Wh—E:MWA<m}

m,n=1

={A€V:A:=0 as a bilinear form on ¢,}

M {AE 300 A= X, Z||Xk||1 < OO}

k
For AT, v4(A) == '”f{2k>1 ||XkH1 A=) i>1 XkXj strongly }

Theorem (Corollary of the BMS Result)
r.cr.

Our problem: Understand ' \ ', and find conditions for an operator A € I',.
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Topological properties of '\.: || - ||;-topology

Theorem (Density)

Let A€l ande > 0. There exist operators B, C € I} so that:
Q@ A=B-C;
Q@ 1 (C) <e

In particular, Ty is dense in T in the || - ||; topology.

As remarked earlier, A= )", cxgkg; for some gi € {1 andey € {—1,+1}, with
2

>k llgwlly < oo.

The result above says that gx = g;'s can be chosen so that for arbitrary small €,

2
Doke——1 I8kl <e
However, for A '\ T,

im > lgi 7 = .
fm, > g = o
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Algebraic properties of [ |

[, is a convex cone. Furthermore, it enjoys the folowing two properties:

Theorem (Conjugacy imvariance)

The class T is invariant to conjugacy with B({y, ¢1) operators. Specifically, if
A€l and T : {1 — {1 bounded operator, thenTAT* € I,

Theorem (Algebraic Cone)

Let p be a univariate polynomial with nonnegative coefficients. Suppose A€ T ..
Then p(A) € T,

Furthermore, let f(z) = 332, ckz* with ¢, > 0 for all k and >_3>; cx < co. Let
g(z) = @ =Y 7o ckt12%. Then for every A € T, we have g(A) € [y with

1+(F(A)) < g(llAlly) - 7+ (A)-

Radu Balan (UMD) Factorization of absolutely summable operators June 9, 2026



Infinite dimensional analysis
[e]e]ele]e] lelelele)

Sufficiency criterion for I,

Suppose A € B({»,¢5) is positive and self-adjoint, and let

D = Zk w/Ak,k € [0,00].

@ If D < oo, then AY2 € Ny(¢y,41) (ie., AY/? is 2-summing) with
mo(AY?) < D. Moreover, A € T with v, (A) < D?.

@ If A2 is 2-summing, i.e. AY/? e My(lo,¢1), then A€ T and
D < k¢ - 7r2(A1/2), with k¢ being the Grothendieck constant.

Recall: an operator T : ¢ — {1 is called 2-summing if there is C > 0 such that for any
finite collection xi,--- , xy € £2, we have

N

N N
DoITalf <€ sup Dz x0) = C Y x|
k=1 k=1

£y: =1
z€lo:||z]lp=1 " 3 932

The infimum of all such C is denoted by m(T), called the 2-summing norm of T. The
set of such 2-summing operators is denoted by MM (2, ¢1).
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Other factorizations

The previous factorization is the special case of the following result:

If A €T admits a factorization A= TT* such that T € MNy(¢y,¢1), then A€ T,.
Moreover, for any eigendecomposition A =", Acexe;, we have

2
Y(A) < Y IA2elly = D Adllexll; < ma(T)? < 0.
k k

Remark: AY/2 € My(ly,41) if and only if 3=, \/Axx < 0.
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New [, -induced topology

Let 7 be the topology on V generated by open sets of the form T + U, for £ > 0,
where T € Vand U := {A €T, :v:(A) <e}. Intuitively, 7 measures
“approximation from above”. Furthermore,

U. {Aen \|A||11<e} {AGV A>0||A\|11<5} {AEV HA||1’1<5}

Proposition

The following are true about 7.
T is Hausdorff, translation invariant, and first-countable.

The family F = {T +U. : T € V,e > 0} forms a basis for T, i.e., every open
set in T can be written as a union of elements in F.

If A€ O € 7 then there exists r > 0 so that A+ U, C O. In particular, T is
not the discrete topology on V.

Let Ao € T\ T4. Then the subspace {tAo; t € R} with the induced topology
is discrete.

@ © 6 oe

T IS not second-countable.
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Topological properties of [ ,: 7-topology

Let V, T, 'y, and the topology T generated by T +U. with T € V and ¢ > 0.
Then

@ [ isdensein T with respect to T;
@ [ /s the the T-closure of 'y ;

@ [ is reproducing, namely, V=T, —T .

Remark: This result provides a more precise approximation and density than the
|- ||, induced topology.
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Thank you for listening! ... QUESTIONS?
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Finite dimensional analysis

Let Sym™(C")={Ae C"™", A*=A>0}. For A€ Sym"(C"), denote

y(A) = inf Sl
k

_ N
A=D1 %X

It is obvious that ||A||; < v4(A).
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Finite dimensional analysis

Let Sym™(C")={Ae C"™", A*=A>0}. For A€ Sym"(C"), denote

y(A) = inf Sl
k

A:ZkZI XXy
It is obvious that ||A||; < v4(A).

The matrix problem: For every n > 1 find the best constant C, such that, for
every A € Sym™(C"),

n
1+ (A) < GllAly = G0 > |Aw]
k,i=1

That is, we are interested in finding:

7+(A)
C, = sup
azo [IAll

Remark: If (Q') is answered affirmatively, then C, should not depend on n.
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Properties of v, (A)

The infimum is achieved:

ORI DIEY S D I

Zk>1x><x k 1X><Xk
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Properties of v, (A)

The infimum is achieved:

v(A) = inf Z lIxell; = N Z [Iell3-

Zk>1x><x k 1X><Xk

Upper bounds:

7+(A) < ntrace(A) < nl|Al, = 03" |Aw,
kyj

v+ (A) < ntrace(A) < "2||AHop
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Properties of v, (A)

The infimum is achieved:

v(A) = inf Z lIxell; = N Z [Iell3-

Zk>1 XX k 1 XX
Upper bounds:

7+(A) < ntrace(A) < nl|Al, = 03" |Aw,
kyj

v+ (A) < ntrace(A) < "2||AHop

Lower bounds:

141 = ,_gmin,_ 3 Islllyel < 7+(4)
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Properties of v, (A)

The infimum is achieved:

v(A) = inf Z lIxell; = N Z 113 -

Zk>1x><x k 1X><Xk

Upper bounds:

7+(A) < ntrace(A) < nl|Al, = 03" |Aw,
kyj

v+ (A) < ntrace(A) < "2||AHop

Lower bounds: R

) O a ct s mak NB“Z e
1Al = mln Z x| l1yelly < v+ (A) Maximum of >Z, [Ix[7/[|All, over
A= 30 random noise realizations, where

x,s are obtained from the eigende-
composition, or the LDL factoriza-

(A4 B) < v (A) + 7 (B) , 74 (tA) = ty, (A) tion.

Convexity: for A, B € Sym™(C") and t >0,
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Properties of v, (A)

Lower bound is achieved, v, (A) = ||A||; in the following cases:
@ If A= xx" is of rank one.
@ If A> 0 is a diagonally dominant matrix, A; > Z,#,. |Ai k
© If A> 0 admits a Non Negative Matrix Factorization (NNMF), A= BB” with

B; > 0.

Continuity, Lipschitz and linear program reformulation:
Q . : Sym*(C") — R is continuous.
Q If A, B > 61 and trace(A), trace(B) < 1 then

[74(A) = 14 (B)] < (55 + 1) A= Bllg,:

Q Let S5y ={xe€C", |[x]|; =1} denote the compact unit sphere with respect to the
I* norm, and let B(S1) denote the set of Borel measures over S;. Then:

7+(A) = inf L 1S () =D M(x — &)

- HEB(Sl):fSI xx*dp(x)=

where v (A) =3, Ac and A= 3"7  Mgrgy is the optimal factorization.
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Primal and dual problems for .

The linear program is a convex optimization problem (which is great), but it is defined
on an infinite dimensional space (not so great!).

Its dual problem enjoys strong duality (this may not be obvious due to infinite
dimensional technical issues):

Assume A > 0. lts associated primal (min) & dual (max) problems are:

max trace( TA) = min S) = A
T=T*(Txx)<1 , V ||x|l; <1 (74) ueB(sl):stXX*du(x)=AM( 1) =7+(4)
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Primal and dual problems for .

The linear program is a convex optimization problem (which is great), but it is defined
on an infinite dimensional space (not so great!).

Its dual problem enjoys strong duality (this may not be obvious due to infinite
dimensional technical issues):

Assume A > 0. lts associated primal (min) & dual (max) problems are:

max trace(TA) = min S1) = A
T=T*(Txx)<1 , V [Ix]l <1 (74) HEB(S1):[5) XX*du(x)=AM( 1) =7+(4)
Why? Assume the optimal support {xi,...,xm} is known.

Construct the Lagrange function

L(ty, ... tm: Tyvn, ..o Vm) = Z t, + trace <T(A — Z thkx,f)> — Zuktk.
k=1 k=1 k=1

The dual function

. ) . trace(TA) if 1—(Txi,xxk) —vk=0, v >0
8(T v, vm) = qu LE T, v) = { —oo if otherwise
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Note the quantity:
1(T)= max (Tx,x
pT) = max (Txx)
The dual problem
max trace( TA)
T=T*(Tx,x)<1 , Vx|, <1

can be reformulated as

A) = TA
7+(A) M _, trace(TA)

The optimal constant C, from v, (A) < G,[|A||; turns into

trace( TA

Ch= max ~4(A)= max max trace(TA)= max max trace(TA)

A>0:||Al, <1 A>0.  T=T*": A>0: T=T*: Al p1(T)
lAIL <1 pi(T)<1 A#0  p1(T)>0
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The bound p;

Recall, for T = T*:
p1(T)= max (Tx,x)

xi|lx]l, <1
How to compute it?
Easy cases:
Q If T<O0then pi(T)=0
Q@ If T >0 then
p1(T) = max Tie = max | T j| = || Tl

This resembles the numerical radius of a matrix, r(T) = max|,=1 [{Tx, x)|,
which for hermitian matrices equals the largest singular value (operator norm).
Note differences: (i) || - ||, = || - ||;; (ii) no absolute value |.|.
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The bound p; (2)

Assume Apax(T) >0, i.e. T is NOT negative semi-definite. Then:

p1(T)= max (Tx,x)= max trace( TA) = max trace( TA)
x:[|xly =1 A>0: A>0:
rank(A) =1 rank(A) =1
1Al =1 1Al <1
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The bound p; (2)

Assume Apax(T) >0, i.e. T is NOT negative semi-definite. Then:

p1(T)= max (Tx,x)= max trace( TA) = max trace( TA)
x:[|xly =1 A>0: A>0:
rank(A) =1 rank(A) =1
1Al =1 1Al <1

Convex relaxation:
7 (T):= max  trace(TA)
A>0:
Al <1

which is a semi-definite program (SDP). Thus:

pi(T) <7 (T).
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Primal and dual problems for p;

The SDP enjoys strong duality:

Assume T = T*. The primal-dual programs have strong duality:

m(T)

max  trace(TA) =min || T + Y|,
A>0: 720

IAll, <1

where || Z|| ., = max;;|Z j|.

The proof of this theorem is based on the Von Neumann's min-max theorem:

mln ||T+ Y| = min max trace((T + Y)A) max m|n trace((T + Y)A) =
T VS0 AL <1 AJJAll <1 Y>0
= max (trace(TA) + min trace( YA)) =  max (trace(TA) -+ min trace( YA)) =
AllAlL <1 Y>0 A>0:[A]l, <1 ¥>0

= max trace(TA) =7 (T)

A>0:[|All; <1
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Closing the loop

The final result: the connection between v, (A) and C, on one hand, and p;(T)
and 74(T) on the other hand:

C,:= max 7+(A) = max m+(7)
A>0 Al T=T1 n(T)
AZ0 pi(T) #0
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Closing the loop

The final result: the connection between v, (A) and C, on one hand, and p;(T)
and 74(T) on the other hand:

C,:= max 7+(A) _ max m(T)
A>0 Al T=1 pr(T)
A#0 p1(T)#0

The proof is based on the earlier derivation:

trace(TA)

C,= max max —_—
A>0: T=T1*: [Ale(T)
A#0 pl(T) >0

trace( TA)
= max max =

T=7: A>0: l[AlLp(T)
pi(T)>0 A#0

max  trace(TA) = max m+(7)
T=1: n(T) A>o0: T=1 n(T)
p(T)>0 1All, =1
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Bandeira-Mixon-Steinerberger Result

Last year B-M-S announced:

Theorem (Afonso Bandeira, Dustin Mixon, Stefan Steinerberger -

Oberwolfach 2024; ACHA 2024)
There are o > 0, Ny > 1 so that for any n > N,

C,>avn

Consequence:

Theorem (R.B, F.Jiang)

1. There exists a PSD trace-class A= A* > 0, A= (Am,n)m,n>0 With
> m.n [Am,n| < 00, so that for any factorization A=}, fkf, D 40 ||fk||§ = 00
2. There exists K € MY(R?) so that: (i) K(x,y) = K(y,x) for all x,y; (ii)
fRZ (y)f(x)dxdy > 0 for all f € L?(R); and (iii) for any (gn)n>0 with

2
Jz K( Y)dy =350 (f: 8n)8n(x), VF € L2(R), 3=, llgnllpn = oo.
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The Continuity Property

Theorem (The Continuity Property)
The map 4 : (Sym™(C"), || - ||) — R is continuous.

Remarks
@ This statement extends the continuity result from
Sym*tH(C") = {A= A* >0} to Sym™(C") = {A=A* > 0}.
@ Proof is based on a (new?) comparison result between non-negative
operators.

© Global Lipschitz is still open.
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The Continuity Property

The proof is based on the following two lemmas:

Lemma (L1)

Let A€ Sym™(C") of rank r > 0. Let A, > 0 denote the r' eigenvalue of A, and
let Pa,, denote the orthogonal projection onto the range of A. For any 0 < e <1
and B € Sym™(C") such that ||A— B||o, < £2=, the following holds true:

l1—¢’

A*(].*E)PAJBPA,, ZO (1)
Let A € Sym™(C") of rank r > 0. Let )\, > 0 denote the r*" eigenvalue of A. For

any 0 < e < % and B € Sym*(C") such that ||A — Bllop < €A, the following
holds true:

B — (1 — E)PB7,APB,,— > 0 (2)

where Pg . denotes the orthogonal projection onto the top r eigenspace of B.

\
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Proof of Continuity of v

Fix A € Sym™(C"). Let (B))j>1, Bj € Sym™(C"), be a convergent sequence to A.
We need to show v, (B;j) = 7+ (A).

2
Let A=Y"7_, xkx; be the optimal decomposition of A such that

n2
7+ (A) = Cics It
If A=0 then v4(A) =0 and

0 < ~4(B;j) < ntrace(B;) < "2||Bj||0p'

Hence lim;y4(B;j) = 0.
Assume rank(A) = r > 0 and let A, > 0 denote the smallest strictly positive
eigenvalue of A. Let € € (0, 1) be arbitrary. Let J = J(¢) be so that

|A— Bjllg, < €A forall j > J. Let B; = 222:1 Yj.kYix be the optimal
decomposition of B; such that v, (B;) = 222:1 yjkll3.
Let Aj=A—(1—¢)Pa,BjPa,. By Lemma L1, for any j > J,

n2

74+(A) < (1= )74 (ParBiPas) + 74 (8)) < (L =€) D [ Paryiulls + ntrace(4))
k=1
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Proof of Continuity of v, (cont)

Pass to a subsequence j’ of j so that yj: x — y«, for every k € [n?], and
Y+(Bjr) = liminfj v, (B;). Then limjs Pa ,yj x = Paryx = yx and

n? n?

lim > " 1Paryikllf =1im > llyjr il = lim inf v, (B))
S = J

On the other hand, limj trace(A;) = ¢ trace(A). Hence:
Y+(A) < (1 — &) liminf v (B)) + € trace(A)
j

Since € > 0 is arbitrary, it follows vy, (A) < liminf; v, (B;).
The inequality limsup; v, (B;) < 74 (A) follows from Lemma L2 similarly: with
Aj =B —(1—¢)Ps AP, and A= Y0 x.x; optimal,

n2

v+(Bj) £ (1—¢)v(Ps, rAPB, ) +ntrace(A;) = (1—¢) Z ||PBJ,,xk||i+n trace(4\}).
k=1

Next take limsup of |hs by noticing Pg, , — Pa,, and limsup; [[A)][, = [[Allo:
limsup; 74 (B;) < (1 — &)y4(A) + n’¢||Al| o, Take e— > 0 and result follows. []

Radu Balan (UMD) Factorization of absolutely summable operators June 9, 2026



Proofs
0000@00000000

Proof of Lemmas

Proof of Lemma L1

Let P=Pa,. and A=A—(1—¢€)Pa,BPa,. Forany x € C"

(Ax, x) = (APx, Px) — (1 — )(BPx, Px) = ((A— (1 — ) B)Px, Px) =
= c(APx, Px)+(1—€){(A — B)Px, Px) > e[|Px|* = (1—¢)[|A — Bl 5, || Px||* > 0

because [|A — B, < fi‘s

Proof of Lemma L2

Let P=Pg,and A =B — (1—¢)Ps,APg,. Let C = B — Pg,BPg, > 0. Let
fir be the r' eigenvalue of B. Note |i1, — ;[ < ||A— Bllo, <A, Thus

wr > (1 —¢e)A,. For any x € C™

(Ax, x) = (Cx,x) + (BPx, Px) — (1 — €)(APx, Px) = (Cx, x) + e(BPx, Px)+

+(1 = €)((B — A)Px, Px) > (Cx, x) + (eptr — (1 = €)[|A = Bllo,)IPx]|* > 0
because ||A — BHOp el <
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The Linear Program approach

Optimal Factorization from a Measure Theoretic Viewpoint

Let S; = {x € C", ||x||; = 1} denote the compact unit sphere with respect to
the /' norm, and let B(S;) denote the set of Borel measures over S;. For
A € Sym(C")*(C") consider the optimization problem:

(P", 1*) = infuen(s,): f, socrduy=a (S1) (M)

Theorem (Optimal Measure)

For any A € Sym™(C") the optimization problem (M) is convex and its global
optimum (minimum) is achieved by

pr=7:(A) L () =D Med(x — gx)

where A =>"1" (v Akgk)(V/Akgk)* is an optimal decomposition that achieves
Y+(A) = 3kl Ak
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Super-resolution and Convex Optimizations

m
Yi(A) = mn_ > lxli, m=n" (P)

XLyeoosXm  A=D . Xk pat

Y= inf du(x) (M)
HEB(S1) - A:f51 xx*du(x) J g

@ The optimization problem (P) is non-convex, but finite-dimensional. The
optimization problem (M) is convex, but infinite-dimensional.

Q Ifgi,...,8m € S1 in the support of p* are known so that
w* =31 Md(x — gk), then the optimal A1, ..., A\m > 0 are determined by a
linear program. More general, (M) is an infinite-dimensional linear program.
© Finding the support of 11* is an example of a super-resolution problem. One
possible approach is to choose a redundant dictionary (frame) that includes
the support of u*, and then solve the induced linear program.
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Proof of the Optimal Measure Result

Recall: we want to show the following problems admit the same solution:

W= min Sl m—n (P)

gt

p' = inf / du(x M
nEB(SL) - A:f51 xx*dp(x) S u( ) ( )

a. Assume A = ZT L Xkxj; is a global minimum for (P). Then

w(x) =30, ||xk|| o(x — EA 0 ) is a feasible solution for (M). This shows

p* < 7+(A).

b. For reverse: Let u* be an optimal measure in (M). Fix e > 0. Construct a

disjoint partition (U))1</<1 of S1 so that each U is included in some ball B.(z) of

radius € with ||z/||; = 1. Thus U; C B.(z) N S1.

For each I/, compute x; = m fulxd,u*(x) € B:(z)). Let g = /p*(U)x
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Proof: The Optimal Measure Result (cont)

Key inequality:

0<R = /U(x —x)(x = x)" du*(x) = / xx*dp*(x) — p*(U)xixf

U
Sum over [ and with R = Zle R get

L

L
A:Z/XX dp*(x Z/g,*—i-R
=1

By sub-additivity and homogeneity:

L

L
< ZH&H?*"H(R Z (un| \x,H1+ntrace(R)
— —

But || x; — z/||; < e and ||x — x||; < 2¢ for every x € U;. Hence |x||; <1+¢ and
trace(Ry) < 4p*(U))e?. ( <1 by triangle inequality)
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Proof: The Optimal Measure Result (end)

Thus:

14(A) < p*(51) + (22 + &2 + 4n®)u* (S1)
Since € > 0 is arbitrary, it follows
Y+(A) < p*(S1) = p*

This ends the proof of the measure result. [J
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Third new result: Strong duality for v

For every A > 0,

max trace( TA) = min w(S1) = v+ (A)
T=T"* w € B(51)
(Tx,x) <1, V|x|; <1 ISIXX*d“(X):A

Proof [Fushuai “Black” Jiang]

The second equality was established earlier as a “super-resolution” result.

For the first equality:

1. Let A=Y | xkx; be its optimal decomposition such that

(A =7, I3, and Iet T = T* be a generic matrix so that (Ty,y) <1 for
all |ly[l; < 1. Denote y, = Then

- I\Xklh

m m m

2

trace(TA) = > (T, xi) = > Ixll3 (T i) < D Iyall = 74(A)
k=1 k=1 k=1
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Proof of strong duality for v, (2)

2. For the reverse inequality, let H C Sym™(C") x R denote the set

H:{(/Slzz*du(z),r+/51du) , 1€ B(S), r>0}

Claim 1: H is closed.

Use Banach-Alaoglou theorem that the set of unit Borel measures is weak-*
compact.

Claim 2: H is convex. — immediate

Let g = maxy—7+ trace( TA) subject to (Tx,x) <1 for all ||x|; < 1.

Claim 3: (A, q) € H, which establishes the theorem.

Assume the contrary: (A, q) € H. Then it is separated by a hyperplane from H:

trace (R/ xx* du(z)> +a(r+ | dup) > co > trace(AR)+aq , VYu € B(S51),r >0
51 51

Deduce: a >0, ¢ < 0. If a= 0 then contradiction for ;x = p*. Rescale by
dividing through a. Denote To = —R/a.
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Proof of strong duality for v, (3)

We obtained:

(1 —(Tox,x))du > co > q — trace(ATy)
S
for every Borel measure p € B(S1). This means (Tox, x) <1 for all ||x|| = 1. This
also implies (Tox,x) <1 for all ||x|; < 1. On the other hand
q < trace(ATy) + co < trace(ATp) which contradicts the optimality of g. Q.E.D.
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